f\+\"
s 10O
Vi L CHAPT.E

MATIIITJ.J ﬂ K BEY L'*‘Inll'iANIS

F—a -.-"._-. ._'I'_E‘-.-"I—'-'

Matrix:
_ J N ' uy .-ét:tar.gtjlar'érray of numbers enclosed by a pair of brackets e.g { 2 - ﬂ is called
| W -
matrix.
Points to Remember:
e Horizontal lines of numbers are called rows.
e Vertical lines of numbers are called
columns.
e |If there are m rows and n columns then
order of matrix is defined asmxn.
Row Matrix or Row Vector:
A matrix, which has only one row, i.e, a 1xn matrix of the form [a,, &, a; .. a,]

is said to be a row matrix or row vector. For example [1 -1 3 4] is a row matrix

having 4 columns.
Column Matrix or Column Vector:

A matrix which has only one column i.e mxI1matrix of the form | a;; | is said to be a

— ] % L N |

= .___.-'_ / . .'. "2

|

column mztix or a coll-mn \vecioy. For uxGm,oIe 1 1 a column rnatrlx having 3 rows.
.____. \ ..--.-'. \ - . ‘x \\ [ J

RectanwI G I\/Latrrx

= | A en the matrlx is called a rectangular matrix of order mxn, that is, the matrix

in which number of rows are not equal to the number of columns, is said to be a
2

: 1. .
rectangular matrix for example; { 4} is rectangular matrix of order 2x3.
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Square Matrix:

If m=n, then the matrix of the order mxn is said to be a square matrix of order n or_ i~

m. i.e., the matrix which has same number of rows and COlllmfIb i \,allnd a >qLafe
matrix. For example; - ’
2 5] = U
IS a square matrix O oru%i 2.
-1 61 ARYNAR

Points to Remv.nbel

e Lt AL be A w,qare matrix of order n, then the entries a,,a,,,a,,...,a,, forma

X J M i |urlnC|paI dlagonal for the matrix A and the entries a,,,a,, ;,8;, ..., &, 4,,8,, form

secondary diagonal for the matrix A.
e The principal diagonal is also named as leading diagonal or main diagonal.

Diagonal Matrix:

Let A= [a] be a square matrix of order ‘n’. If a;=0Vi=] and at least one

a; =0 for i= j, that is, some elements of the principal diagonal of A may be zero but not

all, then the matrix A is called a diagonal matrix. The matrices
0 000
010
7] 0 0 2
0 00O

Scalar Matrix:

are diagonal matrices.

A~ O O

Let A= [a ] be a square matrix of order ‘n’. If a; =0 Vi = j and a; =k (some non-zero

scalar) Vi= j, then the matrix is called a scalar matrix of order ‘n’. For example

3000

7 0/{0 3 0O . ) e =2 (LA
, are scalar matrices gitorder 2.2na4._ s s Lo (g

0 7//0 0 3 O L\ i

000 3| | -_ 2 A MU WYY
Matrlxrr,ue, titv vialrix:, POV Ve

— ™,

Let A= [ ] )easuutm rr*'Tr-<0| order n. If a;=0Vi=jand a, =1 Vi= j, then the

. | rlra X £ i cailed a umt matrix or identity matrix of order n denoted by I . The
J NN N 100
identity matrix of order is 3 is denoted by 1, thatis, I, =0 1 0.

0 01
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Null Matrix or Zero Matrix:

A square or rectangular matrix whose each element is zero, is called a null or zere. 17

matrix. An mxnmatrix with all its elements equal to zero.is <ienoed 3O, | . IHere.are

some example ) A~ 0 \ A Yoy N -
o071 ‘
-_. |
[0].[0"-4 " O], | ‘ ‘
_ J AN A\ rarde-used to denote null matrix of any order if there is no confusion.
|

Lqual Matrices:

Two matrices of the same order are said to be equal if their corresponding entries are
equal e.g. Az[aij]m ~and B :[b,j]m _areequal ie., A=Biff a;=b; for

i=123,...,m j=123...n

Points to Remember:

e Two matrices are confirmable for addition if they are of the same order.
e If A=[a;]is mxnmatrix and k is a scalar then kA =] kay .
e Two matrices A and B are said to be confirmable for the product AB if the number

of columns of A is equal to the number of rows of B.

If O(A)=2x3 and  O(B)=3x2
= O(AB)=2x2

96



Chapter -

Matrices and Determinants

EXERCISE 3.1
2 3 17 -1 4
Q1 If A= and B= , =3 o
15 6 4 5 -1 <o
then show that q' -iS e\ 1e7 (G0
(i) AA-3A=A ey hﬁ 3J W
Soluties: { From (i) and (ii)
4A-35EA L LHS=R.H.S
LHS5 24N -24 \ 3B-3A:3(B—A)
: - 'I '1_2 :')TI' ..2 3
NI 1 5] 7|1 5 Q2 IfA=| | showthat A'=l,
—I
- 8 12 _ 6 9 Solution: We know that
4 20| |3 15 ,
- A =AA
4-3 20-15 1 il -
2 3 - . .
LHS =\ _|=A=R.HS ixi+0x1  ix0+0x(—i)
B Ixi+(—ix1) 1x0+(—i)x(-i)
LHS=R.H.S -,
Hence 4A-3A=A _|! +0 0+0
) i—i  0+i?
(i)  3B-3A=3(B-A) -
=2
Solution:  L.H.S =3B—3A pe=|! 2}
1723 0
e 4] 15 a2 |2 0}
[3 21] [6 9 0
“[18 12] |3 15 A =AA
[3-6 21-9 {—1 ol -1 07]I G
T|18-3 12-15 o LAAHIN P | A
[ 12} Qo2 0 LRk oy
Ho = |\ i il 11} :_:_-: './ [ - | [ |
__{1': -3 A\ VWD NS A 0x=1) +(-150) (0x0)+(-1x(-1))
s S = o
RIS \7I\ J 0 1
NASEE of[1-2 7-3 Hence A* =1,
“l|6-1 4-5
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Q.3

Q.4

Find xand y if

i X+3 1 2 1
o [ yud5
— y —4 -3 2

Solution:

x+3 1 _[2 17
-3 3yJ4| a2

By definitinn ',_7f lequal| mairices i~
two matrices ‘e \egual, then their
&('n'v'e_sponding' elements must be
éduaL

X+3=2 and 3y—-4=2
=X=2-3 —=3y=6
=>x=-1 =y=2

Hence x=-land y=2 are the

required values of x and y.

(i) {x+3 1 }z{y 1}
-3 3y-4 -3 2X

Solution:
By definition of equal matrices, if
two matrices are equal, then their

-1 2 3 0 3 2]
If A= and B =

1 0 2 1 -1 2
Find the following matrices,
(i) 4A-3B
Solution:

-1 2 3] o 3 2
4A-3B =4 -3
{1 0 2} {1 -1 é‘.H

[-4 8 12] [o 9 ® _ =
L4 0] |8 58]V

= 454, \8\5 10 —61 \ x \ _ x

4-3 \0+3 8l

.;5@4 4138
13 2J

corresponding elements must

equal.

X+3=y M@Q"3y74;§x

(i

)\'—.y.',—._ _3 |
X3y 2 —4

&

(i)

be

Multiply 2 to equation (i) and

subtracting from (ii)

2x-3y=-4

—2X+2y =76
—y=2
=>y=-2

Put the value of y in (i)
x—(-2)=-3

X+2=-3
=Xx=-5

Hence x=-5and y=-2 are the

required values

I_- :___ A
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4 -1 6
4A-3B=
1 3 2

(i) A+ 3(B—A)
Solution:

Consider B - A=

Tl -—1—U

|| o\ T

Now A+3(B—-A)

(-1 2 3 1 1 -1
+3

10 2} {o -1 o}

(-1 2 3 N 3 3 -3

1 020 30

[-1+3 2+3 3-3

1+0 0-3 2+0

[2 5 0
11 -3 2

Hence

2

A+3(B—A):L >

-3

N O

2
Q.5 Findxandyif L
. 2 0 x 1
Solution: +2
1 vy 3 1

2 0 x N 2 2x 2y| |4
1y 3/ |0 4 -2__ 1
{2+2 0+2x x+2y]

1+0r x-u—‘vl _| l
{4 '.“4J2¢ 4\
=\
'l\.-. % \'. 1

/+4
:_ 4X

ya VY Ll 6 1

elements must be equal.
2X=-2 and y+4=6
=>x=-1 and y=2

J |

| J "'=.'_|'£'y definition of equal matrices, if two matrices are equal, then their corresponding

I_- :___ 2
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So,

x=-1and y=2

Are the required values of x and y.
Q6 If A= [aij]m, show that

Q) A(pA)=(n)A

Solution: We have- | '/

A= I:a' 33 -.

ERMENIRES

Hia Nel

J T L%l 8 g
If 4 is ascalar then by scalar multiplication

a; ap 8
HA= |8y 8y, 8y
8y 8y g
Hayy  pay,  fag,
HA=| pay  pay, gy
Hay  HB,  MHag
Now consider A is another scalar then
Hayy  p8y,  pag
/1(#'6‘):/1 Hay M8y Ay
H3y  [8y 8y
Apay,  Aua,  Apag
ﬂ,(,uA)z Apty,  Audy, Ay
Apdy,  Audy, Auag
&; &, ay
=(/Iﬂ) 8y Ay Ay
8y 8y g
:(ﬁ,,u)A —
Hence A(uA)=(Au)A | |
(i) +F-)A, A VL
SO|UtIOl \Gor, sWd&.rQ rl B3 4/a+\)“1
"11;._...2‘13.? a11 a, 83
a21 “ay, a23J+ﬂ 8y Ay Ay
Lasl 8y Ay 8y 8y dy

~. by taking common Au
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_/1311 Aa, Aa Hay;  pay,  fag
=|Aay, A8y, Ady |+| M8y pHB, My
|48y A8, Aag Hay  Hay By _
Aay, + pdy, /1a12+ya12“ Adyg '!':':Jais_—l:_ |
=| da,, + ,ua21 Aa,, + pal, | Aa. Frag - (L
| Adg -t Ay, 2y \Za/. + ,u.l,?J
(ﬂ«'hu le11 \ -.(’ '*;u\az .{/1+H}a13
_:..__':J<,,+ )R .': ke, (A+p)ay,
JI LB Y IAS L3 /u)a31 (ﬂ*‘ﬂ)asz (ﬂv"‘,u)ass
J a, @, ay,
=(A+u)a, a, a,
8y d3 A
=(/1+,u)A=L.H.S

Hence (A+u)A=AA+ uA
(i) 2A-A=(A-1)A

Solution:

a, 9,
=1 Ay Ay

& Ay
Ady  Ady,
= iazl ﬂ“azz
| Aay Al
_ﬂ‘ail_ail
=| Ady —ay
/183 —ay
(2-1)ay,
= (4-1)a,
( _'l) ’{31

_ =!J¢ 1}

WRNNN e,
R =(A-1)A

=RH.S

( r,l 1 4

0'71 )

Consider LH.S= AA-A

a3 a; 8, a5
Qg [~y By By
A | |8y dp 8y

Aag | &y &, a

/Iaza T8y p Ay

ABg | |85 8, Ay
/Ia12 —a, Zal?) —
zazz —8y j“az:«: —8y
/1332 — 8 /1333 — 8

ﬂ_l)aﬂ (l 1)6;6"‘-

( 1 | K 1
(A-1)a, '(/'-—1).3‘:;", ran A
( |

A= (A [\
I.-'\-\. _: Y I.x

83, Ay
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LHS=RH.S
So AA-A=(2-1)A

Q7 If A= [aij]M and B =[bij]2x3, show that )_V(A+B)=_)?A.+_?.I‘ms' _ '

Solution: Let A=[ai] = Uil G ande 2'["bul" KA
- ” 'aﬁl \ a"'z.-' “z;J AR RN P T O B

Rt

Cons:’~°[ PS5 ,{n+ 4 B ~
:.1{311 ":'1' ‘Hs—l_;/{bn blz b13:|
|

- J . | . N L9 R, ™ b, by, Dby

. | 1 ] R

e ) _ Ao, Aa, Aa, " b, Ab, b,
|48y, A, Aay Ab, b, Ab,,

_[Aay+Ab,  Aa,+ab, Aag+Ab,
| Aay, + b, Aa,, +4b, Aa, +A4b,,

:_ﬂ(a11+b11) A(ay, +by,) /I(a13+b13)}
_//L(a21+b21) ﬂ’(a22+b22) //L(a23+b23)

:{aubu 8, +y, a13+b13}
a‘21—+_b21 a22+b22 a23+b23

Now consider

A+B:{an 3 ﬂ{bu b, bls}

aZl a‘22 b21 b22 b23
A+B:|:an+b11 a, +Dy, a13+b13}
a‘21 + b21 a22 + b22 a23 + b23
So by using (ii), (i) becomes
A(A+B)=L.H.S

SoLHS=R.H.S - e .5._'-'._ I l| ... I.

Hence A(A+B)=2A+2B

| L
= s ;
Fi —

Q8 If A= ( _—lg A L ]| 1dthem'ue,su‘aandb

L

Solutlon We Pnuw t1
= ACAL

T ﬂ

(i)

(i)

I_- :___ 2
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B Ix1+2xa 1x2+2xb
“laxl+bxa ax2+bxb

0 0| [1+2a 2+2b e . )
0 0| |a+ab 2a+b? .
Nowbydeflnltlon ofequa.natr' FaRIATRIRRE '
1+2a=¢" | an ?+/h ol
=== Ang 2b=-2
STRVIRN LN |

NN M —=b=-1

So, a=—% and b =-1 are required values of a and b.

1 -1 10
Q9 If A= and A’ = , Find the value of a and b.
a b 01

Solution: We know that
AZ=AA

1 1)1 -

“|a b}'{a b}
[1x1+(-1)xa Ix(-1)+(-1)xb
~| axltbxa ax(—l)+bxb}
[1-a -1-b

la+ab —a+b2}

[1-a -1-b 10
“la+ab —a+b2}:{0 1}

Now by definition of equal matrices

l-a=1 and -1-b=0
=-a=0 =b=-1
=a=0

Hence a=0and b=-1 are required values of aand b.

1 -1 2 2 3.0
Q.10 IfA:{ }and B_:[ ) 1} *huhsncw'fnaL(A 1-E

0 3 1 = |
~F . ¥ 1 C»—| J g .
. N Ay . [
Solution: As A= 1| thm A“ \ 13
<N -q.. -J-ll:"-.:.'| |._ el ot 2 1
J W W 2 3 0 C
RN NN B= , thenB =3 2
' 1 2 -1 0 1

; |
|

I_- :___ 2
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Now

1 0| |2 1

A+B'=|-1 3[+[3 2 AN

=|-1+3 —3+2

2

)

o

2 1] |0 -1 TV L AT W N [ (¢
1+2  0+1 1 A A

240/ 11 ('_J_):]_-: ("
2 q '
(i)

2 ol

Now consider

1 -1 2 2 3 0
A+B= +
{0 3 J L 2 —1}

{

3 2 2
A+B:{ }

1+2 -1+3 2+0
0+1 3+2 1-1

150

By taking transpose

(A+B) = E 2 (ﬂt

3 1
2 5| (ii)
2 0

From (i) and (ii)
(A+B) =A +B'

Q.11 Find A°ifA=|5 2 6

Solution: AT VAL VN
A2 A.A || e N .. |1 '. \ :_ 1 L3 I J

1,
5 & |

— -I'-.-' b
| 5, J AN

1 1 3

g™ ol L 5 0 -
I ] | -~ ! i
2 -1 -3 - =N N T | e
o = o w | L
A L ) L { 1 '\-x Ly ____-._.-

We know that

=k -

1 7

190 \3 j L/ Ty -.J A
| L ) \

a3

5 7% '_ “)
)=
J.><1+1><5+3><( 2) 1><1+1><2+3x( ) 1><3+1><6+3><( 3)
5><1+2><5+6><( 2) 5><1+2><2+6><( ) 5><3+2><6+6><( 3)
-3 -3 -3)x

_—2><1+( )><5+( )x( 2) —2><1+( )><2+( )x( 1) —2><3+(— )><6+( ) (3)
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1+45-6  1+2-3  3+6-9
=|5+10-12 5+4-6 15+12-18 -
—2-5+6 —2-2+3 —6-6+9 [

0O 0 O ~ | o -u.'. f
A2: 3 3 9 i ._.-'. - |1 '-_ LI ! § -_ -_I-'_. | .I.

O><1+0><5+0><(—2) 0><1+0><2+0><( ) O><3+O><6+O><( 3)
= 3><l+3><5+9><(—2) 3><1+3><2+9><( 1) 3><3+3><6+9><( 3)
_—1><1+(—1)><5+(—3)><(—2) (—1)><1+( )><2+( 3)><( ) —1><3+(—1)><6+( 3)><(—3)
[ 0+0+0 0+0+0 0+0+0
=|3+15-18 3+6-9 9+18-27
| -1-5+6 -1-2+3 -3-6+9
[0 00
=0 0 O
0 00
Hence
0 0O
A*=10 0 0|=0,
0 0O
Q.12 Find the matrix X if

. 5 2 -1 5 Ty
(i) X = — — O
-2 1 12 3 - |:._._ ~ = { AR

Let o i -.-".. ..\'-\.". hY | | § ’ ) )
'_ 1 — = - [ W I (| L
K ", i ]}

X = TV =~ A Y
C d_;. X L i 1 Y __.-...-.-'. _ :

Then (N \ "~ )\ | AT
a b 5 2L B x\
R ]dJ[ \ 117 3]

I ‘“J '."-.I.' “haZ 2b 2a+b}_{—1 5}

5c—2d 2c+d| |12 3
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Now by definition of equal matrices

5a-2b=-1 (M
2a+b=5 A (@
5c—2d =12 M W [ (oot
2c+d=3 = U\ R IR (iv)
Multlplv? ! equatlon ) anc 1dd|rg () muldole2-0 'equa{tion‘(li/) and adding in (iii)
5a— 211 _ “Bc—2d =12
4a+20\=10 |\ | 4c+2d =6

RRC RS 9c=18
Sa=1 =c=2
Substituting a=1 in (ii) we get Substituting ¢ =2 in (iv) we get
2(1)+b=5 2(2)+d=3
=b=3 =d=-1

a b 1 3. . :
Hence X = = is the enquired matrix
c d 2 -1

(i Ez ﬂx{é 110}

Let

<2 o]

5 2|la b 2 1
Then =
-2 1|lc d 5 10

5a+2c 5b+2d 2 1
{—2a+c —2b+d}:{5 10
By definition of equal matrices
5a+2c=2
—2a+Cc=5 i
5b+2d =1 '

_2b+r_ja. 10 -_.l_.._\\_.'

