Unit— 2 Differentiation

EXERCISE 2.4
Q.1 Find g_y by making suitable a{:SO t—XJ”/_
X 'k It = N L
substitutions in the following 3 LA AT 'a)'f].frzfx ~1-(11,, A
functions defined as: AU O U Appivitig'citain rlle on equation (i)
: _ VoL =, L ——and equation (ii),
(i) y O AT oy dy dt
Solution: RIRIRR T = dx dt dx
- [T Ht__l—_ e dy 1 1+2Jx
NN N o afirdi 2l
[N tgen y;«/t_ & 12k
y \f_ (i) dX  adxx+x
dy 1 firx (i) y=x %
dt - 2V1-x Solution:
Now 4t _ A+x)(=1)-(1-x)(1) 1
—= a+x 2
dx (1+ x)2 Let tzﬁ then y = xt
Ez—l—/x’—hx [ AtX
dx (1+x)2 T a-x
N T d_(a-x)(0)-(a+x)(-)
dx (1+x)2 dx (a—x)2
Applying chain rule on (i) & (ii) dt a-X+a+ X
dy dy dt T . N
)
dy 1 [lex -Z i ()
dx Z\1-x (1+x)° X (a-x)
1
ﬂz_;s Now, Y =xt?
X Aox.(1+x)2 dy L i ()
e
(i) y=vx+Jx ~ | T\~ T Y PLEAAC
Solution: TV = A L)Y 'le_i_l T-'a—x)2
Lett d_\// ___.--,\_-'_ .L_I..' I'___." J .'._- .'._".. "'..':'._..-'-_.."---i);i," 2 x/_ 2a
then Yy —«fu x\ dy_x fa=x farx (@=x) ()
" I‘ Lt d 2 \Va+x a-x 2a
e '~'._-._|—d— ! - Applying chain rule on equation (i)
AN J NG "‘jt and equation (ii).
Wy 1
| J_2 (D) dy _dy dt
dt 2 Jx+/x dx  dt dx
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Unit— 2

Differentiation
x+fa- \/a+ (a-x)’| 2a dt %x 2x° +2/a’fx+2x

dx 2Ja+x «/a x 2a |(a-x) dx (a =& %
dy | ax(a-x)+(a+x)(a-x)" | 2a &t 45 | /
dx 2a/a+xfa—x (=) 5 -—fi—; (i

Y . _ X ! _ 2\ !
dy_a \|_ ax+a?—x? & ( ) o
dx (a L\/{“, P ' ,Applylng_chalﬁrule on equation (i)

" and equation (ii)

N INY I\,)'

S

=(3x2—2x+7)
Solution:
Let t =3x*—2x+7
dt
—=6X-2.
i (1)
Also, y=t° :>ﬂ=6t5
dt
dy 2 5 ..
= —=6(3x"-2x+7) ...
ot ( ) (i1)
Applying chain rule on equation (i)
and equation (ii)
dy oy dt
dx dt dx
=6(3x* —2x+7) .(6x-2)
dy 2 5
— =6(6x—-2)(3x" —2x+7
Y _g(ox-2)(3x' -2x+7)
a’+x°
V) Y=g
Solution:
2_|_X2
Let t= 5
a’—x
—y=it
dy_ 1 e
dt Z\ft_
oy OF || RN
L == A 0w S,
dt 2-,\/ Qx| '._(1 -
e, Er2 +-_X4-, L
2= [ [ YOS
J || "J N R
J dt (2% —x*)(2x)—(a” +x*)(-2x)
dx (a’- Xz)2

dy _dy dt
dx dt dx
dy 1 ,a —-x*  4a’x
dx  2\a’+x2 (aZ_XZ)Z
dy _ 2a°x
- 3
dx Va®+x* (a* - x*)?
Q2 Find ¥ if:
) dx
Q) 3x+4y+7=0
Solution:
X+4y+7=0
Differentiate w.r.t “x”
344Y o
dx
2 Y _ 3
dx
dy _3
dx 4
(i) Xy +y>=2
Solution:
Xy+y>=2
Differentiate w.r.t “x”
+y(1)+2yOly
. r\'\ , I
(s 1_2"\.1\2‘-.{—“-' I I"" “ "IL:'
) .'-. | .—'—ﬁ—'.—.—l- . A
. il .'- Vo &;__lv l |. _|I
A ) Tx2y)
~(iii)  x*—4xy-5y=0
Solution:
x> —4xy -5y =0

