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Set \
_ AwEll- Cefired aoner*.on of dlstmct objects is called a set. For example: set of

y phah,.s' e i haiaral numbers etc.
'The'e are three different ways of describing a set. George Cantor *

(1845-1918)

WAY OF
DEFINITION EXAMPLE
DESCRIPTION

IR BEEw gl In this method the set can be described in The set of vowels in

Method words. English alphabets
The Tabular In this method the set is described by listing its .
o A={a,e,i,o,u}

Method elements with in brackets.

Set Builder notation is a mathematical notation
Set Builder used to describe a set by enumerating its .

S ] _ ={x| xis vowel }

Method elements or demonstrating its properties that its

members must satisfy.

Equal Sets
Two sets A and B are equal i.e. A = B if and only if they have the same elements.

For example the sets {1,2,3} and {2,1,3} are equal.

Equivalent Sets:
Two sets A and B are equivalent if there is a one-to-one correspondence between the

o e

sets. For example . — A
{a, b, ¢ d} Q: D|fferent|ag,s\ USL“NG"‘HIEO.-:'.:&I and e
T 7 ! T ' lq v Ients=tsvutl é«arr pia. (RvaP 2023)
L2 3 4 \ AT\ el ]
OrderofaSet )| '\ — '~ ! \ A
The numta of °Ierr9nls in' ase{ i2.cufied the order of the set. For example, If

A J fa,m, c} tnm briet giset A is three i.e., n(A)=3

e )up,g@_ﬁ Gt

' | Aset havmg only one element is called singleton set. For example A={a}.

*The theory of sets is attributed to the German Mathematics George Cantor (1845-1918)
Empty set or Null set
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A set with no elements is called the empty set or null set and it is denoted by the symbol

por{}.
NAME OF
THE SET

Finite Set

I1 ) set 1at |1d'=1'"‘ te number of elements present
\1 ’

={0,£1,+2,--

}

If every element of a set A is an element of set

Subset

Singleton Set

Proper Subset

Improper
subset

B, then A is said to be a subset of B

A={a,b} and
={a,b,c,d} then A

is subset of B.

A set having only one element.

i)

If A is a subset of B and B contains at least one
element which is not an element of A, then A is
said to be a proper subset of B.

A={a,b} and

proper subset of B.

={a,b,c} thenAisa

If A is subset of B and A = B, then we say that A
is an improper subset of B.

={a,b} and
={a,b} then A'is

improper subset of B.

Do you know?

The empty set has no proper subsets.
An empty set is a proper subset of every non empty set.
Every set is an improper subset of itself.

Universal set

POWG‘I’ Set "_-"| '\—P"I _,-"'F . '. I| I'I Il '| '. | |
Let A be an\l set then the sét eo |ta‘n mqlal' |tn s jrlgeté
_H.-"- --.H"'-.-.-—H.
For exmmo e Y\ \ “x\_'

T
AN

| &J i “Jlfj gL'*neral

The set containing all the elements of under

I_
| I'i'l

e.on5|delra1;| .vsets i‘s\-\\a‘!\leaw |msq,.°r-.n

—

e

— :I-".I.--H.I AR

p——— < )
|"I-\.H._,.-'1\l f- .I'II'.

Ql’:z—hied pow:. 'set of A,

'_.-'__: -
L
ST

a b}.,-th?m F' (f}.\ —1(p, {a} {b}, {a,b}} .

Ifﬁj

if n(A)=m then n(P(A))

Key Facts:

If a set has n-elements
then it has 2" subsets.

If a set has n-elements
then there are 2"
elements in its power set.
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Chapter - 2

Sets, Functions and Groups

Q.1

EXERCISE 2.1

Write the following sets in set
builder form.

) {123..,1000}

Solution:

{X] x &F i iglOOO} Ansiver'

(ii) 'fo,_1,_2,__3.....1'3d; '-
Hpiltient |

x| X eW A X <100} Answer

(iii)  {0,+1,+2,...,+1000} (sGD 2021)
Solution:

{X |xe¢ A=1000< x < 1000} Answer
(iv) {0,-1-2,-3,..,-500}
Solution:

{x|xe¢ A-500<x <0} Answer
(v)  {100,101,102,...,400}
Solution:

{X]xe¥ A100 < x <400} Answer
(vi)  {~100,-101,-102,...,-500}
Solution:

{X |xe¢ A-500< x < —100} Answer

(vii)  {Peshawar, Lahore, Karachi,

Quetta}

Solution: {x|xis a capital of a
province of Pakistan} Answer ]
(viii)  {January, June, July}' /7 \

Solutidni T x|| =5 a inenth; that.starts '
— . R

with J}Arsver, |

._(Ii'i«). The| 'sel 'oi all odd natural

nliritvers
Solution:
{x|xeOAx>0} Answer

-

Q.2

(x) The set of all rational
numbers ' =19

1%,

Saltion: ", x| e | \amswer

Loy \Thelsey of all real numbers

pehveen 1 and'2:
Solution: {x|xe| Al<x<2}Ans.

(xii) The set of all integers
between -100 and 1000
Solution:

{x]xe¢ A—100 < x <1000} Ans.
Write each of the following sets in
the descriptive and tabular forms.
(i) {x|xe¥ Ax<10}

(MTN 2021, RWP 2022, GRW 2022)

Descriptive: The set of first ten
natural numbers

Tabular: {1, 2,3, ...,10} Answer

(i)  {x|xeNAd<x<12}

(RWP 2023)
Descriptive: The set of natural
numbers between 4 and 12.

{5.6,7,...,11} Answer
(iii)  {x|xe¢ A-5<x<5}
Descriptive: Set of
between -5 and 5
Tabular: B

Tabular:

integers

£ e & ( i 1 i IL | r.'" ’ # v | ..‘“_ -
1A - Ve = N L —
av, kXI)\..E .-_A\.__.. } .".\__<___-\.}

\ Destriptive: THe set of even
__Iritegers greater than 2 and less than

or equal to 4
Tabular: {4} Answer

(v) {x|xePAx<12}

(MTN 2022, LHR 2022, 23, GRW 2023)
Descriptive: The set of prime
numbers less than 12

a7

{.01.1.1..-_*2,-1-3,:;_-.4; VAR
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Tabular: {2,3,5,7,11} Answer

(vi)  {x|xeOA3<x<12}

(FSD 2021, BWP 2021)
Descriptive: The set of cud
integers between 3 and 12
Tabulas, {5,7,9;11} Antwer
(vii) §xle E/4<xicac) !

_ VL H(BWP 2022)
Dezcriptive: The set of even
integers from 4 up to 10.

{4,6,8,10} Answer

(viii) {x|xeEA4<x<6}

Descriptive: The set of even
integers between 4 and 6.

Tabular:

Tabular: ¢ Answer
(ix) {x|xeOA5<x<7}
(DGK 2021)

Descriptive: The set of odd
integers from 5 up to 7.

{5,7} Answer
() {xX|xeOA5<x<T7}

Descriptive: The set of odd
integers greater than or equal to 5
and less than 7.

Tabular:

Tabular: {5} Answer
(xi)  {x|xeNAx+4=0}
(MTN 2023)_.