&

LT
Multlpi / il .o euuc,tnn (i ) cr‘d 1

suby ractmg 1*om (| Ve get
:'da i 28=

+4a+2c=-10

9a=-8

~—~N 7o | :'(“‘)
AR RN A (i)
SCR\BACR Y (i)
AN )

- multlply 2 to equation (iv) and subtracting from

(i) we get
5b+2d =1
F4b+2d =-20
9% =-19
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Q.13

8
Sa=——
9

Substituting the value
of a in (i) we get

—2£—§j+c =5
9 "

E+c:?é.
9 17\
RS
45-16
9

29
=Cc="—
9

8 19

01 |2 -

Hence X = 9 J

d|”|2s 52

9 9

Find the matrix A if,
5 -1 3 7
Q) 0 O0|A=|0 O

3 1 7 2
Solution:
5 -1 3 -7
Since|0 0| A,,=/0 O
3 1, T2,

a b
So let Az[ } then
c d

5 1 3 —771
0 01{ glj{a o[

3 1| L?

” ,a—r‘" )h 3 —7
O+0 0+0 |=/0 O
[3a+c 3b+d 7 2

_-19
9

Substituting the value _

of b i (iv) we gatr - "\

“ 19

—??L — -G

A2 =
£+d:lO
9

d-10-38
9
90-38
9

:>d=g
9

., . I.I 1
_.-'Il PR

By definition of equal matrices, we get

'q,__:l '-.-\.
it

210, | |
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5a-c=3
3a+c=7
50-d=-7
Bb+d=2
Adding (i) and (ii)
8a=10_

Lty | 1

=a="71}

4

L Opustituting the value

' et alin (i) we get

3(§j+c=7
4

30:7—E
4
13
C=—
4
Hence
5 -5
a b 4 8
A= _ 4 8
c d] 13 31
4 8

2 - 0
(ii) L ﬂA: ;

Solution:

Since |: 2 1} Az =|:
x3
-1 2 252

a b c
Solet A= , then
d e f

[a b C]J‘i;

z
-1 24idy e Ay

2a—d =0
—a+2d =3

D

[ 2a-0 \\20\-¢ | 2c-Fi1)
=g [-2¢ Vb e ":c+2fj

= h S la™s
AN J [
Y SN
AR N,
LY .'. "
. ]

. =i

b2
8

substituting the value
of b in (iv) we get

3(—§j+d =2
8

d:2+E
8
d=21
8

is the required matrix.

-3 8:|
=7 2x3

3 3 -7

-H'y"d'efinition of equal matrices, we get

addina (it ana (i) | |
[\ 4=\ '

(M)
(i

(@

(iv)

(i)
(i)
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me (iii)
-b+2e=3 - (_i}/_) i #-._
2c—f =8 L (@ . .
Multiply 2 to equation (i) é':.rig'-.aﬁdji'g..]n'f(fi.?)_-' ARIRRRRY

ke ,

'4_:1_‘:.('?0 ~ .,
3

Substituting a=1 in (i) we get
2(1)-d =0
=d=2
Multiply 2 to equation (iii) and adding in (iv)
4b—-2e=-6
—b+2e=3
3b=-3
=b=-1
Substituting b =-1, in (iv) we get
—(-1)+2e=3
=2e=2
=e=1
Multiply 2 to equation (v) and adding in (vi) we get
4c-2f =16 . _ ¢
—c+2f =-7 = I-'IH._ '-\.‘ :I'.. ( -_- ._:-:.. -' L)t
30 _ 9 - .__x: '..- ..I .I-- -.I I.I.-'-_. -.I . -_.I .'\-x%.' [ -_--.--.-:.
- "._ ..._.-'Il : i — '._ '_I -_. '._ I_I -II ',. -.I I', v |
=c=3 ARIRZA L™
= .. 1 - R W .'- I--'. ! I'. ." .'-.. I\'---"I 1 M
Substifu_t,i’ng ¢ =3 _ip”f‘y‘i) Vie get, \ | S
P U\E
5 Ll -

4 a b c 1 -1 3
Hence A= =
[d e f } {2 1 —2}

V. wh
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Q.14 Show that
rcos¢ 0 -S|n¢ cos¢ 0 sing )
0 |=rl, raNihza
£

rsm¢ 0 cos¢ -rsm¢ 0 rr~q¢ P — { WY | (G

reosg | 0 -smqﬁ‘[ CJsvﬁ '_O st
e el e o
Lsm/) 10 cos¢jL rsing 0 rcosg

Proof: Consuer L H,S

N ,"':.'I ' Fcos” ¢+0+r5|n @ 0+0+0 rcosgsing+0—rcosgsing
J' J M~ = 0+0+0 0+r+0 0+0+0
rsingcosg+0+(—rsing)cosg 0+0+0 rsin’¢+0+rcos’ ¢

_r(cosz @ +sin? ¢) 0 rsingcos¢g—rsingcose

= 0 r 0
rsing—rsing 0 r(sin2¢+COSZ¢)
r(1) o o

=0 r O

0 0 r(1)

=r

—rl,=RH.S

Since L.H.S = R.H.S hence proved.

§ P -
II-\.\, Yy [ | 1 A
e ALY I g s
_ P | 4 | =
ey \ 5 e
J 1
Pl _ v |
1 =N \ |
e T \ [
\ | A ;
- Ly i | 1 1 .,
- . LT A T | L, -
" i L ! -
- LT e
'.. 1 , - -
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Properties of Matrix Addition, Scalar Multiplication and Matrix Multiplication:

If A,Band Care nxnmatrices and c, d are scalars, the following properties-are tre:

1. Commutative property w.r.t. additien: | A+B<E A -
2. Associative-roperty w.r.t addjtiop: | __ : (;b)% ‘..: ,-\+(B 1€)
3. Associa'*_.i\,é._p.l ér_)e-n-;t)' o scajar r".1urupliéatiéﬁz (cd)A=c(dA).
- J I'. _‘il--' _ | n’@_ki'&ﬂ.e.‘.ce ‘of additive identity: A+0O =0+ A=A (Ois null matrix)
.5. .. Existence of multiplicative identity: IA= Al = A(I is unit/identity matrix)
6. Distributive property w.r.t scalar multiplication:
(a) c(A+B)=cA+cB (b) (c+d)A=cA+dA

7. Associative property w.r.t multiplication: ~ A(BC)=(AB)C

8. Left distributive property: A(B+C)=AB+AC

©

Right distributive property: (A+B)C=AC+BC

10.  c(AB)=(cA)B=A(cB).
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;N J I| ,31 Wy Ay Ay 01 0
.I =lay Ay Ay ay 00 1
A 8y A Ay 00 0

Chapter - 3

Matrices and Determinants

! - —

Q1 If Az[aij ]M then show that
i) LA=A i) Al, =A
We have
A:[a“-]m .. . _-
[a\ &\ | A
A= a21. .‘3-22 . :127: "p-z;tJ
'I.. Cy "°'32. Ay Ay
1 00
,=/0 1 O
0 01
Q) LA=A
Consider L.H.S = I,A
10 0fla, a, a; a,
=10 1 0 Ay 8, Ay Ay
0 0 1jay; ap, a; a,
1xa, +0xay, +0xay,
=|0xa, +1xa, +0xa,; Oxa,+1xa,+0xa,
Oxa,+0xa, +1xa, O0xa,+0xa,,+1xa,
a, a, ;3 a,
=8y 8y, 8, Ay
Ay Ay Ay 9y
=A=R.H.S
LHS=R.H.S
Hence )
LA=A T\ o :' f
(i) .AI4A

Zorsider 1H.S 2 Al

EXERCISE 3.2

Oxa,+1xa,, +0xa,
Oxa, +0xa,+1xa,

1xa, +0xa, +0xa,, 1xa,+0xa,+0xa, 1xa,+0xa,+0xa,

Oxa, +1xa,, +0xa,
Oxa,+0xa,, +1xa,

x.
-..... .y ..h-
e %)
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Chapter -3 Matrices and Determinants

a,x1+a,x0+a,x0+a,x0 a,x0+a,xl+a,x0+a,x0
=|ayx1+a,x0+a,x0+a,,x0 a, x0+a,,x1+a,,x0+a,x0 -
8, x1+a,,x0+a,x0+a,, x0 a31x0+a32x1+a33><0+a3,vn x y )
a,x0+a,x0+a,x1l+a,x0 a \<O+a1 ><O¢'—11 1 +em <1| | S
a21><0+a22x0+a23x1+a21><0 2750 a5 x(\ c)3<0+a 1
Ay, x 04 , ><0+am><1ﬂﬂ4x() 131-_»<L-.--.-a-d;»:O..+L.Qd.-/2u+a34xl
lrall ') | .a’l.:; _.. E|4 1 - -
CFlEy Ay é'% A !
- J B e | ._I_Ld.,‘l Gy Ay as4J
Y ZA=RH.S
L.HS=R.H.S
Hence Al, =A

Q.2  Find the inverse of the following matrices.
: 3 -1
[
o |37
, 3 -1 . . o
Solution: Let A= s 1 , then inverse of A will be A given by

AdjA
A

. 1 1
Now AdjA= { }
-2 3

At=— [A#0

And |A|=E J1:3><1—(2)(_1)
=3+2
|A|=5=0
s
Now A™ AdjA |-2 3 B
A8 K\ (i
i " 'H.I I & = h e
11 ™ u ) ' o N
A71 _ 5 i 5.—‘ ) .:__-"_l / _ | \ |
__.-:. --H.-':-. '\’IJ_I_':J .I-\E,J _.I‘x \\- . L Pt
- a i -_N'._ | . 1o _|_3 I-_l . g g
o [ [\ Hetlgedneise of L is
'-.‘-.\_ ,.J i ~| ._ - 2 1 __2 §
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~ Now [-B| B
| I-_ W |

.. -2 3
i
(i) {_4 5}

) -2
Solution: Let B:[

-4 )

AdjB
| I
25,
=y
=-10+12
|B|=2¢O

. 5 -3
Now Aij={ }

B’l |B| =0\

"'H.

('—LAD) ( 4))(3

4 -2

5 -3
AdjB |4 -2

B =
8] 2

Il
N N o
N

5 371 |2 3
Hence inverseof{ 4 5}is 2 2

w 2]

2i i P
Solution: Let C :{ ) } then inverse of C is given by . —. T ()
i N ! TfaY T RY

, then inverse of R is-giveriiy »| | /-

-~ s 1 i
(1> (CAL
- L T .__.-".___. | -\.""\—____:-"-
o r | Ly -
" ____.-__.-

. | e

| |

| _'

L
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Q3

2 3L

Now Adez{_! __'}
-1 2

C71 Ade . -'.-I.H-... .

J. _\ 3

R

F Z—J

3 3
20 i

Hence inverseof{_ } is 3_ 3_

o 1]

2 1
Solution: Let D= {6 3}, then inverse of D is given by

AdjD
D|
1\

D= J|C|=0

2
Now |D|= 5 3

=2x3—-6x%1
=6-6

2 1
Since|D|=0 so inverse of D :{6 3}, is not possible

Solve the following system of linear equations. e
Hence equations — [\

. 2X1 _3X2 - 5 |. .-\._. I..-.. 0 . -:--.-'\-.\_.:\'-_.‘- Y Il I. ...-.
M : . e TV OV WSS
X, +X,=4 =
R il = I'. .'- ) .)(1 -5X — J
Solutigny !, | Thewatrixiform o I’e ty@te.ﬁ’ - is
.._.-'. 1 ! 1 e ,\..I | . \ ',I _.I"'h,. s 5X1 —
H5Q1jt"y

4]

=X =A"B..(i)

i

‘AX =B
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) ..___.._-.I " J |

. \

NI
' '.. o

' AR AYAY 3'|_
_Ang F.dj.'A'-=|-' | 1, wnerefore
NN ~ 2]

Y
Where A= 3 X = X and B = S
5 1 X, 4

-3
5 1

A= \

(2><1).(—5><_(:.3)) ' .l
=2415 AR\

o\ el AN

e

N L
] 1 3
ai_AdA_[5 2
|A| 17
Put the values of X, A™"and B in (i)
X =A"'B
x] 1[1 35
x,| 17|-5 2| 4

1 1x5+3x4}

17| -5x5+2x4

5+12
| —25+8

1[17
17|17

=114

=x=1 and x,=-1
4x, +3X, =5
3X, =X, =7

1l
7

[EEN

[EEN

(i)
4x1_+ v =51

Solution: The matrix form of tie syste*n

I )
= 7 LA
.:T-l. 1 -"-. A 3 (1 X )I' k1

.-'

( 51—\ VZ |\ O W2t

{4 3][ _ AL
ANy L 8 \
AX B -I-'.I 11 _, -

b1
.I_.>}<=.,n Pl i)
Where

SHMES WL
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-y 3J-a-e
:_4_9 e .'--'._ I.--'IH.-.. o

And Arijﬁ,_z"r_l _‘ﬂ- ,thé{ré'fé;e" \ .
A NEAO L U~
R\ i;:'-’l"'- A
NA g | AdiA =@

Put the values of X, A™"and B in (i)
x| 1[-1 3|5

x,| 13|-3 47

(%] 1[-1x5+(-3)x7

X, | 13| —3x5+4x7

'x ] 1[-5-21
X, | 13|-15+28

_-1[-26
13| 13

My

=X =2 X, =-1

3x-5y =1 }

(i) —2X+y=-3

Solution: The matrix form of the system T [ [ \ ) W

3x-5y=1 |. ~ lanlin Y] (eae
—2x+y-—3 e A L TR A T

) /J

'-.L\J,_B _
jl“ L) = ATB. (i)

Where Az{3 _5},X={X}and B{l}
-2 1 y -3
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Q.4

3 -5
A5 Trea-tars)
=3-10
A=-740 i
2\ EE R
1 AdjA _[? 3! .
Njgpe=

‘put the values of X, A™and B in (i)

M
_1_1xl+5x(—3)}
7 _2><1+3><(—3)

—1[1-15
712-9

114
7|7

Bt

y=1
1 -1 2 2 1 -1
IfA={3 2 5|,B=|{1 3 4|andC=|-1
-1 0 4 -1 2 1
i) A-B ii) B-A iii) (A-B)-C
Q) A-B
Solution'

Di-bra 2.. 11
:,} ;3=.;1 i-:_—._s BT
1 -2 3
A-B=|2 -1 1
0 -2 3

1

3

3
2

4
iv) A—(B-C)

-1 2 1:| =\ .
A-B= -. 4:!:.. L '.l'-l-- u
L0 4] L > | \ |

-2
0
-1

, then find
N .'H_,;:- :
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(i) B-A
Solution:

\
.'\. '.I .' .I
[ %N

AN

(i) (A-B)-C

Consider

1 -1 2 2 1 -1
A-B=3 2 5|-

>

|

oy}

I
I
o~ L
oo
N =N
w P W

-1 -2 3 1 3 =2
Now (A-B)-C=2 -1 1|-|-1 2 0
0 -2 3 3 4 -1

=[ 241 -1-2 1-0|~

L 0-3 i .|—2 — 4 ::\B + }, L .II'. '.I:--'-II '_II '_II '_II ',ll '-_II. II',II *-._‘. [ e -

r
= 1

+ -

L

—_
>
|
o
",
o
- - .u___. A
[
ol |
H-
|
L
&y |
FIG ey ) |
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Q.5

.5ﬁfi S (S x(20) Ix1 (=) xi

i 2i -1 2i -1
If A:L _},B:{ i}andC:{_i i}thenshowthat
0] (AB)CzA(BC) (i) (A+ B)C=AC_: jr,_RC.m" . \
() (AB)C=A(BC) . () L\ AWNIE

(i 2|T| ﬂ
|_1 —| ]|_2| .i_

Consu‘c'i AB

[ I><f— +’> x"l " |x1+2lxl}

24 4i% i+ 202
-2i° 1-i°

:4+4¢4)i+204q

-2 1-(-)

[1-4 i-2
-2 141

-3 -2
AB=| |
{—I+2 2 }

Now
L.H.S =(AB)C

{2
(-3x2i)+((i-2)x(-i)) (-8)x(-1)+(i-2)x }
1

| (F+2)x2i+2x () (Fi+2)x(-

[—6i—i*+2i 3+i*-2i e\
| -2iP+2i i-2+2i _ —5 WA
1-4i 2-2il+ _.._!:. —
(ABy:: _ ratial
2+ 21 3| < ARTFARIRS R

{J .[ _;1

Now C( n< n.ler 3(.

1}
.I|

NINE L .xz.+'1>;<.'> C ')X(_Wﬂ

2I><2|+|><( I) 2i><(—1)+i><i
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[-2i-i i
42— Qi +i?

