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DERIVATIVE OF EXPONENTIAL FUNCTION: 

(1) Let xy e   

 x xy y e     

 x xy e y    

 .x x xy e e e    

 ( 1)x xy e e     

 
1xy exe

x x



 

 
 
 
 

  

 
1

lim lim
0 0

xy exe
x xx x



  

 
 
  
 

 

 ln
dy xe e
dx

   

 lxe   

  
d x xe e
dx

  

(2) Let xy a   

 x xy y a     

 x xy a y    

 .x x xy a a a    

  1x xa a   

 
1xy axa

x x



 

 
 
 
 

 

 
1 1

lim lim lim
0 0 0

x xy a axa na
x x xx x x

 

    

  
  
   
 

 

 .ln
dy xa a
dx

  

   ln
d x xa a a
dx

  

DERIVATIVE OF THE LOGARITHMIC FUNCTION: 

(3) Let lny x  

 ln( )y y x x     

 ln( ) yy x x     

  ln lny x x x     
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 ln
x x m

y ogm ogn og
x n




 
   

 
 

 ln 1
x

y
x




 
  

 
 

 
1

ln 1
y x

x x x

 

 

 
  

 
 

 
1

. ln 1
y x x

x x x x

 

 

 
  

 
 

 
1

ln 1

x

xy x

x x x

 



 
  

 
 

 
0 0

1 1
lim ln lim 1 lim 1

x
n

x

x x n

y x
e

x x x n



 

 

  

 
          

    
 

 

 
1

ln 1
dy

e ne
dx x

      

  
1

ln
d

x
dx x

     

(4) Let logay x  

  logay y x x     

  logay x x y     

  log loga ay x x x     

 loga

x x
y

x




 
  

 
 

 
1

log 1a

y x

x x x

 

 

 
  

 
 

 
1

. log 1a

y x x

x x x x

 

 

 
  

 
 

 
1

.log 1

x

x

a

y x

x x x

 



 
  

 
 

 
0 0

1
lim log lim 1

x

x

a
x x

y x

x x x



 

 

 

 
    

  
 

 

 
1

loga

dy
e

dx x
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1 1 1

log lne

dy

dx x a x a
   

  
1

log
ln

a

d
x

dx x a
  

DERIVATIVE OF HYPERBOLIC FUNCTIONS: 

(1)  sinh cosh
d

x x
dx

  

(2)  cosh sinh
d

x x
dx

  

(3)   2tanh sech
d

x x
dx

  

(4)   2coth cosech
d

x x
dx

   

(5)  sech sech tanh
d

x x x
dx

   

(6)  cosech cosech coth
d

x x x
dx

   

Proof: 
(1) Let sinhy x  

 
2

x xe e
y


  

 Differentiate w.r.t „x‟ 

  
1

2

x xdy d
e e

dx dx

   

    
1

2

x xd d
e e

dx dx

 
  

 
 

  
1

2

x xe e   

  sinh cosh
d

x x
dx

  

(2) Let coshy x  

 
2

x xe e
y


  

 Differentiate w.r.t   „x‟ 

  
1

2

x xdy d
e e

dx dx

 
  

 
 

    
1

2

x xd d
e e

dx dx

 
  

 
 

  
1

2

x xe e   

  cosh sinh
d

x x
dx
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(3) Let tanhy x  

 
x x

x x

e e
y

e e









 

 Differentiate w.r.t „x‟ 

 
x x

x x

dy d e e

dx dx e e





 
  

 
 

 
       

 

     

 
2 2

x x x x x x x x
x x x x x x x x

x x x x

d d
e e e e e e e e e e e e e e e edx dx

e e e e

   
  

 

         
 

 
 

 
   

 

2 2

2

x x x x

x x

e e e e

e e

 



  



 

 
 

 

2 2 2 2

2

2 2x x x x

x x

e e e e

e e

 



    



 

 

 

2 2 2 2

2

2 2x x x x

x x

e e e e

e e

 



    



 

 
 

2

4

x xe e



 

 

2
2

x xe e

 
  

 
 

   2tanh sech
d

x x
dx

    

(4) Let cothy x  

 
x x

x x

e e
y

e e









 

 Differentiate w.r.t „x‟ 

 
x x

x x

dy d e e

dx dx e e





 
  

 
 

 
       

 
2

x x x x x x x x

x x

d d
e e e e e e e e

dx dx

e e

   



    




 

 
     

 
2

x x x x x x x x

x x

e e e e e e e e

e e

   



    



 

 
   

 

2 2

2

x x x x

x x

e e e e

e e

 



  



 



 

 

 

Differentiation 

105 

Chapter-2 

 
 

 

