Q.1  Find the discriminant
tollowing given quadratic equation.
Solutions:
(1) X" +3x-1=0
As ax’ +bx+c¢=0
= a=2 , b=3, c=-1
Disc.=b* —4ac
= (3" —4(2)(-1)
=9+8
=17
(ii) 6x —8x+3=0
As ax’ +bx+c=0
= a=6 b=-8 , c¢=3
Disc. = b* —4ac
= (-8)° —4(6)(3)
=64-72
=-8
(iii)  9x*-30x+25=0
As ax’ +bx+c=0
= a=9 b=-30, ¢c=25
Dis = b* —4ac
= (=30)> —4(9)(25)
=900-900
=0
(iv) 4x*-Tx-2=0
As ax’ +hx+c=0
- a=4 , b=-7 c=-2

Disc = b* —4dac
= (-7)" = 4(4)(-2)
=49+32
=81
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Q.2 Find the nature of the roots of the
following given quadratic equations and
verify the result by solving the equations
(i)  x*-23x+120=0
Solutions:

x’—23x+120=0
As ax*+bx+c=0

= a=1 , b=-23 , c=120
Disc =b” —4ac
=(-23)> = 4(1)(120)
= 529- 480
=49
= (7)*

As Disc. is positive and perfect square,
therefore roots of equation are real, rational
and un equal.
Verification.

Now solving the Equation

_ —b++b* —4dac

X
2a
oL J(=23)* —4(1)(120)
2(1)
234529 480
2
L2349
2
23+7
x =
2
23+7 237
X = or Y=
2 p
30
X=— or X = E
2 2
x =I5 or v=3

Thus roots arce real, rational and unequal,



(i) INT+3x+7 =0
axt +bx+c=0
a=2 b=3 ¢=7
Disc = b” —4ac
=(3)" —4(2)(7)
=9-56
=—-47 <0
As Disc. is negative, therefore roots of the

equation are imaginary(complex conjugates)
Verification

&

We verity the results by solving the equation.
2x° +3x+7=0
a=2 ,b=3,c=7

_ —b*b’ —4dac

- 2a

3B -4

’ 2(2)

L —3EV9-56

X

X

4
3y -47
4

Thus roots are imaginary.
(i)  16x*-24x+9=0
As ax’ +bx+c=0
— a=16 , b=-24 , c¢=9
Disc = b* —4ac
=(-24)> —4(16)(9)
=576-576
=0
As Disc. = 0 therefore roots of equation are
rational (real) and equal.
Verification:
We verify the result by solving the equation.
Here
a=16,b=-24, c=9

—h+ \//7—2— dac
X =

= —(=24) % \/(—24)2 —4(16)(9)

2(16)
24576576
32
2430
32
| 24+0
32
2440 24-0
X = or X=—
32 32
24 24
x=—=— or x=—
32 32
3 3
X=— or x=-—
4 4

Thus roots are rational (real) and equal.
iv) 3x*+7x-13=0
As ax’ +bx+c=0
= a=3,b=7,c=-13
Disc = b —4ac
= (7)° -4 (3) (-13)
=49 + 156
=205
Therefore roots of equation are real, irrational,
and unequal.
Verification:
We verify the result by soiving the equation.
X' +7x-13=0
a=3, b=7, ¢c=-13

_—bx Vb* —4ac

X =

2a

L J = 403) (-13)
- 2(3)
7+ [49+156
X =
6

_-1£4205
6

Thus roots are recal, irrational and unequal,

X




Q.‘3‘ For what value of k, the expression
KOXT+ 2(K + Dx + 4 s pertfect square,
Solution:
a=k", b=2(k+D, c=4
Y —dac=[20k + D] = 4(k>)(4)
=27 (k+1D)" —16k*
=4(k” +2k + D) —16k>
= 4k” +8k + 416k
=12k +8k+4
As given that expression is perfect square
therefore
Disc =0
—12k° +8k+4=0
—4(3k* -2k -1 =0
— 3k =2k -1=0 (- 4%0)
3k =3k+k-1=0
Sk(k=D+1(k=1)=0
(k=DBk+1)=0

k—1=0 or 3k+1=0

k=0+1 or 3k=0-1

k=1 or k::i
3

So values of k are | and %l

Q.4 Find the value of K, if the roots of
the following equations are equal.

