EXERCISE 3.4

Q.1 Prove that a:b =c:d,if
) da+5b  4c+5d

W 4a-5b 4c-5d

2a+9b  2c¢+9d

2a—9b 2c-9d

ac2+bd? c?+d’

ac?—bd?  ¢3-d3

a’c+b*d ac?+bd?

a2c—b2d  ac?—bd?

(v) pa+gb : pa—gb=pc+qd : pc—qd
a+b+c+d a-b+c-d

(ii)

(i11)

(iv)

(vi) -
a+b—-c—d a-b-c+d
(vii) 2a+3b+2c+3d 2a-3b+2c¢c-3d
vii =
2a+3b—-2c—3d 2a—-3b—-2c¢+3d
aZ+b? ac+bd
(viii) =
az—b? ac-bd
Solutions:
. 4a+5b 4dc+5d
(1) =

4a-5b  dc-5d
Solution:
4da+5b 4c+5d
4da-5b  4c-5d
By componendo — dividendo theorem
(4a+5b)+(4a=5b) (4c+5d)+(4c—5d)

(4a+5b)—(4a—-5b) (4c+5d)—(4c—5d)
4u+jb/+4a—,5b/_4c),5/d/+4c—§ff
A4 +5b— 44 +5b  4€ +5d— 4 +5d
8a _i%c_
10b 10d

o . I
By multiplying both sides by —

C

Mg a_ M K
£ b g dd
d C

—=— = a:b=c:dHence proved
b d



i) “ﬂﬂtl 2¢+9d
2a-9b  2¢-9d
Solution:
2u+9b  2c+9d
20-9  2c-9d
By componendo — dividendo theorem
(2a+9b)+(2u=9b)  (2c+9d)+(2c-9d)
(20+90)=(2u-9b) (2c+9d)-(2c-9d)
20+ 96 +2a- 95 2c+ 9d +2c- 9d
26 +9b- 24 +9b 2 +9d - 2€ +9d
da 4c
18b 18d

Muluplying both sides by %

K Aa A 8
AW d A

a_c
b d
= a:b=c:d

Hence proved
act+bd*> c+d?

(iii)
_bd2 C3_d3
Solution:
acz+bd? c¢i+d?
—bd?  c3—d3

By componendo — dividendo theorem
(ac?+bd?)+ (ac?—bd?) B (c3+d3)+(c>—d3)

(ac2+bd2)—(zlc2—bd2) B (C3+d3)—(c3—d3)
acz+,bd{+ac2—);d7/ B C3+ﬂ4+c3_;}4{
2 +bd?— acf +bdz o di- gf

Zacz B 203
Zhd2  Zd?

ac?  c.c?

bd?z d.d?
lZ
Multiplying both sides by —
C

AT
od? A ddf

a_c
b d
— a:b=c:d Hence proved
. a’c+b2d ac?+bd?
(iv) =
a’c—b?’d ac?-bd?
Solution:
a’c+b2d _ ac?+bd?
—b2d  ac?—bd?

By componendo — dividendo theorem
(aZc+b2d)+(a%c—b2d) (ac?+bd?)+(ac?~bd?)
(a%c+b%d)—(aZc—bxd) (acz+bd2) —(ac?—bd?)

azc+b’ﬁ+a2c—%_acz+bd’f+ac2—bdf
22C +b2d— 22¢ +b2d  acf +bd?— ac? +bd?
Zazc B Za<32
Zbrd  Zbdz
d.dC . dC.C

bbd bdd

bd

aﬂéhff)?fffa(c
bbﬁ/w{g(pffd

El

b d
= arb=c:d Hence proved
(v) pa+qb:pa-qb=pc+qd:pc—qd
Solution:
pa+qb:pa—-gb=pc+qd:pc-qd

OR
pa+qgb  pc+qd

pa—qb pc—qd

By componendo- dividendo theorem
(pa+qb)+(pa—gbh) _(petqd)+ (pe—qd)
(pa+qb)=(pa—qb) (pe+qd)=(pe—qd)
pa +}ﬂ{ +pa ~/qt/ pe + q(T +pe - qd

))K +qb - pﬁr +qb ))(% qd - p( + q(



Pogt p-q
P+t pi- pPq+
Solution:

(V1)

Let 3 proportional is x
Then i—i &__
PPHq’ piepqtq?
By proportion.
p’—q? : P-q .. p—q
P’+q* p’-pq+q’> p’-pq+q’
Product of Extremes = Product of Means.
P*-q? P9 . P-q

X. =
PP+q®  p2-pg+q? p’-pg+q’

N pz—qz{ (p—q) T
P’+a®> | (p’-pg+q?)
x=—PZD° Pt

(P =pa+q)” (pP-g?)