Differentiate w.r.t “x”
dy dy
2X—4| x—=+vy(1)|-5—==0
{ dx d )} dx
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Unit— 2

Differentiation

2X — 4xdy 4y —-5—
X

(4x+5)
dy _ 2(x—2y)
dx

(iv)  4x° +L"vv+h) + Lg> + 2 y

Solutlon

_ ?hv+ 5y +2gx+2fy+c 0
AN Jlflerentlate W.I.t “X”,

8x+2h[x%+y

2hx%+2byﬂ+2f %:—SX—Zhy—Zg

X dx

dy
hx+b f)—
Z (hx+by + )dx

SL i Jtion:

'y(x —1) xx/;z +4

=—Z(4x+hy+g)

dy _
dx

Ax+hy+g
hx +by + f

v)  XJl+y+yyl+x=0

Solution:

X1+ Y +yV1+x =0
Differentiate w.r.t “x”,

=S (T + yT)

=

d d d dy
—h 1+y— —/1 1+x—=0
X +y+‘/+ydx(x)+de\/ + X+ X

1 dy
X——.—+
2yl+y dx

s

Zfry |

=

x+?‘,‘+x+y+x3 d'

X = .

J
___S@»utlon

[x+2 (1+x) (1 y)‘ ﬂy x\/(&+x)(r+v)+y

yAL\/l+x+y+xy

%Z_(y+2jl+x+ y+xy)(\/l+ y)‘ _

(x+2\/1+ X+ Y L) I o x\|]_:_-'

e ___I__

\) —-l—X\ﬂ -—4 4

Differentiate w.r.t “x”,

i(y(x2 —1)) =%(X(M))

dx

) () S () xS A T ()
y(2x)+(x2—1)%:x&+ /x2+4(1)

dx  2Jx*+4

2
2xy+(x2 —1)% =—%+x/x2 +4

dy xX*+x*+4
2_1 - _- -~ "7
2x2+4—2xy(\/x2+4)

—2Xxy

dy _
(X2 _1)&_ x/X2+4
(xz— )ﬂ 2(x +2) 2xy\/x +4
dx X2 +4

dy 2(x2 +2)—2xy»\/x2 +4

dx \/x2+4(x2—1)

Find & for the- fipdios uﬁq
d T I | .-"
pe ame*n“ :iur cfidns:

I_- :___ 2

»(— 0+1 Nd) =.6?+1
0

x:¢9+i
0

Differentiate w.r.t <6 ”,
dx 1 dx 6°-1
_ ] — — :} e

dée 0>  do H?
y=0+1

...
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Unit— 2

Differentiation

(i)

Differentiate w.r.t “0 ”,

dy ..

— =1...(11

” (i)

Applying chain rule on equation (|)
and equation (ii)

Solution:

a(l—tz)
1+t?
Differentiate w.r.t “t”,

dx a(1+t2)(—2t)—(1—t2)(2t)

X =

dt (1+2)

o 2= 2% _2t+ 2A°
(1+t)

dx_ At )
dt (1+t%)
_ 2bt
1+t?
Differentiate w.r.t “t”

dy (1+t7)(20)-2nt(2t)

dt (1+t2)2 _

_ 2b+2bt® —4bt® \
lﬁﬂ‘f. } '"V:__.__:v I._. L
R ORI

12
"-._'ll l1.|.r )'

dat (m ) -

Applying chain rule on equation (|)
and equation (||)
dy dy dt— | I-x._ Y )

ot d) h,

Jy _—%( —T.\ M
“dx M 4at

dy -b(1-t°)
dx  2at

Q.4  Prove that y%+x=0 if
X
1-t? 2t

-0 VT

X =

Solution:
_1-t?
1+t?
Differentiate w.r.t “t”,

dax (1+t2)(—2t)—(1—t2)(2t)
dt (1+?)
2t ot A%
- (1+t2)2
dx —4t .
a:(lﬂz)z ...(1)