Solution:

(i) 2k —1)x* +3kx+3=0

As ax’+b x+c=0
a=2k—-1 , b=3k , ¢=3
Disc. =h* —4dac

= (3k) =42k =1)(3)
=0k —12(2k —1)

=0k’ — 24k +12
As the roots of given equation arc cqual, So
Disc. =10
Ok*—24k+12=0
T Rk +4)=0

3k -8k +4=0 (-3#0)

3k —6k -2k +4=0
3k(k=2)-2(k=2)=0
(k-2)(3k-2)=0

Either k—2=0 or 3k-2=0

k=2 or 3k=2
or k=—

3
2
So values of k are 2 and 5

(ii) X +2(k+2)x+Ck+4)=0
Solution:
As ax* +bx+c=0
a=1, b=2(k+2)
Disc. =b"—4ac
=[2(k+2)] —4()(3k +4)
=4(k+2)* —4(3k +4)
=4(k* +4k+4)-12k -16
=4k +16k + 16 =12k — 16
= 4k> + 4k
=dk(k+1)
As roots of given equation are equal, so
Disc. =0
4k(k+1)=0
Either 4k =0 or k+1=0
As 40 or k=-1
= k=0
So values of k are 0 and -1
(i)  QGk+2)x*-5(k+Dx+2k+3)=0

Solution:

, c=3k+4

As ax>+bx+c=0
a=0Bk+2)b==5(k+1),c=2k+3

=[=5(k + D)]" =403k +2)(2k + 3)
=(=5) (k +1)* —4(6k> + 9k + 4k +6)

= 25| K7 20K) (1) + 17 |- 46k +13k +6)
Vo



1

2557+ 50k #2524k 52k —24

=k =2k +1

=k’ —k—k+1

= k(k=D -1k —1)
=(A=Dk=D

As oot of given equation are equal
Disc =0

A=D(k-=-D=0
A—1=0 or k—1=0
k= or k=1

So values of k is |
Q.5 Show that the equation
x*+(mx+c)*=a* has equal roots if
c"\\: ag(l +m’ )
Solution: We have given
X+ (mx+c) =a’
X+ (mx) + () +2(mx)(c)=a’
X Ami At +2mex—a’ =0
(1+mHx*+2mex+c—a* =0
A +Bx+C=0
A:(1+1712),B:2mC,C:C2—(12
Disc = B*—4AC
= (2me) —4(1+m?*)(c* —a’)

22 2 2 2.2 2.2
=dm ¢ —4(c —a +mc —am’)

:Awr%f—élc2 +4a’ _W+4alnf

= —4c +4a” +da’m’
As roots of the equation are equal,
So Disc =10
—dct+dat +4atm® =0
f4(r:7‘ —a’ —(131117} =0

2 2.2
As —420, soc —a"—am =0
2 2 2.2
¢ =dad"+am
, s
cr=at(1+m”)

Hence proved

Q.6 Iind the condition that the roots of
the equation (mx +c¢)’ —4ax =0 are equal
Solution: We have given
(mx+ (:)2 —4ax =90
(mx2 ) + ((ﬁ)2 + 2(1}1\’)(C) —4ax <0
x> 4 ¢+ 2mex—4ax =0
m*x’ +(2me—4a)x+c¢* =0
AX*+Bx+C=0
A=m>,B=2mc—4a,C=c"
Disc.= B* —4AC
= (2mc—4a)’ —4(m*>) ()

= (ch)z + (43)2 - 2(2mc) (421) —Am’c’

:W—H&zz —16acm—M

=16a” —16acm

=16a(a—mc)
As root of the equation are equal,
So Disc =0

16a(a—mc)=0

Either 16a=0 or a—-mc=0

As16 #0So a=0 or a=mc

Thus required condition is a=0 or a=mc

Q7 It the roots of the

equation (¢* —ab)x* - 2(a* —be)x + (b* —ac) =0
are equal, then a=0 or a’ +b* + ¢’ = 3abe
Solution: We have given