D T S )
(p"—pq+q),/ (PP (p~q)

- X

x=—P"9
P —pq+q
Q.2ﬂfi Find a fourth proportional
— (i) 5,8,15
Solution:
Let 4" proportional 1s x then 5, 8, 15, x

By proportion
5:8::15:x

Product of Extremes = Product of Means
5(x) = 8(15)

55 )
X = -—;3/_]_

x = 8(3)

x=24
(i) 4x*, 2x3, 18x°
Solution:

. - e 1 4 i
[Let 4" proportional is “a"then 4x", 2x3, 18x", a

By proporti(m

dx2x3: 018X a
Product of Extreme = Product of Means.
a(dx?) = 2x3(18x5)
36x"
4x*

8—4
a=9x

a4 =

a=9x"
(iii) 15a°b®, 10a2b°, 21a3b3
Solution:

Let 4™ proportional is x
then lSaSbG, 10a2b5, 21a3b3, x
By proportion .
15a°b%: 10a%D° :: 21a%b3 ¢ x
Product of Extremes = Product of Means
x(152°b%) = (10a’b* ) (21a"p?)

i

X=———"
15 A b

x =14b*"°

x =14b°

(iv)  x>-11x +24; (x = 3), (5x* - 40x?)
Solution:

X3 bRl

Let 4" proportional is “a
x2-11x + 24, (x = 3), (5x* - 40x3),
By proportion
X2-11x+ 24 (x = 3)::5x —40x3 - a
Product of Extremes = Product of Means
a(x2=11x+24) = (x - 3) (5x"=40x%)
(x=3)(5x* -40x2)
x2—-11x+24
(x=3).5x3(x=8)
X2—-3x —8x +24
5%9(x —3)(x - 8)
X(x=3)-8(x-3)

5x3(x~7) (x~8)
L X (55)
(53] (5]

a=5x3

a =

a=




L= b?)
(a2=b2) -

B (.lL H)d) + (Llu —hd)

(4f + b2
b (ac+bd)—(ac—bd)

(a2 +b?)

|‘7

Wb hal—b? ac+ bd +ac— bd

aC +bd — af +bd

at + b a? b2

2a? /fnc

/ - /
b Jbd
d.a B ac
ba bd

Muluplying both sides by "E"

e AAe
{ Ba A Bd

N

a_c
b d
= a:b=c:d Hence proved

Q.2 Use componendo-dividendo theorem

to find the values of the following.
(1) Find the value of
X+ 2y

+x+2z if X=4yz
X-2y x-2z y+2
Solution: x = Y7

y+z
Dividing the equation (i) by “2y
X  dyz
2y (y+2)2y
X 27

2y y+z

By componendo — dividendo theorem

22+(y+2)
22— (y+z)

x+2y

x—=2y

x+'2y_ 22ty+7z

x—=2y 27-y-7z

X+2y 3z+y

X—2y 72—y
Now dividing the eq (i) by “2z”

(i)

X dyz

20 (y+2).2z

X 2y

2 y+z

By componendo — dividendo theorem
x+2z_2y+(y+z)

x=2z 2y—(y+z)

X+2z 2y+y+z

X—27z 2y-y-—z
D (i)
Xx—=2z y-z

Adding eq. (11) and (111)

RAY
x+2y+x+2z:3z+y+ y+z
X—=2y Xx—=2z2 z-Yy y—2

3z+ 3y +
_ dzty 3yt
~l(y-2z) y-z
_—l(Bz+y) 3y+z

y—2 y—2
_ —3z-y+3y+tz

y—z

:2y—2z

y—z

()

X+2y x+2z

Find the value of

m+5n m+5
+ P JAf m = 10np
m-5n m-5p n+p
Solution: m = Onp (1)