2 2 2 2

2

2 2x x x x

x x

e e e e

e e

 



    



 

 

 

2 2 2 2

2

2 2x x x x

x x

e e e e

e e

 



    



 

 
 

2

4

x xe e
 


 

 

2
2

x xe e

 
  

 
 

   2coth cosech
d

x x
dx

    

(5) Let sechy x  

 
2

x x
y

e e



 

 Differentiate w.r.t „x‟ 

 
1

2
x x

dy d

dx dx e e

 
  

 
 

 
     

 
2

1 1

2

x x x x

x x

d d
e e e e

dy dx dx

dx e e

 



 
   

  
 

 

 

 
 

 
2

0
2

x x

x x

e edy

dx e e





  
 
 
 

 

 
 

 2

1
2 x x

x x
e e

e e




  


 

 
 

2x x

x x x x

e e

e e e e



 

 
  

  
 

  sech tanh sech
d

x x x
dx

    

(6) Let cosechy x  

 
2

x x
y

e e



 

 Differentiate w.r.t „x‟ 

  
1

2 x xdy d
e e

dx dx


   

    
2

2 x x x xd
e e e e

dx
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2
2

x x

x x

e e

e e






 


 

 2
.

x x

x x x x

e e

e e e e



 


 

 
 

  cosech coth cosech
d

x x x
dx

   

Inverse Hyperbolic Functions  

(1)  1 2sinh ln 1x x x     

(2)  1 2cosh ln 1x x x     

(1) Let 1sinhy x  for ,x y R  then  

 sinh y x  

 sinhx y  

 
2

y ye e
x


  

 2 y yx e e   

 
1

2 y

y
x e

e
   

 
2 1

2
y

y

e
x

e


  

 
2

2 1
y y

e x e   

    
2

2 1 0y ye x e    

 Which is quadratic in ye . Now we have 

 
      

 

2
2 2 4 1 1

2 1

y
x x

e
     

  

 

22 4 4

2

x x 
  

 

22 2 1

2

x x 
  

 
2 1ye x x    

 As ye  is positive for y R  

 So  
2 1ye x x    

    2ln ln 1ye x x    

  2ln 1y x x    

  1 2sinh ln 1x x x       
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(2)  Let 1coshy x


        for 1, , 0,x y     

 cosh y x  

 coshx y  

 
2

y ye e
x


  

 2 y yx e e   

 
1

2 y

y
x e

e
   

 
2 1

2
y

y

e
x

e


  

 22 1y yxe e   

 2 2 1 0y ye xe    

    
2

2 1 0y ye x e    

 Which is quadratic in ye , then we have  

 
      

 

2
2 2 4 1 1

2 1

y
x x

e
    

  

 
22 4 4

2

x x 
   

 

22 2 1

2

x x 
  

 
2 1x x    

 As 
ye  is positive 

 So 
2 1ye x x    

    2ln ln 1ye x x    

  2ln 1y x x    

  1 2cosh ln 1x x x     

DERIVATIVE OF INVERSE HYPERBOLIC FUNCTIONS: 

(1)  1

2

1
sinh

1

d
x

dx x

 


 

(2)  1

2

1
cosh

1

d
x

dx x

 


 

(3)  1

2

1
tanh

1

d
x

dx x

 


 

(4)  1

2

1
coth

1

d
x

dx x
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(5)  1

2

1
sech

1

d
x

dx x x

 



 

(6)  1

2

1
cosech

1

 




d
x

dx x x
  

Proof: 

(1) Let 1sinhy x   
 sinh y x  

 Differentiate w.r.t „x‟ 

    sinh
d d

y x
dx dx

  

 cosh 1
dy

y
dx

  

 
1

cosh

dy

dx y
      2 2cosh 1 sinhy y   

 
2

1

1 sinh

dy

dx y



 

 
2

1

1

dy

dx x




 

(2) Let 1coshy x   

 cosh y x   

 Differentiate w.r.t „x‟ 

    cosh
d d

y x
dx dx

  

 sinh 1
dy

y
dx

  

 1

sinh

dy

dx y
  

 
2

1

cosh 1

dy

dx y




    2 2sinh cosh 1y y   

  1

2

1
cosh

1

d
x

dx x

 


 

(3) Let 1tanh
y x   

 tanh y x   

 Differentiate w.r.t „x‟      

    tanh
d d

y x
dx dx

  

 2sech 1
dy

y
dx

  

 
2

1

sech

dy

dx y
     2 2

sech 1 tanhy y   

 
2

1

1 tanh

dy

dx y



 

  1

2

1
tanh

1

d
x

dx x
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(4) Let 1cothy x    

 coth y x   

 Differentiate w.r.t „x‟ 

    coth
d d

y x
dx dx

  

