J ¢

ax+by<c

\I" X " + ‘\ 2

N b
* lim f(x) dx [ ”i

’D‘LF
DIFFERENTIATION

Differeiti ctI( n deplesvitritle | rtc.of ch angb af & uwendent varlable- with respect to one

\—_’)/]

or more;ir; O.'Jp"‘ﬂdt nt variables. !
In*thi: funcuon e form y=f (X) where x e Dom f , x is called independent
I [ -

variable while Y is called the dependent variable.

Derivative of a Function:

Let £ be areal valued function continuous in the interval (X,x)< D; then

)= f(x)

is called average rate of change of the function.
X, — X

. f(x)—f(x) . .
If X; approaches to x then I|mM is called the instantaneous rate of change
Q=X X, —X

of function with respect to x and is written as f’(x) (read as "f prime of X")

Finding f'(x) from definition of derivative:

If y=1f(x) (i)
Step 1 y+08y=f(x+0x) (ii)
Subtracting equation (i) from equation (ii)
Step 2 8y =f(x+6x)—f(x)
oy f(x+ox)—1f(x —_ N
Step 3 9 _ ( ) () e[ =2 LA
5x X A N\N [ (o \o~Z
0" 1_1_ ]‘-(.‘-.*.E.+_€§‘)(I— "rf_.",-fX."{ VALV NS
Step 4 lim —=\=lim=-—-—= \ —-_—' 3o — | ]
e Mx0S 9\( \ é(-»O \ 5-;( JA -

'a_rd T \

) '1|m—|s denoted by ¥ so
dx

NN AT 550 SX
k I %

Q: lim f (x+6x)—f(x)
dx o0 OX
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Unit— 2 Differentiation

Note:

The symbol j_y is used for the derivative of Y with respect to x_anc-izfint aquotieri/cf ) | \!

dy and dx. | ~ Vo Vo N e

Name of Mathematicie._n ieinNiz ‘ l“'ewt)n 1_ _ag.anqe Cauchy

N viy Ldf

ark ‘ f ( ) f'(x) Df (x)

_L_‘_- —

Notatuo_n: L'-se"d ot :!__e'ri.\7.1ti"fe_

Case I:
Proof:

when nez*

Let y=X"

y+38Yy=(x+05x)"
Sy=(x+3x)" -y

Sy =(x+06x)" —x"

Using the binomial theorem we have

5y=[x"+nx"15x+n(n2—!_1)x“2(5x)2+...+(5x)”}—x"
Sx= X xS + (g ) X2 (%) 4.4 (5X)" = X

Sy = 5x[nx”l A=Y gy +(5x)”_l}
21

n(n—1 . e e N (CALDA
ﬁ:ﬁ nx"t + ——= (n-1) r‘25x+ +(5x‘ l—‘ N o e
SX % 21 = Wy | { “aC
Taking the limit as 5x —>'D '_ A TEAR\RC R\,
'-'H. § lI ._.' f 1 .ll 5 !-.-I .I_ '.___"'"'
i | (A1 TR A
I|m5' Iim[nxM P.‘—.—'.—)'-}?““TZ\(;\;-: . F(6X) '
éx—>05x >>—>0LI \ A ",2_:_'. L
"."._J'/ |
LY |-|- ) rY
b
d n n-1
—(x")=nx

51



Unit— 2

Differentiation

Case ll: When nez~

Let

n=-m — T :' II l."‘“.;_:... :'_ |
y=x" ) A
y+5y.:_( T 5X)__m PR VAR RN
qu\ ..M -
{(1+Qﬂ —x"
X
=X (1+Qj -x"
X
X
X
Using binomial series
—m(-m-1) (5x)*
oy=x"|1- mﬁ ( )( 2) +..—-1
X 2! X
— —-m(—-m-1) (6x |
_yn| Zmox  Zm(-m-1) (5x)°
X 2! X
“m -m(-m-1 ]
5y=5xx—m{_m+mé_§+
X 2! X |
ﬂ:ﬁx’m ﬂ+—_m(_m_1)ﬁ+...
SX  OX X 21 x? .
I
Taking the limitas 6x — 0 NN
Iim ( ﬂ ) _ Iim X_ |: m , 2% m( rT] 1) ;’U ,\ ', '.l.‘ I'.I I',I .'.I. I',I. I'-I. I'.II .:II % II.
5x—0 5)( 5x—>0 X oL "l w2 - o Lt
A N \ '-'.I_ '-_.-' '_f-. e

dy J_ m. JT I:-.“““* \ ~
_y ALY
'_ X VL =

L=

- Y l,,'- | .
—, L .'\._ k! |'_ " _n.\'. b= —m-1
ny '\-._'-] |, Lﬁ—ﬁ_ ( ):—mx
) ,J| N A A
.

