Unit— 2

Differentiation

Q.1
(1

EXERCISE 2.5

Differentiate the following trigonometric functions from the flrst B l(‘lpl°

sin 2x

Solution:

(i)

Let y =sin2x =~
Taking.inciements botk-cidis,|
y+3Y -_°mL(x+ox)

SY = Sir' (z-.x-+'-2:$x-\ Lainlg -

2

VNI )
.é_y:_ZCOSL2x+2§x+2x]8in[2¢+25x 2«/]

8y =2¢0s(2x+5x).sin 5x

Dividing both sides by ‘ X’

oy _ 2cos(2x+5x).sm5x
OX OX

Taking limitas 6x —0

lim oy _ lim {2cos(2x+5x).

x>0 §X x>0

sinéx}
OX

ﬂ=2005(2x+0).1 ( lim 5|n5x:1j
dx x>0 SX

ﬂ = 2C0S2X
dx

tan 3x

Solution:

Let y=tan3x

Taking increments both sides

y+3y =tan3(x+6x)

8y = tan(3x+35x)—tan3x
_sin(3x+35x)  sin3x
~ cos(3x+35%)  cos3x

cosBxsm(3x+35x) s.nQ ms(SH o%‘x)

_' \ _CPS3K. coo(3x$\,§) ,-

4

s;n( X/1—30X }x)

é‘ o LS T N, T, O |
\ I yl CO‘ w "Q (vA+35X)
N sin35x
0s3xC0s(3x +35x)

Dividing both sides by ‘ X’

| [} &

I_- :___ 2
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Unit— 2

Differentiation

Sy _ 1 3sin(35x)
Sx  cos(3x+35x)cos3x 35X

Taking limit as 5x —0 . AN N
oy 3 ) sn 30 1 31 A
lim—=1lim = im - - === _
50 §X 5H0cos(3x+3§,)., >S5 onof Jox ,csw(“o Sv
e / . .
dx_"____ _
(iii) -~ 510 2+ b0y 2

-, J \>'J JLIOH
| Let y =sin2x-+C0s2x
Taking increments both sides,

y + 38y =sin(2x+26x)+cos(2x+25X)
8y =sin(2x+26x)+cos(2x+26x)—sin 2x—cos 2x
S5y =[sin(2x+265x) —sin 2x ] +[ cos(2x + 25x) - cos 2x |

2X+20X+2X ) . [ 2X+20X—2X . [ 2X+20X+2X ) . [ 2X+26X—2X
oy =2c0s > sin > +| =2sin — sin B T—

S5y =[ 2cos(2x+6x)sinx | —[ 2sin(2x+ 5x)sin ox |
Dividing both sides by ‘ X’

sinox —25in(2x+5x).3m§X

OX

oy _ 2c0s(2X+ 6X).
oX

Taking limitas 6x —0
sinox

lim == oy =2lim cos(2x+6x) lim Sln5X—2Iimsin(2x+5x)lim
x>0 SX 5x—0 -0 5X 5x—0 x>0 5X

lim oy _ 2cos(2x+0).1-2sin(2x+0).1

5x=0 §X

ﬂ =2C0S2X—25sin2x

dx
. 2 ¥ & |
(iv)  cosx _ -
Solution: =L = o .
Let y= c0°v YN DR y '

Taklng mc ‘ernenis hotn >|(&> T \
y+ﬁy Ch(ﬁ #&x

JI|S, S cn"s\,\+ox) —CoS X

A 5y_—25in£(x+5);) +X Jsin((x+5>;) X ]

I_- :___ 2
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Unit— 2

Differentiation

___(5x(o>\i2x\ ' | {
2 Vo= [ 5% 4,2 '
:—Zsin(xz-kéx ]sm A ik _<(.x.+ X)
V2 | [ g e
_ Takiiig limitias| 5x—5
RN - (6X(§x+2x)]
. 2 . 2 OX+ 2X
Ilmﬂ_—ZIlmsm x2+5i+x5x lim sin |m( il )
5x0 §X 50 2 5%-0 5x(5x+2x) 50 2
2
Iimﬂ:—szin(x2+0).1
x>0 SX
Y oysiny
dx
(v)  tan®x
Solution:
Let y=tan®x