 2cosech 1
dy

y
dx

   

 
2

1

cosech

dy

dx y



   2 2
cosech coth 1y y   

 
2

1

coth 1

dy

dx y





 

 
2

1

1 coth y



 

  1

2

1
coth

1

d
x

dx x

 


 

(5) Let 1sechy x   

 sech y x   

 Differentiate w.r.t „x‟ 

    sech
d d

y x
dx dx

  

 sech tanh 1
dy

y y
dx

   

 1

sech tanh

dy

dx y y
      2 2

tanh 1 sechy y   

 So 
2

1

sech 1 sech

dy

dx y y
 


 

  1

2

1
sech

1

d
x

dx x x

  


  

(6) Let 1
cosech


y x   

 cosech y x   

 Differentiate w.r.t „x‟ 

    cosech
d d

y x
dx dx

  

 cosech coth 1
dy

y y
dx

   

 1

cosech coth

dy

dx y y
     2 2

coth 1 cosechy y   

  1

2

1
cosech

cosech 1 cosech

d
x

dx y y

  


 

  1

2

1
cosech

1

d
x

dx x x
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EXERCISE 2.6 

Q.1 Find  f x  if 

(i)   1xf x e    

Solution:  

   1xf x e   

Differentiate w.r.t “x” 

   1. 1x d
f x e x

dx

     

1 1
.
2

xe
x

   

 
1

2

xe
f x

x



   

(ii)   
1

3 xf x x e  

Solution:  

  
1

3 xf x x e  

Differentiate w.r.t “x” 

   
1 1

3 3x x
d d

f x x e e x
dx dx

 
   

 
 

 
1 1

3 2

2

1
3x xx e e x

x

 
  

 
 

1 1

23x xxe x e    

   
1

3 1xf x xe x    

(iii)    1 lnxf x e x   

Solution:  

    1 lnxf x e x   

Differentiate w.r.t “x” 

       1 ln 1 lnx xd d
f x e x x e

dx dx
      

 
1

1 lnx xe x e
x

 
   

 
 

 
1

1 lnxf x e x
x
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(iv)  
1

x

x

e
f x

e



 

Solution:  

  
1

x

x

e
f x

e



 

Differentiate w.r.t “x” 

 
       

 
2

1 1

1

x x x x

x

d d
e e e e

dx dxf x
e

 



  
 


 

    

 
2

1

1

x x x x

x

e e e e

e

 



 



 

 
2

1 1

1

x

x

e

e

 



 

 
 

2

2

1

x

x

e
f x

e


 



 

(v)    ln x xf x e e   

Solution:  

    ln x xf x e e   

Differentiate w.r.t “ x ” 

   
1 x x

x x

d
f x e e

e e dx




  


 

1 x x

x x
e e

e e




   

 

 
x x

x x

e e
f x

e e






 


 

(vi)  
ax ax

ax ax

e e
f x

e e









 

Solution:   

  
ax ax

ax ax

e e
f x

e e









 

Differentiate w.r.t “x” 

 
       

 
2

ax ax ax ax ax ax ax ax

ax ax

d d
e e e e e e e e

dx dxf x
e e
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2

ax ax ax ax ax ax ax ax

ax ax

e e ae ae e e ae ae
f x

e e

   



    
 


 

   

 

2 2

2

ax ax ax ax

ax ax

a e e a e e

e e

 



  



 

   

 

2 2 2 2

2

2 2ax ax ax ax

ax ax

a e e a e e

e e

 



    



 

 
 

2

4

ax ax

a
f x

e e
 


 

(vii)    2 2ln x xf x e e   

Solution:  

    2 2ln x xf x e e   

Differentiate w.r.t “x” 

 
 

2 2

2 2

1
ln

2 ln

x x

x x

d
f x e e

dxe e





    


 

   
2 2

2 2 2 2

1
2 2

2 ln

x x

x x x x
e e

e e e e



 
   

 
 

   
2 2

2 2 2 2

1
2

2 ln

x x

x x x x
e e

e e e e



 
   

 
 

 
   

2 2

2 2 2 2ln

x x

x x x x

e e
f x

e e e e



 


 

 
 

(viii)   2 2ln x xf x e e   

Solution:  

  2 2ln x xf x e e   

Differentiate w.r.t “x” 

  2 2

2 2

1 x x

x x

d
f x e e

dxe e




  


 

2 2

2 2 2 2

1 1
. 2 2
2

x x

x x x x
e e

e e e e
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2 2

2 2

x x

x x

e e
f x

e e






 


 

  tanh 2f x x   

Q.2 Find 
dy

dx
 if 

(i) 2 lny x x  

Solution:  