Above rule also holds for neQ -2z
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Differentiation
EXERCISE 2.1
Q.1 Find by definition, the derivatives ( ( ] 1710 \
w.r.t ‘X’ of the following functions LS x| 2t 2 ) Syt
defined as: g R PSR
(i) 2x*+1 L 1
Solution: /
Let y 2/ . 471 1 :

Taking increrninisior| h')t.\ sidag, .
W +I(§yl=-2(>(._. 5?) 71
By = 2%+ 0% + 2x0% ) +1-y

Sy = 28 + 26X +axdox 4 2% A
5y = 20X +4X5X

5y = 6x(26%+4x)

Dividing both sides by ‘ 0x”’

oy _ 20X +4x

OX
Taking limit when o0x—0
lim oy _ lim (4x+26x)

x>0 S X x>0

ﬂ: 4x
dx
i) 2-Vx
Solution:
Let Y= 2-x

Taking increments on both sides,

y+8Y=2—-X+0X
Sy =2-x+0x-y
oy =7 —Ix+ox-Z +x

oy = «/?—«/Héx

! -

Sy = x2 (x+5x) .

P T v I'...'.
__.__ T Y 1 . ._""'-\. \\

K

J' W oy =x2|1- (hﬁj
o N X

_ 5\/ x rx (1+—~

1
Sy = —X25X‘:i—ﬁ+...:|
2X
Dividing both sides by “0x’

1
O __yo| L_oX,
OX 2x  8x?

Taking limitas ox —0

1
lim <Y — 1im {—xz (i—ﬁ+

50 §X = ox—o0 2x  8x2
dy 1
dx 2\/_
1
ii —
(iii) X
Solution:
Let Y -
et Y=—p
Jx

Taking increments on both sides,

y+oy=

1
x/x+5x

5y = ¥

5 A5

/<+5.\ \f

5y—(x+5x)2—x2

-1
-1 1
Sy =x?2 (1+Qj —x2
X
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Differentiation

(iv)

.-,- OX. X2

-1

= x_7l (1+ %)2 -1
. 1)
A,

—J ..l ." | ] X

A 7

—---r \+...:|

| 2x  8x°
D|V|d|ng both sides by ‘6x’

sy 5] 1 36«
x| 222y
OX 2x 8 x?

Taking limit as ox — 0 both sides.

.Sy . Tr1 0 36x
lIm—==lim| —x2 | ——=—+...
x>0 §X x>0 2X 8 X

31

XS

Solution:

Let y= %

Taking increments on both sides,

y+5y=(x+5x)73
5y=(x+5x)_3—y
§y:(x+5x)73—x’3

-3 | L1

_ OoX T\ e b
5y:x3(1+— R Wiy
ol X \ |1 .'. P [

5y__£,:3 I.I(.I-'-_+_-:é;.-_ i .I_i ]. .',I
J =) )

~

6y——x‘35x[3 65X+...—‘ -

X

Dividing! nth sides Py AR

A o |_3 Ué)(.-" e
;—}( i 7 T

Sx L [x_. X J
Taring limit as ox —0

lim %Y. — lim {—xs (§— 6ox

5x—0 é‘x Sx—0 X )(2
Q — _X’3.§
OX X
dy 3
dx x*
1
V)
X—a
Solution:
Let y=——
X—a

Taking increments on both sides,

y+5y:(x+5x—a)71

Oy =(X+x— a)

1 sx ) (D)2 sx
(x-a) {1+(—1)[?(_Ta)+f]g: xa
o ~'- .'x_| { .-"_.:' \ ."-.::'.

- 1 [ | “a0 -2
,‘Sy:—’x'ﬂ)j-ﬁx St

Dividing both sides by ‘X’

5y a1 OX
- —(x-a) {

Taking (!imo both sides,

~(x-a)*
'(x-a)’