2-i  2i P
BC: ) Y - W N B
-3 -2i-1 - — T\ WY LG

Matrices and Determinants

NowRH.S=A(BC) |\ 7\~ |\
1] -gh i
. -._-_l__f Ii::(é"—'i')'"ff;'iv{—é‘): i><2i+2i(—2i—1)}
J " ) [ (2=1)+(H)(-8) 1x2i+ () (-2i-1)
:{Zi—iz—Gi 2i2—4i2—2i}
2—i+3i  2i+2i%+i

—4i+1 2—21 (i)

A(BC){zui 3i-2

From (i) and (ii)
LHS=RH.S
So (AB)C =A(BC)

(i) (A+B)C=AC+BC

i 2 -i 1
A+B= REI
L —J |:2I J
B i—i 2i+1
C1+2i —i+i
0 2i+1
A+B= )
|:1+2I 0 }
Now L.H.S

=(A+B)C

_ 0 1+2i|21 -1 - I' .'H_,;:fj'. a_: .
| 1+2i 0 i 0|~ L\ A WY [ (820

020+ (14 20) () AR e

iy L b L] |1 \ 0" e
V=210 O+ -1-2in

) J.J L0 -2

NNININASAIEE Y. _
WM AN THs = © _ (i)
2i—-4 -1-2i

Now consider R.H.S = AC +BC
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Q.6

] ey P B
i x 20 + 2i x I) |><( 1)+2|><| } | - ,H .
1><2|()(|)1><(1)(|,(? Sulla BRI AS

—ix2i+1x (=) —ix(-1)d=x
{ZIYZHI (= ')__lx( )+|x-n'

2i% - 207 r+7|7] Rt T i
R S B o I L e P

“To - 2 2—i 2
“laict 11| 3 2ia

[0+2—i —i—-2+2i

12i-1-3 0-2i-
2—i  i-2

RHS=]| . . (i)
21-4 -2i-1

Since from (i) and (ii) L.H.S=R.H.S

Hence (A+B)C=AC+BC

If A and B are square matrices of the same order, then explain why in general

i) (A+B)’ ZA?+2AB+B?

iy (A-B)’ ZA%-2AB+B?

iy (A+B)(A-B)#A’-B’

()  (A+B)' ZA’+2AB+B’

LHS=(A+B)’
=(A+B)(A+B)
~AA+AB+B.A+BB o
— A+ AB+BA+B? (1) (C
=A+(AB+BA)+B* T\ N f =
In matrices ABZ£BA in geﬂe aI = : |
Therefs 5 AB+BI\;,{4/-\D \ ,. - |
(A+B) -A‘ (AE+BA)FB“ —
N __,_//- b 4B
“Hehde
(A+B)* AA?+2AB +B?
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(i) (A-B) £ZA’-2AB+B?

Consider -
(A-B) =(A-B)(A-B) e N
= AA-AB-BA+BB ) M T | (
= A’ —(AB+BA)--B’ : W

In matrices ;\B;!BA_i.n gereral A

=

Therefezs, AE, - B-\:é 24 B'I LT
So \-’ A-._—'-.B;‘J:" AAT 25 £ B?
; " Herlde
IR YT (A-BY £AT—2AB+B?
(i)  (A+B)(A-B)£A’-B?
Consider (A+B)(A-B)
=AA-AB+BA-B.B
= A’ - AB+BA-B?
In matrices AB#£BA in general
Therefore —AB+BAZ0
So, (A+B)(A-B)=A*~AB+BA-B?
AN —B?
Hence (A+B)(A-B)#£A’—B?
2 -1 3 0
Q7 IfA=|1 0 4 -2|,thenfind AA"' and A'A
-3 5 2 -1
2 -1 3 0
We have A=|1 0 4 -2|, then
-3 5 2 -1
(2 -1 3 07
A=|1 0 4 -2 e [T (CAUJL
3 5 2 1 =\ N N | (o -; e
e ;1 U .".,-'.5 "._ \ \ 1"':'._ -._
L VU e e
J., o\ _1 s o2 L -3
WV 1 0 5
3 4 2
0 -2 -1

L
e
[ i

Now AA'=| 1 0 4 -2
-3 5 2 -1
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2x2+(-1)x(-1)+3x3+0x0  2x1+(-1)x0+3x4+0x(-2)

=| 1x2+0x(-1)+4x3+(-2)x0  1x1+0x0+4x4+(-2)x(-2)
_3><2+5><(—1)+2><3+(—1)><0 _3X1+5X(0)+2X4-i?"(jj'\"x(_l'2.)-'“'_

2 (=3)+(~1)x5+3x2+0x(- 1\3| ._ \ — .. N (o)

1><( 3)+O><5+4><2+( ) ( 2 ‘ P BRIEREN' _

_3><( J\|_ X5+°*‘4+\—’L) (J)_ RS

: )+0+14+7 '_40'4_164_4 —3+0+8+2

Ju |_ 55556+0 —3+0+8+2 9+25+4+1

(14 14 -5]
AA'=|14 21 7
_—5 7 39_
Now
2 1 -3]
2 -1 3 0
. -1 0 5
AA= 1 0 4 -2
3 4 2
-3 5 2 -1
0 -2 -1]

2><2+1><1+( 3) ( 3) 2><(—l)+1><0+(—3)><(5)
—1><2+0><1+5><( ) —1><(—1)+O><0+(5)><(5)
3x2+4x1+2x(-3) 3x(-1)+4x0+(2)x(5)
0><2+( )><1+( )( 3) ( )+( )><0+( ) )

2x3+1x4+(—3)x(2) 2><0+l><( ) ( -3 ><( 1)

—1><3+0><4+5><(2) —1><O+0><( 2)+5><( 1)
3x3+4x4+2x2 3><0+4><(—2)+2><(—1
0><3+(—2)><4+(—1)><2 0><0+(—2)><(—2)+(—1)x(—1)
4+1+9 -2+0-15 6+4-6 0-2+3
21015 140425 —3+0+10 o_+.z_)—5w —~N [ | A
| 6+4-6 -3+0+10_ 9+1674 o's 2| ' A

0-2+43  0+0-5 | \0sF" 2| f)+4L1J RN,
T3\ N\ \ el

{ | J. -I 1 I-
AR 23 “10
I
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Q.8
(i)

Solution: — NN { ~

(i)

Nusi S iss

Solve the following equations for X.

. 2 3 -2 2 -3 1
3X-2A=B if A= and B =
-1 1 5 5

3X -2A=B 0 AT O e
Put the values of Aand B, ' TR ERIR R =N
X 2 3 ?—' S AT T LA

= —1 1 M

L Tos (T mo

R B alll2t =3 1

5 4 -1

o[22 3114 6 4
=3X = +

5 4 - -2 2 10

2+4 -3+6 1-4
5-2 4+2 -1+10

6 3 -3
3X =

36 9
:>X=16 3 -3

3|13 6 9

21 1
=X =

N

. 1 -1 2 3 10
2X-3A=B if A and B =
-2 4 5 4 2 1

= 3X ={

Solution: 2X -3A=B

VN oS
'.—>/\ — —
2{—2 14 16

Put the values of Aand B

1 -12][3-10
2X -3 -
{—2 4 5} {4 2 1}

3 -3 6
=2X - -
-6 12 15 — o ) X

_3 —1 O — 6:| ; :- | |h"_ A .'. L __ ._.
=2X = AT NN | o \o=2

4 2 1|76 12 154 L TV Y (EAC

[3+3 -1-3 c+ﬂ A AW U WY )
4 6 gLu ¢+1‘J AR\ -

_16"

:ZX_

:_>2X _ -_I.,‘

3 -2 3
=X =
{—1 7 8}
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Q.9  Solve the following matrix equations for A

L P A R P
(i) A- =
2 2 -1 2] |3 6
Solution: {4 B}A {2 3—| { —l -
2 2 1 —')J 6.] _
N |-_1_ _4_| T g—i AT _.'..
2] L3 6"J-.+L._4.1_ ) S
. [ ;-'1_ \ et s —4+3}
]

b
Now let A:E1 d},then (i) becomes
4 3jla b| |1 -
2 2|lc d| |2 4

4a+3c 4b+3d 1 1
j =
2a+2c 2b+2d 2 4

Now by definition of equal matrices

4da+3c=1
2a+2c=2
4b+3d=-1
2b+2d =4
Multiply 2 to equation (iii) and Subtracting from (ii)
4a+3c=1
—4atdc=-4
—-=-3
=c=3 - .:j_ A
substituting the value of ¢ in Ulf) -. t_.;. A\
2a+2(31L2 0\ \' N2
[, -J-lx.'-:'laf'%'i? ) A
J | %M taultiply 2 to equation (v) and subtracting from (iv)
' 4b+3d=-1
—4b+4d =-8

= )

(i)
(iii)
(iv)
v)

L
e
[ i
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-d=-9
Substituting the value of d in (v) we get ) )
2b+2(9)=4 - I
= 2b=-14 \ A AN U
=b=-~7 e\ ZAR\RS
So, o\l *
B\ IE! b}

-~ T , ') I...'..I. c d
; J| J = J

{ } is the square matrix.

o Ao 2
4 2 3 1 -1 5
{3 1} {2 0} {1 2}
= A
4 2 15 3 1
(3 1] [ 2-1 0+2
14 2| [-1+3 5+1}
(3 1] [1 2 .
4 2| |2 6} ®

=A

= A

b
Let A:{: d}’ then (i) becomes

N A

3a+4b a+2b}_{l 2}

3c+4d c+2d| |2 6 AN (O
e . . - v DAY f .- \ ."‘..L.-' —
Now by definition of equal matrices VY e WY j ™

3a+4b=1 V=~ WAV WY T G
serdd=2y -\ VUV WD (iii)
a+2b = .,;:‘ Ve “'._w 0 ™ \ AN At (V)
c+2d =6\ |\ | v)

J !,w rﬂpn' 240 cquatlon (iv) and subtracting from (ii)

. TS b
% LA RN Y
INIRNR
L1 %, "
L T
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3a+4b=1

—2axdb=—4 |
a=_3 —— % ) ...I\"

Substituting the value of ain (iv) we get v [ |

-3+2b=2 - -

=2b=5"

=b=

RNl

- [ Iy itipiy 2-Loequation (v) and subtracting from (iii)
[ [N Maevad =2

—2c+4d =-12

c=-10

Substituting the value of c in (v) we get

-10+2d =6

=2d =16

=d=8

So,

2]

5
_| 2 2|isthe required matrix.
-10 8

Singular and Non Sinqular Matrices:

A square matrix A is said to be singular if |A/=0 and if. |A|=0 then A is said to be non

singular.

Minor and Cofactor of an Element of a Matrix:— N

Minor: = -

Let us .cqrfsijier_a}f squaie xr'r-]ai-n-‘:'x -:A-._pf-,_-.)rde;f-fn_'-_ft'hen;-r.-‘.i.nor 01; an élément a; denoted by
M, is tf._\:(:, {;_?t.t_ﬂpi.q;nt'”p'ﬁ '[_f_-].é* (?1—1}><(n—1) matrix formed by deleting the ithrow and

N\ I~|]|hColJr1n o /—\

. J' “\Jofactor:

The cofactor of a an element a; denoted by A, is defined by A, =(-1)"" x M,

j*
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Properties of Determinants:

1.

2.

For a square matrix A,|A = ‘A“.

1%,

If in a square matrix A, two rows or two colamns are intsecharieas. e (ﬂ-et__s;_rnlny';t"u.reti i€

#

resulting matrix is —|A|. |

If a squiar? __rﬁa;trix_ Atizg v & ilfertiicd) FOWS 050 |délntica.1l columr.lé, then |A|=0.

If all-the enut'”ie'a"of"a. ;owz(si .a c,:oltimn) of a square matrix Aare zero, then |A| =0.

.'_f_. thix &irtfies '6f a row (or a column) in a square matrix Aare multiplied by a number
k €0 , then the determinant of the resulting matrix is k|A|.

If each entry of a row (or a column) of a square matrix consists of two terms, then its

determinant can be written as the sum of two determinants, i.e., if

a,+by, a, ag
B=|a,+b, a, A;]| then

a; + b31 a;p Ay

a,+ b11 A, Q| |y &, bu a, a
|B| = a21+b21 Ay Q= |Ay Ay Ayult b21 Ay Ay

Ay thy Ay, Ay |y A, an| by a, ay

If to each entry of a row (or a column) of a square matrix Ais added a non-zero multiple

of the corresponding entry of another row (or column), then the determinant of the
resulting matrix is |A.
If a matrix is in triangular form, then the value of its determinant is the product of all the

entries on its main diagonal.
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Q.1

W

5((-1)*(-2)=(D(2)-2(3x(-2)=(-2)(1))-3(3x1~(-2)(-1))

EXERCISE 3.3
Evaluate the determinants.
5 -2 4
Q) 3 -1 -3

2 1 2 PV s\

Solutici: \ VL

[\HJ10'2

Expanding from R, we get

-1 -3 3 -3 3 -
o el 2 ]
1 2 -2 2 -2 1

5(—2+3)+2(6—6)—4(3—2)
5(1)+2(0)—4(1)
=5+0-4

(i) 3 -1 1
2 1 -2

Solution:

5 2 -3

3 -1 1

2 1 -2/

|
1 o

Expanding|fromm Rawesat| | ) L

5 2000 -3
12 2 2| 72 1

=5(2-1)-2(-6+2)-3(3-2)

5((—1)x2-1x(-3) 1+ 2(3x2—(-2)x(-3))-4(3x1-(-2)(-1))

L
e
[ i
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=5(1)—2(-4)-3(1)
=5+8-3 J—
=10 . _.“v'~j:tulﬂ?k'g: |

Hence |3 -1 :10': A %

ny
A
2

55N
1
w

ol
o -\ra.-..-\.

NI

|_

Solution:
1 2 -3
-1 3 4
-2 5 6

Expanding from R, we get

3 4 _|-1 4 _|-1 3
5 6/ |-2 6 |-2 5

=1(18-20)—2(—6+8)—3(-5+6)

~1(-2)-2(2)-3(1)

=—2-4-3

¥

1 2 -3
Hence |-1 3 4|=-9
-2 5 6

(iv) a a+l a-l — P \:.h« ~_x.| [ ! L! R
a_l a a+| . ) A .I. -II'- -'.I .I. '.I '.I .Il -_I |II iy . -

Solution: RAYZARIE J AL Ry &

L T N LA Al
a_ o+l ':a‘-._-l"[, VAL T
- [T, a]h a ) L]
5 ] | % 1

| -\.

A J | I' Expénding from R, we get

a a+l
a—I a

a a-|
a-1 a+l

a+l a-I
+a

=(a+l) —(a-1)

a a+l
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(a+l)((a+1) -a(a- I) (a —I)(a(a+|)—(a—|)2)+a(a2—(a+|)(a—|))

2

(

(a®+1°+2al -2’ +al ) - (a—l)(a2+al—az—I2+2aI)+_a(e-2---d""+"lz)
( (&

(

(a+l

(
)
(a+l)
2

2 S )(a"' +al-a’ —"“'+’/al) w( a +,.!2

a’+1°+2al-a +a|)

a+l I2+3al) a- |\3o|--| ,+a

al? +322 4 +5¢I2 30 *'2_ .?:..2 +1°)+al’

4a +3’ l+' —3a|+4al2 I®+al®

1y .l (J.- 2

=l Y&
a+l a-1 a
Hence | a a+l a-I|=9al?
a-1 a a+l

1 2 -2
v |11 -3
2 4 -1

Solution:
1 2 -2
11 -3
2 4 -1
Expanding from R, we get
1 -3 |-1 -3 -1 1
4 -1 2 -1 2 4

=1(1x(-1)-4(-8)) - 2((-1)x(-1)~(2)(-3)) ~2((-1)x 4-2x1)

=1(-1+12)-2(1+6)-2(-4-2)

~1(11)-2(7)-2(-6) PN IZAR e A
~11-14+12 o0 A\ T O S
— r\| P _ '.I I'I-_.'. J .II 1 q,.l_l | \ . ] L

T

o W A Y . M
“" ! 1 ! _6|’—(J \ l_I l.. -..I e
- -
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2a a a
(vi) b 2b b

Solution: ~ " T ! ':..'f'}~
2a a a - '
e qdi.'.'lg"fli"c_)_r'h' R.We get
',:J,"-|'J_' ~ “12b b b b b 2b
| I o =2a -a +a
' c 2c c 2c cC C
= 2a(4bc—bc)—a(2bc—bc)+a(bc—2bc)
=2a(3bc)—a(bc)+a(-bc)
=6abc —abc —abc
=4abc
2a a a
Hence [b 2b b|=4abc
cC Cc 2c
Q.2  Without expansion show that
6 7 8
Q) 3 4 5=0
2 3 4
Solution:
7 8
Consider L.H.S = 4 5 B
3 4 & ~

'\'I k! f F o
— i W [
s

o

117\ = /- ByC-Cl e and)c/-C —»C;
. ’ \ A | A - [

! 1 J L e
L% = ) —

=RHg | B -+ C, and C, are identical
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- ]-lf_;-x_ﬁ;ii':iel LS ERAS
M ;"'._ J |.~"'..:'| Ik'-\,_-.

2 3
(i) 11

2 -3
Solution:

Consider |-4+4.S =

Since L.H.S =
-1
0(=0
2 -3 5

2 3
Sojll 1

1 2
@iii) |4 5
7 8
Solution:

Consider L.H.S =

e
f ]

|

23

Sojd 5 6=

7 8 9

N

R.H.S

© OO W
1
o

=

0

1
2
2 3
1
2

. o - L 1 I. ..I i -I '_I \ '.. -'I
=< T i
MY -

3ltivg
1 0+1
-3 5-3

2
1 1
-3 2
R.H.S

o o W
|
o1 N

~N B P O OO W

Iy
l
4

T

o 000Ul N 00 0N
|

|
- _|_-\'

By C,-C,

-

- o

e
i

2.3

By C,+C, > C;

~+ C, and C, are identical.

\
1 = §
\ |
| !
i1 \

&
s -
“ A

! ey o s I i
—Cyand Gy (1L
\ |I e -.-- |,
[ L
"H. \ o
%, -l
L=

%,

|
I.\'. .H..
.