2t

1412
Differentiate w.r.t “t”,

dy (1+t2)( ) (2t)(2f)

_q_t____!,. (1 Ht ) (S

Applying chain rule on equation (i)
and equation (ii)

dy dy dt

dx dt dx
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Differentiation

dy —(1—t2)
dx  2t- /
dy==, | 1-t 2t
Y ki e
dx' 2t V143
|\':1'/_ L
Tdx 1+t
dy 1-t?
<L =_x X=
ydx 1+t2
dy
—+x=0
ydx

Hence the proof.

Q.5 Differentiate
. 1
(i) x> —=w.rt. x*
X
Solution:

4

Let y:xz—iz, t=x
X

We have to find 3—3:

1
y=x* v
Differentiate w.r.t “x”
ﬂ:2x+%
dx X
dy 2x*+2 )
d—y= L) ~ O
X X -
Also t=x" et n'EaR\
Differefi ﬁE\vrt el A \ -
d .| I I .| 1 1 I- __' -
A Lax
.'-,_. |j|'

',-\pplying chain rule on equation (i)

and equation (ii),

(i)

dy dy dx

dt  dx dt

d.L L\ XS-- .4)‘3 . o

dy  x*+1
d  2x°

(1+ xz)nw.r.t X2

Solution:

(iii)

\ {:: = h(1+x ) b

Let y:(1+x2)n, t = x?

We have to find 3—{

y = (1+ X2 )n
Differentiate w.r.t “x”

d n-
d_i = n(l+ x2) l(2x)

dy 2\
> =2nx(1+x%) " ...(0)
also t = x*

Differentiate w.r.t “x”

dt .

&_Zx ...(iN)

Applying chain rule on equation (i)
and equation (ii)

dy dy dx

dt o ax'dt VL0 AL
rty ____,- -f' ;1 \ '\: >

P s A WS ‘J_ -
il )¢ ZX

vl

____',_7 —

x?+1 x—1

5 Ww.r.t ——
X =1 Xx+1

Solution:

x?+1 x—1

Let y= , t=——
y x? -1 X+1
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Unit— 2

Differentiation
2
Wehavetofindd—y Let y:ax+b t:ax +b
at ox+d A+ 0=
_X2+1 - d/kf T
Y we ha\,c to/find —t— o
(
Differentiate w.r.t “x” : A \ |
dy (¥ '\‘(2x)—(>4-2 +1j(2v) / 23 L
ay_ VAT cx+d

dx \x -1)
] 2 a2 e
R ..ng i = (x2 _1)2
' dy — —4x :
&_—(xz—l)z ...(i)
also t—L1
X+1

Differentiate w.r.t “x”

at_ (D)D)

dx (x+1)2
_ X+1—/x/+1

(x +1)2
dt 2
Applying chain rule on equation (i)
and equation (ii)

(i)

ﬂ dy dx

dt  dx dt

dy  —4x (x+1)°
dt_<X2_1)2 2

dy 2x(x+1)2

dt (_x+_.1.)2(x—1)2.

dy _ 7 J .