S
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1 » -5) 5 —
lim &Y = jim| -2 | L%l sy=axt|1e(- ( ) 90( X j
-0 X o0 x—al Xx—a (x—a) . -._ A - l !
dy -1 ( 1 J PR ERIW Dw dngb(th gldeL, 5%
dx x-alx-a A sy La 105x
d_xsavx-a) VD A\ e Ly ‘ +.../1}
FO 7T A a N oA Tex %
ax| &‘;)l ViAW Taking limit as 5x — 0
= TN BN A=A Ilmﬂ_llm[Zx“‘(——HO— ﬂ
_ E "y : | r 5x=0 S 6x—0 X X
S (x=3)
| I = dy -8
Solution: —=—
dx X
Let y=x(x—3) )
— y = X2 —3X (viii)_ (x+4)3
Taking increments both sides Solution: )
y+38y =(x+6x)" =3(x+6X) Let y=(X+4)3
Sy = X% + 85X + 2x5X — 3K —36x— X + 3K Taking increments orl both sides,
5Y = 5% + 2X5X— 35X y+0y=(x+0x+4)s
g ) oo 1 1
Dividing both sides by ‘X S5y =(X+4+5X)5 —(X+4)5
?=5x+2x—3 .
X 1 ox \3
Taking limit as 5x —0 oy =(x+4)s (1+mj -1
) A
N S~ aim [ 5%+ 2x 3] 1(—2)
1ox 303) oX
ﬂzZX—S Sy = (x+4) i+3x+4+ B (X+4)2+.../I
dx
.. 2 1 —| ™
(vii) - Sy =6x(x+4)3 ! _ 1 ox TN
X 3(x++h_9.(,+4) )
solution: 2 - \ - T""\l(ﬂ"" b“)hbdt s.fﬁ ;5)\ ==
Let y=—4 = ..__.-:_ p ‘ X
X 70\ | 5/_\xg+ﬁ)3 — 5
Taking incréinents on- .Juth sices,. | L] L3 X+4) 9(X+4)
y+5yﬂ (X Sx) AR ~ Taking limitas 6x —0
Ly Oy . 1 1 1 Sx
YAPRE lim2Y = | 4)z _=
ry—?y {l+_XJ —2x* 5>I£105X 6>I<TO(X+ ) {3(X+4) 9 (X+4)2+ :|
X

\ J ":-Z':'-""-'.J' |
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1 Taking increments on both sides,
d_y_(x+4)3 5
dx  3(x+4) y+0y =(X+0%)ic
dy 1 ) WIIIE/.'K(}" 3 S
ax 2 _ IR t_.]-."__-—x-\l. —X?
3(x+4)s _ )
) x = UA o OV L svexz|[129%F _1
Solution: BINIEEA R, y=X + .
A .
- J NI N AE 5(3)
N Taking | ts on both sides, : 20 2) 6%
I aking mcremensﬁon oth sides Sy = x? i+§[ﬁj+222 5i2+/f
y+0Y =(x+06x)2
) 3
2(1. 9% ) °[5 155x
oy=x?1+—| - - 2| 2 4222
y ( xj y Oy = OXX [2x+ g % +}
2— Sx Dividing both sides by *6X’
5y:X (14‘7) -1 Q_X |:£ 155X+ }
. SX 2x 8 x2
3(1j Taking limit as 5x -0
sy=x2|1+32%, 2\2) ox° A
- 2 x 2 x* 7 lim2Y = Ilmx2 > 155X+
5x—0 SX  0x—-0 2X 8 X
5
’[3 36« Yo
oy = 5xx2[—+——2+ } dx X
2X 8 X 5
Dividi . - dy 5.
ividing both sides by  0x ix > X
Q—Xg i+@+ - m
5x ox  8x2 xi)y x", mel N
Takinglimitas Ox—0 Solution: 1~ N (O U
M\ SR [ (oo~
II 5y § X_2 | .-:.:: p, L) |1 .'-- -'. ]_ y-. X bfth-. d
"2 x A alaR\RS a/mg ircre m+nson oth sides,
—_U - . ) .'. '-_._.'. I -_I. 'l, \ q.._l '._ -.____ +5 X+5X
d_y:_'?.’_x:.é"'_ Ve O W \ | S y y ( )
M__.J_I \RARY Vi~ 5y =(x+6%)" X"
5 '_. ! '.. 1l ! -_I.._: -
Ga) (RANE | A= sx\"
N - _um m
\| I-._j-usz._i_L‘[ian'. oy =X (“7) o
Let Y =X?
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=R

- 2 i
§y:xm{i+mﬁ+mﬁn+... 1))
X 2 X

Im
|_X-_

§yx

L)“ 1ilni b:)*h uf*cs by ox’

L b ( y X
OX 2 %
Taking limitas 6x —0

lim &Y
x>0 5X

%+m(m 1) 5x

5x—0

X 2

(xin) lm , mell
X
Solution:

Let y:im
X

I’Y‘./."Y?"— \
—_\.—j:—'12 -5—?(-+
2|\

i ™ Pn L M(m-1) 5x

A
2

o A

L
|

2]

1) 5x

X2

Taking increments on both sides,

y+8y=(x+6x)"

-
o) 4]

])f\ iding hr t bldCS by ox’
oy e[ m m(me1) ox
SX X 2 X
Taking limitas 6x —0

WL\~ - SX -100
U T sy = x| 14022 _
)

Taking increments on both sides,

y+5y=(x+5x)40
Sy =(x+6x)" —x®

el

L

Differentiation
.0 . m m(m+1)5x
I|m—yzllm{ [ M +
-0 §X = 6x0 X'\-\.? 1 X2 -
e N (2
- }511 _.__jgf_fij_
jxm\ s
iUtIOﬂ
40
Let Y=X

5y 4°[i+40 % 40(39)5)‘ +.../I}
2 x?