-+ C,and C, are identical.
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Q.3 Show that
a, 4, agta;,l &y &, Q5 |y &, A
(i) 8y 8y Autap =|A,; 8y ap|tEy a4y a2_3_ — [ ¢
8y By Antan| [y Ay, Al (3 Ay ] N ),
Proof: ! IR ERLE |
) |a1.1 a, aﬂﬂ+713| I
Consider L.H.S'f:]_az'-_,_. ae iy Vg
L %31 |3k & it Llrxi;'d'l :
F.)_(p:s_njilng.f om| C| e getr
S .a21 ay, a; a11 a12
= (G, +a — (8,5 + ) + (g + ag3)
(i ”’)agl a32(3 “lag asz(a ey, ay,
a, a
:als a21 a22 +a13 21 22 ~a,, ail a12 _a23 all a12 +a33 ail a12 +a33 ail a12
ay Ay ay Ay dy Ay ay Ay a, 4y ay ay
a, a a
:(% I L gt amj{alsaﬂ 2 g P %, [P auJ i
aSl a‘32 a‘31 a32 a’Zl a22 aSl a32 aSl a‘32 a’21 a’22
a, a, a5 | &, q;
Now consider RH.S =la,, @,, ay,|+|ay 8, Oy
Ay Ay Q| |8y Ay g
Expanding both the determinants from C,
a, a a
=(a13 a Bl o faoa (8 au]{%aﬂ 2 g P %, [ alzJ i)
a3l a32 a31 a32 a'Zl a22 aSl a32 aSl a32 a21 a'22
From (i) and (ii) LH.S=R.H.S
a, Q, aztal &y &, Az &y &, &
Hence |a,, @,, ayt+ayu/=(a, @, ap|+t@y 8y oy
Ay Ay Ayt Qg| |83 Ay Ayl Ay 8y O
2 30 210 | _
) |3 9 6/=9/1 1 2 1N (T
T B R h e
2 15 1] [2 51 _ _ s [ A
PFOOf - "._ ) .:._.--'_l / _ '.l'-I L .'._ I, S
0y RAYV ANV NS |
Consicer | HIS <13 (9t ()~
AR AR
SINNN 2 30
LR . L
AN AV =31 3 2 By taking 3 common from R,
2 15 1
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2 10
=3x3|1 1 2 By taking 3 common from C,
2 5 1
) 1 O| _ ) Wy )
=911 1 2% RHZ -
; 2 51, U/
Since L5 = Rk [ 1 )
12 3 f_)‘ 211} ol
'-.':-\,w.s =91 1 2
WY T2 s o] s g
a+l a a
(iii) a a+l a |=1*(3a+l)
a a a+l

Proof:
a+l a a

Consider LHS =| a a+l a
a a a+l
3a+l a a
=[3a+l a+l a By C,+(C,+C,)
a+l a a+l

1 a a
=(3a+l)l a+l a By taking (3a+1) Common from C,
1 a a+l
1 a a
=(3a+l)jo 1 0 By R,+(-R,) and R,+(-R))
0 0 |
By expanding from R, . ACAN (LON
o 1o ol 11 ;_ Y .-' .";.-’:J WO
:(3a+l)[1_|a JD ;-! C 3‘_] R \ | .
7 =(Basbil —»0)—6(0;+a(;3)] ’ -

'-':\ 341 )1 0ol
o] R —R HS
o ek CLAS=RHS

a+l a a
So|a a+l a|=I*(3a+l)
a a a+l
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1
(iv) X

Proof:

Considzr [1.F.S =

1

y
yz X Xy

1 1
Zl=|x y z
X2

-
1 1 W ':1_ ~ ..':.'- _."'. — I'. L I. 1

1 LT J § #
= TR
P AN | \\ ot
== -]x .
v | -
L .. L

LA f,ply" arc Q.i\ll.iacd..b.g/ x,y and z to C,,C,andC, respectively
N

yz | LX '.-,_(yf-?‘

X y oz
1
e IVC IR S
Z

y° oz
XyZ Xyz Xyz

11
oy
ByR, &R,
By R, <>R,

1
=|x Yy z|=RHS
X2

Since LHS=R.H.S

1 1
So|[x vy

1

z

1 1 1

q:w:' '_ley_vl_.l-x_\v_.-"_y v I'.Z":.il i ',.l "._ ) .-\,.__I_'. .
AL :. 1 L :.-H“x\'.__'. o

z By taking xyz common from R,
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SN IS A

b+tc a a
(v) b c+a b |=4abc .
C c a+b N
Proof: ) T A W[ (o,
b+c -0 l A

b_—cira/ /b ||

_ lc \ L‘. __ a‘i»;-'n,_
Expanding, wroir; Fy° WVE| got.)

'cua D —ab b b c+a

c a+b c ¢

=(b+c)[(a+b)(a+c)—bc|-a[b(a+b)—bc]+a[bc—c(a+c)]

:(b+c)(a2+ac+ba+b€—b€)—a(ab+b2—bc)+a(bc—ac—c2)

—a’ff +abc+ P4 + 2% + ac? +abc— @%b — ab? +abe +abc— 2% — ac”

=4abc= R.H.S
Since LH.S=R.H.S

Consider |.44.S =

"I:'\DJr +a

b+c a a
So| b c+a b |=4abc
c c a+b
b -1 a
(vij la b oOl=a’+b’
1 a b
Proof:
b -1 a
ConsiderLHS =|a b 0
1 a b
Expanding from C, we get i
a b b — b — _ .-"_"'-":."-._"'._.'-_m' 3
=a -0 +b e |~ (AW
1 a |1 al‘ a bw =\ NN | o\
=a(a®-b)-0(ab+1)+b(sf +a) O N\ LN T
_ad_ ab 04b° + ab atn ,» J
3

=a +h3 R I‘I KN .:.—. 1 I. .:.'\-\.‘ \\ .'- % .'-'-.-._..'- -
SlnceLH< —p I~“ AR
E A1 '-)_’

i~y l\... Tl | W i
N J . '~._;'Sl)'~.|_:.< D 0‘ a +b3

‘1ab
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YRR N / 1
[N =rcosg

rcos¢ 1
(vii) 0 1

rsing 0
Proof:

Consider. [:7F1.S :I

0 cos¢g

-sing
0 |=r
cos¢

rcosg (1, -sinzh -

Y

i;.SIht/: G Casd -

_ E;‘f,pawdi'ng"-f't'oi'q: R} viz-get |

0
rsing cos¢

¢rsin¢

=rcosg(cosg—0)—1(0—0)—sing(0—rsing)

=rcos’ ¢+ rsin’ g

=r(cos’ g +sin’ ¢)

=r(1)

=r=R.H.S

Since LH.S=R.H.S
rcosg 1 -sing

So| O 1

0 |=r

rsing 0 cos¢

a b+c
(viii) |[b c+a

c a+b
Proof:

Consider L.H.S =

Rl

a+b
b+cl=a’+b*+c*-3abc
c+a

a b+c a+b
b c+a b+c
c a+b c+al-,

= _.__.-'. ’
a+b+¢ h4< ral+b

r Vowd oy
a+h+¢| c+a, h-el -
. f .

la+n-cllakri—tTa

1 b+c a+b
(a+b+c)[l c+a b+c
1 a+b c+a

-. I'\'\.
|
=i 'y .
A
-~
Il'\-\.." L]
y 1N s -
= F .
L
L4 |
\ _ |
A !

ah "pr-'Cl +C,

By taking common a+b+c from C,
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1 b+c a+b

=(a+b+c)|0 a-b c-a By R,—R and R,—R._
0 a-c c-b [
Expanding from C, _ ~ - = '. WY (4.
la=b c- a| 'b+f "é-'fb'_ L-—c a Ay
(a+h-+ ) et )
[lo—c e 2 (e ST [ PN

(a+b-+\,;|_(a h);c L‘ \a c)(c a)- 0+O:|

NI .'_T-_(9,.+u+c)[;a€—ab—bc+b2—ac+a +C —;36]

:(a+b+c)[a2 +b? +c2—ab—bc—ca]
a3+b3+c3—3abc=(a+b+c)(a2+b2+c2—ab—bc—ca)

= a’+b’+c*—3abc=R.H.S

Since LH.S=R.H.S
a b+c a+b

So b c+a b+c|=a*+b*+c®—3abc
c a+b c+a

a+A b c
(ix) a b+a ¢ [=4A%(a+b+c+l)
a b c+A4
Proof:
a+A b c
Consider LH.S=| a b+4 ¢
a b c¢c+4

a+b+c+A4 b C p
=la+b+c+A b+4 c I By C:_]__-_'L (CE;-_'FQI:):IEH.
at+b+c+i by c+?__1".l [\ A

-

===
! Y [ |

r 'H...-. IL-"I 1
WA= a+k c+/1"r1 \h\w ™
VAL 17 b c+A

R LL':- Wbl [ ’ II

"'.'-.-.| s, J AN - 1 b c

=(a+b+c+4)0 42 0 By R,+(-R,) and R, +(-R))
0

Expanding from C,

I.' :__. oS |

“Taking (a+b+c+4)common from C,
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A 0 0 0 0 A
=(a+b+c+4)|1 -b +C
0 A 0 4 0 0
(a+b+c+/1)[( ) b(0)+c( )} e I_- ¢
~(a+b+c+a)(47=0+01 | (7 B\ N
_12(a+b4c+¢) R -I $\
Since {. Hui"."'-ls | '
a+ A B AN
- 50 a b+7 L ET|=A(atb+c+A)
A : '-I.- :.a ] b c+ A
' 1 1 1
(X) a b c|=(a-b)(b-c)(c-a)
a’ b* c?
Proof:
1 1 1
Consider LH.S=|a b ¢
a®> b* ¢
1 0 0
=la b-a <c-a By C,—-C, andC, -C,
a®> b*-a® c¢*-a’
Expanding from R, , we get
b—a c-a a c-a a b-a
:1b2—a2 2-a’ | cz—aerOa2 b®>—a’
_1 b—a c—a 900
“Hb-a)(b+a) (c-a)(c+a)
1 .
=(b—-a)(c—-a Taking common b—a and c—a from C, and C, respectively__ " °
b+a c+a ! . o |
=(b—a)(c-a)(c+a—-b-a) § v .'&_,;:-__-". :5:;:
“p-a)e-a)e-b) O AT O S
=(-2)(a—h)x(-2)(b= C)\C yUARIES 'j :
=(a- L\\qt—{:\i(tf 5\— rIS‘x \
SlnceLHC-FvH&
NN el a-byo-o)e-a)
- a2 b* ¢
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b+c a
(xi) c+ta b

a+b c
Proof:

Conadﬂfl r1S_

a.2

b’|=(a+b+c)(a—b)(b—c)(c-a)

C2

b+c &

a?| =/ \\
c+a—h | )

a+b .pﬂ‘u*

| +9+C a
=la+b+c b
c

a+b+c

1
=(a+b+c)fl
1

1
=(a+b+c)|0

Expanding from

=(a+b+c)|1

|
L

0
C, we get

m’ltf( L-Io—Rl-'S"

So

c+a b b®
a+b ¢ c?

AN TRN AN - Wt

a a
b—a b?*-a?
c—-a c’-a’°

=(a+b+c)(a-b)(b-c)(c-a)

By C,+C,

By R,—R and R,—R,
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Q.4

~, Solliors; |
| i

1 2 -3
IfA=|0 -2 0|and

2 2 1

5 2 5
B=[3 -1 4], thenfina

O A ALA il

1 2 -3

Consider A=|0 -2 0
2 21

Then by using formula

A :(_1)I+J M;

A, = (_1)1+2 M.,
|00
21

=—(0+0)=0

0 0
——(0-0)

~ ‘1 —3‘

e

BIRIVIRE A

y t|*|.f“\/'|"\‘|j0 2 0

-2 2 1

Expanding from C, we get

A32 _ (_;-._f:_ .'._ \ I__,____:..-‘:.a,,.- :._. m_ll.l --‘.\l‘L \\ . Ly "

|A| =a,A, +ayhAy, tayh,
~2(0)+(-2)(-5)-{-2)(0)

- /-

1%,

Hence Al=10 [ |

Vi B=y 3 4J,

L-Z 1 -2
Solution:
5 -2 5
Consider B=| 3 -1 4
2 1 -2
Then by using formula
B, =(-1)"'M

le = (_1)2+1 M 21

ij

%
e
[

-2 1 =2
Expanding from R, we get
|B| =b,,B,, +0,,B,, + 0By,
=3(1)+(-1)(0)+4(-1)
=3+0-4
1B|=-1
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Q.5 Without expansion verify that
. ﬂ+}/ : — et
Solution: Consider | |\ =5 /7 — AT
Y ._: ,_'7.: Ay ﬂ
atp+y Pty
=\f+a+y y+a - C,+C,
y+a+pf a+p
1 B+ry
=(a+fp)l r+a Taking (a+ B+y) common from C,
1 a+p

]lﬁlf'

=0 ~+C,and C, are identical

a p[+y 1]
Hence | y+a 1=0
a+pf 1

3 6x/=0
5 9x

y
1 2 3x

i) |2

3

Solution: Consider

1 2 3x
LHS =|2 3 6x
3 5 9x I__H.-__._} :,;_

=3x2 312, 7\ [ ~BYtaking 3 tommor flom C,

H Ve Y | X § = Mo
i | L ¥ | | L1 1 h, - 2

LSO, A Because C, and C, are identical.

L2 1J () . — T - J | | -."x;,._l;

-\.J ! L e
) o 1 A
. '._J .1 | - i L=
R Y | ™
|

'-: | WA 1 2 3x

Hence |2 3 6x/=0
3 5 9x
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(iii)

Solutidn; |

AN J*‘ij"e
ﬁ_: "‘.‘J WY

1 b’

\ Sensiden, )
) 11 \ 1

I'. I". 1",. .'.12.'- i ai (R

_abc
abc

abcx —

I
—
o

N
o
N

Multiply and dividing by abc

Multiply C, by abc

—
i~ I-\.\__.-' Yy b
\

'H.II-'"

O (e alud L qro Méqt“ta' ‘hf,ﬂ-'i'-' h

T\ .:':-’:- 7 VAVAANDY T
_ i b iy
= Vo -|| L * L
— TR TN -.__.,.l .
. "'-“"'j—x 1Y 1 '."'\. At
o
NR=
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a-b b-c c-a
(iv) b-c c-a a-b[=0

c-a a-b b-c
Solution: Consider

a-b b-c c- a
LJ+S£§fq Car asl

p a a n b—qu

hFu c+c a
:b c+c—a+a-b
c—-a+a-b+b-c

0 b-c c-a
0 c—-a a-b
0 a-b b-c

=0

a-b b-c c-a
Hence b—c c—a a-b|=0
c—-a a-b b-c

bc ca ab
v 1Ll

a b ¢

a b ¢
Solution: Consider

bc ca ab
LHs-|t 1 1

a b ¢

a b ¢

bc ca abk

aboll 1 10
-.._.-':_(’J.'._bé-I a"‘i H :._LL C

| c I.'. [‘ %
'J-{fx|£?1' e e ca
IN RV A 101 1
4 =——|=xabc =xabc
abc|a b
a b

ab

1><abC
C

C

QC,+(C,+C;)

- All the entries of C, are zero

.\ "—~fultiplying and dividing by abc

Multiplying by abc to R,
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a b c e e

1 - (O Tl : i '\'-\.. ' . s
=—(0) b e R ana R, ave ideriiical

LT

(vi) nl m m?=1 m* m®
Im n n 1 n n
Solution: Consider

mn |
LHS=|nl m m’
Im n n

Multiplying R,,R, and R, by I,m and n respectively and dividing the determined by
Imn we get

Taking common Imn from C, we get

i
(N N - [
o \-\." '\-\.I I ra \ e -
2 3 i & - i, I -
=1 m* m’=RHS ~ ar N T
2 3 ) 4 ! | Vo
1 n® n W\ \RREEN
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2a  2b 2
(vii) Ja+b 2b Db+c|=0 - y

a+c b+c 2c Y y
Solution: Consider ~ |

Iza b 20|\
LHS =@ +) 25 ord VL

|c' c\ b l- 7c‘ —

, I'a: ‘B¢
Y -

S 'J_' e =2la+b  2b  b+c Taking 2 common from R,
' a+c b+c 2

I
N
o T o

b ¢
b b By R,—R and R,—-R
C C

a
=2bc|ll 1 1 By taking common in b from R, and

cfrom R,
=2bc(0) R, and R, are identical
0=RH.S

2a 2b 2C
Since LHS=RHSso|la+b 2b b+c/=0
a+c b+c 2

7 2 6 |7 2 7| |7

N

-1

(vii) |6 3 2/=|6 3 5|+|6 3 -3 - ~ 00

-3 51 -8 5 3 |3

(6]

- - 1 | | oy ! !

Solution: ~ Consider () AAARIRARR YA i

A J;H' I'~J I | ';. "'Z - (7 1)

NN YT e s (5-3)

-3 5 (-3+4)

148

R f | JARR
4 Y fa=" % e
-y . "'.\_. i ! % E e



Chapter -3 Matrices and Determinants

7 2 7017 2
=6 3 5|+[6 3 -3
35 -3 |-35 4

By using the property of each entry-f a rovt (i\_r_ call;m“n’,_o'f_ a sc';u"aré'rr at-r_iii censist of two
terms, then its determinant|cen be-yriiten asithi 'sum 'of e determ/naints
= RS~ VL W AN i

CHSRAS |

~Hence yo
NP2 7 2 7|7 2
6 3 2/=|6 3 5|+/6 3 -3
-3 51 |35 -3 |35 4
-a 0 ¢
(ix) 0 a -b|=0
b —c O
Solution: Consider
-a 0 ¢
LHS=[{0 a -b
b —c 0

Multiply and divided by b,c and ato R,R, and R, respectively

111 -ab O bc
ZEBE 0 aC —bC
ab -ac O
. —ab+0+ab O0+ac—ac bhc—-bc+0
= 0 ac -bc By R +(R,+R;)
ab —ac 0 e =N A
§ --..ﬂ._l .I .-. N R
. 0 0 0 ; D, .
=T 0 ac oG '_.—"'I-l .
a C arA' ), |
S A VAR
_.-".. .'..1- II('I A -..I :_ ._I'"‘\ \\- ] -
=1-5-{Q) L -+ Each entry of R, is zero
ake
NN co=RHS
|
-a 0 ¢
Since LHS.=RHSso |0 a -b[=0
b -¢c O
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Q.6 Find the values of x if
3 1 x
Q) -1 3 4|=-30
x 10

Solution: LN PR |

J ) N

ConS|dLr - =301\ { b

\ N ."'-_'n;'_kﬁandmg' from R,, we get

3 4
10
3(0—-4)
~12+4x—x—-3x>=-30
—-3x*+3x-12+30=0
~3x*+3x+18=0
-3(X* —x—6)=0

-1 3
x 1

3‘ -1

-1 4‘
+ X
x 0

—1(0—4x)+x(-1-3x)=-30

‘=—30

= x*—x-6=0

X —3x+2x-6=0

X(x—3)+2(x-3)=0

(x—3)(x+2)=0

x+2=0

=>Xx=3 or X=-2

So x=3 and x=-2 are the required values of x
1 x-1 3

(i) -1 x+1 2(=0
2 2

Solution: -

=

= Either x—3=0 or

X (! ] '_.—"'.l o _-

-

Consider |1

NN RN
L | 5 e
I\

% +1 _2 =0}
1 x-1 3
0 2x 5
0 -2x x-6

><

1 ! g - . 'II | ..|. I 1 .'. ..5 . .u_ L
g - d & IR P
| '1 7\ = ’I ") o \ 1 _

=0 By R, +R , R, —2R
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Expanding from C, we get

12x 5 x-1 3 Xx-1 3

‘+O

—2X X—6| |-2X X-6 2x 5 I
2x(x—6)+10x=0 pEPA! -\ -. ' A

2x° —12x+20x=0 .
232 _2)-{.;;?._0 — :.._ | 1 \ ~ “
2x(-2) =0 || L
, AN Cither-2x=0  or x—1=0
:> x=0 or x=1
So x=0 and x =1 are the required values of x.
1 21
@) 2 x 2/=0
3 6 X
Solution:
1 21

Consider 2 x 2/=0
3 6 X

Expanding from R, we get

X 2 ‘22 2 X

1 +1 =0

6 X 3 X 3 6

X2 —12—2(2X—6)+12—3X =0
X* =12 -4x+12+12-3x=0
X*—7x+12=0
X*—3x—4x+12=0
x(x—3)—4(x-3)=0 . J | f
(x—3)(x—4)=0 - _ /- _ WALV ALY
=3 Elthé} | <3 o 8, ) og \ x~ 4:”3, h
x=4

SEE R
| A

90X =3\anc x=-4 are required values of x

% J
y

) J NN
\ JJI-".-. -
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Q.7  Evaluate the following determinants
3 4 2

(i)

= N ol
1
w

D O w N
A

2
1
4
Solutiea:

AP

o, Corsider

N .." \J

B FEneTc
T S BN

b lmN
ool 1. o ..."