Descriptive: The set s natura!
numbers xsatisfying x+4=0 / /

Tabular! | | grAnsywar || o \

(xii)., ;

(1 LY Mol
x| e Ax? 2ol

NI ~ 7 (GRW2021)

Descriptive: The set of rational

numbers x satisfying x* =2.
Tabular: ¢ Answer

Q.3

~ Solution:

(xiii) {x|xej Ax=x}
Descriptive: The _set of _ rear
numbers x satisfyilicx=x. |

Tabulas: Angaer

ogxivy) -{A-_(-l,_(ej./\xz_x}

Ciescriptive: The set of rational
numbers x satisfying x =—x.

Tabular: {0} Answer
(xv) {x|xej Ax=x}

(DGK 2023)
Descriptive: The set of real

numbers x satisfying x # X.
Tabular: ¢ Answer

(xvi) {x|xej axen}
Descriptive: The set of real

numbers x which are not rational.
Tabular: Q' Answer

Which of the following sets are
finite and which of these are
infinite?

Q) The set of students of your

class.

Solution: finite

(i) The set of all schools in
Pakistan.

Solution: finite

(iiiy  The set of natural numbers- 1" |

between 3 kna30. |
Salatien: '\, Mfinltg &\ O

| Vivd\ | The\ses f rational numbers

between-3 and 10.

infinite

(v)  The set of real numbers
between 0 and 1.

Solution: infinite

(vi)  The set of rationales between
0and 1.

Solution: infinite

a7
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Q.4

(vii) The set of whole numbers
between 0 and 1.

Solution: finite

(viii) The set of all leaves of trees
in Pakistan.

Solution: finite

(ix) BN )- -

Salwior: |\ linfinite

G) jo WP, b, c}

Solution: finite

(xi) {1,234,.}

Solution: infinite

(xii)  {1,2,3,...,100000000}

Solution: finite

(xiii) {x|xej Ax=x}

Solution: finite

(xiv) {x|xe; Ax*=-16]
Solution: finite

(xv) {xlxa? AX :5}
Solution: finite
(xvi) {x|xem A0<x<1}

Solution: infinite
Write two proper subsets of each
of the following sets.

(i) {a,b,c}

(MTN 2021, 22, RGK 2021
“RWP 2021 GRV/2623) | |
Solutil | |\ (14:0] e {b L, ™ \ h

(i@ o0 |
Shietoh ™ {0}, {1
(i) 0

Solution: {1}.{2}

Q.5

Q.6

Q.7

VOV (s 2as: True

(v) O
Solution: {0},{__—1, 0}
v) ﬂ [|~2)
BINARY fi E\
f;.O _L.tl.l LB | 2 4}
i)

Solution: { }{ }
(vii) W

Solution: {0,1},{2,3}
(viii) {x|xem A0<x<2}

Solution: {1l}{12}

2] (35
Is there any set which has no
proper subset? If so, name that set.
Solution: Yes. The empty set
has no proper subset.
What is the difference between

{a,b}and{{a,b}}?  (SHW 2023)
Solution: The set{a,b}has two
elements a and b while the set {{a, b}}

has only one element {a,b} .

Which of the following sentences

are true and Wthn cf thein am-._"'. A
falsp’) ' Y [ .I ..__-.-‘. 1 "H.___

] (J) qﬁé {a}} Ans : True

(i) {a}c={{a}} Ans:False
(v) {aje{{a}} Ans:True

(V) ae Ans : False

(vi) ¢e

Ans : False
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Q.8  What is the number of elements of
power set of each of the following

sets?
i {} Ans:2°=1
(i) {01} Ans:2*=4_
(i) {1234567}
Pl Ang:2" = 12”8 -
(iv) J012 4567 U
N L Ans: 28 = 256
J N ()~ Sa{bcl} Ans:2*=4
T o) {{abhibe){de))
Ans: 2°=8

Q.9  Write down the power set of each
of the following sets.

0 {911
(GRW 2022, RWP 2023)
Solution: Let A={9,11}
P(A) = {4,{9)., 1), {9.11)}
(i)  {+-x+ (SGD 2023)
Solution: Let A={+—x,+}
P(A) ={g.{+}. {303 &G+ -Hrd
S A e R S B s Rt
T R e R R e 3
(i) {¢}
Solution: Let A={g}
P(A) ={4.{#}}
(iv) {af{bc}}
(SGD 2021, 22, RWP 2022,
GRW 20722)
Solution:  Let A={a, a'b, c})

P(A) = ﬂa} {,,\}mdﬁhc} x\

L ! !
F -

Q.10 Which pairs of sets are equivalent?

Which of them are also equal?

(i) Aemufaz 3,

sofution, Eguu valent Dut not equal.

(i The set of first ten whole
numbers, {0,1,2,3,...,9}

Solution: Equivalent and equal.

(i) Set of angles of a
quadrilateral ABCD, set of
sides of same quadrilateral.

Solution: Equivalent but not equal.

(iv)  Set of sides of hexagon
ABCDEF, Set of angles of
same hexagon.

Solution: Equivalent but not equal.
(V) {1L2,34,...},{2,4,68,...}

Solution: Equivalent but not equal.

. 111
(vi) {1234}{1552}
Solution: Equivalent but not equal.
(vii)  {510,15,...,55555},{5,10,15,20....}
Solution: Neither Equivalent nor
equal. =

44
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Chapter - 2 Sets, Functions and Groups
Operations on Sets v
NAME OF OPERATION DEFINITION ~ =@ -ﬁu_“-. ’“ \
Union of Two Sets AUB={x|xeAvxeB} 2\ (( \\JJ (A0
_ | v/ '.- 'l: R .-L'i, _;-—5#:‘_:‘;&M M'-|| |I 'f--" IIl ':' ':'..:l
-beakdm NN [ S
WA )

3 r»(?c.]-\/[fx'.lfé"ﬁ".} WA '._, .

| iffANB=4¢.
Two sets A & B are
overlapping if AnB = ¢ but neither
AcB nor Bc A
A’=A°=U—A={x/xEU /\xeA}

where U is universal setand AcU

Complement of a Set

NN‘W@
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Q.1

Q.2

- I
-y
SO
2

-

%
L

EXERCISE 2.2

Exhibit AUB and AnB by Venn
diagrams in the following cases.

e 1 i
b & 5 |
5 L - K
1 ™y |

.\-‘ -.h "-_I k.\_J | \""n_:I J "-\.‘___
J ANV

0) AcB ) ~
e~ [
I\ - ﬂpw
4% | T AnB
() Bc A
U %
AUR ANB
@iii)  AUA
A=
Aln
Audr=orn
(iv)  Aand B are disjoint sets.
00 |
AUB ANB
(V) A and B are overlapping sets.
Pl )
{l ”'|H||\|lﬂ' @
sl
AUB ! I{‘\Q .:I:".
Show ATB and R y \WhAr

diag rarf:- Wh° h: LT

i) - A d.rf"j R ar@ uverlmplng sets
\ “{SHW 2021, BWP 2023)

Q.3

1
L 5 1 | I-
L L b

. 1

-

i

-;owtlun

u-_’-?vll')'

h A H-B ‘
(i) AcB (SHW 2022)
U U
|I||||||| I
o
|
A-B B=4
(i) Bc A  (DGK 2022, MTN 2022)
U U
|l||||||| 3
o ®
i |
A-8B B-A

Under what conditions on A and B
are the following statements true?
Q) AUB=A

Solution: Bc A

(i) AUB=B

Solution: AcB

@ii) A-B=A

Solution: ANB=¢

vy AnB=B

Solution: Bc A

(v)  n(AuB)=n(A)+n(B) .~
Solution: _ /\..@: ‘..g-b f’?-_-‘f-f A
iy n(km.). .n(hm e