-  h |
-|.‘-.hj' XD ax’+b
WV w

cx+d  ax?’+d
Solution:

'_‘di<_"., ) [

L ] i |’ ! |’
= W 5 Lo L 5 LY P
- L™, \
! \

Differentiate w.r.t “x”

dy _ (cx+d)(a)—(ax+b)(c)
dx (cx+d)2

_ aeX +ad — aeX —bc
- (cx+d)2

dy ad-bc .
— = R
dx (cx+d)2 i

ax’+b
ax’ +d

also t=

Differentiate w.r.t “x”
dt (& +d)(2ax)—(ax® +b)(2ax)
dx (ax® +d )2

dt  2a*C +2adx— 2a’C —2abx

dx (ax? +d)
dt _ 2axes t)'“;'('z;{ N\

\ /-‘ Iylng cham rule on equation (i)

and equation (ii)

dy _dy dx
dt  dx dt
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Unit— 2

Differentiation

dy _ ad—bc (ax2+d)2
dt (cx+d)2.2ax(d—b)

(V)
Solution: | | w A W \\
1% I-1. U .

JII 30, Ve =X
INIRVAS A =1

we have to find d_y
dt

x*+1

x? -1

y =
Differentiate w.r.t “x”

dy _ (x*=1)(2x) - (x* +1)(2x)
dx (X2 _1)2

dy _ 2%° —2x— 2% —2x

dx (¢ -1y

ﬂ_ —4x
dx —(Xz_l)z

()

also t=x3
Differentiate w.r.t “x”

X _ze i) 0

Applylﬂg. ‘-hc in rq,ln.g-n equatlo—n ) and «9qh3*|or_] \.J
| a\_

dy d) u
'%_.J |dx d .-.._ -_ I

“ay _ —4x 1

E‘(Xz_l)%xz

dy _
dt

. =i

(ad - bc(

2ax(ﬂ b,ny

7___.‘_._

%,

+d)
)
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Differentiation

d , LIV e ‘-
d—(sm.-_, = COBX

d R
—:(qos? ) -—<_1r~\:-
[Py

' i(tan X) =sec” x
dx

d
— (cot x) = —cosec’ x
dx
d
—(secx) =secx tan x
dx
d
™ (cosec x) = —cosec x cot X
X

Prove that: di(sin X) = COS X
X

Let y =sinx
y+ 0y =sin(x+oXx)
oYy =sin(x+ox) —sin x

(x+5x+x) ) (x+6x—x]
= 2C0S sin
2 2

sina—sin B = 2COS(&2'B]SM(& 7ﬁ)

2
(e ol )
=2C0S| X+— |sin
2 2

Dividing both sides by ‘X’

ﬂzZCOS(H%)—Z

oX oX

sm(éx) - )
—coS(X+QJ AN2)0 0 a0
—~ 2 (52_(\]_

__.-' .'. I', ? .I .I ..Ix \\ . i

(2)  Prove that: di (cosx) =
X

sin ox
.oy . X\ ,. 2
lim—== limcos| x+— |lim
=0 §X  6x0 2 )ox—>0 (5)()
2

. sin@
= lim
60 @

=1

dy = c0S(X) x1
X

i(sin X) = COS X
dx

—sin X

Let  y=COSX
Y+ Yy =cos(X+ SX)
Oy = cos(X + O6X) —COS X

5y:—Zsin(X+52X+X]sin(x+62)(_xj

COSa—cosﬂ=—25in(#)cos[(x—'g

)

2
oy = —23m(x+5—)sm(5xj
2 2

Dividing both sides by ‘X’

OX

| Wajulitt 0 Zj

Taking limit as ox —

-2sIn x+— sin
oy _ 2 2 o,

0

)
sin 5
lim ———=

.0y L oX
lim—=—-limsin| x+—
-0 SX 5x—0 2 )| x>0 OX
2 -
li sm6':1
60 @
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Unit— 2 Differentiation
Y cinxx1 cos(x+5x)
dx sm(x+5x)

-,

L . |
Iy‘+_r‘.