By R1_R2

(6]
o
S g1 W b

By R2_2R1v Rs_R11 R4 _4R1

O O Fr M PFEP NP
-
|
N

0 5 -10 -10

Expanding from C,
7 -4 -5 -1 2 4 -1 2 4 -1 2 4

=13 -5 1(-0/3 -5 1|+0/7 -4 -5/-0{7 4 -5
5 -10 -10 5 -10 -10 5 -10 -10 3 51
7 -4 -5

=3 -5 1

5 -10 -10 . AN

Expanding from R1 ) e H:.:';_- ..'\-\..I | ,-' \ "\'\__'\. /-

=7(50+10) +4(-30-5) =5(-30425) — |{ "\ | |
=7(60)4(35)=5(-53 | \/ [\ || D\

‘__{l I'. '.II _Ir-_--\,,-:.. .\,_ﬂv\:_“-.) .. .. - \ - -]
=420~14C + 77 ARRRYE
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Hence

> P DD W

N
)

@ A\ el L U
el b

. J \ ] L Spiuien
w Y

C b
(=
_pl;l'\)l—‘
—

N

1 -1

2 1

-1 6

7 2 =2
2 3 1 -1

[0 ® 03 By R,—2R,R,+R,R,—2R
7 5 0 5 ' T

-1 -13 0 O

2 3
. 4 0
Consider
5
3

Expanding fromC,

0 -6 3 2 3 - 2 3 - 2 3 -
=17 5 5-0/7 5 5+00 6 3|-00 -6 3
-1 13 0 |-1 -13 O -1 -13 0 7 5 5
0 6 3
=7 5 5
-1 -13 0

Expanding from R, o~ ~(A A

- [ L '\'. | 1 1 'x _.._' _.-
=0(0+65)+6(0+5)+3(—91+5) A A NN o\
P L\ \ \ \ A '. Kx [ A
=0+30+3(-86) O\ A A WAV )

AR CNARIEN NN
T % -‘-_JI 2; ."_R \ I]:'- '.Ll{ ]
NN @ 2 1
: L1 -\.‘.-J | '\-_m I I.'.. i1lenCe ) _228
""-\._"i '\-...-. Wl = 5 2 _1 6
! EET
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-3

(iii)

O N w ©o
1
[BEN
N

-2 |
Solution: AR LN

v

Considé-r- -

. J . '.-\..-J I.-_:..II-_ -:I | L ._2_..0 - 1 _l
IN M~ 13 9 1
3 12 0 By R4+R.R +R, R _R
6 16 0 2 YRR R '

1 -9 0 -2

Expanding from C,

-3 12 3 -3 9 1 -3 9 1 -3 9 1
=16 16 2|-0/6 16 2|+0-3 12 3|-0-3 12 3
1 -9 -2 1 9 2 1 9 2 6 16 2

-3 12 3
=6 16 2
1 9 -2

Expanding from R,
=—3(-32+18)—12(-12-2)+3(-54-16)
=42+168+3(-70)

T -
-0 P o a N
_ h 1 11

O N w ©
! |
Y =
N
]
o
-}
]
-
.\H"'\.
L
|

.".
i
-
o
[ —
- g
'y
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QS8

Show that

B P X
B P X

Proof: -\ Py

Q.9

[ % ! N "
SINIRNR
.‘..' ... L

L -

1
S
[EER—
A
- 1

-

g

&

LH.S="

f= e

X3
X+3
i3 By C,+(C,+C,+C,)

X P P x

X+3

=(x+3) By taking common (x+3) from C,

I
X P =

By R,-R,R-R,R -R

O o r kP P P P RBp R X P

=(x+3)

(@)

(@)

(@)

x
|

= (x+3)[1x(x=1)x(x-1)x(x~1)] -+ Determinant of a diagonal matrix is the product of
diagonal entries
=(x+3 (x—l)3 =R.H.S

X
1

Hence

1

H
L
o~
iy
(¢
Il

) A ‘” V7R EOR\ SR\ ®

Solution 1

v\ -._:-.ﬂ-..__ AU
|~ 1Y I|r| } [(2- ; R 3 -J then
T (s
At = 2

-1

W P N
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N | “_|.4
.__'N.LJ‘ A= ‘5

Now

32 4 0
AA' = 2 1 N~ (AN AR

-1 3 M\ AN (O
9+4+1 6+2-3 =
{6+2 3. 4+1+91 ARYZAR RO RS
14 ( 1.-;\ A LS
{5 14J AR R

5..
14

=196—25
\Au¥\=171

3 2

2 3 -1

Now A'A=|2 1
2 1 3

-1 3

[ 6+4 942 -3+6
=l 4+2 641 -2+3
|—2+6 -3+3 1+9
10 11 3

=6 7 1

4 0 10
—10(70-0)—11(60—4)+3(0—28)
—700-11(56)—84
~700-616—84
700-700=0
Hence‘A‘A‘z

(i) IfA=

N P NN W

Solutmo - YWARIRY. W\
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9+16 6+4 3+4 6+12
6+4 441 2+1 4+3

6+12 4+3 2+3 4+9 | _ { e H I
[25 10 :
1075

t

7
3
:{.’«. \. f-, _
1 118117\\5
]|J S 95710 7 18
N ™ ‘AAt‘_lo 5 3
7 2
5

18 7

25 10 7 18
3 3 2 1 2 oy R R
- 7 3 2 5 y R, 3

18 7 5 13

By R-7R,,R,—2R, , R, ~5R,

w Fkr w M
N
=

W = N

|

H
o O - O
W kL N -

:4(0) R and R, are identical —~TA ’ \!

- [
~0 -

3+4 2+1 1+1 2+3

K -
k | -~ L -. ., ..- L
" o Wl f o ..,."h_ e

i -
R o b v | [ | (3 =

Hence |AA|=0 e \ T Y (8D

&, %y 5

\ J" .Il.{é+4+1+4 12+2+1+6}

12+2+1+6 16+1+1+9
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. [18 21
A'A=

21 27 .
18 21 [
5 2 ]G

as6—aa1 - 2y R\

=45 -. AR'FER\RY

Hence |At0\ 4‘5 A

Novv\/vxq ‘

Q.]L":.':-Ilf Al Is.2 halsie matrix of order 3, then show that |kA| = k*|A|

8; 8, a;

Proof: Let A=|a, a, a, | beasquare matrix of order 3 and k be any scalar then by scalar
83 83 Ay

multiplication

a, a, a;
kA=k Ay Qy dy

83 83 Ay

ka,, ka, kay
kA=|ka, ka,, Kkay

kay, kay, kag
Now

ka,, ka, ka,
[KA|=|ka,, ka,, kay

kay, kag, kag

8; 8, aj
=kkkla, a, ay Taking common k from R,,R, and R;, respe stively — <= |

a31 a32 a33 - . ¥ "'.\_:_\. ] l| .-...a -I. .'.\,.."'h_.__"\-._:... -

ail alz a13 _ -.I. .::!:I .f. __ .'.l..'-_-l- "._. .._ .'-. .'-II ."._ '.I ". N
e o =) 70\ U
M & 332 ud'z -._\ .II..I h:_‘x \ . | ..__. At
'A| kW A

Henf‘e

"\._'-_. '%_. |
Y, Y
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Q.11 Find the values of 4 if A and B are singular
4 ), 3 -
i) A=|7 3 6 N
2 3 1 A NN ¢
Solution: If A is singular, hen I./\}_--:U o R
FEECATITARARISS
. 2"3"'1_[_
SN Expanding from R, we get

36‘ ‘76 7 3
-2

4 =0

31 2 1 12 3
= 4(3-18)—-A(7-12)+3(21-6)=0
= —-60+54+45=0

=54-15=0

=>A1=3

Hence A will be singular if

A=3

w 0 Ol
N N -

(i) B= .

2 -1

wW ~— = O

Solution: If B is singular, then |B|=0

51 2 0

5 1
=0

—_ | | - ™ ) 11 .-\. st —
13 —~ NN | o LAt
|1 1 |"-'_ 1 — L, o [ [, L -
' ! ", e

5 1 2 0

g 25 1 A\ A7V OV Y L
5 O\ \ g p | NSR R
—22 A-p el by LW T

YA J_"-._"-hg.'if_fjandi};g"?f-3=‘-l C. . we get
| ALY -

\ JZ;J' W s 20 s 5 1 2 5 1 2] |5 1 2
- 05 0 -5|+1/-5 0 -5|-0/8 2 5(+0/8 2 5|=0
22 A-6 -16| |-22 A-6 -16| |22 i1-6 -16 |-5 0 -5

159
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Q.12

5 1 2
-5 0 -5|=0 -
-22 A-6 -16 - A
Expanding from lee get . ~ ._ X - \ T ( .
0 —5‘ —5I '—)" '6 (A BR=NY
5 | =100
A—6 44 :-—]J)' ,_? 6 ot

5(0— (5,( '--n); 1(30-] 1u)+2(( 5)(&—6)—0) 0

b 20} 1{-30)+2(-54+30) =0

25/1 150+30-104+60=0

154-60=0

1514 =60

A=4

Hence B is singular if 4 =4

Which of the following matrices are singular and which of them are non-singular.

1 0 3
Q) 31 -1
0 2 4
Solution:
1 0 3
Consider {3 1 -1}, then
0 2 4
1 0 3
3 1 -
0 2 4
Expanding from R, , we get ,L )
:1‘1 —1‘_03 _J_‘+33 1 ) .,»:_ :I / .-}" WA
2 4 0 4 02 T |

1(4+2)-q(12-0)+261-¢) /| | 1)

_60’éh?$fﬂ}fﬁLﬂdwf

=24£c ARIRYR

WINIFATAR

‘Zince 3 1 —1=24%0 so
02 4
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w

is non-singular matrix.

o w K

N RO
|
=

-1 — a A . |
L o LI i
-1 — . | T
i (il | -\.
ey r o L L [ 1 L1 '

y

Solutlum

,—1
II\.) = N N
oo oW

0 - f
" \ 13 —]_L Y
N \Cpisiden | 111 0| then
J M ' s 3 &
TN g
1 1 0
2 -3 5
Expanding from R, we get
1 O‘ ‘1 0‘ ‘1 1‘
_3 _1
-3 5 |2 5 2 -3
=2(5)-3(5-0)-1(-3-2)
=Z(l)0—15+5

&)
4

=2‘

2 3 -1
Since|ll 1 0|=0so0

2 -3 5
2 3 -1
1 1 0 |isasingular matrix
2 -3 5
1 1 2 -1
1 2 -1 -3 ™y L
3 -1 3 4 O\ At NN o\ =
Solution: O ATV VAN

[1 12 —ﬂ M OR\RR N
e\ A |th“‘i-a\
k]| L??’” 4J

(iii)

Consiag=| |

%,
L
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1 1 2 -1
1 32
o1 -3 4
0 4 -3 7 A AN
Expanding from C, we ge-""' = s L
Le R L\ 2 2
=11 (9 W[Hol 1 \ 5\ d T 8 —2-op -3 -2
RN _?fi :‘—4 3 7] |4 3 7| h -3 4

:. r\‘."

+J|

N N _3; 5
=11 -3 4

-4 -3 7
Expanding from R, , we get
:1‘—3 4 1 4‘_ ‘1 —3‘

37 |4 7 "|-4 -3
=1(—21+12)+3(7+16)—2(—3—12)
=-9+69+30
=90£0

1 1 2 -1

Since b2+ _3:90¢Oso
2 3 1 2

3 -1 3 4
1 2 -1

2 -1 -3]. : .
is non-singular matrix

+3

w N -

= qr{d '-‘Jnow thatA A I [

2
Q.13 Find the inverse of A = {
14, 5

'- % A -"I .'. -"'--"-”--.

|}\

P |

.-__.L,'I—‘I—‘

.:_-'_. '-_- '-_iw. ..1. O:j |
Solution:, J' cel A 1 1L L)J
ij I"~._. )= LZ -3 5
|/ We know that
Afl

Ade

A% 0
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So,
2 10 et A
A=t L0 T2\ (CAUY
2 =35 — {E” —ul\l 1333 { ( C e
=2(5—0) 1(5 o)+o(—"—’) @\\CA\R)

=
N I.:'.:_:"I\L[.\,J,\lijé\:[ AZ: A | and A =(-2)" M, so
J' AN [ An Ay
1 0
3 5

10
2 5

1 1
2 -3
1 0
-3 5

242 2 0
A22=(—1) Mzzz‘z ‘

A.Ll ( 1)l+lM11 ‘ ‘:5—0=5

Al2 =(_1)1+2 M12 =_‘ ‘=_(5—0)=—5

A, :(—1)1+3M13:‘ ‘:—3—2:—5

A= (_1)2+1 M,, = ‘ ‘ (5 O) -5

=10-0=10

" 2 1
A23=(_1)2 SMzsz_‘ =\

3+2 2 O | I.\.__ . __.-— Pt
Azz :(—1) 3 — 10 =0 N .H “J | ,’ “’ I“.‘:\___-"'xh_

i, I‘aa\Jvl chA {x Azzl A23 .
:_L..J'l"q.:"-._l '\-.:"-] | "'h._llj . LAsl A32 A33

'\.
.\.'\- I .'\'-
L

163



Chapter -3 Matrices and Determinants

AdjA=| -5 10

= oo

o

AdjA=|-5 10

1
i
o
- =P
L
=

Novs AT =, .A_clli'\ IR
RN oUW
-5 10 O

5 8 1 5 50
a5 8 1] 1

5
-5 8 1

J5 502 1o
Now ATA==|-5 10 oll1 1 o
5 8 1|2 -3 5

[ 10-5+0 5-5+0 0+0+0
=—1-10+10+0 -5+10+0 0+0+0
| -10+8+2 -5+8-3 0+0+5

5 0 0
:1050
5

0 05

! P 1
I:"H._ "'i‘ L] [
N, | —_ |I L 'H..\_ -
Hence P Y N e
- 1 1 - & & e 1Y o [ L, \ _
-1 P L | '.-- L 1 ! . . | _____.-__
A A = |3 ;_--"ll. . -_:_.-Il . _|'" '_' .l. .lI '|_. I'.I '_I 'II '.I 'll '.II . I
e N weRy .

Q.14 Verifythat (AB) =53 A" AR \RO R\ ke

1§ !
T e

S R =T T L UL
. :_ ':.:.IJV -']II .II l;: '-I |.:-II.!_:'I-3lI. | '.1
INABLE) “J Sy -1J

AL |

—, -;. ."‘-.. "'-.-' | "
\ | I‘x__'_] | '“-.{Ib'ra-cion:
L P LR
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|A|=2 and

So

B 110+1 -2+1
- 2/0+3 -8+3

Now

(1 2][-3 1
AB =

g et
[-3+8 1-2
[ 3+0 -1+0

So

(i)

~ = — e
L 1] I
| - i L N
i 1 o l“\. &y | 1 ~ Y | b ‘h—.-"' h
_ L 0§ i’ — W % [ [k -':-__ i} —
Y 1 -
L) . | L o
| =< | \ ||
T I \ |
..I / F | LR i 4 " L=
. | ! |
I- r -'I '|_ & Il‘_ L . .-"I -
r l_ .I 8 ﬂ\.' =
II II e
|
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3 (!i.")':- | A=
Solution:

So

So

'-._' LUl
|

1€
]
5P —.JL

L

L1141
AB) " ==
9)'=35 |
From (rand\(ii) .~
(nB) EBAt ()

HE

g 1[1 -3
22 4

|2 5

(i)

-'-_
.-,-_' i o
A 1 1 .'H. b,
. A
. =
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Chapter -
[20+2 15+1
| 8+4 6+2
{22 16}
AB =
12 8 ~
|AB|:LZ§ ‘ 176-192\ \ /70N
L .\,- -\,.\
|AB|:—1U ' 1 L . . i
= ) [SNAE (| AR V=
J So
(AB) = Adj(AB)
|AB|

18 -16
16|12 22

1[4 -8
- 8l-6 11

From (i) and (ii)
(AB) =B7A™

1 -1 2
Q.15 Verify that(AB)' =B'A!, if A:{O , J

Solution:

L 4 1 0
If A= th en Al=| -1 3
0 3
2 1
1 B f‘; o \
and B=|3_ 2 |, then r:,t ( e
e 1 LI — L i ,_l 2 ‘.I_':I' t"“
*——IL‘ '_"_I \ x \
J . \ I:]._II.' .—"‘J.. 2 L
-, (] '-)r <I|(4¢=r AE 3
NN 0 3 1

SN
- [1-3+0 1-2-2
" 10+9+0 0+6-1

= "y ":__.-\.
(i)

1 1
and B=|3 2
0 -1

. g e

[y [ | w

- "',:I"'._L. w | I A :'-\._:‘\_—._.-m"'
- \ "'x I -.-;-_._
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_2 _3
AB =
o)

<AB>I=[:§ :}

| .1__. _l.* "
Conswer r, | B \3\
1 1 -'J_"\-_ L —4 0 ;_*x 5 I
\ T2 1

_L1—2—2 O+6—1}
BtAt:[_2 9}
-3 5
From (i) and (ii)
(AB) =B'A'

N N J N

Q.16 IfA:E 11 verifythat(A’l)tz(At)_l

Solution:

2 —1]
A

t[z 3}
= A=

-1 1
5]

11

And A= AdA 32_1{ }

A 2+3 5/-3 2
Ly 11 -3
i

t
Consider, /,z\ )= < _AdA

P Y, I
‘_! \ I" h ’i .I "\
. T (I\t - _[ 1 3 ’
y [ Y .."‘m:%"-.| ‘:] I.1"‘..|| * J
Y “"\-_.'J | -.\,~._I |_r0m (l) and (“)

() =(R)

_Fl —3T )

= r,__'

)'.

e
- L
- |
“
"'.h'\- "\-I |
[ Y I |
%
L |
|
1 _I
L

(.