N |

2 2
= —Zsin[x2 +§TX+ xéstin(csijij

Dividing both sides by ‘ X’

Taking increments on both sides,
y+3y =tan®(x+5x)

Sy =tan’(x+5x)—y

5y ~[tan(x5)] (1)
5y=[tan(x+5x)+tanx][tan(x+5x)—tanx]
Sy =[tan(x+5x)+tanx ] sin(x+06x) sinx

Sy =[ tan(x+0x)+tanx | - cos(x+5x\oo =

T hinio 23 en LY LY

oy = [tan("+5x +tanx]-.—3|—n—\'7—éx—\)~ e
o aleos (s +5><)“05A___;

AR A \5 =

L sinox

5 t(. -5 [ I’ :

y [ n\>«+ X) d xj | COS(X+JX)CoSX |

]L 1v=J1ng both 51des by ‘ox’

—=[tan x+5x)+tanx]£ L J sinox

cos(X+5X)cosx | Sx

sm(x+5x)cosx cos(x+§x25| —Jl

N
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| | sleo !mitaa ox—>0

' 5y 1 1 sinox
lim—=lim lim
X0 §X x>0 \ftan X+6X) ++/tan x 0 Sx cos( X +5X)Ccos X

Unit— 2 Differentiation
Taking limitas 6x —0
im2Y = tim [ tan(x+6x)+tanx]| lim L \Iim Sin o+ y
ox—0 §X x>0 5x»0c0q(x+5x)coqy 0. l-a)(, i ?-._.-
dy 1 - ‘ g
— =2tanx. 1 -
dx anx,cos2 x( ) f
DlR [ - >
Y _ 2daxsat? A IR
dx 4 hh A
G e x
|\ Sotutior:
Let y=+/tanx
Taking increments on both sides,
y+5y:,[tan(x+5x)
5y=ﬂjtan(x+5x)—y
5y=\jtan(x+5x)—«/tanx
tan tan x
:[\/tan(x+5x)—\/tanxJ \/ x)+V
\/tan X) +/tan x
_ tan(x+6x)—tanx
\/tan(x+5x)+Jtanx
Dividing both sides by ‘ X’
Sy _ 1 1 sin(x+0x) sinx
SX \/’tan(x+5x)+\/tanx' SX CoS(X+5X)  cosX
Sy _ 1 i_sin(x+5x)cosx—cos(x+5x)sinx—l
OX \/tan(x+5x)+\/tanx'5x_ cos(X+45x)cosx AN (P
- > o ] . ALY
5y 1 1 ‘—"I"I(X+5‘)\—V\ 1 ! .. .__ .: .I [ ,.:'-:...--.-.--_._:. )
\/tan X-+0X +\/tar x 5x P'ssf ¥+ SX)n0s 1RABR V)
- 'I._ .L ._| ', -__:_..-' =
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Unit— 2 Differentiation

@y 11
dx 2tanx cos®x - e

dy  sec’x ) M AT WN (O
; ) K Lt

Vii cos/% | N WD

Solution:
AYVERN .I I")t‘,‘ C"“ \./;:

' J | '-I - .'I".aking increments on both sides,

Y+ 3y = cos X+ OxX

oy= cosm_ ,

5y = cos/x+6x —cos/x
m-h/;sin Ix+0x —x
i 2

oy =-2sin

Dividing both sides by ‘ X’

of -
PO 0 i

OX 2 ' OX

COX=X+0X—X
:(«/x+5x)2—(\/;)2
=(M+&)(M—&) _

—*XMXJ”/; sin “X+5X_‘/_) RS AR
5y Az 0\ D0V LSS
= —sin =t ,

5x \/x+5x +\/;< Rz =+c><'—-;£ '-_';_ SRIRRE

] f 5 ’.I i i e -
oy = |1 L 11 1 - i -
1 |I _..H..-' = ._H. L 1 b L._ L Pt
,_.- | ALY | -

| N | -
'. ! '. g
1 -

Taklng Imn* a» 5/ 90

NINITA {mﬂ/_ ] sin(W}

.J".\_'-\. \,-JI'\. %
= % | W -
LA Y % %
.\'.\.. 'h. _. 'h. J -

‘- .- )

L. cnll

5y .
lim 2¥ = _lim sin lim
0 SX o0 (XXX o0 Jx+ox —Vx

2




Differentiation

Q.2 Differesiizte t"le .ollovum Wi t L"un variable mvolved

Q) X snﬂ4,
., salomene -
J U ety = x2secax
' Differentiate w.r.t “x”
dy :i(xzsec4x)
dx dx

d d
= x? &(sec4x)+sec4x&(x2)
=x? [sec4xtan4x.4]+sec4x(2x)

= 4x*sec4xtan4x + 2xsec4x

% = 2xsec4x(2xtan4x+1)
X

(i)  tan®@sec’d

Solution:
Let y=tan®@sec’ @
Differentiate w.r.t “6”

dy =i(tan395ec2 49)
de dé

= tan® 0%(3%2 9) +sec? z9%(tan3 0)

=tan 0[25ec€(sec¢9tan0] +sec2¢9 d*an 0.585%0

= 2sec? Otan* @ + 3tan? Hsoc 0 w5 ._'_ W

dy ‘ (v
— 4 =2 &7 q Pt
0 se;, Hra chf 7’ +35@éi

(i) sﬂn '49 cusBé)
: J 1:“>U't|tn '
' Let y =(sin26—cos36)’

Differentiate w.r.t “0”

’I
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Unit— 2

X=ysiny

Differentiation
ﬂ:i(sinze—cossa)z
de dé
:2(sin2¢9—c033¢9);—9(sin26’—c05349.\-, )
dy 2(sm?0 00839)[2v0“23r\»SI’136ﬂ.I
——-1—.—- e A _____I_l: X
(iv) COS\/— +—«,Itlnx- ARARIE A
-J' wL =1 Yy = COS\/;-F sin X
" Differentiate w.r.t “x”
ﬂ:i(cos X + sinx)
dx dx
(cosx)
—sm«/_
ZJ_ 24/sin x
ﬂ —sm\/_ COS X
dx 2% ZJsinx
Q.3 Find dy if
dx
Q) y = XCOS Y
Solution:
y = XCOSY
Differentiate w.r.t “x”
dy d
—2 = —(xcos
dx dx( y)
dy . dy
— =X| —-sIny— |+cosy(1l
dx ( deJ v =
Y 4 xsin ygzcosy | .'H,a '-11'- a_ -
d dX — v 1 , _.-.--_._ e
dy A G AN '
1+ xsin =CO0S Vo—T VY
(Lexsiny) 5 b y_ YZARES!
ﬂ___')_l_ LT \ ) ™
o Tt |\ L
Hr\j J—"“li“ st
bjiutlon
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Unit— 2

Differentiation

Differentiate w.r.t “x”

d d .
&(X):&(ysm)/)
dy . dy -
1=ycosy—>=+siny—= b AT
y y dX y dX K . s I -~ L
(ycosiy+ '»iir-l-._y) gy N :x AR