i(cos X) =—sin x
dx

(3) Prove that: di(tan X) = Se"'X
X
Let -y::-.t:c_nx VAV
_sirgg o
COSIX | .
N ISIAE- X
S .|y:j_'c‘y 3 .\—U)
NN cos(X +5X)
AN _sin(x+06x) sinx
COS(X+0X) COSX
_ sin(X+0X)cos X —sin Xcos(X+oX)
COS(X + OX) COS X
_sin(X+0x-X)
COS(X + OX) COS X
|-.-sinacosﬂ—cosasinﬂ:sin(a—,B)|
Dividing both sides by ‘6’
oy _ sin(ox)
OX  OXCOS(X+IX)CoS X
Taking limitas ox—0
5y sinox || .. 1
lim—=| lim lim
xS0 GX | 0 X || #-0C0oS(X + OX)COS X
a1
dx COS X. cosx
( )_cos X
—(tan x) =sec?
dx( X) X -
d ==, - -
(4)  Prove that: = (cotx) =—cofecix = |

Let y+ m x
corx
ee. D\A+§X)

S|n(x+5x)

I
:

+ (1) o™ \

. ’U:\X+§)l) (‘u\" \

[ad

; ‘j'\.v (AL f. WS Y LAY Sy SR

.\lr(x+ Sx) | siny”

| CORONHER)sIN K —cos xsin(x + &)

(%)

sin(x+ ox)(sin X)

|- sinacos B—cosasin B =sin(a - j))|
_sin[x—(x+6x)]
- sin(x+ 6)(sin x)

_sin(-ox)

- sin(x+ ox)sin x

|'.'sin(—6):—sin9|

Dividing both sides by ‘X’
oy sinox
Sx Sx[sin(x+ox)sinx]

Taking limitas 6x —0

. sindx . 1
=—1lim im — -
=0 SX §x—>05|n(X+§X)S|nX
ﬂ:—l)(;
dx sin x.sin x
d 1
—(cotx)=—
dx( ) sin® x

d (cot x) = —cosec’ x
dx

Prove that: di (secx) =secx tan x
X

Let y=secx
y+0y —sec(x+5x\

Sy =ses{in %) \4"?;".

I_- :___ 2

5 '-—mc’x +éix) Csenx

Ve [
cos(x+5x) © cosx
_ COSX—COS(X+OX)
- CoS(X + OoX) COS X

? !

ALA—
7

- COSa —COS B = —2sin (Mj cos (ﬂ)
2 2
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Unit— 2

sin(x+ ox)sin x

Differentiation
_Zsin(x+x2+5x)sin(x—(xz+5x)] 2cos(x+52j5|n(—52x)
5y: 5y:— = \ __..-'-
COS(X + OX) COS X — FINEX >xb.nx (W
Dividing both sides by ‘ 0x’ Div ldmg boti sid)s bv
- VoA O SX
—Zsin(x+5j3|n(m\ .—2(;05(); Jsm( )
oX \5()((.5(\1 6x)co»~< OX oxsin(x+ ox)sin x
' (0% —CO0S x+& sin OX
A ; |§'y.__8|1{\x+ ”JoInk J Qz 2 2
AN AT Yl Sx  sin(x+dx)sinx 6x
J' . X cos(x+§x)cosx(52j ( ) (2]
Taking limit as 6x >0 Taking limitas 6x -0
sinﬁ . Oy . ox) . 1 . sm7
!ITO5){ !|T5|n(x+ixj§|m) gxz j<|fiTﬂcos(x+gx)cosx all[n»oa:_(!iToCOS(X+7j'o!1Tosin(x+5X)sinXXQTO %
2
dy . ﬂz—cosm;xl
— =8I Xx1x dx sin x.sin x
dx COS X COS X d
d — (cosec x) = —cosec x cot X
—(secx) =sec xtan x dx
dx DERIVATIVES OF INVERSE
(6) Prove that: TRIGONOMETRIC FUNCTIONS
d
&(cosecx)z—cosecxcotx 1) di(sin‘lx)z =, -1<x<1
Let Y =COSECX dX 1- i‘
_1 2 —(costx)=—=, -1l<x<1
~sinx dx J1-x°
d o 1
+Sy=— - 3) —(tan"*x) = , —O< X<
y sin(x+6x) ‘i'jx 1“1‘2
1 (4) —(cot'x)=—-5, —o<X<w
oy=————-y dx 1+X —
sin(x+6x) q P f1 VIV
5 — (secC ==y x e[ LSV
__ 11 ) A .dX.( AR A o=
sin(x+o0x) sinx D= NN \d S T - ;
\ urifa’ClRm ’LOS"C Y)—— ., xe[-11]
_sinx _S|£(x+5x) RYFARUAB R -ﬁ}_(_. TRVXE -1
sin x,~. OX)Fir X, BN ()  Prove that:
|\ AL i e\ d, . _ 1
S —5in'B= i'.c'-as['—-ﬁ'z sfﬁ[ﬂj —(sin"X) = ———, -1<x<1
ARR IS 2 SN dx 1
AN VX SX (X = (X4 6X)
. L\,osL sin Let y=sinx
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Unit— 2