Ac B
A—B A
Solution: ANB=¢
(viii) n(AnB)=0
Solution: ANB=¢
(ix) AuB=U
Solution: B=A

) AUB=BUA
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Q4

Solution: It holds always

(xiy n(AnB)=n(B)

Solution: Bc A

Let U={1,2,3,4,56,7,8,9,10}

A={2,4,6,8,10)

{1 2 \,4 "_‘) 1'|IUL {1. 3 ") Ik,\g\."’
List th= 1erme:s oL r‘ach of e

_ fallb vmq se’rs

xl J | \ J |

Q.5

- -..h
-~ (RA N |
Y % | % | i
AL N Y J Y
W, ,
AT
9

"-.:u'i AT Ac U_A:{1’3’5’7’9}

(i) B°, B°=U
(ii)  AuUB,
AUB={1,2,34,5,6,8,10}
(ivy A-B, A-B=1{6,810
(v ANC,AnC=¢
(viy A"UC®, A°=1{1,357,9},
={2,4,6,8,10} and
A" UC={1,23,..,10} =U
(vii) A°UC, A°UC={1357,9}
(viii) U°,U°=¢g
Using Venn diagrams, if necessary,

find the single sets equal to the
following.

() A =U-A

~-B={6,7,8,9,10

(i) AnU

Q.6

xii) U-A=¢
Solution: U= A ) )
L[ ; ’ U =
(iv) Aug¢
U
me Audp=4
V) ¢ng=¢

Use Venn diagrams to verify the
following

Q) A-B=ANB¢ (BWP 2022)

i) (A-B)nB=B

" From Venn diagrams

(A-B)'nB=B

De Morgan’s laws:

(i) (AUB) = ANB’

(i)  (AnB) =AUPB
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Proof:-

(i)

(i)

N

-'\.._ | |I'.' 1_ >

(AUB) =A "B’
Let x e (AUBY

= Xg AuB
= xsz and xg¢B

= X _dnd /\LR'
= Xe ’x’mB'

l|3 it XI5 an- amltrary member of
(Au B) .
Therefore (auB) = A ~B’ (i)
Conversely, suppose that
ye AnB
—=ye A and yePB
=ygAand yeB
=yeAuB
— ye(AUBY)

Therefore A'~B’' < (AUB) (ii)
From (i) and (ii) we conclude that
(AuB)Y =A'NnB’

(ANB)=AuUuB
Let xe(ANB)
= XegANB
= XgAOr xgB
= xeA or xeB'’
=xeA UB’

Therefore (AnB) <« A UB’ (i)
Conversely, suppose that
ye AubB’

= yeA Or yeB' ._

= .Vfrl‘ 5Ty 'ﬂ-B \ |

= e( '—\(\ B)

o Wle (LmB" -
nerdeie” AU B <= (AN BY (i)
From (i) and (ii) we conclude that

(AnB)Y =A'UB

Distributive laws

(i)

™, \

(1) AU(BNC)=(AUB)~(AUC)
(i) An(BUC) = (AmB)u(AmC)
Proof:

|)

A TEAGXA LS (Ao e
e xe A'J(Bmc’f)
Sxe A'Or'lxe BNC
—=xeA Or xeB and xeC
—=xecA Or xeB and xe A or
xeC
= xe(AUB) and xe(AUC)
=xe(AuB)N(AUC)
Thus
AU(BNC) = (AUB) N (AUC) (i)
Conversely suppose that
ye(AuB)N(AUCQC)
=ye(AuB) and ye(AUC)
—yeAoOryeBand yeAor
yeC
=yeAOryeBandyeC
=yeAorye(BnC)
=yeAu(BNC)
Thus
(AUB)N(AUC)c Au(BNC)(ii)
From (i) and (ii)
AU(BNC)=(AuB)N(AUC)
AN(BUC)=(AnB)U(ANC)
Let xe An(BUC)
=XeA and xe(BuUC)
= Xxe A and XEBur X e
—_>,\L,Z\ end (Cd OI X & ';Q ARG
| .-._;>»<c(Ar.E) or Xe(AmC)
, ~=xe(ANB)U(ANC)

Therefore

AN(BUC)c (ANB)U(ANC) (i)
Conversely let
ye(AnB)U(ANC)
=ye(AnB) or ye(AnC)
=yeAand yeB or ye A and
yeC
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=yeAand yeBor yeC

=yeAand ye(BuUC)

=yeAn(BuC)
Therefore

(ANB)U(ANC) cAm(Bk /C) (h)

From (i) and (ii)
Arr\le,C)_
- ._I 1 " '\. '| .. .. ""\-.\,
Verification of e | prcp=rue” ‘with the
ke I| 't)i‘lw-',l'l']"'h.l(].-m'l'ls }
JI %, !) /\SSUCIatIVE property of union
Au(BuC)=(AuB)uC

LHS= AUu(BUC)

(AuB)ucC:

P

From two diagrams, we can SE’e that _' -;f'..

AU (B uC) r\f’\u B) UC—
1 _H.-"- =

(i) ASSOCIatIVafFr'p[ZI}’“’t) of |r11=nect_6“n\_,
Ary B/ \C-)._ !;\mmm, '

A T k‘.l'&gji' PC .,—\m(BmC)
1‘_'\. "-_‘J | Yy
N

/A*\b)u( \mO)

AN(BNC) 3
R.HS= (AnB)nC

C: Il
(AnB)NC .5
From two diagrams we can see that
AN(BNC)=(AnB)nC
(iii)  Distributive laws
Proof: (a) AU(BNC)=(AUB)~(AUC)
LHS=AU(BNC)
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AuB:—
AUC I (AwB) 1l — -u-l;—\lv,.-“
(AUB)N(AUC):H S
From two diagrams, we cap-fee thuU FaBIERR!
Au(%q.,) (Au@lﬁ( S\Ub l SR\
'._.-'I I'. = 14 H‘\-&I _E.
(b) Am(Bun) (A-AB-LJ(AA'S)‘ =
Wy ‘“:."] |K‘J' T { A B
| AN A 3 From two diagrams (AUB) = A B’
’l“;i (b) (ANBY =AUB
2 L.H.S=(AnBY)
'nm"'l\|||||||l' i
A — )
BucC:ii ‘ il
An(BUC): —
RH.S= (AnB)U(ANC) (AnB): 1
R.H.S=A’uB’
ANnB: =
ANC |
AuUB': — o .g,‘ \
m= From two dlagrams ,(;-,é'\f'“\ BY —(/x‘ o’f-i‘% '.'_'. N
= P I WIS
From two diagrams Y _“‘{‘I\\\I Iu' o\ ,::,x"‘_-?x“"’ﬁ
ANBUC)=(AnB)U(ANC) O AT T
1 l'.II ' II| L1 | Il.—-l' |I
(iv) De Morgan.llls Laws ___\"- I" f / II. 'Illlqu 'j '.l'»\::ﬁ V- Lt
(8) (ABY 2 A:’;Elli 0 u n& L AN A
IWHI".S' '!A'IUB'Y'- " W L
-L' L" 2 T I ! 1
ﬂ\{l‘w Tl
T
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Q.1

Exercise 2.3
Q.2  Verify the propertles for the sets A
B and C glven Eeion. -

Verify the commutative properties of
union & intersection for the
following pairs of sets.