(i)

i)
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Q.17 If A and B are non-singular matrices, then show that
i) (AB) =B'A*
Solution: ~ [« y
(AB)&: BLA - . . T _.n [ )
Since A and B are non singular matrices,su thay are'in' ertibl riow cmnsiderj
(AB)(B_TlA_-l) ’ |

= A(Bt‘-.’l)"Ai"l' { 1 ) sy - -~ Using associative property
=AghA= L -BB'=B'B=1
IZ. :’\I/;\J }

(AB)(BA™")=1 (i)
Again consider
(87A7)(n8)

=B*(A'A)B -+ Using associative property
~B(1)B

=B'B - 1B=B

=1

(B*A™)(AB) =1 (i)

From (i) and (ii) it is clear that AB and B™*A™ are multiplicative inverse of each other
So, we can say that B™A™ is the multiplicative inverse of AB hence

(AB) ' =B*A™
i) (AY) =A
Consider
(A)(AY)
= AAT
—
AAL = | G N (@
Again (A1) (A y | | 7 | s
gain (A™)(A) (En
:AflA : 1 . ..._-".. ; - } ! L
— I B YN, ! ' [ ) i & -. I L [
A\~ Y (ii)
From (i¥and (i) ifi clecr that | DU

AAY = A=
-y | -.lﬂl-.f-'. is the mitapncative inverse of A
5 | ;

\ "-Z,J.'.":':'j' N N
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Elementary row and Column operations on a Matrix:

Following are the row or column operations.

Q) Interchanging of two rows or coluning

(i) Multiplying a row L;_r .clo'uujni Ly a101 490 m.'imh.'e[:

(iii) AHHin‘q'a mqlt‘rbq—z .c"t._o.r.._e !:E)W n' coidmn to another row or column respectively.

Uppst, Triangular Matrix:

A square matrix A= a; | is called upper triangular if all elements below the principal

diagonal are zero, that is, a; =0forall i > j.

Lower Triangular Matrix:

A square matrix A:[aij]is said to be lower triangular if all elements above the

principal diagonal are zero, that is, a; =0forall i< j

Triangular Matrix:

A square matrix A is named as triangular whether it is upper triangular or lower

triangular matrix. For example the matrices.

1 000
1 2 3
3 200 . .
0 1 4} and are triangular matrices.
4 1 00
0 0 6
-1 231 -
' % | H.- r ..k'
Symmetric Matrix: LA T OV A

-

A square rairices A= qu | is Lailed 'symimeriic matrix if A' = A,
L T R B W ) L ™ |
L T A 1 ] T

Skew Symmetyic IMatiix: |

nxn

: J'I' y | | }'A:"sﬁ:-.laue matrix A= [aij] is called skew symmetric or anti-symmetric if A' =—A.
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Hermitian Matrix:

A square matrix A= [aﬁ]n with complex entries, is called hermm.‘. At d A)

Skew Hermitian Matrix:

A squaiernairix_ A= ra:i] | with.compiex-entries;ss called skew — hermitian or
| 3 dniin

ARIRAW
aritl-nermitiar; if \A) =-A.

Echéloﬁ and Reduced Echelon Forms of Matrix:

An mxnmatrix A is called in (row) echelon form if

Q) In each successive non-zero row, the number of zeros before the leading entry is
greater than the number of such zeros in the preceding row,

(i) Every non-zero row in A precedes every zero row (if any).

Reduced Echelon Form of a Matrix:

A matrix is in reduced (row) echelon form if is satisfies the following conditions.
o It is in Row echelon form.

. Every leading entry is 1 and is the only non-zero entry in its column.

and

The matrices are in (row) reduced echelon form.

o O =
o o N
o +— O
= O O

] -
- ol

o O O O
o O O B+
O O O
o NN b

Rank of Matrix: \

.l'

Let A bc 1 nLn Zers matn 1 |f> ig Q= rpm[;vr ot NGH=ZEero rows when it is reduced to the

reduced __ec.h-.?,lc-,r-._ fc'_rm, ch.-w.n.-r s called the (row) rank of the matrix A.
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EXERCISE 3.4

1 -2 5 31 -2

Q1 IfA=|-2 3 -1|andB=|1 0 -1|,thenshow that A+Ris synimeiric,

5 -1 0 2 1 2]

Solution: =
D\ 2 ﬁ‘J rg Vel 1o
A+B=[ 2 1 "-_.._1I-+' AR, J
AR e R

Q.2

a A_\f_—_.

-2 -1 3
3 2 2
(A+B) =A+B
Hence A+ B is symmetric
1 2 0

IfA=| 3 2 -1|,show that
-1 3 2

|
1 o

(i) A+ A'is symmetri"._‘. \

SOIUtI:)r_]} '.I '.. I---\.\,-"..:"'\-" — L ":x \\ L

B LR TR S et |

[l3) 4\ 1tnenA'=[2 2 3

N O
w13 zJ 0 -1 2

Now let

. "\

[
A

o
L
o -.\.
f :-__ - .:
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. “-.:-‘ =)
| f 1 .__ -j
Now

1 2 0 1 3 -1
U=A+A'=[{3 2 -1|+|2 2 3
-1 3 2 0O -1 2

342 242 —1ER| = S L

1+1 2+3 0-1
=>U=

L-i#0 3=1—242\ /

” \\

2 5 -1
U'=(A+A) =5 4 2
-1
2 5 -1
U'=|5 4 2 |=U
-1 2 4
(A+A) =A+A
Hence A+ A'is symmetric

(i) A— A'is skew symmetric
Solution:

|~:' ST e

N
N

1 2 0] (1 3 -1

LetV=A-A'=|3 2 -1|-[2 2 3

-1 3 2|0 -1 2
[1-1 2-3 0-(-1)
V=A-A=|3-2 2-2 -1-3
-1-0 3-(-1) 2-2

0 -1 1
V=A-A=[1 0 -4 B

rol Wi/
- N 1 Ty 5
P 1 "y - ._\\_.-' | b L

:-. I.‘ O_.-'

Now .}_,al_. L ( A .4_\') .:1 1._ U‘“ xg | - {'_"l ..

a0 1

|.‘JI S To a1
Vi=(A-A)=-1 0 -4|=—(A-A)

-1 4 0
Hence A—A' is skew symmetric

-1 4 0 _.-:_—f:.. g i

Vo
Lo
W

]

0 4
4 0
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Q.3 If Alis any matrix of order 3, show that

(i) A+ A' is symmetric -
Solution: e (]

A A &~ e T T
Let A= a21 a,, a, |béalsquareiatiix-af gider & taen' |\ L ||

asz .a.ffs'_l VoL

’76.1 _?21 a -|

.I_ JI | 1 | I.-\J-Hg "a23 ay,

J ail a12 a13 a'll aZl aSl
NOW A+ At = 3.21 a-22 a-23 + a'lZ a22 a32
_a31 a32 a33 a13 a23 a33

a,+a,; a,+a, az;t+a;
=l aytad, 8,+3a, ayta,
|85 T3 85 +38,; Qg+ ay |

20, @, ta, fytay
A+ A = a,t+a, 2a22 Ay tay

| 85 t3y, 3y T35 2333

Now

2a,, a, tay Y3t+ay
(A"' At)t =|ayta, 23-22 Ay ta,

_a31 + a32 a32 + a‘23 2a33

2, A, ta, fytay |
=|ayta, 2a22 Ay tay, |= A+ A

Batle B+l 2% ] — (AN (1 _ .
. o’ i _-__.--' ""-\..\-_. .'\-\._I [ .-_ 1 .'-\._:"'\_—..__ e
Hence A+A'is sym.nnrr \ ( M ) VA
OING) At e ske Qymmetn W =
Solutlo A Al “\ )y

l\, J_ <% 1 - ‘:312 a13 ; 8y 8y
, | J II‘IIO‘ A= A { 8y Gy |~|8p 8
. JI Ay 8y Ay &3 8y Ay
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_ail -8 ap—ay ay—ay
=|ay—a, 8,—a, ay—ad; e
_331_332 Ay, —8,; Q33— — IH A
S aiz_a’_l_.alg_.?gﬂ L WV (2.
A_ Al = a,, —a, o= 'afa.._ _332'. i IR {
A _831__—'&_132'._ "-aal';"._gzs' AN | :
Wi 0. .aiZ._a21 A3~ 8y t 0 Ay —&, 838y
~ (P Al '_‘\/‘"'Al).; 8y —a, 0 8p =8y | =| 8,8y, 0 83 — 83
J' J T 8 —8; 85 —8y 0 A3 —8y 8y —ay, 0

0 Ay —a, a3 —a
=—| &, -8, 0 a3, —ay =A-A

38y dy—ay, 0
Since (A—At)t =—(A-A") so A— A" is skew symmetric.

Q.4 Ifthe matrices A and B are symmetric and AB = BA, show that AB is symmetric.

Solution: Let A and B are symmetric , then

A=A—(i)
B' = B—(iii)
Now we have to show that AB is symmetric ,for this
Consider ~ (AB) =B'A' ~.(AB) =B'A
=BA ~B'=B,A=A
=AB . AB=BA
(AB) = AB

Hence AB is symmetric
Q.5 Show that AA'and A'A are symmetric for any matrix of order 2x3

[an %]

Solution: Let A:{ail i a“} be a matrix of order 2x3,then A" =|a,, ralgl— |
Ay Ay Ay = et ) “ 1 j 1
—~ Vet T AL ) B8 Tod | =0
~T\ [a, 2 Lﬂ.F% a.-.‘J U\ ’
e )| Qe Al WL R
—A"‘A _.|: i a) A ‘“31;\ Ay [
' Ao 8% | G [ -—
BRI IERE R L& 9y
e 2 NV R A T L TR T
= [ J (ZWNN | O _{ a; +a, +a; 8,8y + 8,8, +a13a23}
AN INIAVAE = 2 | a2 2
J ' 88y + 88, + 858, 8y T8y + 8y
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I AT | 'I__T_.-i'_"x-"" — !
then A'_———"'i; .'.‘ 15 . -'J. | L]
b Wy \ Toh

t

B 2 2 2 ]
(AAt )t _ a; ta, +3a; a8y 8,8y, + 8,38y
2 2 2
_a21a11 + a22a12 + a23a13 a21 + a22 + a23 n ) o —
r 2 2 2 - i I""\- - Y [
_ 8 +8y, +a; A&y 858, +a23?1J."' LAY B A
- 2 P 5~ 2 ) s T L=
_a11a21 +a,a, + _a_'l.3a23 J a2_1 *.az-_v_ i '?23_ \ g
= AA' YZARTHARY '
Hince A5 symimetric | |\~
Now
o B
i gy 8y
NN Eoisider Aa=|a, a, {an a, am}
w4 | i
I k a‘21 a22 a23
_a13 Ay,
-, i}
all + a21 aila'Zl + a‘Zla‘ZZ 311313 + a21a23
t 2 2
A A = a‘21all + a‘22a21 a12 + a22 aiZalS + a22a23
2 2
| a8y T 88, 8438y, + 88, Szt
r 2 2 Tt
¢ all + a21 a11a21 + a'218'22 a11a13 + a21a23
t 2 2
(A A) =| 88, +8,»8, a, +ay 8,83 + 85,83
2 2
_a13a11 + a23a21 a13812 + a23a22 a13 + a23
-, -
ail + a21 a21a11 + a22a21 alSail + a'23a21
2 2
= ailaZl + a21a'22 a12 + a22 a13a12 + a‘23a22
2 2
_a11a13 + a21a23 a12a13 + a‘22a23 a13 + a23
t
(A'A) = A'A
Hence A'A is symmetric
i1+
Q6 If A= .|, show that
1 -
. —\t . . ) —
Q) A+(A) is hermitian 1~ al®
Solution: Consider A= i I 7 AL [ ™
| ] LR — 01 L 1 | ]
..-. ) ! W ! L ".-'I - -. e )
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[0 2+i]
U:

(A (A) | = (3) U= A+ (A)
So A+(ﬂ)t is a hermitian matrix.
(ii) A—(R)t is skew hermitian

—\t
Solution: Let V = A—(A) SO

— i 1+i -i 1
VZA_(A)t:L ji}{l—i i}

V{Zii _izi} |

Hence A—(R)t is skew hermitian
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Q.7  If Ais symmetric or skew symmetric show that A’ is symmetric.
Proof: Case I: when A is symmetric

Since A is symmetricso A' = A e 3
Now A’ = AA S A nCa Ny G
(Az)t:(AA)t gl L Vb oy R |
A\ A0
_AA A\ VL A A
NN Aty = a2
Hence if A is symmetric, then A’ is symmetric.
Case Il: when A is skew symmetric
Since A is skew symmetric so A' =—A
(A =(AA)
=A A A =—A
=(=A)(-A)
=A°
(R) = A
Hence if A is skew symmetric, then A® is symmetric
1
Q8 If A=|1+ifindA(A)
[

1
Solution: Consider A=|1+i
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11— -] | _
e e e E o R A R LS

F O

{ NBTIRRE
vt Y R e
e Y '-.".IL‘-AA)= iz i+l
NN i s
Q.9 Find the inverses of the following matrices. Also find their inverses by row and
column operations.
1 2 -3
Q) 0 -2 0
2 -2 2
1 2 -3
Solution: LetA=| 0 -2 O
-2 -2 2
Inverse of any square matrix A is given by
Al AdjA
A
1 2 -3
Therefore |Al=|0 -2 0
-2 -2 2

-2 0 0 O 0 -2

:l - — ) —
‘_2 2‘ ‘_2 2‘ ‘_2 _2 f I'*-. y Ly
“1(-4-0)-200-0)-30-4) ~ [\~ O\ (2D
H-aez-ge0 |\ 70\ VAL U

Since [A#0 ') A exiits| | \ AN

Novw:

J 1 II. 1 TR ] R T :
AN | ., | = t

]|J' AA A
I bl Ade{Am Ay Ay
A Py Ay
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A A Ay
AdjA = A12 Azz A32
Ay As Ay

From A, =(-1)"M, weget ()

Ay =(2) i, =M= l_: S| S \
A, ) ! UI 0
A F (_J)l M ) iy, 5 2‘ =0
N 0 -2
As _( 1)1 ’ M, =My, :‘_2 _2‘ =—4
" 2 -3
AZl_(_1)21M21_ M,, ‘_2 2‘:_(4—6):2
1 -3
= (-1)"*M,, = =2-6=—4
A, ( ) 2 ‘_2 2 ‘
" 1 2
Ay =(-1)"" M, =—‘ , _2‘——(—2+4)=—2
" 2 -3
A?.lz(_l)slMﬂ:‘_z 0‘20—6:—6
1 -3
_ _1 3+2 M _ _ O
A= =g ]
" 1 2
A33:( 1)33M33:‘0 _2‘:_2_ =-2
A A A
So AdjA=| A, A, A,
Av Aa A
-4 2 ;_-:6;‘ ~ - _r"- '_.
-~ T\ 0 o ) \ :-k I
oW ,‘ﬁl--_-"‘A’A—% 0 -4 0
| | -4 -2 -2

\ '
. I..H. § y {
AR N BTN
'y | i
..'\u - '-H
—
- .-.__.__ =
L I 1 1
— .\.. | -.' -.‘ L '..\"' -
. %, | # L -
ot b O | s -
{ 1 LA
L . | e
II ll & |
| _'
L
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11 3]
2 4 4
A=l o -1 o I
BE }
2 4 4 .
|nveI’SF‘LfA"Jny“"’ JDeIﬂUOI'o S
Appenci#ig 1y onurnrjgﬁt) nie +r|X~5
(1 2 3l o te
N e 0 1o
INIAN 2 2 2 :001
1 2 3:100
RIO -2 0 : 010 ByR,+2R —R;
0 2 -4:201
12 3 :1 0 0
RIO 1 0 :0 -0 By —=R, >R,
: 2 YR
_O 2 4 2 0 1
1 0 -3 1 1 0
RIO 1 0 :0 —% 0 By R—2R, >R
02 4 :2 0 1
1 0 -3 1 1 0
RIO 1 0 0 L o By [ |R, >R,
i 2 y ? 3 > Ry
0o 1 - -+ 11
L 4 i B
I 1 1 37 N e\
1 0 O —E Z —Z e _1.:.:.‘ | | P NL-. s
— e eI LA -
Rlo 1 0: o - ol () . t\_ ST R R N :
Thusthf m /elsathh-,l 1 \
N R\eib
.____.._'..I';. J II"-._;:.. I"-__-I -41
(NN S S
J 2
111
L 2 4 4
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Inverse of A by column operation,
Appending 1, below the matrix A

P o ] 1R

- g ! L1 1 5
AR o\
w [P R h | o =

O r O O L -

— _ N
1 2 —3 . :_-I\‘ | I'\-\. L
- =g %, -\l | l__.--_
0 -2 0 5 Y e ',' \ Y '.. MRC | |H ,_....-H
2 -2 2 Ao R LR
I ar A Y e Ny
. P P Y LT L =
. o W T | — 5'\-_ k L L T N
I:-. :" AT H‘x\ | i
1 ‘:F- ..I I.. O 1 |- -" "'\.II llI .II |II .II I'l . R
AR III '. 1 L }

By C,-2C, »C,,C,+3C, »C,

By -=C, »C,

. T 'lll fl"_—."zl-\.l I.l"'f ____E II'.I IIII II'. _’Ilt, Il'u I'I IIl|I II|I I'. ' |I
Clqy 1.3 IRYZARTER N Jrjjc:g'::'- ¢~ U
D ~\ VOV U e
--.-HMI II| I'| ._4\-'1--"“'; x'lll \ \ Illllk-\. _-ﬁ"'-l.
O R M LWV
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1 0 O

-
1 e . wl | & .