Differentiation
siny =X Q) 3) Prove that:
Differentiate w.r.t ‘x’ d (tan"* X)___1__7 e
d . d dx © L He T LR
—(siny) =—(x T [ :
dx( ) dx() Letly =larx * [l
CcoS yﬂ =1 tar i’ :I Xt [ _-. (I)
dx__. \ AN VL Dirferentiate w.r.t ‘X’
dx cosy | (MR —(tany) = —(x)
‘ L dx dx
¥ | IR dy
~ [T el ooy, sec’y—2 =1
. JI '.: ax' ycos® y de
| 1 & 1
J1-sin®y dx sec’y
Using (i) dy 1
i(sirﬁ X) = 1 - dx 1+tan’y
dx 1-x Using (i)
2 Prove that: q
q _ —(tan"' x) =——;
—(costX)=——=, -1<x<1 dx 1+x
dx 1-X° (4)  Prove that:
1 d i -1
Let y =C0S " X &(cot X)=1+x2' —00 < X <00
Cosy =X () Let y=cot™x
Differentiate w.r.t X’ coty=x 0]
d d Differentiate w.r.t °x’
——(cosy) =—(x) d d
dx dx —(coty) =—(x)
_dy L dx dx
—siny—= =
MY ix —coseczyﬂ=1
dx
dx siny dx  cosec’y
ﬂ— -1 dy—"—_}—l h-.-' e
dx fsin? y x| rwcotiy | [ L -
d R =RARRE 0
e (o E—— TR R AR R A :
RARIEAR AR D 9t tyy -
—(c0s| x)\="r=== Usiny (1) dx (cot™y) 1+x°
~ (RN | Laf=x (5)  Prove that:
J| J RN d (sec™ x) = - 1 | 11]’
AN —(secx) = , Xel|-]
b dx |X|V/x* -1

Let y=sec™x
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Unit— 2

Differentiation

{h)

secy = X
Differentiate w.r.t
d d

—(secy)=— (x)

dx
Sec y tan yﬂ :1
dx

(i)

cX,

dy _ — 1)
& _56'; _! Ta|: 7 ( % :.
dy 1 4\ \ |

'I Ij JEL >Vtan y
Brove that:

!

% (cosec™ x) = 1]

T

COSeCy = X

Differentiate

d d
— (cosecy) = — (x
dx( y) dx( )

—cosec y cot y% =1
X

&1
dx —cosecy coty

dy 1
dx

cos eCy\j cot? y

ﬂ 1 i .
dx

ct‘seCy igﬂ,S@é Ve 1 ,.x

- ll?l]ﬁ’ (|i -.'-.-II'. I'._ ."_. _.II'_- ,_L.-.:. -. |

J.I NN

- (Cosec X) =

xe-1

w.r.t

dy 1

dx sechsec v -
Using (). <, | ::. 0\
- dy! 1.__ N o,
X xJ ,
< (sec x) 1
* xVx’ -1
5X,
- e |
1%, L [} B
PN NG R =
, L . | | -\.-.--.-
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