(DGK 2021, LHR 2022, B/P 2622

-MTN 2023. GR\V 2023) |

(i) A= f, 2,3,4,5,B= {4 L_,8_‘0}
Solittion: | _ ) |
| oAB=1{1,2,3,4,5,6,8,104 (i)

| BUA={12,34,5,6,8,10} (ii)
From (i) and (ii) commutative
property of union is satisfied.
Now AnB={4} (iii)

BNA={4} (iv)

From (iii) and (iv) commutative
property of intersection is satisfied.

Q) 0,0
Solution: ¥ U¢ =¢ =¢ U¥
Which satisfies commutative

property of union. Also,

¥N¢ =¥=¢nN¥
Which satisfies commutative
property of intersection.
(ii) A={x|xej Ax>0},B=]
Solution:
AUB={x|xej Ax>0}uj =i

and BUA=A

So commutatlve property )f mlcr']s
satisfiea, '
Also A(\D =% A\

CXIRE D A 0) A LS XE] Ax >0} = A
e BE i A

(QAcB)

Which satisfies commutative

property of intersection.

(QAC B) ~

) — - L '_ ..u L
| b
| A \
1 (B L1 | -

()

)

(ii)

(iii)

A=19,3,4 },rd__—{ﬁ.ﬁ;-:':,ﬁ,'/,B},

1C =45, 3,],9,10}

' Associativity of union.
AUB={123,...,8}
(AUB)UC={1,2,3,...,10}
BUC={34,5,..,10}
AU(BUC)={123,..,10}
Hence proved that
Au(BuUC)=(AuB)UC
Associativity of intersection.
AnB= {34}
(ANB)NC= ¢
BNC={56,7}
AN(BNC)=¢
Hence proved that
(AnB)NC=AN(BNC)

Distributivity of union over
intersection.

BNC={56,7}

AU(BNC)={12,34,56,7}

(i) .

AATB= {1 2.3, ,8} \ A

| AUC= {L, 2:5.45,6,7,9,10)
Now
(AUB)N(AUC)={12,34,56,7}
(ii)
From (i) and (ii) we conclude
that
AU(BNC)=(AuB)n(AULC)
Which satisfies the property

55



Chapter -

Sets, Functions and Groups

(iv)  Distributivity of
intersection over union.
BuUC={34,5,..,10}
Am(BuC):{3,4} (i)
ANC =g, Ar\Bi={24}
(r\"\ 3\' £ I-\n \P) 13 4} U )
.-ro_lj q,__ai}o (i%) 'we coriciade

_ that | '

[ “AR(BUC)=(ANB)U(ANC)
Which satisfies the property.

(b) A=¢,B={0},C={0,12}

Q) Associativity of union.

AUB ={0}
(AUB)UC={0,12} (i)
BuC={0,12}
AU(BUC)={0,1,2} (ii)

From (i) and (ii) we get the proof.

(ii) Associativity of intersection.
AnB=¢
(ANB)NC=¢ (i)
BNC={0}

AN(BNC)=¢ (i)
From (i) and (ii) we conclude
the result.

(iii)  Distributivity of union over
intersection.

BNC ={0}
auenc)=(o}| | i\ (]
AR - @rﬂ=‘_ xaxfxn
.'Ak'.)' {01 24

I 4"uB) (AuC):{} (i)

From (i) and (ii) we get the
proof.

(iv)

(©)
(i)

(ii)

...

Distributivity of
intersection over union.
BuC—!Q.i,"z} _
Al JB'J(‘\_(IJ . '.."!')'
.\ ACBE4, AmC 1)
“(ANBYO(ANC)=¢ (ii)
From (i) and (ii) we get the
proof.
a,0,0
Associativity of union.
Yug=¢ (wOcO)
(¥ U¢)UQ :¢ Ud =g

(Q¢ cm) (i)
¢un =a  (w0ch)
¥ U(¢ urn)=¥un =o
(Q¥ c:) (i)
(1) and (ii) verify the

property.
Associativity of intersection.

¥N¢ =¥ (D CD)
(¥ng)na =¥ No =¥
(Q¥ <) (i)
¢no=¢ (wO0cO)
¥N(gna)=¥n¢=¥

(Q¥ c ¢) (i)
From (i) and (i) we have e
proof. ' Vi

"'srrmt ti m;; of unmm PRET
Tintérsection, A

\¢iok =d Qe cn)
¥ U(¢ nm) =¥ Ug =¢ (i)
(Q¥ =¢)

(¥ ug)n(¥rur)=¢ no
=¢  (Q¢ cx) (i)

From (i) & (ii) we get the
result.
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TR A
L -

NN
Which shows that (AN B)'

(iv)  Distributivity of

intersection over union.
¢un =a  (0ch)

¥N(¢ua)=¥no=¥

(Q¥ CQ) - 1 (i.\ ]
-¥::(_) 0 = Z: . F (Qér :"2‘ )x
e NN cERE) (¥ e ) =¥ U =¥
NI C (i)
From (i) and (ii) we get the
proof.
Q.3  Verify de-Morgan’s Laws for the
following sets.
U={123..,20}
A={2,4,6,...,20}
={1,35,7,...,19}
Solution: AUB={1,23,..,20}

(AUB) =U —(AUB)

=¢
A=U-A
={135,...,19}
B'=U-B
—{2,4,6,...,20}
NAB'=¢

vachsthsﬂmt(A&JBY;$AVTB§
Now Am R.:= ¢

. —_
g {1 13 ;\" \
4y \-'. %

20}

\/-mB
\uB’ ,3

-{—1
=A'UB’

Hence the proof.

i ..I.' ]

Q.4

Q.5

O

Let U=
alphabets.

A= {x|x is a vowP.; '

The set of English

SCADAE a cbnseiar t}

\/e rify,d =-1 /Iorg( n’sTaws.

'\Iow U'= {amhc,d,e z}

' A={ae,i,o,ul

b,c,d, f,g,h, j,k,I,mn, p,q,r,

={s,t,v,w,x,y,z }

Now AuB={a,b,.c,..,z}
(AUB) =¢ (i)
A=U-A

b,c,d, f,g,h, j,k,I,mn,p,q,r,
:{s,t,v,w,x,y,z }

B'=U-B
={a,e,i,ou}
AAB =g (ii)
From (i) and (ii) (AUB) = A' "B’
Also AnB=¢
(ANB) =U-g=U (iii)
AUB ={ab,c,...z}=U (iv)
Form (iii) and (iv) (AN B) = A'UB'

With the help of Venn diagrams,

: ID

.1;

h' O
1 (B C)=om (A -,) (| Oy
From Venn diagrams
AU(BNC)=(AUB)N(AUC)
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o

verify the two distributive
properties in the following cases
with  respect to union and "
intersection. ¢ P=fa AR
Ac B, APC_/dnG B \&E

- far\c, ovier Iap-mnc =

AL Didtritutivity ;of union  over

. -iptersection.
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Distributivity of intersection over :{1, 2,3,4,5}
union. _A - T -
U J— U - .- . .-_- 4 ,
_ B | (i) AnA=Ac [ VA
7 é ~ |\ e 'AmA {1234 51 \{1:2)5,4,5}
"..“ AR TARIIER : '. _‘12345
‘ M= ’E — J",{' K(HV')?..'(I'-'I ) . oy ; i }

From Ve .dlwcm’ VAL T Q7 If U={123,..,20},A={135,..19)
. afxtBUC’,‘"-”«\/\b)u(AmC)