L o T B
— - 1 M, 1 ]
i T Rl | -\. W

Hence inverse of A is
11 3]

2 4 4
0

[N
R O Fr BN NPF
S

-1 3
0 2

~
—

1 2 -1
Solution: Let A=|0 -1 3
1 0 2

Inverse of any square matrix A is given by
AdjA

At =
A

-~ ", P | i
1 2 - _ AAcAaN
o

Therefore |A|=[0 -1 3 N NN O o=

) T IEEER \ A
10 | -9,,__13332133 N
Of ) l 9 JO 3 | ) AN
= 3 it § "“ﬁ

-bh_iiif;u-a 0- 2@ 3)1m+n

<% T ] |~'-\._-'.| % L
) N J W _
A 1| = =-246-1
s ’

|Al=320

Since |A|#0 so A™exists
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Now

pia el | o\ LA D

[Ty ising A =(-1)"' M,

1

Y Aﬂ:(_l)llMll:Mll:‘

N NEw Agial )
J _Als A A33J
.NJ'|'-;:..|';?-I NNJ o= 2 4 5
! L |'_.. o
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adip 1|2 0
A‘lzﬁz§ 3 3 -3
1 2 1 I
[L2cp 8]\ | I
3 Wiy
: AR L\ S
ket T
'L's 3 3
J ._ Il"':_'l" ilew Inverse of A by row operation Appending |, to the right of matrix A
JIV 1 2 1:100
0 -1 3 :010
1 0 2 :001
1 2 -1: 1 00
E(O -1 3 10 By R,—R =R,
0 -2 3 -1 01
1 2 -1: 1 00
E%O 1 -3 0 -1 0 By (-1)R, >R,
0 -2 3 -1 0 1
1 0 5 1 2 0
E%O 1 -3 0 -1 0 By
0 0 -3 -1 21
R —2R, > R,R,;+2R, > R;
10 5 1 2 0
EQO 1 -3 0 -1 0 By —=R, >R, ~
1 ) .\_:.-. | Il'\-\. "', ..m_ 1 .\-_.
00 1 : 1_3 -= <~ NN o AN
U e B L VN
e \Z0M G\
' ? 0\ 1 R e R By
AN TARELS A 1 2 1
[ J |"-..'|I"-.JI L 3 3 3

%, ... k! L
Y Wl
W b N
1

R,+3R, > R,,R -5R, > R/

Thus inverse of A is
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Inverse by column | nperr uor
i "-l-rlEILV tf.e
3y “‘x

|'I1

an 3e 1dmg

C,-2C, —C},C,+C, —C!

‘il -
o i
L) I'. | J.-'_“-,
':'i.l I EraTRE
1 1 E 1 § 1
BRIRIEETRN
T VoA
5 ] bovh o I A I"'%
- 1 '-_ -N 1 |
et J A
i LY "'-\. r
r'\.‘\J \"\-\.x'.__l k‘\. | 1.1 J -
1.\__l .

0

1
0

[EEN

2
-1

w| o

-1

1
f3_,':

(e) o ..

wWw W O -

o - -

<»n fleatu.)g, A=

e
— — ) I'. {
~ - e -':. \'I I-l_.-.-'l 1 L _II
b ’ 1 (Y !
%, - 1 4 el
= h.-' % b x“'\-l |I |..-. "-:--' .:.'x"
AR A BN
L 1 |
\ W) ay
LN
By
'
By (-1)C, »C, .
—~TA 0
-— — o 5
L .-:ll_.--\.\.'hllllll|l
e T (1 AUJANAS
—~SN [\ N
i . e . | -"-___l ||--""\-\.___--'l
| L TR I | = _',_-:'
Tl I h P
LT T LT T -
I'.'.'.Il"'ll i|
'. I| I'-...-: I| ',\__ | et |I.- J
'.I R

By C,-3C, »C;
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— ny
1 1 . p 1A I:,
: : = N o \o=
) Ty i ' ARaN AN o
Cl — et By [ =7 ;s = G
0 l 2" ] ":f Yl | ’ . - ‘I_Pi__.'
_ Y N RN
'l L T A N o -
St '-I-' % | LA i _:.1“\ J‘._... i
"'J 10 0 J—
|

o
=

By

|

| - .
w| s
w| o

Wl
wWIiN
'_\

C,-C,—>C/,C,—2C, »C,

Thus inverse of A is

Gi) |2 1 0

1 -3 2 i - 1_?_:-:..-::;\3_“' II| I"',: II..::."‘-_-.':';M:
Solution: Let A=12 1. O ::'Tf:. — W\ VLN T
-\ 0 1 1 .' A ',l- -._.,.l e
Invers@m an'/ -charé/m'itm A ls\g\len QY

L\ A_JI | Adia
=\ k]l A

f;"‘x]ﬂl u“a N o3 2
H_ \ Therefore [A|=|2 1 0
0 -1 1
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'Au K A, Ay

1 0
-11

2 0 2 1
+3 +2
0 1 0 -

1(1-0)+3(2-0)+2(-2-0)

1‘

Al=1+6-4=3%0

Since |Al € so Atexists| | [ /

Now ' (Y \\ —

It

[ Fﬁﬁiﬁ,tﬂé

_A31 Ay, Ass_

A AL A
AdjA = A, A, Ay
Ay Ay Ay

Now by using A=(-1)""" M, we get

Au = (_1)l+l M11 = M11 =

I 1%, " 1L '-.-
- ] |
| e & k
" [ o
\ A
] - =
I:"H.. 'h‘ P r
| L N, =r
i %, W rd ) e e
| | - -
" ___.-'.-
%
| |
|
d ¥
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Thus AdjA=

Afl

Ao
Aoz

A

J S SN

Wik Wik Wl

Inverse of the matrix by row operation
Appending |, to the right of the matrix

=20

=0
P, O O PFrr O O Er onhbnN

P |
V1

"—"-I .'_ | TH

Wl

1
[

.n-

2
0
1

1 00
010
0 01

1 0O
-2 10
0 01

AR NRER SRR R, SR
% "'._I | . o

By R,—2R, —>R)
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=20
o
N
|
N
[N
o
(oy)
L ——
R
|
_
a
5

By R,-2R, > R),R, -8R, > R/

001 : ——

This the inverse of given matrix is

|
|
Wl Wk Wk
|
Wi~ w| b~ Wl

Inverse by column operation:
Appending 1, below the given matrix

1 -3 2
2 1 0
0 -11

L 3
_ 0 - 1~ i
4 | 1A
o R B e % L_.
_ ™) = w [ =
- N i i b il o
‘_'-u'u ..:-__lI f __. I'. ! '|_ ..l -I- .II R .II i I.

_1 1 l.__ LW -. '_. .-: 1 '_. ' -] | ..|
AT Clei b VL L By €, +3C, > C},C, - 2C, > C;

,JI'.H"“HI |"JI T o0 1
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1 0 _
0 1
0 O I
cll 172 \ N Hy'-L l—(..AF)fJZ,C ~2C, >C]
200 WA N
AR
R S
\ B |._'._ | 3 3 3|
o 112
3 3 3
Thus inverse of A is _2 14
3 3 3
217
| 3 3 3
Q.10 Find the rank of the following matrices
1 -1 2 1
0) 2 6 5 1
3 5 4 -3
1 -1 2 1
Solution: Consider |2 -6 5 1 | we reduced it to reduced echelon form by using
3 5 4 3
elementary row operation.
1 -1 2 1
RIO 4 1 -1 By R,-2R, >R, ,R,—3R —»R]
0 8 -2 -6 ) o
1 1 2 1 1C~ N (WL
11 M\ e BN [ (o \o=T
RO 1 -= = M -_E).L—JR—»P’ \ |
~ 4 Vi \ B .:._.-'I . . '._ 1 4 I.
C—' 8 2 6‘. -." _." Y __,l '1. _.-'.-..-__._ !
T f’ W Volh ALt
. - '%._.JI r r' ___1'\.- 1 ,
Ik_-Jn"'x._. ol -7 g By R+R, >R ,R, -8R, —>R;
|
00 0 -8
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J I.__ '.:.': ,

; y
s e |
L 5 W

J | %, Il %

TR A
L -

10 L2
4 4 _
1 1 1 , N ~
RIOL =54 % By (‘_51337’-31;;_' 75
00 0 1| PSR g

Numbeiay nnn Zere-rows: dre 3 hénde fa’]k Jr the g.ven matrlx is 3
171 Ny AT e -
’ AR AR LI
o (10 o =
1 I I = : —.. -2 3
) {3 7 4
1 -4 -7
. . 2 5 1 _ .
Solution: Consider 1 -2 we reduced it to reduced echelon form by using
3 -7 4
elementary row operation.
1 -4 7]
0 3 15 . ,
R By R,-2R, —»R, ,R,—R —>R;,R,-3R, =R,
-10 2 10
0 5 25
(1 -4 -7
R 0 15 By R —> R,
-l0 2 10 YRR =R
0 5 25
1 0 13
01 5 , . ,
R 00 0 By R+4R, >R ,R,-2R, > R;,R,-5R, > R;
00 0 —c-N ~(
As the number of non-zero rows in reduce eGi .t!on form.areZ, heﬂce m'nl r*f tq |s. n au e )

3 -1 3.0

.|_.-"
reeiy

1 2
(i) _ .
O\ le7a\\ 22 - [ ot
\ EZ"- '5 ' .'-,2 [RERA J
W51 3 0 a1
. 2 -1 -3 2 . .
Solution: Consider 2 3 4 2 5 we reduced it to reduced echelon form by using

2 5 -2 -3 3
elementary row operation.
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1 2 -1 -3 -2
S P, By R <R,
12 3 4 2 5 .
2 5 -2 3 3] _ e SN ( o,
1 2 _r---._z‘l Pon L .
e =7 6—g\ B/ AL LY W A
Bl | e (g ol W BV RFRSR R-2R SRR, 2R SR,
| L_U ¥ ol \., 1A - '—
| |—' - -1 -3 2]
U, . .. By R, <>R
-10 -1 6 8 9 2 4
0 -7 6 9 5|
1 0 -1 -9 -16]
010 3 7
Rlo 0 6 11 16| BYR-2R-R,R+R R, R+7R >R,
0 0 6 30 54
1 0 -1 -9 -16
01 0 3 7 .
Rloo 1 4 8 By SR —R;
6 3
0 0 6 30 54
(1 0 -1 -9 -16]
010 3 7
Rloo 1 4 8 By R,—6R; >R,
6 3
0 0 0 19 38|
1 0 -1 -9 -16 — ;
010 3 7 A g N , (@
R 00 1 1_1: 8 ::}_ ) 5}15?4_> F4 A
—~ 'U"-.Q.q@-»-’ o\ 2/ )

is 4.

. T s 5 |
.\,I IR

. '.. | '.. Y
IINIA
L 5,
L1 e

._.-"_F'. (1 P LT
As the fuberiofininizerc, rovy

}M in reduce echelon form. So, the rank of the matrix

-
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Exercise No 3.5
Q.1  Solve the following systems of linear equations by Cramer’s Rule.

2X+2y+z=3 ) H |

(1) 3x-2y-2z=1 . A SN [ 7 )
Bx+y-3z2=2) | 2o~ AL
~T\ e UK

Soluticn: l:'_er'e'__|A'.[£-: 3\ 2]~
\ AL\ W2 _3’

N .: ' '] --:2(6+2)—2(—9+10)+1(3+10)
| =16-2+13=27+#0

Since | A= 0 so solution of system is possible. Now by Cramer’s Rule

3 2 1
i o _2=3(6+2)—2(—237+4)+1(1+4)

2 1 -3
A
24-2+5
27
27
27
= x=1
2 3 1
31 -2
5 2 -3 2(-3+4)-3(-9+10)+1(6-5)
|A| 27
_2-3+1_ 0
2127 ]
= y =0 :___,'i_ PR
3' '-:li' ‘i :..-_. ~.I .II -_I“x \\ . Y, .
_ B el efea=1)—2(6-5)+3(3+10)
NN PSR 27
C o 110-2+439
Y

y:

L
e
[ i
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_27
27 N —.
Hence x=1y=0,z=1 ) VL AT N P
2X1'X2+X3:E'7]-.: - _"f:'. "'-—- WA \ 11 . o
(i) Ax2x +3x=8, UL
._ \.X 4X :'X a 3JI :.:I..‘\-\\ . S
-Ju "wlm Here|A| 4 2 3|=2(-2+12)+1(-4-9)+1(-16-6)
- 3 4 -
=2(10)+1(-13)+1(-22)
=20-13-22
=  |A|=-15%0
So, solution is possible.
Now by Cramer’s rule
5 -1 1
8 2 3
3 -4 -1 5(-2+12)+1(-8-9)+1(~-32-6)
"= A -15
_50-17-38
-15
1
n73
2 5 1
4 8 3 N
33 -1 2(-8-9)-5(-4-9)+1(12-24) 1~ (L
A 15 XN [ (0 o2
—34+65-12 A W N
_-1-5 ) I_-'. -.I_.' -.I .. IL .I-I .-; | |
A0 L s o . I'. I'. -
2 —ﬂ gl oL
]| N 2’8
L3 43 _ 2(6+32)+1(12-24)+5(-16-6)
T\ -15
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 76-12-110
-15
_46

X, =
* 15 ™\ A

-19

~46
_’st‘____ 3T\
15 7\ 157/ |

Hence x; :%,x2 =

s

(i) ¢, F2%, 1+ 2%, 2 €
A J ..'_"__I . | ..'.X; _2)(2 '_'X3 =1
~J| ._..I N 5 1 1
' Solution: Here |A|=1 2 2
1 -2 -1
= 2(-2+4)+1(-1-2)+1(-2-2)
=4-3-4
|Al=-3=0

2| G 81 AN S

Since |A| # 0 s0 solution is possible now by Cramer’s Rule

8§ -1 1
6 2 2

1 -2 1| 8(-2+4)+1(-6-2)+1(-12-2)

ST 3

16-8-14

X, =———1— = —
2 ALY e ) © g | A
NPV AR AR
= —-—',—FI—'.— = —L— d= gt
J | \ —B -3
8 i =

p
| —
I*-._-. NN L
b | & ) ! -\.. +
k| | -
"y -.-H
-
’ —
r ll__.-' "] |
- (e '
-l | - 1L 5,
P L L N L | ".L_-'" T
= ! —
" "'-..hx w [ A
L L | —
L] L1 | |
=’ ]
L
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-1 8
X = -2 1] _ 2(2+12)+1(1—6)+8(—?T2) o\ (1<
|A| |A| ~ | \ “ \ \ 2
28-5-32 ) A SRR
__—3;_“ HRARIERLY
-~ P )
Ju "|.': \ n'-."Jeve X = 2x =-1,%=3
' ©.2  Use matrices to solve the following systems.

X-2y+z=-1
Q) 3X+y-2z=4

y-z=1
Solution:
The matrix form of the given system is
1 -2 1]/«x -1
3 1 2|yl|=|4
0 1 -1|z 1
AX =B
X=A"B Q)

1 -2 1 X -1
Where A=|3 1 -2, X=|ylandB=| 4

0o 1 -1 z 1

1 2 1
|Al=3 1 -2
01 -1 )
=1(-1+2)+2(-3-0)+1(3-0) AN
|Al=1(1)-6+3=-2=0 “\ NN [ o \aeo
) \ L
Since |A|¢Oso inverse of A spoqc ie afnd-ql\nen ny A" A{?IA ( o
Now Adjﬁ * A,l ’\22 AL
” '~ | 3‘31 A32 Asz
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1 2 3 2 BT
‘1 —1‘ _‘o —1‘ ‘o 1‘
i ‘—2 1‘ ‘1 1‘ ‘1 )
1 -1 fo -3y oy
2 o MR e
BARN T 3‘31\ Ly
i G e L
-'._'-I ._l. _1
| 'I' I |3 5 7J
1 -1 3
-[3 -1 5
3 -1 7
_ 1 -1 3
prAA_Lia g s
A2l

Put the values of A™ and B in (i) we get

. 1 -1 3|[-1
X=A"B=-=|3 -1 5| 4
3 -1 7)1
-1-4+3
——| -3-4+5
2
—-3-4+7
-2
]
2
0

|
- .l'

Hence by def|n|t|on of equal . n( dh,:S Y —J., r_'_J z—,O' '

Z”(+X txoxg—_ﬁ} 1\
i) |k +x RIS
'3x x '-{x*‘—4J

-;._

2 1 3 (x 3
1 1 2(x|=|0
-3 -1 2 || X —4

X 1
y = l ; ""._
z 9 = () AT Lo

-. I'\'\. .-.-
| k
' .
L
[ [ g
e ™, | e e e
_ e -
" L e

S J | wi)ﬁu G311 he matrix form of given system of linear equation is

% I i,
1 -
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Since |A| = 0so inverse of A is possible and given by A™ =

Ar A A
Now AdjA=| A, A, Ay
A Ap Ayl
11 -2 1 -2 |1 1]]
‘—1 2‘ _‘—3 2| |3 —JJ
: ‘1 3‘ ‘2 3‘ ‘2 1
AdjA=| - —
-1 2 -3 2 -3 -1
1 3 2 3 2 1
I
[0 5 -5
AdjA=|4 13 7
2 -1 1
(cf, \ 5781 (
[2 =1 I
Fut e \,alu&sm A 1thd B in (i) we get
I|-=__ =A'B
- 0 -5 -5][3
:i4 13 710
2 -1 1| -4

