XERCISE 3.3

QL: Find a third proportional
(1) 6,12
Solution:
Letthird proportional is x then 6,12, x
By proportion.

O:12::12:x
Product of Extremes = Product of Means
6(x) = 12x12
0(x) = 144
X = H—Jf =24
6
(11) a’, 3a’
Solution:

Let 3™ proportional is x then a°, 3a%, x
By proportion

a’:3a%::3a2:x
Product of Extremes = Product of Means

xa3 = (3a?)(3a?)

4
xa? = Qa
Oq"
X =
al
4-3
x = Oa

x = Oa

(iiiy a*-b* a-b

Solution:

Let 3" proportional is X then a2 — b2, a — b, x
By proportion
az-b?:a-b::a-b:x

Product of Extremes = Product of Means
x(a2 — b?) = (a-b)(a-b)

(a-b)(a—Db)

2 h2

V' 4
(iv)  (x=y)%, x*-y?

Solution:
Let 3" proportional is “a” then (x—y 2, x3— y>, 4
By proportion:

(x—y)2:x3—y3:
Product of Extremes = Product of Means
a(x=y) = (x*-y})(x*~y?)
| 'r('xs_'ya)z
,:" (x—y)2

RRIEEIE
(

x3—y3:a

d

2-+—xy+y )T
x-y)?
W(x2+xy+y2)2

(3772

a=(x2+xy+y?)

a =

(V) (x+y)*, x* = xy - 2y?
Solutlon
Let 3™ plopomonal 1s
Then (x + y)*, x — Xy — 2y“f a
By Ploponion
(x+y)*: x* - Xy — 2y~ xt - Xy - 2y°

Product of Extremes = Product of Means:

a(x+y): = (x* - Xy = 2y%) (x* — Xy — 2y7)

[X3 ’3

ooy

(x+y)"
2 0 2 2
(" —y—y*=y°)
a= -
(¥ +y)°
a= Gt - )
(x+y)°
()= )= v+ _\')T
a= :
(v v)”
[ (e )=y - V)|
a= ‘
(x4 y)”

ol b
£t+/v)" (\‘— 2 \‘)"

L\;}/\

l; = (.\' - 2_)»*) |

. a



Pogt p-q
P+t pi- pPq+
Solution:

(V1)

Let 3 proportional is x
Then i—i &__
PPHq’ piepqtq?
By proportion.
p’—q? : P-q .. p—q
P’+q* p’-pq+q’> p’-pq+q’
Product of Extremes = Product of Means.
P*-q? P9 . P-q

X. =
PP+q®  p2-pg+q? p’-pg+q’

N pz—qz{ (p—q) T
P’+a®> | (p’-pg+q?)
x=—PZD° Pt

(P =pa+q)” (pP-g?)

D T S )
(p"—pq+q),/ (PP (p~q)

- X

x=—P"9
P —pq+q
Q.2ﬂfi Find a fourth proportional
— (i) 5,8,15
Solution:
Let 4" proportional 1s x then 5, 8, 15, x

By proportion
5:8::15:x

Product of Extremes = Product of Means
5(x) = 8(15)

55 )
X = -—;3/_]_

x = 8(3)

x=24
(i) 4x*, 2x3, 18x°
Solution:

. - e 1 4 i
[Let 4" proportional is “a"then 4x", 2x3, 18x", a

By proporti(m

dx2x3: 018X a
Product of Extreme = Product of Means.
a(dx?) = 2x3(18x5)
36x"
4x*

8—4
a=9x

a4 =

a=9x"
(iii) 15a°b®, 10a2b°, 21a3b3
Solution:

Let 4™ proportional is x
then lSaSbG, 10a2b5, 21a3b3, x
By proportion .
15a°b%: 10a%D° :: 21a%b3 ¢ x
Product of Extremes = Product of Means
x(152°b%) = (10a’b* ) (21a"p?)