1 |
, J | “(.4 Find the derivative w.r.t “x”,

] 1+X
Q) coS
1+ 2x
Solution:
Let y=cos LHx
1+2x

Differentiate w.r.t “x”
dy d 1+x

0S
dx dx 1+2x

——sin\/1+xi 1+X
1+2x dx V1+2x

\/1+x 1\/1+2xi( 1+XJ

1+2x 2\ 1+ x dx\1+2x
——sin\/1+x 1\/1+2x (1+2x)(1)-(1+x)(2)
- 1+2x 2\ 1+x (1+2x)2

1+x 1\/1+2x {(l+2x—2—2x)}

=-Sin

L+2x2\ 1+ x (1+2x)°
: 1+x ) ':; .
sin ; D A

dy _ 7 \1+2x

T e D\

IARGRIRENN
st .
i L L+2X 9
. (!') . ._..i;ll‘-f-]_. |1__+I

v o] I i
'\-\.'J | '-\.\,_ |'-\.___

A {jJ | .";:15_'3":-“ti0'|'|:
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Unit— 2

Differentiation

Q.5
()

NN

1+ 2x
1+ X
Differentiate w.r.t “x”

dy d(. 1+2x) o0 AT O e
=L = —sin \ < AWV Y
dx dx 1+x EaR!
N12x 1+c\<""' O N T
= €08, o\ At | |
\!1— ( u»(\« +x
l_1+‘, 4 Fx d(1+2x)
TV x 21 2x dx\ 14 x
_COS\/1+2x 1\/1+x {(1+x)(2)—(1+2x)(1)}

1+x 2\V1+2x (1+x)2
ﬂ_cos\/1+2x l\/1+x 2+2x-1-2x
dx 1+x 2V1+2x (1+x)2
1+2x
cos
dy _ 1+ X

3
dx 21+ 2x.(1+x)2

Differentiate
sinx w.r.t cotx

Let y=sin

Solution:

Let y=sinx, and t =cot x
We have to find %

y =sinx
Differentiate w.r.t “x”

d .
—y:cosx...(l)
X — | -4 5 1 L F, L=
- A P | N S
also t =cotx M\ A NN (oo~
Differentiate w.r.t “x” = = U
t = —2QY e'('-zx...(_i.i),a ~\ VS ,J VS~ -
dX _,.I 1 lI .__ L5 x L 1% -~
Applyir g ‘i a| o ru e on equaunlq (i and (||)

L1 9 :..‘I.(-I .t L dt ol

o ( )
=L = COSX.
dt cosec?x
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Unit— 2 Differentiation

(i)

d .
Y _cosxsin?x

dt
) 4 |
SIN“ X w.r.t cos” x — — Y

Solution: o AL OV AN e

Q.6

Let y=sin’x and t=cos'x| -
We ha le ¢ fing d\: e
| Ut -

v=2in"x | |

ll]l'tff I’f:."t_:a_tg W..I‘.t “X,,

&Y _ 2sinxcosx ..(1)
dx

also t =cos* x
Differentiate w.r.t “x”

dt_ 4c0s°® x(—sin x)
dx

— =—4sinxcos® x ...(ii)
dx

Applying chain rule on equation (i) and (ii)
dy _dy dx
dt  dx dt

dy = 7 sinX cesX.

/f,e,m/cos

ﬂ ——Loecrx

dt 2

If tany(1+tanx)=1—tanx, Show that % =1
X

Solution:

=\ anjy = '[’i

tan y(1+tanx) =1—tanx
1-tanx
1+ tan x Y\ NN o

=tany=

4 = . .-': o .'. oy L& ! Y
tan - tan X IR _ ':._ v e WY 7['.. -|_ I '|_ :.I Il
tany = —4— WMYFARIEER L] :-’E_l - =

1rtar\ xfanx—» VLA T T
f

_ tana-tan g
l+tanatan g

4:»|=\

EA I
4

Differentiate w.r.t “x”
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Unit— 2

Differentiation
a@_ 4
dx _
Alternate method: — — N [
1—tan x ~, y VST WA
=tany= - AT TR R