n+p
Dividing equation (i) by “5n”
m _ 10np
sno (n+p)sn

m 2p

Sn n+p



By componendo — dividendo theorem (iii)  IFind the value of
llli‘rjpizl_pﬂnﬂ))_ X—6a x+06b " x:12ab
m=>5n  2p—(n+p) x+61‘17xl_6l) a—b
. ~ 12ab :
m -+ il—l _2ptntp Solution: x = g, (1)
m->n  ZIp-n-p Dividing equation (i) by 6a
m+35n  3p+n , X 12ab
e E e (i1) T N
m->n  p-n 6a (a—b).6a
Now, dividing equation (i) by “5p” x _ 2
6a a-b
I_L = *LOHL,— By componendo— dividendo theorem
p (n+p)Sp x+6a _ 2b+(a—b)
m 2n ,\'—6(4_2b—(a—b)
5p n+p x+6a 2b+a-b
By componendo— dividendo theorem x—6a 2b—a+b
m+5p:2n+(n+p) ‘ X‘*'ga:;;‘*'b
m-—>5 2n—(n+ S —a
P (n+p) By mvertendo theorem
m-+35p 2n+n+p ' x—6a 3b-a 0
- e e 1
m-5p 2n-n-p x+6a a+b
- 2 Now, dividing the equation (i) by 6b.
m+5p TP (iii) . 12ab
m=op n-p 6b  (a—b).6b
Adding equaticn (ii) and (iii) Y 2a
m+5n+m+5p:3p+n+3n+p ﬁ—b:a—b
m-5n m-5p p-n n-p : i '~—dividendo theorem
By componena. S
_ 3p+n Jr3n+p x+6b_20+(a‘j/
—l(n—p) n—=p x—6b_2a—(a—b)
_—(3p+n)+‘3n+p x+6b:2a+a—b
 n-p n—p x—6b 2a-a+b
x+6H 3a-b -
_ =3p-n+3n+p o = g, e (11)
= x—0b a+b
nop Subtracting equation (iii) from (ii)
:2n—2p ,\'—6(1_,\'+6b_3b—(1 3a—b

n—p x+6a x-0b a+b a+b

3/)—(1)—(3(1—]))
2 D) :(

2(n-5) L
M _3b—a-=3a+bh

m+Sn. m+S5p a+b
m-5n  m-=25p




b=
a+b
4([)—(1)
(a+b)
(1v) Find the value of
N3y X+3z 3yz
X+3y x-3z’ y—2
3yz
y—z
Dividing equation (i) by “3y”
X _ 3yz

3y (y-z)3y
X oz
3y y-z
By componendo - dividendo theorem
X+3y Z+(y—2)
x=3y z—(y—2z)

x+3y _A+y-£

x=3y z-y+z

Solution: x =

Xx+3y vy

x=3y 2z-y
By invertendo theorem
x=3y 2z-y

X +3y y
Now dividing equation (1) by “3z”
X 3yz
32 (y-2)2
X b

3z y—z
By componendo—dividendo theorem
x+3z  y+(y-z)
x-3z y—(y-2)
x+3z  y+y—z

x-—BZ—/—/+Z

x+3z 2y-z

x—3z Z
Subtracting equation (iii) from (i)
x—3y x+3z 27—y 2y-z

x+3y x-=3z y z

22z-y)-y(2y-2)

vz

B 222—)/{—2y2+/y{
vz

_ 2Z2 _ 2y2 _ Z(ZZ _y2)

¥z ¥z
(v) Find the value of
- 6

S 3p+s+3q f s = Pq

s+3p s—3q P—q
Solution: .
s=opd (i)

P-4

Dividing equation (1) by “3P”

S bpg

3p (p~q).3p

S 2

3p p—q

By componendo—dividendo theorem
s+3p _2q+(p-q)
s=3p 2q-(p-q)
s+3p 2g+p-gq

s=3p 2g-p+g

s+3p  p+gq
s=3p 3g-p

By invertendo theorem
53 3q - .
TOP_ 24P (11)
s+3p  p+g

Now dividing equation (1) by “3q”
R) 2,61’/1/

3 (p-aq).24

s 2p

371 B P—q
By componendo — dividendo theorem
s+3q 2]7+([’_(I)
s—3q - 21)—(])—(])
s+3qg 2p+p—gq

s=3q 2p-p+g



S+H3g 3p—y

S=3q  p+y
Adding equation (i1) and (iii)
s=3p s+3g 3g-p 3Ip-—
P 35*3q _3q-p 3p

St3p s=3¢  p+q  p+g
s—3p+s+3’q _3q—-p+3p—g

S+3p s—3q (p-+—q)
.s‘—3p+5‘+3q _2p+2g
s+3p  s-3¢q (p+q)

5~3p+5+3q_2M
s+3p s-3g M

§=3 +
s=3p LS 3q _ 5

s+3p s-3q
(vi)  Solve (x—2)2—(x—4)2 _12

(x-2)2+(x-4) 13

Solution:

(x=2)2=(x-4)2 12

(x—2)2+(x—4)2 13

By componendo—-dividendo theorem
2—(x—4) 2}{ (x-2) 2+(x—4)2:] 12+13

E«Y—Z\Z"M2+(X—Q)Z+M2 _25
(x~7)2=(x=4)2= (x~7)2=(x=4)2 -1
/

Taking square root of both side

(x—2—:i\/£

x—4
X—Z:iS
x—4
x—2:5 or x—2:_5
x—4 x—4

x-2=5(x—-4) or x-2=-5(x-4)

x—2=5%x-20 or x—-2=-5x+20

20-2=5x—X or Xx+5x =20+72
|8 =dx or Ox =22

=x* or X=—

I +2+4/x2-2 2

(vii)  Solve =
It +2-x2-2 1

Solution:
\/x2+2 + \/x2—2 B 2

Jxze2 —Jx2-2 1
By componendo- dividendo theorem

(\/x2+2+\/x2—2)+(\/x2+2—\/x2—2) 241
(\/x2+2+\/x2—2)—(\/x2+2—\/x2—2) 2-1

N2+ 2+ 272 x4 2 - D2 _3
M+Jx2 2- )Lt’/ZJr\/A? 1
1775
T

x2+72

=3

x2-2
Taking square of both sides

. )4
(=2 -0

2
X +2:9
xz-2
X2+2=9(x2-2)
X242 =0x2 - 18§
2+ 18=9x2-x2
20 = 8x2

Taking square root

oo =
efaly

Il
I+
|



(vilh)  Solve \/\ +bp _ \\7*[); :l
\f\~+‘sl) +yx*-p- 3
Solution:
\.“‘,\‘72+ Sp— \/,\‘3 -2
m~ P2 - :w

By componendo—dividendo theorem

(\\T\/f— \‘—/r) (mﬂ/’ﬁ)

RSN - —p~) (‘/\2+8p2+\/\2*)
VAT T8pl— /_}}—4 P2 +\/.\'2+8p2+>b'3/p2

Taking square of both sides

x2+8p? 2
( 12_172} :(2)2

2 2
+8p 4
_p2
T4+ 8pr= 4(x2-p?)
x? + 8p? = 4x2—4p?

&p? +4p? = 4x2-x?

[2p? = 3x?
— 3x2 = 12p?
L
3
2 = 4p?

Taking square root
Jor =+ a2

x = +2p

5.5 = {£2p]

_4
o)

M‘\f’j—VQ‘/»’z _Mz —\/xz—pz -

(ix)  Solve (x+5)3—(x—3)3':£
R 5

Solution:
(x+5)3=(x=3)* 13
(x+5)3+(x—3)3 14

By componendo—dividendo theorem
l:( +5)3—(x—3)3] [ \+5 3+ r 3 3} 13414
[(x+5)3—(x=3)7]- [r+53+-1 33| 13-14
(++5)"= {5

x+5)3 L}%@73+(X+5)1+L;%37
(A s ()

Z(x+5;)3 B
E7 (s e

(/,H-Su ’ e
\x—3J N

X
Y

Taking cube root

e

l__

/1

(x+5]*ngzﬁﬂzx;

x—3
x+5:3
x—3
(X+5)=3(x-3)
X+5=3x-9
5+9=3x-x
14 = 2x

14

—»«.:'}\"

7

7T =x

— X =7



oint variatio

A combination of direct and inverse
variaons of - one or more than one variables
forms joint variation. If a variable y varies
directly as x and varies mversely as z.

§ 1
Then ye x and yo —
Z
In joint variation, we write it as
X _ X
y o — i.e y=k—
Z Z

Where k # 0 1s the constant of variation.

For example, by Newton’s law of
gravitation, if one body attracts another with a
force F that varies directly as the product of
their masses (m;), (mp) and inversely as the
square of the distance (d) between them.

T or F=k—iz
d- d?
I»elin P If y varies jointly as x2 and z
andy =6 whenx=4, z=9. Write y as a
function x and z and determine the value of
y, when x = -8 and z = 12.
Solution: Since y varies jointly as x? and z,
therefore

y o< Xz

1.e y = KX?Z oo (1)
To find K,
Puty = 6, x=4,z=9 In equation (1)

6 = k(4)%9)

6

16x9 -

6 1
= k= —==
144 24

l.e F

Put k =— inequation (1)
24

I .
= —X2Z e (11)
Y
To find y, o
Now put x =—8, z=12inequation (i)

1 9
- (-8)" (J
7 A

]
7

|m. M

p varies jointly as q and r* and
inversely as s and 2, p = 40, when ¢ = 8,
r=>5,S=3,t=2. Find p in terms of q, r, $
and t. Also find the value of p when q = -2,
r=4,s=3and t=-1.

. : qr?
Solution: Given that poc —
st?
qr?
=k—.. ... 1)
p 2 (

To find K,

Putp= 40, q=8, r=5, s=3 and t=2m
equation (1)

o B

5

3(2)
40=k 023
3(4)
8
40 %12 1
5(23)

12
= K=—
5
Put k =— in equation (i)
12 qr? .
= —5— _ét—z ............... (ll)
To find P,

Putq=-2,r=4,s=3and t = -1 in equation (i)

o 12 (D))

5 (3)(-=1)2

M (=2)(16)

5 2,
(=8)x(16)
p=—"7"—
5

128
"=

P =