(c2 —ab)x2 — 2((12 —be)x+ (b —ac)=0

A +Bx+C =0
A=(c*—ab),B=-2(a"—bc).C=(b"—ac)

Disc. = B* —4AC

=[<2a® =be) | 4~ ab)b* = ac)

=(=2)"(a" —be) =4 —ab)(h” - ac)
= 4“;12 ): —+~(hc)j - 2((12)(hc)jlm4(h:cl —ac —ab' +a'lhe)
="+ =2 D) —AD E —ac —ab + )

. )5 ) g N 5
=da' 1+ 47 =8a'be — 407 +dact vdab = 4abe



=4a’* +4act +4abt = 12a%be
=d4a(a’ +b* + ¢ —3abc)
Lt roots of given equation are equal, then
Disc. =0
da(a' +b 4+ ¢t - 3abc) =0
4da=0 or a'+b*+c’ -3abc=0
As 420, or
So, a=0

Q.8  Show that the roots of the following
equations are rational

_ a’+ b+ =3abe

Solution:
(1) a(b-c)x’ +b(c-a)x+c(a-b)=0
AX*+Bx+C=0
A=alb-c), B=b(c—a), C=cla-Db)
Disc.= B* —4AC
= [b(c—a)] —4[a(b—c)cla—b)]
=b*(c—a)’ —4[ac(b—c)(a —b)]
=b(c"+a —2ac)—4ac(ab—b* —ca+bc)
— b’ +a*h —2abc—4a*be+dabic +4c’a —4abc?
—a’b + b +4cta’ +2ab’c —4abc® —4a’be
= (ab)’ +(bc)* +(=2ca)’ +2(ab)(bc)
+ 2(bc)(=2ca) + 2(=2ca)(ab)
By using formula
(A+B+C) =A"+B' +C>+2AB+2BC+2CA

So, = [(ab)+ (bc)+ (-2CCI)]2
= (ab+bc—2ca)” >0

As Disc. is perfect square so the roots of

equations are rational.
(11) (a+2bh) x* +2(a+b+c) x+(a+2¢)=0
Solution:

A =a+2b ., B=2 (atb+c) , C=(a+2c)
Disc. =B -4AC
~ [2(a+b+c))” — 4 (a+2b) (a+2¢)

= d[a>+b e +2ab+2be+2ca )4 (a*+2ac+2ab+4be)

4 AP 40+ Bl +8bc+ 5l — M — $aiC — et —16he
=4b? + 4¢® + 8bc—16bc
= 4b” + 4¢* —8bc
= (2b)* + (2¢)* =2 (2b) (2¢)
= (2b-2¢)*>0

As Disc. is perfect square therefore roots, are
rational (real and unequal)
Q.9. For all values of K, Prove that the

Roots, of the Equation.
—2(k+%}x+3 =0, k #0 are real

Solution. a=1 , b-2 [k+i—j- ,¢c=3

Disc. =b®—4ac

~ {- z[k + -}(—ﬂ —4(1)(3)

=4 k+iJ -12
k

=4 (k +lj —3}
i k

:4Lk2 +}}2~+2(k)(%j—3}

=4 k2+—1—+2—3}
LK

EN 1 }

:4L(A) +[U —2+1}

=4 (k _
(>+(Lj 2(/\)[ ] }

I

=4 (k——j +l}>0

Lk

As Disc. 1s positive so roots of the given
cquation arc real,

p—



Q.10. Show that the roots of the equation
(b - o)X +(¢ - a)‘c+(a -b)=0 are lCdl
Solution: (b — ¢)x™+(c — OX+(a—b) =
AX +Bx +C=0
A=(b-¢),B=(c-a),C=(a—-b)
Disc= B*— 4AC
=(c-a)y=(b-c)a-b)
= (c2+az—2ca) —4 (ab—bz—ca+bc)
= cl+a:—2ca—4ab+4b2+4ca—4bc
= c*+a’+4b +2ca—4be—4ab
=a” +4b” + ¢ — dab — 4bc + 2ca
= (2)7+(=2b)"+(c) +2(a) (—2b)+2(=2b)(c)+(c)(a)
=(a—-2b+ c)2
Perfect square shows that the roots of the
given equation are real.
Solution:
Let a number x be the cube root of unity