I J ' verify the following.
Y \al &/Bare overlapping, B & C are () AUA=U (GRW 21, FSD 2021)
A" overlapping, but A & C are A=U-A
disjoint. —{2,4,6,...,20}
Distributivity of union over
] ] Now
intersection.
AUA ={1,35,.19}U{2,4,6,.., 20}
U
{12,3,..., 20}
= U
B PN i) ANU=A
(R C )=orlll (AuB)(4uC)@A

ANU ={1,3,5,...,19}0{1,2,3,...,20}
From Venn diagrams

AU(BAC)=(AUB)A(AUC) ={1.3,5,...19}
Distributivity of intersection over =A
. @)  AnA=¢
union.
: v A'={2,4,6,...,20}
Qﬂ@’ ANA ={135,..19} "{2,4,6,.., 20}
{: | :¢
A:Il f 8] .
in(ocym GBS (Ane)u Q.8 From suitable propes ties of union |

From Venn diagrams

A(BUC)=(AnB)u(anC) O L (7 '-TOhvunqnevuus
\ _(I '-\('\ Ak_/p) AU(AF\B) (RWP 2022)
Q.6  Taking anyset, say A= {J,z\,,é,ﬁ} \J
G" LHS.=An(AuB
verify rrc-_molﬂcwmn A 4! "‘\ utlon S m( ~ )
(i) Ag=ALL - =(AnA)U(ANB)
';‘.J-|;"-:"|ﬂ|'”: e J; _,o45}u¢ {1,2,34,5} = A (Distributive Law)
\ *71_'J|"*~:{fi)‘-- AUAZ A =AU(ANB) (QANA=A)
) AUA={1,2,34,5U{1,2,34,5) =R.H.S.
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s

(i)  AU(AnB)=An(AUB)
Solution: LH.S.=AU(ANB)
=(AUA)N(AUB)
(Dlstrlbutlv'*._aw) - _
_A (AUB) (ﬁAuA A)
= Rxpﬂs ay :.:*

(i)

Q.1

_Usi .] \/enn *i agrcm.,, verlfy the
~ Actiwingrasults.

‘ANB'=A  iff  AnB=¢
k. e
ﬁ;- A=

Bl
ANB B

From Venn diagrams AnB'=A
(A-B)uB=AUB

U

&b

{~B:= A B=

Bl
(A-8B)uB=or

EXERCISE 2.4

Write the converse, inverse and
contrapositive of the following
conditionals:-

@ : p—q
(GRW 2021, 23, RWP 2021,
LHR 2022, DGK 2023,
SGD 2023) B
Converse: q—=-p
Inverse: p—i ] Y
Contrapo‘mtl\fe ~ :” TR p‘x
(i) q—p \ @rpaié
Corpersa: |\ ) "_- 5
’II‘J*’J‘IS'*'- L g p

".‘_

i)

(iv)

From Venn diagrams

(A-B)uUB=AUB .
(AS)(\'B:{Q .I - '.-. '-_ "..
BARRS A

’ A-B:=
B:]ll
(A-B)"B:@

As such region does not exist so

(A-B)"B=4¢

AUB=AU(A'NB)

e | [eD

e Bl
Au(A'nB)=orll
From Venn diagrams
AUB=AU(A'NB)
Contrapositive: p—:
(iii) P—: Q (FSD 2021, SHW 2021)
Converse: gl p
Inverse: - r\—>q}_, -
Contrgces.uh ( [T D\ ij
I. "(|\,) Q ﬁx.l IIJ "-._ k..i-*...'- .
l .I \Lobverse p—o: q
\"Inverse. g—p
Contrapositive: p—q
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Q.2  Construct truth tables for the following statements: N
i) (p—: p)v(p—q) (LHR 2022 BWP| m .uR\vzcm'
p[a]: e [P poaply p\»h(—‘gfi_"
TIT F \ | ___'__E'I'I_" ______ |'___—
DA TN F
T T T T
T Hfl__f_l"? T T T
! i l ==
Al et p)—q (MTN 2021, 22, 23, RWP 2022, 23)
p | q P | PACP | (pa: p)—q
T|T F F T
T|F]| F F T
F I T T F T
FIF| T F T
(i) O(p—>0q)«(palq) (LHR 2021, FSD 2023)
pla| d | P20 | g(psq) | PAYA| O(poq)e(palq)
T T F T F F T
TIF| T F T T T
F|T| F T F F T
FIF| T T F F T
Q.3  Show that each of the following statements is a tautology.
i  (pra)—p i)y p—>(pva) _
(DGK 2021, 23, SGD 2021, LHR - (SGD,222; Iy |\ 4323) \
2021, RWP 2022, GRW 2022) ~ \ pT q | D ’Cn _;:ZijT/Q)_
plq| PAQ (p/\Q)—" ﬁ 2 A W Y a "—. f
TIT = | A WOV -.;'-._|_°1--- T T
TTESEE A e s =" |T[F| T T
FIT[| = __-._“ILI_'-_'.-‘"J' o FIT| T T
. |~._|__|f.'tF:__'_ Fi T FIF| F T
' llas* column shows that given Last column shows that given
statement is a tautology. .
statement is a tautology.
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(iiiy O(p—>aq)—>p (MTN 2023)
Pla| P?q | 0(p>q) | O(poa)—p _
T|T T F T Wz
TP F L O A Y | g
LT T AT
CALTATIENAN S
Last coiunu snc»wuha civairsiatement is a tautology.
_ RO (n —>c =l p (SHW 2022, 23)
NNV A p | g |[0p|Za | p>a ]| dga(p—>a) | Dga(p—>a)->dp
T T F F T F T
T F F T F F T
F T T F T F T
F F T T T T T
Last column shows that given statement is a tautology.
Q.4 Determine whether each of the following is a tautology, a contingency or an
absurdity.
(i) pAd p
P Up pAal p
T| F F
F T F
Have pA pisan absurdity.
(i) p—>(q—p) (iii)  aqv(Oqgvp) (DGK 2022)
plaja—>pP | p>(a—>p) pla|“a|UavP | qgv(Uqvp)
TIT] T T T[T| F TN E
TIF[ T T TIELT T | =
Hence(p E:f‘f_(q. Txig)*é's'lla talf"i_?i'égyg\‘. '-.| _~~ THence qv(Jgvp) is a tautology.
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Q5 Provethat pv(0 palq)v(paq)=pv(0 pallq) (SGD 2023)
p|Q|LEpP | HJa | pag | Upaliq pv(J pallq) pv(:_pa=a)v(pa g
T[T F | F [ T F T_ NN | (B o
TI|F| F T F |, FL YRR

A WL u
F[T| T |_F F 4:_5 | P F
FIF] TUN T 1) o N U1 T
B TR A T

The last tvi¢, corun

B (D BViPAG)=pv (0 palla)

s Shcw tnal

NN R

Exercise 2.5

Convert the following theorems to logical form and prove them by constructing
truth tables:

Ql (ANB)=AUB

(BWP 2021, FSD 2022)

Solution: The corresponding logical formis : (pag)= pv: g
p|q P|:d | pag pv: g > (prq)
T|T| F F T F F
T|F F T F T T
F [T T F F T T
F | F T T F T T

Last two columns show that : (pag)=: pv: gand hence (AN B)' =AUB
Q2 (AuB)uUC=AU(BUC)