Sy =X x“°{40+780ﬁ }

X X
Dividing both sides by ‘ 0x’
LEINLIN
OX X X
Taking limitas 6x —0

lim oy _ lim {x“ (@+78Oﬁ
5x—0 é‘x Sx—0 X X
W _ 4ox
dx
(xiv) x°
Solution:
Let y= x 10

= (e 50
Dy = (X, 6‘() -OOI-—

.

—LJU

Sy = 1°°{1+( 100)5x (- 100)2( 101) 5x* é‘x

190, 780%% 4. }
X X

Dividing both sides by ‘X’

Sy =oxx® {

p 1 o
5 =

]

A
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lim &Y
5x-0 HX

Q.2

o |

J l _!5 Siutiof:

(i)

ﬂ:x‘mo[ —100 780ﬁ }
OX X x?

Taking limitas 6x —0

lim —100 -5050 5

H |:X—100 (
x>0 X 3

ﬂ _1_39-)( =107

Find 3}1 fr,'OI-TI-.fiL_'S.‘f p.'ri'hc"c‘-ﬁ!:"if" .
NI AR RS

|¢, iL

Let Y =+X+2

o R A =" A W N

i1
1 1 ox 2\ 2) 6%
+= +

oy= 2
y=(cr2)s 2 X+2 2 (x+2)

1 1

5y=(x+2);.5x|:

Dividing both sides by ‘X’

oy 1 1 OX
—=(X+2)2 - +...
SX (x+2) 2(x+2) 8(x+2)° }

oy oX

lim—= lim

oA

1 Sx N
2(x+2) 8(x+2)"

"5y=(x+2)2

Taking increments on both sides,
1

y+5y :(x+5>(.-:-,’1:_j'2' N

Wl A T b

.5’_()( Lil'S"X) —(X#,_}

-] | 1
1|L= D 1
2 1+ﬂ}2 —(x+2)2
L X+2

1
. (1 +9% jz—l
X+2

5y =(x+2)

Taking limitas 6x —0

5x>0 §X  0x-10

1 1
(X+2)2(2(X+2)_8(X+

ﬂ_ 1
24X +2

dx

X+a

Solution:

. Y J | ™
. . B
A { [,
Wl b y "
. E
L] -

Let Y=

Taking-4n¢ re nentq anuLh ucps
"- ll 1 I_H"\-
y+5y \x+§x+o)< Vo

(I
2.
N | .

-1

Iiy (V+a+(>x)2 —(x+a)2
-1
-1 oX |2 -1
oy = 1+——| -
y (x+a){ +x+a} (x+a)2

1 | |
Jx+a Ty ':-‘x-. s

-]
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> _(
_..Isy +a,~

-1

5y:(x+a)_?l (1+ﬁ]2 -1
X+a

=

=
\

\hlex 3 ¢
_2(x+a) 8(x+a)
Dividing both sides by ‘6’
3y 1 [ 1

OX

3  OX

(x+a)% _2(x+a)_§(x+a)2 ’ J

Taking limitas 6x —0

jim 2 jim| 1| _L 30X

x>0 §X  6x—0 (x+a)% 2(x+a) 8(X+a)2

dy _ -1

— 3
dx 2(x+a)2

Differentiation of expressions of the types (ax+b)" and

Let

y =(ax+ b)n , Where llis a positive integer

y+8y=[a(x+06x)+b] =(ax+asx+b)"
=[(ax+b)+asx]" —(ax+b)"

Using the binomial theorem

- B (.._-I AT
5y:(x+a)§ i+_é JQLqTﬁ;;e_ng;?LG
Y i | _i\.-’(‘."a'.) -

-

4

f E
| | i

n=123,.....

5y:(ax+b)”+®(ax b)” (av¥+(,2\uax b) (4;§>£-)2-.,+.'-.._.+‘~;a.5x')-":(a[£+b)”

< -._Dr/l(Jlng botl siles by 5x
AR

A L A

Taking limitas ox —0

- (?J‘f"—,“.”f ()Gl o

_.-'

+...+a”(5x)n
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tim %Y. — lim| | " (ax+b)" " a+| _ [(ax+b)"" a6x+...+a" (5x) _“f'qﬁ:\'-.
5%x=0 X 5x»0|:(1j ( J r’;lg_ —a.\'l ;'I{;C-J-jl I'&l 3
ji_n(ax+b) a+0+...+0 O EI I".,r”'. ,I:--\III q _\\| fﬂ__._l:; =
—(ax+b\ na(ax+b) \ II'I. F_?P-\'.I @".ﬁ\ I' V) . LJ
dx l,l"".
f—; -,'. \J I"n, '. I'\\ @L i
AN
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