1e., x:(l)%

3

or x =1

= - 1=0
xH-(1)'=0

(x=1) (X + X +1) =0

[Using a’-b” = (a=b) (a’+ab+b?)]
Either x -1 =0 or x> + x +1=0

— x =1

Now we solve x> + x +1=0 by formula
a=1, b=1,c=1

~b++/b* —4ac

2a

sy - 40)0)

2(1)

1+J—_—1+f 1+1\F
2

. Three cube roots of unity arc

I ~Lvif3 and ~1-id3 Cwhere i = V-1

2

X =

X=

Z

Recognise complex cube roots of unity a

The two complex cube roots of unity are

—l-3 13
2 2

If we name anyone of these as ® (pronounced
. 2
as omega), then the other is w".

Properties of cube root of unity

(a) Prove that each of the complex cube
roots of unity is the square of the other.
Proof: The complex cube roots of unity are

L R o
2 2
We prove that

- 113 :—1‘\/:3 aMd/_1 \/—3! _— -3
2 ) > )[\ 5
) 13|
2 o2
DB 2B | = V2

(2)° @
_ (323

_ H(3)-2/3 - 4
4 _ - 2+2J=3

4
—2-2/—
_-2-23 2(-1443)
4 —
4
2(-1--3)
- 4 _ —1+/3
— 2
= —] _\/-—‘ B
2
Thus, cach of the complex cube root of unity
is the square of the other, that is,

lh/b

~ - F

I w= , then W = and 1

—w—? S R

= ,
2 2



denvn . .
(b) Prove that the product of three cube
roots of unity is one.

Proof: Three cube roots of unity are

— =3 »  —l=V-
V7 nd @ = YT
2 2

The product of cube roots of unity

Lo =) |~ L/=3 1] - 1y=3
2 2

L. w=

L.
4
low =1~ (=3) _L+3_4
4 4 4
te., (D (oNw)=1or
W =1

(¢c) Prove that each complex cube root of
unity is reciprocal of the other.
Proof: We know that

w =1 = (D.(DZZI,SO

W = a1)~ or W = (10
Thus, each complex cube root of unity is
reciprocal of the other.

(d) Prove that the sum of all the cube roots
of unity is zero.

i.e.,1+u)+032:0
Proof: The cube roots of unity are

13 -1V
2 2
H\/jg, and a2 =" l—\/__3
2 2
The sum of all the roots

[+~ 1+/-3 Ml -3

L,

If o="

l+o)+o)2:
2 2
IR e R
B 2
:;2_:_% :920
2 2

Thus, 1 + or+ w' =0

Use of properties of cube roots of unity tc
problems,
We can reduce the higher powers of ® into 1,
o and ",
eg., o=@ . o= 0=0

0 = (@), o= (12 0} = o
(1)63 — (0)3)21 - (1)21 =1

W= 1 - 1 _ l’zwj —w
o oo 1 o w
(-,-w3=l)
e L1
w _m'(’ NER (0)3)5.(0
S R
(1)5. w #
o= L 1 1 1

e DI Evaluate (—1+=3)" +(-1-+/3)".
Solution: (—1++=3) +(=1—+/3)®

(2] e

- (200)8 + (2(1)2)8
=256 ° + 256 ©'°
=256 [0*+®')
= 256[(0))% . * + (©°)° . @] (- @' = 1)
=256 [0 + 0]
=256 (-1) =-256
m Prove that
X'y = (x=y) (x = ay) (x - &y).
Solution: x° ~y‘g =(x—-y)(x—wy)(x- (Lf_\').
RHS = (x-y) (x = @) (x — &y)
=(x—y) [V = dyy — any + @y
=(x—Yy) [..\t2 — Xy ((1)2 + ) + (l)v\‘z]
=(x-y) [,\'3 —xy (=1)+ )':]
= (v =) [¥* + 1y +y7)
=2y =1Ls

(0+0° = —1)