Solution: The corresponding logical formis(pvq)vr=pv(qvr)
plaglr| Pvag | gvr (pvag)vr pv(qvr)
T| T /| T T T T T
T|T|F T T T T -
TIE|T| T T T Tk
TIF[F[ T F T AN | (©
= L e e e e L L e

F| T | T I il' p |____-T_-_._._ _P_ Vb T

Lo L T O L O L i

AN EAFLNE CA TN P T T

LATALT R R F F

.. lasiiwa celuniris sheve'that (pvg)vr=pv(qvr)and hence

{lfﬁthJ&L%bczAuwuc)

I_- :___ A
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Q3 (AnB)NC=ANn(BNC)

Solution: The corresponding logical formis (pAg)Ar=pA(qAr)
plal|r| pra| anr [ (pra)ar | cxfahi) ]
TIT[T] T T AT i ear i O N T
T|T|F T T EAVMAVAR
T T Py A e —
DN O AN AN AN F
AR AT AN RAT F F
IGAENCE F F F
B nEF [T F F F F
1A\ |FIF|F F F F F
Last two columns show that (pAg)Ar=pAa(gqar)and hence
(AnB)NC=AN(BNC)
Q4 AU(BNC)=(AUB)N(AUC) (MTN 2022)
Solution: The corresponding logical form is
pv(gar)=(pva)a(pvr)
pla|r| Pva | pvr | aar | pv(qar) | (pva)a(pvr)
T T | T T T T T T
T | T]|F T T F T T
T|IF|T T T F T T
T|F|F T T F T T
FI1 T|T T T T T T
FIT|F| T F F F F
FIF|T]| F T F F F
FIF|F| F F F F F
Last two columns show that pv(gar)=(pva)a(pvr) and hence
AU(BAC)=(AUB)~(AUC) B 1=\ (C
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Exercise 2.6

Q.1 For A={1,23 4}, find the following relations in A. State the domain and range of. 1"~

each relation. Also draw the graph of each.

Solution: . o ;

Let Rl-?'f'(x i y—kf}--{ 1) (4 9 3,3\ fq 4)} ] BERG

The domain\of Py ts |1 213 4; SR
[ | ._ﬂ.?_angegfrq is {1,2,3,4} 0-: et > x
i) {(xy)ly+x=5)  (LHR2021, DGK 2022)
Solution:

Let R,={(x,y)|y+x=5] '

{( 4),(23),(32),(4.) 4

Domain of R, ={1,2,3,4} L (14

Range of R,={1,2,3,4} “:'“ o
(i) {(xy)|x+y<5}  (FSD 2022) s i Ex
Solution:

Let R, ={(x,y)|x+y <5} T

- {(22).(02).(03).(21).(2.2).(31)

Domain of R, ={1,2,3} e

Range of R, ={1,2,3} [ &
(v) {(xy)Ix+y>5}  (MTN 2021, GRW 2021) o ’l
Solution: ) r—f,—",___i_‘ .

Let R, = {(x y)|x+y>5} 0 zi [ (00~

(263,61 R 0 @ 4) ICR\RY g SPPS
Domam @’r R “i? § +; .. | \ = "
Range of Ir;4_ .{._,',,A L | T g i
WRN B 7|
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Q.2

(i)

(i)

i
1 II
~ 5 ! |

1 |

Repeat Q:1 when A= , the set of
real numbers. Which of the real
lines are functions?

{(xy)ly=x|

The domain of above relitién is, 7 /

and rarge, 1t also— ~The/glaph ||

gives straight irg' pasting', tf;fc}gfh
_ origi. Given relasicnisa function
\dince @ik value of x gives unique

value of y.

v

A

P

)
{(x,y)ly+x=5}
Using
y+X=5, Wheny=0, x=5

And when x=0, y=5, so (5,0)
and (0,5) lie on the graph. The
domain and rangeis | .

Given relation is a function since
each value of x gives unique value of
y

~

9

N l"?J XY X4y < 5}

Using x+y=5, when x=0,y=5
and when y=0,x=5. The graph is

F 'H.I .I. ” L] — 1 .Il_ I' "I. .I. .I'. .Il_ ..-\..

(iv)

Q.3

(i)

. =t

2
Ay
%
' 7
%

shown in figure. The domain and
range is ; . Clearly given relation is_

-

not a function. |~/

— YL W S S T T

‘ 1 '\-_\.. § h .___.'\.
.I.
1(0.8) |
% o

( e
A /////////‘

{(x,y)|x+y>5

Using x+y=5, we get (50) and
(0,5) on graph as shown in fig. The
domain & range is i . Clearly

given relation is not a function.

(().S‘fl(/_///

Which of the following diagrams
represent functions and of which

type?

" The above figure does not represent

a function since element 1 has two
images a and b, while for function
each element in domain must have a
unique image.
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, J N

Both R and R™ are functions.

(i) one-to-one function. It is also an on
a 1 to function. Hence given flgure e
b > 3 represents a biject] 4e r Jmtlor
¢ s 5 V) . |
The figure represents § euncean L
since ewery e.!emertt iraomiair Kas'a |
unique friape) Al{o\distinct lemiants—
havadistingy irwges therefore it is a Each element in domain has unique
~ [T “dneliotene function. It is also an on image, so this represents a function.
|| J' \ to function. Hence given figure But distinct elements do not have
represents a bijective function. distinct images, so this is not a 1-1
(iii) function. As range #{x,y,z}, so
| . given figure represents an into
2 > b .
function.
3 > ¢
The figure represents a function
since every element in domain has a
unique image. Also distinct elements
have distinct images, therefore it is a
Q.4  Find inverse of each of the following relations. Tell whether each relation and its
inverse is a function or not.
i) {(21).(32).(43).(54).(6,5)}
Solution:
Let R={(21),(3,2),(4.3).(5:4).(6,5)} then its inverse is
a1 ,,__'_.._. _‘-
R™={(12),(2.3).(34).(45).(5.6)} ; AR
BothRand R are functions y \ \ AR RN AN
(i)  {(13).(25),(5, 7) (4 9), \5 1“ ' (L(aK 4041 7>)'- .
Solution: ._:‘_ VAT O M \
Let RA[(1) (2.3) (5 0. e.v),(s,ll)}
NN ©2((3).(5.2).(7.3).(9.4).115))
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(i) {(xy)ly=2x+3xe; |

Solution:
Let R={(x,y)|y=2x+3,xej | I
y=2x+3:>2x=y—3:?x_zr):?2 ' ~
replace xby y RRYy _. _
y_ X'-3..: \ .I. . - _-._ T T

R RRIAIRRERC.
N Hen R 1.;1(.»‘,,',1 y:T’XE i }
yAY 'Both R and Rare functions.
(iv) {(x y)|y? =4ax, x> 0} (SGD 2021)
Solution:
Let R:{(x,y)| y? =4ax,x20}
yi=dax= y=+2Jax
Which shows that we get two values of y for one value of x so the above relation is not
a function.

2

Now y* = 4ax = x=J_

4a

2
Interchanging x and y, we get y = :—a

2

Hence R = {(x y)ly= Z—a, y > 0}. Clearly R™ is a function.