i

X=———"
15 A b

x =14b*"°

x =14b°

(iv)  x>-11x +24; (x = 3), (5x* - 40x?)
Solution:

X3 bRl

Let 4" proportional is “a
x2-11x + 24, (x = 3), (5x* - 40x3),
By proportion
X2-11x+ 24 (x = 3)::5x —40x3 - a
Product of Extremes = Product of Means
a(x2=11x+24) = (x - 3) (5x"=40x%)
(x=3)(5x* -40x2)
x2—-11x+24
(x=3).5x3(x=8)
X2—-3x —8x +24
5%9(x —3)(x - 8)
X(x=3)-8(x-3)

5x3(x~7) (x~8)
L X (55)
(53] (5]

a=5x3

a =

a=




(V) P Pt p? —patq?
Solution:

Let 4" proportional is x

PY + Ot p—Q2 ppqt+d X
By proportion

P+Q? P2, pEpa+q? X
Product of Extremes = Product of Means.

NpHQY) = (p>-q?) (p>-pa+q?)
(P*=9%)(p*-pq+q?)

p3+q3

X =

vi)  (p*—q*)(p*+pa+q?),p*+qp’—q’
Solution:
Let 4" proportional is x.
Then (p” - q)(p™+pq+q), p'+q’, p'=q’, x
By proportion:
(p*— q)(p*+pa+q”) 1 p+q 1 p—q’
Product of Extremes = Product of Means:
x (p"= ) +pa+q’) = (p'+q)( p™-q")
~< . _ (p'+qg ) (p'—q")
E] T =0 pa )

_ L (p — pa+q*) (p=G) (PP ApaT )

/p/‘//p/(/ﬁlﬂ/(

x=(p'=pg+q’)
(Q.3: Find mean proportional:
(i) 20, 45
Solution:
et mean proportional is m
then 20, m, 45
By proportion
20 0 m::m:45
Product of Means = Product of Extremes
ni.m = 20 45
m? = 900
Taking square root

Jm? = /900

(ii) 20x’y® , 5xy
Solution:
Let mean proporlionul 1S m
then 20x’y’, m , 5x’y
By proportion,
2Ox3y5 ‘m::om:Sx'y
Product of Means = Product of Extremes

m.m = (2Ox7’y5)(5x7y)

m? = 100 x'%°
Taking square root of both sides

J o =+J100x"0y°
m= ix/lOO.m.\/y‘ﬁ'
m = +V100./x 10 /y®

l()x% 6><l
m==+10x 2y 2

m=+10x"y’

(iii)  15p*qr’,135¢°r’
Solution:
Let mean proportional is m
then 15p*qr’ , m, 135q"
By proportion
15p4qr3 cm:: m: 135 q5 r’

Product of Means = Product of Extremes

m.m = (1 5p4qr3)(l 35q5r7)
m2 = 2025p*q“r"

Taking square root

\/m}/ 5piq‘r'”
m=t vvozsf\/q*“f

1\( 0% ] l(\\

m=+45p *.q “ua

Lm = +45p2.q3r°




(y) X* - ye,

X+Yy
Solution:
Let mean proportional is m.

then N vIom,
X+y
By proportion
-y
X +y
Product of Means = Product of Extremes
(x-v)
X+y

,_ D9 (x-y)(x-y)
(3+9]

m2=(x-y)?

X*=yvim:m:

m.m = (X2 - y?)

m

Taking square root
Jmf =+ /(x-y)7

m=*(x-y)

Q.4 Find the values of the letter involved

in the following continued proportions
(i) 3, p, 45
Solution:
By continued proportion
S5:p::p:45
Product of Means = Product of Extremes
p.p=3x45
p? =225
Taking square root of both sides

Jp? =225

p==*I5
(ii) 8,x,18
Solution:
By continued proportion
8:x 1:x:18
Product of Means = Product of Extremes
x.x =8x18
x?2 =144

Taking square root
Jx' = b/ﬁél

[x=+12

(iii) 12,3p - 06,27
Solution:

By continued proportion
12:3p—=6:3p—6:27

Product of Means = Product of Extremes.
(3p—-6)(3p—06)=12x27
(3p-6)2=324

Taking square root of both sides

3Jp—-6=18 or 3p-6=-18
3p=18+6 or 3p=-18+6

3p=24 or 3p=-12
24 -12

PR o PE

p=28 or p=-4

(iv)  7,m-3,28
Solution:
By continued proportion
7m-3:: m-3:28
Product of Means = Product of Extremes

(m=-3)(m=3)=7x28

(m-3)2=196

Taking square root of both sides

Jm=3)2 =+196

m-3=+14
m-3=I14 or m=-3=-14
m=14+3 or m=—-14423

m=17 or m=-11



Lt tour quantities o, b, ¢ and d form a
proportion, then many other useful propertics
may be deduced by the properties of fractions.
() Theorem of Invertendo

lfa:b = c¢:d, thenb:a=d:cis
called invertendo theorem.
If3m: 2n=p:

2q, then
Zn: 3m = 2q:p

Solution: Smce 3m: 2n p: 2q
Jmop
B 2q
By invertendo theorem
2n 2q
3 p

1.e 2n:3m = 2q:p
{2) Theorem of Alternando

If a:b=c:d, then a:c=b:dis
called alternando theorem.
Examy It3p+1 : 2qg = 5r:7s,
then prove that 3p+1:5r= 2q:7s
Solution:

Given that 3p+ 1:2q=5r:7s

: 3p+1 5r

then = —

2q 7s

By alternando theorem
Jp+1 2q
Sr 7s

Thus, 3p+1 :5r=2q:7s
(3) Theorem of Componendo
[f a:b = «c:dthen componendo
theorem is written as.
(1) a+b b = c+d:d
and (11) a:a +b =c:c+d
If m+3 :n=p:q -2, then

provethat m+n+3: n=p+q-2:q-2

Solution: Sincc m+3 : n=p:q-
m+3  p
n - q-2
By componendo thecorem
(m +3)+n p+(j—2)
o q-2

m+n+3 p+(—2

or =
n q-2

Thus m+n+3:n=p+g-2:q-2
(4) Theorem of Dividendo

If a: b =c: d, then dividendo
theorem is written as:

(1) a—-b:b = c-d:d
and (i1 a:a-b = c:c-d
e e Ifm+1:n-2=2p+3:3q+1
Thenm-n+3:n-2= 2p-3q+2:3q+1
Solution:
Giventhat m+1:n-2 =2p+3:3q+1
m+1  2p+3

Then

n-2 3q+1
By didvidendo theorem
(m+1)=(n=-2) (@2p+3)-(3g+1)

n-2 3g+1
(m+l-n+2 2p+3-3g-1
n—2 - 3g+1
m-n+3 3 2p—3q+2
n-2 - 3q+1

Thus m-n+3:n-2=2p-3q+2:3q+1

(5) Theorem of componendo-dividendo .
Ifa:b=c:d, then componendo-dividendo
theorem is written as:

(1) a+b:a-b=c+d: c-d

(1) a-b:a+b=c-d: c+d

BETWERE If m:n =p : q then prove that
dJm+7n:3m-7n = 3p+7q:3p-T7q

Solution: Since m:n = p:q
m
oo = = P
n q

>

3
Multiplying both sides by rR we get

3Im _3p
™o
Then using componendo- dividendo theorem
d3m+7n o 3pyg
3m-Tn 3p-Tq

or 3m+Tn :3Im-"Tn = 3p+ 1q @ 3p-Tq



ItSm+3n:5m-3n = 5p + 3q : 5p - 3q,
then show that m:n = P:q
Solution: Given that
Sm+3n:5m-3n = 5p+3q:5p-3q
S+ 3n

Or —— = 2p*3q
dm-3n S5p-3q
By componendo-dividendo theorem
(Sm+3n)+(5m=-3n) = (5p+3q)+(5p—3Q)