1+tan x ' =\ [
Differentigte w.r.t “x”— | '/ /

, Cj.j-" | (14 ta=‘|-;_<)(.;$eq".lx\,__— (EI.-;tF?_!]X)(SéCéX)

'L Py 1 - — 2

L) T+ tanx)

Y San®
= \

dx (1+tan x)2
1Jr(l—tan ij dy _ —2sec’x
l+tanx) Jdx (1+tan x)2

(L+tanx)’ +(1-tan x)’ dy  —2sec’x

(1+tan x)2 dx (1+tan x)2

) dy —sec’ x—sec” xtan x —sec’ x +sec’ xtan x

1+ 2tan x+tan® x+1— 2tan x+tan® x dy —2sec? x

1 X) dx 1 X)

2(1+ tan? x)ﬂ = _2sec’ X
dx
o, dy 2
2Sec” X—= =—25sec” x
dx

Yy_
dx

Q7 If y:\/tan x+\/tan X++/tanx+...00 , Prove that (2y—1)%=sec2x
X

Solution:

y=\/tanx+x/tanx+x/tanx+...oo el "R}

Squaring both sides, L\ VT WY (S
y2 =tanx+ytanx+tan oo = o L |
yz:ta,_,l.w__'); T\ Y \ WA AN
H AR ey ”: 1 i T —
Differeftinie wir i) | 11 | sk
o b dy L
o EALE =B\ X =
- J W K A 2 dx
MINIE | -.u d
2y—y——y=seczx
dx dx
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Unit— 2

Differentiation

Q8

Solution: _

d . _ i d'. e [ - m'.'.m

Q.9 Find dy if x=a(cost+sint), y=a(sint-rrvost) | | ',
Solution: . RYFARIB S RN

X =aqos} +cs- AR RN e

Differe: I[IILD\Irt“*” VoA o

i |

st I—aulrt+a‘sst

"'-I \ J | "‘.'IC'& Y

- LY |
IINIA
L 5,
L1 e

dy 2
2v_1)—= =
(2y )dx sec” x

Hence proved —
If x=acos’d,y=bsin*6 Show 'iﬁ._'—rf_t q-gy

vl\_

x=acoss | | ul
Differer tie,tc' Lty '
|EJ-X- «1Lwos‘ Osin 49]
.dx 2 A )
— =-3acos“4sindg...(1)
do
and y =bsin® 6
Differentiate w.r.t “6”
dy :b[BSinzecose]
do
dy =3bsin®@cosa ...(ii)
do
Applying chain rule on equation (i) and (ii)
dy gy do
dx d@ dx
dy _ stin@cos@.%
dx Zacos?sin g
dy —bsing
dx acosé

aﬂ =—-btané@
dx

aﬂ+btan0=0
dx

Hence proved

uX . .
— t—sint)...
i a(cost—sint)...(i)

And y=asint—atcost

Hhiand=90
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Unit— 2 Differentiation

Differentiate w.r.t “t”
dy

— =acost—a[-tsint+cost]
e . .'.: I..--'
%:@wﬁ+atsint—@eq_§ SRR \
dy . A\ 70N O
— =ateaipt..(n P !
dt . -' I'.. .'-_ -( ):_ .\\-. :- 1 :.'\-\. ! ! = .-'.. -
Applyirig zhainirutelor, eguasion (H-and (ii)
. J INBRCAIE
-'-_' W ﬂ:atsint—_
dx a(cost—sint)
dy  tsint
dx  cost—sint
Q.10 Differentiate w.r.t. “x”,
(i) cos‘l(fj
a
Solution:
Let y=cos‘1(§j
a
Differentiate w.r.t “x”
dx dx a
@y 1 i(éj
dx 1_()(}2 dx\ a
a
1
= =
T
a’-x* a i = \ 1]
a N » '-'-:__._ L=

dx _ R | L

5, -"-. e | - -
- '.\. -l 'h. 1 ..-7 A' .
w0 I'S.r] [ %, !:I)t._j. 4
\ A\ | WIS a
L