M {(xY)IX+y*=9,|x <3y <3}
Solution:
Let R={(x,y)|x*+y*=9,|x <3]|y| <3}

Using x* +y® =9we get y=+/9—x?
This shows that there are two values of y for one value of x. Hence R is not a functlon
Interchanging x and y we get y*+x*=9. Hence 3

R {(X y)|y? +X _9|x|<3|y|<3} o | I _,;:{:"_ E 1S

Clearly R'is nota function.,

el | .I ¢ i |’ ! 1 5
. (L A T | L
e | - "'H.-'. L e 11 'u. '.. i |
| T R —y 1 e
._.-'. R o~ | 1 _."x \ —
| 1 |1 & 1 k& 1™ e
! 1 4 1 1 |
1 1 i 51 5 L
i
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EXERCISE 2.7,
Q.1 Complete the table, indicating by a tick mark those properties which are satisfied by
the specified set of numbers. . (K _ %)
Set of Numbers — ‘ Natural | Whcle | Integers-| Rational |t Ren A
Properﬂl_—.i_'_ ) _\_‘_ VLIVY,
Gisura! oy v ) O v v v v
VAV AR TV v v v v
o Y Assgsiative @ v v v v v
' ® v v v v v
Identity @ v v v v
® v v v v v
Inverse @ v v v
®
Commutative ® 4 v v v v
® v v v v v

Q.2 What are field axioms? In what respect does the field of real numbers differ from
that of complex numbers?
Solution: Field: A non empty set F is said to be a field if for all x,y,z e F, the following

axioms are satisfied.
1) X+yeF
2) X+(y+2z)=(x+y)+z
3) There exists 0 e F such that x+0=0+x=X

4) There exists—x e F such that x+(—x)=0=-x+Xx

5) X+Yy=Yy+X

6) xy e F i . k
8) ThereeX|sts 1eF . unh mﬂxl_ x—x V]
9 ‘“6”9.’-‘(!:‘ —eF sieq *FE‘:\ (x=0)

X X
] (\ )y -_":'y_)(' -

J,l "_L) x(y+z)=xy+xzand (x+y)z=xz+yz

The field of real numbers differ from the field of complex numbers in a way that real
field holds order axioms where as field of complex numbers does not hold order axioms.
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Q.3

Q4

Q5

(@)

Q.6

Show that the adjoining table is that of multiplication of the elements of the set of
residue classes of modulo 5.

« [o]1[2]3]4 ¢
0o [w/|o[eai |
-1 | 12 Tl [hal ) )
| IEysiiclcaiNs
RN 2
G52 [ 3] 2|1

Tie|zerobs Iri t_r:i s\sesorid row are produced by the 0 in the first column which shows that this is
z!g p."cdu‘,‘t table. It is also noted that whenever a number equal to or greater than 5 is obtained,
we divide it by 5 and write the reminder. Hence given table is that of multiplication of the
elements of the set of residue classes modulo 5.

Prepare a table of addition of the elements of the set of residue classes modulo 4.

+(0(1]2]3
0|0|1]2]|3
1(1]2 3]0
212|301
313|012

Which of the following binary operations shown in tables (a) and (b) is
commutative?

* |a | b | c|d * a | b c d
alajl|c|b]|d al| ajlc b | d
b |b|c|b]|a (b) b | c|d|b|a
c|c|d|b]ec c b b a| c
djaja|b|b d| d a| c d

In table (a) we have a*c=b,c*xa=c= a*Cc=c*a Sooperation = is not commutative.

In table (b) elements across the diagonal are same, so operation = i comrautatives 2gs | | '

a*b=b=*a NN | .\_ =
c=cC ) ) r , e

Supply the missing elemé:_nt;.; i tre i_l”'i rt_j_l'OV.:_’._’_)f.ﬂ”«lie_ _Q-i /eh taplelss that the operation

- L Ird

* Mmay D@assoctAuve .~ Y | )
i B 1 NN T

O ST e

a a b d

| b 5 . ;

C
dldlclcl!d
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Solution:

* |al|b|c|d
alal|b]|c]|d ¢
b|b|atfw|d
c ol o {l—r T4 | g
depdiferpel 4
caind &\ L
q2:0wh r=CxC s=cxd
:(d*b)*b :(d*b)*C =(d*b)*d
= d *(b=*b) =d=*(b=c) =d*(bxd)
—d=*a =d=*c =d=*d
= =C =d

Q7

Which operation is represented by the adjoining table? Name the identity element of

the relevant set, if it exists. Is the operation associative? Find the inverses of 0,1,2,3,

if they exist.

Nl O] ¥

NP, OO

WIN| |

R OlWwl Ww

3

3

0

RO W NN

2

The second row of the given table is obtained by adding 0 in 0,1,2,3. This shows that the
operation is addition. It is also noted that whenever a number equal to or greater than 4 is
obtained, we divide it by 4 and write the remainder. So the binary operation is addition

modulo 4.
0 is identity.

Clearly the binary operation is associative. e.g. (1%2)*3=1%(2*3)

The inverse of 0 is 0.

The inverse of 1is 3
The inverse of 2 is 2
The inverse of 3 is 1

3*3=1*1
2=2
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EXERCISE 2.8

Q.1  Operation @ is performed on the two-member set G={0,1} is shown in the adjoining._
table. Answer the questions. . K ) =)
(i)  Name the identity element if it exists. — W N

” 0 - L \
) i) W J
B lr st Ml d
Solution: Firom the g /eme':, U+0=0, 0+1=1 which shows that O is the identity element.
— ()| % YWzt is the Inverse of 1?2
- Shiution: . Since 1+1=0 (identity) so inverse of 1 is 1.

(iii) s the set G, under the given operation a group? Abelian or non-Abelian?
Solution: The numbers in table satisfy all the properties of abelian group so G is an abelian
group under addition.

Q.2 The operation @ as performed on the set {0,1,2,3} is shown in the adjoining table,

show that the set is an abelian group.
Solution:

N R o @

0
0
1
2

| O Wl W

1|2
1|2
2 |3
310

313|012

Q) Each element of the table is an element of the given set{O,l, 2,3}, so closure law holds.

(i) Associative law holds.
eg.(1+2)+3=1+(2+3)
3+3=1+1
2=2 -

(iii) 0 is the identity element. A NN
(iv) Theinverseof0is0. . () 4\ L A

The inverse of 1 is 3. AYZAR! u \ ;_ 3

The infers: f 2 '3'2*'.-- RN 4

The invaregiofd is 1, |
S gQinverse oflevery element exists.

' (! ommutative law also holds. e. g1l+2=2+1
3=3
So the set {0,1,2,3} is an abelian group under addition modulo 4.
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Q.3  For each of the following sets, determine whether or not the set forms a group with
respect to the indicated operation.
Operations A
(i) The set of rational numbers _ - NN I
(i) The set of rational numbers— o L
(iii) The set of zositive ratlnnai nur\bar .
(iv) The sétaf! integers, | T — +
(v) Thesetoflintegers | . - X

Sali !Lll

... J |.- _’\I) N

(i)

(iii)

Lot Q= The set of rational numbers

(i)

(i)

(iii)
(iv)

As product of any two rational numbers is also a rational number so Q is closed

w.r.t. multiplication
Multiplication of rational numbers is always associative

i.e. Va,b,ce Q=(ab)c=a(bc)

Here identity element is 1€ Q

Multiplicative inverse of 0eQdoes not exist, so Qis not a group under
multiplication