(Sm+3n)-(5Sm- Sn)

(5p+3q)~(5p—3q)

_ 5p+ 34 +5p- 34

Sm+ 30 +5m—

>n/+m—,>n/+'%n /51§+3q /515+3q
10m _10p
6n  6q

Multiplying both sides by %

£ ,ﬂfm g Mp

W6 Bn a0 £q
m_vp
n o q

m:n = p:q

Using theorem of componendo — dividend,
find the value of

m + 3p m+2q if m = 6pq
m — 3p m - 2q p+q
Solution: Since m = 6pq or
p+q
3p)(2q .
= M .................. (1)
p+q
m _ 2q
3p p+q

By componendo— dividend theorem
m+3p _ 2q+(p+q):2q+p+q
m-3p  2q-(p+q) 29-p-q

m+3p _ p+dq (i)

m —3p q-p
Again from eq. (i) , we have
m _ 3p

2q p+q
By componendo—dividendo theorem

m+2q _ 3P+(P+Q) _ 3p+ptg

m-2q 3p—(p+q) 3p-p-g
mriqo_ derq (iii)
m—2q 2p—q

Adding (11) and (in1)

m+3p N m + 2q :p+3q+ 4p+q

m—3p m—2q q-p 2p—q
_pt3q _ 4ptg

P—q 2p—g
_ —(p+3q)(2p—q)+(p-9g)(4p+q)
(p-q)(2p-q)

—2p* = pg+6pg—34°1+[4p” + pg—4pg—q’]
(P—9)2p—-q)
—[2p° +5pg-39°1+[4p* =3pg—q’]
(p—q)2p—q)
—2p®—5pq +39*+4p?—3pq —q°

(p—a)(2p-q)
_ 2p’-8pg+2q2 _|2(p’-4pq+q?)
(p—-q)(2p—q) (P—a)(2p—q)

sing theorem of componendo — dividendo
solve the equation

Jx+3+x-3 _ 4
Jx+3-/x-:

Solution: Given equation is
Jx+3+/x=3 _ 4
Jx+3-Jx-3 3

By componendo- dividendo theorem
(\/x+3+\/x~—3)+(\/x+3—\/x~-3)_4+3
(Vx+3+x=3)=(Vx+3-x-3) 4-3

J\+%+)A/%4J\+2~ﬁ 7
)L\/?+\/\~?—\J//7+{+\/\—~ 1

Zdx+vy 1 [x+3

—_— = =7
Z\/X—3 I x—3

Squaring both sides

b

5o




X+ 3

— =4

,\———_\
X +3 = 49 (x-3)
= N+ 3 = 4O - 147
— N=49x = - 147 -3
-8x = —130
= 45X = 150
150 25 25
- XN= = = — = |x=—
8 8 8

Using componendo-dividendo theorem,
(x+3)2—(x-5)2 4

(x+3y+(x—5)f_g

Solution: Given equation is
(x+3)2-(x-5)* 4
(x+3)2+(x=5)2 5

By componendo—dividendo theorem

(x#3)2—(x=5)2 ]+ (x+3) 24 (x-5)2] _4+5

solve the equation

[K—-) ‘(—5)2] [(x+3)2+(x 5)] 4 5

(x+3)2 W+ (x+3)2 M 445
(345372 = (x=5)2= (3432 ~(x-5)? 4-5
Z(x+372 9

AZ(x=5)2 Al
_ (x+3j": (3)2

L X =5
Taking square root
x+3 _ 413
X=5
X+3 X+3
‘ = 3 or = -3
Xx=93 X—35
x+3 = 3(x=5) or X+3 = -3(x-5)

x+3 =3x—15 or x+3=-3x+15
3415 = 3x—x%x or Xx+3x=15-3
18 = 2x or 4dx = 12
& 12
— = X or XxX=—
2 4
0 =x or X =
[ }(:()
The solution setis {3, 9}
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