AX =B
X =A"B
Where
{2 1 3}__ {jl
A= 1 1 -2X-=
s s\ V]l
NOW ! I'.' -I A :. ke R
PARAS:
NI Ga=l1 1 —2=2(2-2)
-3 -1 2
=0+4+6
|A|=10%0

0 4
= -5 13
-5 7

~1(2-6)+3(-1+3)

0
AdjA
A
2 t
-1
1
(4 ) ir |
i IL "\-I 'I ) "I\__ —
B . | _'-.__.-.-
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0+0+20
:i 12+0-28
6+0-4 [ s
X, 20 - R " “ A
{xz :i -16 -
e 10 2 ’ J
,-)'? __‘ -,
AN w :
{Xs 1
5 |
Hence by definition of equal matrices x, =2,x, = —% and X, :%
Note: Answer of the question does not match with the answer of the text book.
X+y=2
(iii) 2x-z2=1
2y-3z=-1
The matrix form of the given system of linear equation is
1 1 0|x 2
2 0 -1f|ly|=|1
0 2 -3}z -1
AX =B
X=A"B Q)
Where
11 0 X 2
A={2 0 -1, X=|ylandB=|1
0 2 -3 z -1
110 r
So |A=[2 0 —1=1(0+2)-1(-6-0)=0(4-0) I N [ o | -
0 2 -3 :::; . \ W\ € A
=2+6=8=0 '. \ /71 Y SRY
LA| 2;::0 - DI

*«\

r)sw Jnve se df [ ls Jossible and given by A™ =

Slnce |

RNNN 0= Ta, A, AT

Now AdjA=| A, A, Ay
Ay Ay Ay

AdjA
A
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Now

J'J'

Hence by definition of equal matrices x =1,y =

AdjA =

AdjA=| 6

_ 2 -1

prBA _Lie gy

AR PR
Put the values of A™ and B in (i) we get

X=A"B

2 3 -1} 2

:EG -3 11
8

14 -2 -2]-1
[4+3+1
==112-3-1
18-2+2
X 8 1
yl==8|=|1
z 8 1

©|

P Y

! * .I
- .| ' — i 1 1
Pl - 1L 1
T\ =5 A
1 r - 1 |

-

1 and_; =10 N

'--I:‘x-"-"', \

-

1 b i _'
| %, ..- -'--.--.
| -
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Q.3

N

Solve the following system by reducing their augmented matrix to the echelon form
and reduced echelon form: _

X, =2X,-2X; =-1 e 3 )

2X, +3X, +X, =1 -~
5x, -4, -3x, =17’ =

(i)

Solutic#: (T2 augmeriied matzixof the piveri svsieais

1 2o g ]
AARABAE
=3 1J

We reduce the above matrix to echelon and reduced echelon form by applying
elementary row operations, that is,

1 -2 2 : -1
2 3 1 : 1
5 4 -3 : 1
1 -2 2 : -1
RIO 7 5 3 By R, +(-2)R, —R},R, +(-5)R, >R,
0 6 7 6
1 -2 =2 -1
RO 1 -2 : -3 By R, +(-))R, > R;
0 6 7 6
1 6 : -7
RIO 1 -2 : -3 By R +2R, - R/,R,+(-6)R, >R
0 19 : 24
1 6 : -7 =
I§ 1 -2 -3 A1) By%("{d'_), Flé H,.. k
— - = .. .. \ '-\._ iy -;-_ -
00 1 Ll R Ny R LR R IR R RN
L 19_ | '. i | % .-_ | [ |
_ — ' . ,\.I.'. '-_.'. | 'l.'- ._I | -__._ s L
1820 VT [0\ U
.. A I .II 1.9 . 1 _I. ..I ! .-I g
UFAS () By R,+2R, >R,R +6R, >R
00 1 24
i 19 |

(1) is in echelon form the equivalent system is
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Note:

¥ — 6% =~
X, —2%; =—3

X, =— — L
3 \

From (||)

19

11
Hence x, =—=,x,=— and X, = —
% =197 719 ° 19

Answer in the text books is different

T VI
% 19’2 19 19

11

ST

x"'.-..\"'.-. )
A, : TR “x
1l U | [l
1 '. 1 1
1 |

5N .
(1) is in reduced echelon form the equwalent svster.u n ’rc-w) reouccd es hu(_}n mm

L )
=k e

."l:.\_
Wl -'"

|
1 _I
[ -

ey L
|

(i)

(15, 1

W
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X+2y+z=2
(i) 2X+y+2z=-1 B
2x+3y-2=9 e '\-\. y
Solution: The augmented matrix of<he giv"_an" syster] i '. AN o,
1 2 1 : 2"’ Joo—~ L
2 1 "/ ._1_| . VO W WD
9 312 1-. A 9... J VLN

e fedle toe 'a'n_qg re-miatrix to echelon and reduced echelon form by applying elementary

s Ardve gpsrations, that is,

12 1 : 2
IéZO -3 0
0 -1 -3
1

|
a1

By R, +(-2)R, >R, Ry +(2)R >R

N
(BN
lor N

=0
o
=
o

1
By _E(Rz)_) R;

= o
o |
[N
= |
w
|

=20
o
-
o

By R +(-2)R, > R,R;+R, > R;

N
s w|N wlio
1 1

[EY

o

[EY
|

iB w| ol w

0 0 1 [ AL
9 | ~ ANY [ (2o~

K 1 1
- E i i
.l ._I' — LA

4

——
- -y
e |

i1

]
- | gnj© | o

|
©|8

1
<

Rlo 6 T ByRA(DR R

.l

(1) is in echelon form, the equivalent system is
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Hence x=§,y=_and 7=-=2
9 3 9

4
X+Z=—=
3
g5
3
20
z=——
9
Put the vaiag of z in (5~ ' \/ /
pJ s -
AT IRIRAR
AYA'AR 4:1'§_--1"2+20_§
N A A 9 9
5 20

(i)

(1) is in reduce echelon form, the equivalent system is

8
9

(iii)

X:—’y_

5

3

20
9
X, +4X, +2X, =2

2X, +X,-2X; =9
3X, +2X,-2X, =12

Solution: The augmented matrix of the given system is

1 4 2
2 1 -2
3 2 2

2
9
12

We reduce the above matrix to echelon and reduced echelon form by applying
elementary row operation, that is

1
R
0

=0
(@)

. 9
)

4 2
-7 -6
-10 -8

4 2

1 8

7

-10 -8

o =190

-._.-': & I‘]I 1
7

2
5
6

~Njoo NS o
L : ] )

By R, +(-2)R, > R,,R, +(-3)R, > R;

By R +(-4)R, > R,R,+10R, - R;

i)

I_- :___ 2
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: 0 By Lr)oR( [

— ["." tl ".“. ’ :_’:' :I._ | ..I ..I ...k "\\
VAL AL A VY -6 o 10 ,
(”)By RZ+ 7 R3_>R2’R1+7R3_)R1

0
P
=
=

~ J IIJLO AP

x2+gx3:— (i)

X, =2 (iii)

Put x, =—2 in (ii) we get

-5 12 7
=>X=—+—=-=1

7 17 7
=X, =1

Put x, =2 in (i) we get

7
ey o "H.-"-. N
24\ a0 @t |
=x =214 2= =)
) J TARWIRATRAS'
<N --\: J It'-\.-:"| q"".-. Fal™ A .
WY WPence X, =2,%, =1and x, =—2 are the required values.

(1) is in reduce echelon form. The equivalent system is x, =2,x, =1and x, =-2
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Q.4  Solve the following system of homogenous linear equations.
X+2y-2z=0 —
(i) 2x+y+52=0 =
5x +4y +82 =0 5 Al W O S

Solution: Coefficient matrix {A 1|

a=l202\8\}
Ni .""|-5 1)l |-
J' 1" We convert ‘A’ into echelon form.
1 2 -2

RIO -3 9 By R,—2R —R},R,~5R >R
0 -6 18

RO 1 -3 By—%R2—>R;

RIO 1 -3 By R, +6R, >R;
00 0

Since matrix is in echelon form so equivalent system of equations is
X+2y—-2z=0 ()
y—-3z=0 (ii)
Let z=t then (ii) becomes y =3t . Put the value of y=3t and z=t in (i) we get
X+6t-2t=0 o
X =—4t . —~E N

| W, % | &
- i s I [ L
! Y

I_- :___ 2

Hence solution set is x =—4t, y = :t:_':&_: it eR, =10 4 L
;. .

BYNAR \ LY
- 1L ' 14 i .
o ! P | y b L Wl
| I T S i o
ot h g P | ._""'-\. \ -
: AR
\ 1 Lo
i L 5 & 1 1 ! -
BRI IEEE A
L i 5 ! |

- L i 8
o k_JI.~|,.~_
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X, +4X,+2X, =0
(i) 2X, +X,-3%X, =0 i
3X, +2X, - 4%, =0 e ]
Solution: Coefficient matrix ‘A’ ig™ _. \ ( | A
14 2]\ 70

A=

=, [ % INow!vre meavert ‘A’ into echelon form ; so here
s i

.':._J"".' M4 2

=20
o

|
-

|
~

By R,—2R, > R;,R,—3R, > R;

ZY
o
[
[

By —%Rz —->R,

1 4 2
011
0 0O

By R,+10R, —> R

=0

Since matrix is in echelon form so equivalent system of equations is

X +4X, +2X%, =0 (i)
X, + X%, =0 (i)
Let x, =t then (ii) becomes x, =—t

Put the value of x, =—t and x, =tin (i) we get

Hence solt:ti

|

- - [1~=\ (( :
X +4(-t)+2t=0 P N s R
X1=2t _'-'H._ .\l"-\.m -

]

P

-

1
1

A

1 PN !
. 2
et 0]

nsetis x=23,/= -4 tLUtg R
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X, =2X,-%; =0
(iii) X, +x,+5%x,=0 .
2X,-X, +4x, =0 [

Solution: The coefficient matrix ‘“A™s | | ¢ A\ __ LA
1 -2 ——’ RRYZA

A= T3 VB A\ e
2} A1 ng

. Wtldorrart A into echelon form
S B R I

RO 3 6 By R,—R, —R,,R,—2R —R;

=20
-
N

By §R2—>R§

RlO 1 2 By R,—3R, >R

Since matrix is in echelon form so equivalent system of equations is

X, —2X, — X, =0 (i)
X, +2%, =0 (i)
Let x, =t then (ii) becomes x, = -2t

Put the value of x, =—-2t and x, =tin (i) we get

x,—2(-2t)-t=0 . N IHZARE =
X1+4t—t =0 . .:':: A _II.--.II . -.I \ | -. .I- "x__. \,
l |1 i — Lk 1 L T T | 1

§ i 1 1L 1
Xl = _3t' = - i e i I.' Ill -': 'I.. .II iR . . -"I .'. » "'
L — L I o

___.-'. .I.- ',I 1 . ._""'\-\. \ - -
Hence <ol 1iion'set ¥ =& =28 =1, teR , t#0

dap
(O Ay T TG Ag
(. | b
= M e
| ) J AN
..'\u | ... .
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Chapter -3 Matrices and Determinants

Find the value of A for which the following system have non trivial solutions. Also
solve the system for the value of 4

x+y+z:0 . ey I.' I :
(i)  2x+y-2z=0; 5 A T OV e
X+2y-2z2=0 = o AL L '
SolutioF{:' L el quetficient radtrix repr as;_b'hted- isby A so
ERFAE L RN .
}2 L=i |
11 2 -2
For non-trivial solution take |A|=
1 1
2 1 -2|=0
2 2
Expanding form R, we get;
1 -4 2 -4 2 1
1 -1 +1 =
2 2| |1 -2 |1 2
—2+22-1(-4+2)+1(4-1)=0
—2+24+4-1+3=0
A+5=0
A=-5
Put A =-5in given system of equations we get;
X+y+z=0 — -
2X+y+52=0 Zfi'
a1 i '.-"'. .-\.‘. .'H.I | ."'...-" ! '\"L
X+2y—22:0 — T .. o =\ .. ._. .x v I.. [ __..--.- -
.- ) ._| 1 -_____.._-
Here /A _=J2 | \ ~ \
, J IIJ) Vlwe | S Vlt A’ 1nto echelon form, so here
&,
I 1 1 1
RIO -1 3 By R,-2R, »>R,,R,—R —>R;
0 1 -3
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Chapter -3 Matrices and Determinants

11 1
EQO 1 -3 By (-1)xR, >R,
01 -3
11 - SRIRAR s
R0 1 .- ) By R, = Ry RY
0 0 - N ]
Since miatrf is, (n ézc.ge.:o.i'w o .'n.'sd-equivalent system of equation is
|....:'I'("l-') A=) . (I)
Ty 32=0 (ii)
Let z=t then (ii) becomes y = 3t
Put the values of y=3t and z=tin (i) we get
X+3t+t=0=x=-4t
Hence solution set x=—4t,y=3t,z=t, teR , t=0
X, +4X, +hx, =0
(i) 2X, +X,-3%, =0
3X, +Ax,-4x, =0
Solution: Let coefficient matrix represented is by A so
1 4 2
A=(2 1 -3
3 1 -4
For non-trivial solution put|A| =
1 4 A
2 1 -3=0 — AN (C\LU
- .__.".. ..\'-\.1'. .'\-\.I ] _-".__.' .'\-_‘\"—_.- -
1 J 2 —3‘ |2 1 200\ U
1 O- \ j |
A -4| ‘3 —-'-r]

(4+3/) 4( 3+9\+z/91 3):0

N N '44~+ B4 227 3120
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21*=8

12 - 4 —
A= —T, ”‘ 3
When A =2 given system o_f equaticn be?t:_m'o_g_l: X " <,

X, +4X, +2x,=0

2%+ 3= 0 A L
3X1+2)37_--_~¥X3_--._: 0‘ . |

e

Now we convert ‘A’ into echelon form,;

=0

=0

1

1

0
0

0
0

4
-7
-10

4
1
-10

5 7

7
10

2 7

1
-10

By R,-2R, > R},R,—3R, > R;

By R

1
—->R,

By R,+10R, —>R;

=0
o ok
o - A
o = N

Since matrix is in echelon form so equivalent system of equations is

X, +4X, +2%,=0

I, o} 1
_ | < I P,
X, +% =0 = 0N [ o \ ol
1 = — 1 s I [ K 1
e 1 \ -. ! 1 1 ) | "\-\. __.-"'"" i
_-" (! 1 (! 1 1 1 L

i

Let x, =t then (ii) becomesx, =—'t___ R IR RRIEN!
Put X, anhd xq—t;.n(.\/\/696\ WA S
Mo -.-.__- :—x . ._‘x 1 e

-

x1+4(—:.-lt )+21: 0 A

29 ke b

'So when A4 =2 then solution set X, =2% =-t,%=t, teR, t=0

When A =-2 given system of equation becomes

213



Chapter -3 Matrices and Determinants

X, +4X,—2%,=0
2X +X,—3%; =0 . o
3x, — 2%, — 4%, =0 [T\ (C

Here

SR AN
: _.2 —1.J ... \ -_. '._. '._. | S -

N LN we sahtveit A’ into echelon form
S Y

1
A=|3
3

=0

0o -7 1 By R,—-2R, > R},R,—3R, > R;
0 -14 2

1 L By&;—>R;

=20
o

1 4 -2

01 -= By R,+14R, >R,

=0

00 0

Since matrix is in echelon form so equivalent system of equations is

X, +4X, —2%, =0 0]

xz—%xfo (i)

Let x, =7t then (ii) becomes x, =t o~ o :ml \\

Put x, =t and x, =7t in (i) we get _ =t f' [ { fe

Xl +4t 14t = O f.- 'll. I ..:-..Il f .._-.. .l. I-I II.. _I::: I-I' III_ ll: Ill' I:I' ll __II
Xl -:la-(.-t -_x.__ = [ _.-"---'

'\_"- '. ™,
Hencesalutlo|'< s<-:t><1-4011*(z t,x3 7t teR t=0

- J 1 | (W k l\.-"'
- .\'. 1 1 i
- \ -
Y b | -~ |
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Q.6  Find the value of A for which the following system does not possess a unique
solution. Also solve the system for the value of 1.
X, +4X, +Ax; =2 . \

2X1 +X2 -2X3 :11 o A .. '. : .-I - -I 1 | . e

3x, +2X,-2Xx, =16 AN ' \!

Solution: Let sostficjcriv matriz; b? represented byA dien

(1404 4 VIR ' :
= 1, Ic_l.:I ? 1 _2

NN AN —2J
Non-homogeneous system of linear equation doesn’t possess unique solution when
[Al=0
1 4 2

Al=2 1 -2|=0
3 2 2

Expanding form R,

2 -2 |3 -2 3 2
1(-2+4)-4(-4+6)+1(4-3)=0
2-8+1=0
-6+4=0

A=6

1 -2 |2 -2 |2 1
1 —4 =

Put A =6 in give system of equation we get;

X, +4X, +6X, =2

2% + X, —2X; =11 - I'- .".H_,;:- ol L
3X1+2X2 _2X3 =16 . .-._: -I .II___.I ..-' -.I .l-_. .'I.mﬂ-% i | |.... ..--.-.--_._:. —

Augmented matrix A is | |/ /0 L0 VLU
AN AL
-.;:-| ,'-.j-__'L e 12‘16

Now we convert into echelon form
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1 4 6
RIO -7 147
0 -10 -20j10

RIO 1 20| UL
0 00 2810y VL e N

1 4 62]

UNRYAS Lo 0 00

Since matrix is in echelon form so equivalent system of equation is

X, +4X, +6X%, =2
X, +2%,=-1
Let x, =t then equation (ii) becomes
X, +2t=-1
X, =—2t-1
Put value of x, and x, in equation (i)
X +4(-2t-1)+6(t)=2
X, —8t—4+6t=2
X =6+2t
= X =2t+6

Hence

Solution set x, =2t+6,x, =—2t—1 %, =t ,tgR, t£0—~" _'~:,_~'~Q_

" J ] Lk L 1
Pl _ v Lh 11
P\ = = A \
e B S 1
-l l- 1 '.-.
= [ i i L L1 s
—- v ¥ Y w, -
) ~ e () ™ \ \ A
e” 1 | " 1
! T -
\
- L L
WS | —
.'\.

—1’J By R,+10R, >R!

(i)
(i)
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