éolution:
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Unit— 2

Differentiation

Let y= cot‘l(ﬁj
a

Differentiate w.r.t “x”

\ "1-/

SN | r T N W ] 1 |1 .'. L i
1 'y o4 i . \ \ A
= | I‘- Vot T

\ \

a +x \al
a ‘ | P‘ |

] . 'm'-JI || ._I

J AV Cal+x a

dy a

dx  a’

+

(iii) 1sin‘( j
a
Solution:

1 .
Lety= —sm‘l(éj

a X
Differentiate w.r.t “x”

ﬂ_i;[—_aj
dx a NG
1—(a

e e ]
dy -1

dx XV x2 —a’
(iv) siny1-x°

Solution:

Let y =siny1-x? .

X’

Differentiate w.r.t “x”> o A

et 1O
RETEANESS

- I B T R
- qu f_]' J'%\!J:e—¢+x 2\/1 x?
"'-\..‘:.l '\'-\-_...-.. * b _ __1 )(

X \1-x

dy -1 d (x] | L
- 2 F .-..' ...'.:. .-'....—.- II'. .I'. ..I 1 1
gy o6 o, 2
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Unit— 2

Differentiation

dy -1

dx J1-x?

2

X +1 'l
i sec |
( ) [XZ _1} _ __"E_ ..-___. A

Solution:

Let y— at.C

-:_'-_l)nﬂ eren. |al

/

is ',L :'
X 1
X

‘Vru

1 d x?+1
dx [X2+1J\/[X2+1j2—1 dx| x?-1

x? -1

x? -1

2—1)(2x)—(x* +1)(2x)

(ﬁ+QJ

X“ -1 (
Xt 2x2+1-x*+2x2 -1

(vi) cot1(12X2

Solution:

Let y=cot

3

Differentiate w.r.t “x” o

|\~ (20 (20

=)

oo 4 dg2ch) o | L

|

(x-1)

|

| '
[y ) |
w | e 3 ! %
"y [ o
_. P 1
L T T N R
- ! ! Wb
'H.I [ ..-_, = 1 -m.'\-\.\_.__-\.
[ [ —
S
L | -
| |
1 _I
L
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Differentiation

(vii)

Solution:

L[1-%°
oS >
1+x

1+ x°
Differentiate w.r.t «“x”

2
Let y=cos™ 1-x j

dy _ -1 d(1-x
dx_\/l[l_xzjz dx | 1+ x?

1+ X2

\/1_1+ x* —2x? (1+ xz)2
1+ x* +2x°
o (1) {—ZX%—N%]

B (1)’

dx NI

_ -1 Ax
2x'1+ x?

Solujian;" ]l "
NN \ik

iztan [%
X y

1 {(l+ XZ)(—ZX)—(l— xz)(2x)

|

Q.11 Show t! |af
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Unit—

2

Differentiation

Q.12

e\
_x2+y2[ /yf X
d

y:xtan*15
y

Differentiate w.r.t “x”
dy d -1 X —1 X d

=X—tan " —+tan _—(x) -~ *ar"f:¥ \

dx dx y yean

LX) v |
1+Y x| VJ X

dx XX+yrdx X4y

2 X2 +v(x%+ 2
dy[“ X ]: y+y(x*+y?)
x+y

y
X
dy X2 dy Xy y
X
2

dx x
If y=tan(ptan™x), show that (1+x*)y,—p(1+y*)=0

Solution:

--".-t'- "J,I.Z\.“/ 1 p(l+y )
(16) - p(1+y?) =

y=tan(ptanx)

=tan"'y=ptan'x
Differentiate w.r.t “x”,

d/ . _ d,
d—(tan 1 y) = p&(tan 1)?) 'l .:':: ARtal
1 dy 1 | \ = o

1+y? a%, | 1+>S- ) \ VOV U N

7 e

e’

Hence proved.
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