Let Q =The set of rational numbers

Q) As sum of any two rational numbers is also a rational number so Q is closed w.r.t.
addition.
(i) Addition of rational numbers is always associative.
ie. Va,b,ceQ=(a+b)+c=a+(b+c)
(iii)  Here identity elementis 0 €Q
(iv)  VaeQ, the additive inverseis —acQ.
Hence Qs a group under addition
Let Q" =The set of positive rational numbers o \ _
(i) As product of any two positive ratigni| numbzrs 15 21501 x;o'.';it':v.;é .I-*A&'ip:i ;zu:ii?}.'*.ibér"
so Q' is closed w.rii multiptzation... | IRRRIE _ ) | |
(i) Ml n ollcatlon nosmwe vational 1t umb-’-\n |<#u:ways associéti\/e.
< V1b efQ :>fab S’,V) '
(iit) Her'-\ d“utu.y Jement isleQ’
'\!iV)" VaeQ", the multiplicative inverse is é eQ”

Hence Q™ is a group under multiplication
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(iv)  Let Z =The set of integers
Q) As sum of any two integers is also an integer so Z is closed w.r.t. addition.
(i) Addition of integers is always associative i
ie. VabceZ=(a+b)+c=a+({-c)
(iii)  Here identity elemént is 0.2 .
(iv) YgeZz,theadsitivk inverseis ra<l .|
Har\ce, 7 1572 grolup|undsr addition—
(V) Let Z =The set ofirtevels
_ (i | ~As_product of any two integers is also an integer so Zis closed w.r.t.
\ J [ W - multiplication
' ' (i) Multiplication of integers is always associative
i.e. Va,b,ceZ = (ab)c=a(bc)
(iii)  Here identity element is 1€ Z
(iv)  Multiplicative inverse of any element of Z does not exist in Z except +1eZ.
Hence Z is not a group under multiplication.
Q.4 Show that the adjoining table represents the sums of the elements of the set
{E,O}.What is the identity element of this set? Show that this set is an abelian group.
®@ |E |O
E E |O
O |O |E
Solution: Since the sum of two even integers is also an even integer, so E+ E=E

The sum of an even and an odd integers is odd, i.e. E+O=0
The sum of two odd integers is also even, i.e. O+O=E

Hence given table represents the sums of the elements of the set {E,O} .

Now since E+E =Eand E+O =0so E is the identity element.
Now we show that this is an abelian group.
Q) Given set is closed under addition.

I'\.\. -

(i)  Associative law of addition holds ir g ven spf 2y O) 1=E E g (O F L I
A WA O+F = E+O

o 1 YA g O—O

(i) "-’*r*ad) prowed 1ha rdeﬁ*l\w F , ST udentlty exists.

(iv) . Théinverse of R E

| Thelinverse of O'is O

so inverse of each element exists.

(V) O+ E =0=E+0so commutative law holds.
Hence given set is an abelian group under addition.
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Q.5 Show that the set {1,@,@2},When ®’ =1, is an Abelian group w. r. t. ordinary

multiplication.

Solution:

; Al I-. L
NN IR
'J'-"an

(iii)
(iv)

(v)

Let G = {10, 0"} M~ S
x Tui 1 L) \ l_ ;)2"
~7\ SR EANE SN
. a T o | 0 | 1
o’ ’ o’ 1 @

From the table it is clear that G is closed w.r.t. x.

Multiplication of complex numbers is associative and G — C, so
associative law of multiplication holds in G .

Identity element of G is 1

Inverse of each element exists.

Inverse of 1is 1

Inverse of o is @

Inverse of »’ is w

Multiplication of complex numbers is commutative and G < C, so
commutative law of multiplication holds in G

Hence G is an abelian group w.r.t. multiplication.

Q.6  If Gisagroup under operation * and a,b € G, find the solutions of the equations

Q) axx=Db
(i) Xx*a=Db
Solution:

Q) Since aeG and Gisagroupso a* G
Given a*x=b

= a'x(axx)=a"=*b

=(a* *a)*x —a’t«b (Associative Law) —~
— exX= a—l *b (a—l*a _ e) —\ . ?J_- | .-; 1 “:
= X=a'*b (e x)

(i)  Since a=Band Glisa group'sd ATleld L |

Given xtg =b o (L L T L
= ( }{*-c'.::) * c!_lz b "'._.1.1 | -

..| [ :'l:'ii.'x_*\/au:d’l) —pxa’ (Associative Law)
T = xxe=bxa’ (a*a’l:e)
= x=b=a™ (x*e=x)
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Q.7  Show that the set consisting of elements of the form a++/30, (a,b being rational) is

an abelian group w .r .t addition.
Solution:  Let G:{a+\/§b|a,beQ}
Let x,y,z be any three elemnnts ot=5,avid —

x:a-,-\i3..), , y—C+ \,3c 7—=4 \/3‘ W‘.v.ea b c, d, e, f are rational numbers.

M x+,—\aL\/b) ((.:WUU)

N A (a+c)+\/_(b+d)eG as a+c,b+deQ

So G is closed under addition.
(i) Addition of real numbers is associative and G — Rso associative law of
addition holds in G

(iii)  0=0++/3(0)is the identity elementin G .
(iv)  Forall x=a++/3beG, we have —x=—-a—+/3beG such that
+(=x) = (a+\/§b)+(—a—\/§b) = 0. This shows that inverse of each element of G

existsin G .

(v)  Addition of real number is commutative and G — Rso commutative law of addition holds
inG.
Hence G is an abelian group under addition

Q.8 Determine whether (P(S)*) where * stands for intersection is a semi-group, a

monoid or neither. If it is a monoid, specify its identity.

(1) Since the intersection of two subsets of S is also its subset and will be coriained by-P(S, 0

.. I"'\._-

so P(S) is closed. - [ ] WL

(i) Intersection of sets is alwavs, assocna’g, ve,

i.e. VA B & eP(S)—szm-B)m —,\r (Bmx )
(i)  Forall A Pb) AhS A (Q \n‘sdsubset of S). This shows that the identity element

e

J' = This shows that (P(S),*) is a monoid having identity S.
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Q.9  Complete the following table to obtain a semi-group under *

* a b C

a c al|b i

bla|®bi ¢ -
| S i 12

Solution: - LY
Let missing elemeiris be' piand| g

* a b C
| alc|al|b
' blal|b|c
c|lp|g|a
p=c=*a g=c=b
=(axa)*a (c=ax*a) =(axa)*b (c=a=a)
—a=(aa) (AssociativelLaw) =ax(axb) (AssociativelLaw)
=ax*C =axa
=b =C

Q.10 Prove that all 2x2 non-singular matrices over the real field form a non-abelian
group under multiplication.

Solution: Let G be the set of all 2x2 non-singular matrices over the real field.

Q) As product of any two 2 x 2 matrices is again a matrix of order 2 x 2, s0 G is
closed under multiplication.

(i) Associative law of multiplication holds in matrices confirmable for multiplication.

ie. V AB,CeG=(AB)C=A(BC).
e . . . . 10 .
(iif)  Since identity matrix of order 2x2 is also a non — singular matrix, so I, = 0 1 eGis

identity elementin G . [

- .

: : i A A N N OAdS =
(iv)  The inverse of every 2x2 nqn-smgurar matrix #Xisty and i giventby At = |A| eG, so
inverse.of 1-\v=ry matrl <ol (7 exists. | | wa p- '

(v) Commizative! |.1w of mu tlpl caﬁ \‘ﬂ 225 not hold in matrices i.e. generally, AB = BA.

So Gyis & non- cLeI A g oup under multiplication.

-
w
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