 2 lny x x  

Differentiate w.r.t “x‟ 

   2 2ln ln
dy d d

x x x x
dx dx dx

   

 2 1 1
ln . 2

2
x x x

x x
   

2

2 ln
2

x
x x

x
   

2 ln
2

x
x x   

1
2ln

2

dy
x x

dx

 
  

 
 

(ii) lny x x  

Solution:  

 lny x x  

Differentiate w.r.t “x” 

 ln ln
dy d d

x x x x
dx dx dx

   

1 1
. ln

2 ln
x x

xx
   

1
. ln

2 ln

x
x

xx
   

1
ln

2 ln
x

x
   

1 2ln

2 ln

dy x

dx x


  

(iii) 
ln

x
y

x
  

Solution: 

 
ln

x
y

x
   

Differentiate w.r.t “x” 
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2

ln ln

ln

d d
x x x x

dy dx dx

dx x



  

 
2

1
ln

ln

x x
x

x

 
  

   

 
2

ln 1

ln

dy x

dx x


  

(iv) 2 1
lny x

x
   

Solution: 

 2 1
lny x

x
  

 2 ln1 lnx x    

 2 0 lnx x    

2 lny x x    

 Differentiate w.r.t “x” 

  2 1
. ln 2

dy
x x x

dx x

 
   

 
  

  2 ln
dy

x x x
dx

     

(v) 
2

2

1
ln

1

x
y

x





 

Solution:  

 
2

2

1
ln

1

x
y

x





 

 
2

2

1
ln

1

x
y

x





 

2 2ln 1 ln 1   y x x  

   2 21 1
ln 1 ln 1 log log

2 2
    ny x x m n m  

Differentiate w.r.t “x” 

   2 21 1
ln 1 ln 1

2 2

dy d d
x x

dx dx dx
     

 
 

2 2

21 1 1
. 2

2 1 2 1

x
x

x x
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2 21 1

x x

x x
 

 
  

   
  

2 2

2 2

1 1

1 1

x x x x

x x

  


 
  

3x


3x x 
4 1

x

x




  

4

2

1

dy x

dx x



  

(vi)  2ln 1y x x     

Solution:  

  2ln 1y x x    

Differentiate w.r.t “x” 

 
2 2

1 21
1

1 2 1

xdy

dx x x x

 
  

   
  

2

2 2

1 1

1 1

x x

x x x

  
  

    

  

2

1

1

dy

dx x



  

(vii)  2ln 9y x   

Solution:  

  2ln 9y x   

Differentiate w.r.t “x” 

 2

2

1
9

9

dy d
x

dx x dx
 


 

 2

1
2

9
x

x
 


  

2

2

9

dy x

dx x





  

(viii) 2 sin 2xy e x   

Solution:  

 
2 sin 2xy e x  

Differentiate w.r.t “x” 

   2 2sin 2 sin 2x xdy d d
e x x e

dx dx dx

    

 2 2cos2 .2 sin2 2x xe x x e      

 22 cos 2 sin 2xdy
e x x

dx
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(ix)  3 22 1xy e x x    

Solution:  

 3 22 1xy e x x    

Differentiate w.r.t “x” 

     3 2 3 22 1 2 1x xdy d d
e x x x x e

dx dx dx

        

   2 3 23 4 2 1 1x xdy
e x x x x e

dx

           

   2 3 23 4 2 1x xe x x e x x        

2 3 23 4 2 1xe x x x x          

 3 2 4 1xdy
e x x x

dx

      

(x) sin xy xe   

Solution:  
sin xy xe  

Differentiate w.r.t “x” 

   sin sinx xdy d d
x e e x

dx dx dx
   

sin sin.cos .1x xxe x e    

 sin cos 1xdy
e x x

dx
    

(xi) 3 45 xy e    

Solution:  

 3 45 xy e   

Differentiate w.r.t “x” 

   3 4 3 45 5 3 4x xdy d d
e e x

dx dx dx

     

 3 45 . 3xe   

3 415 xdy
e

dx

   

(xii)  1
x

y x    

Solution:  

  1
x

y x   

Taking natural log on both sides, 

 ln ln 1
x

y x    

 ln .ln 1y x x   

Differentiate w.r.t “x” 
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       ln ln 1 ln 1
d d d

y x x x x
dx dx dx

     

 
1

. ln 1 .1
1

dy
x x

y dx x


  


  

 
1

ln 1
1

dy x
x

y dx x
  


  

   1 ln 1

1

x x xdy
y

dx x

   
  

 
  

 
   1 ln 1

1
1

x x x xdy
x

dx x

   
   

 
  

Or  

   1 ln 1
1

xdy x
x x

dx x

 
     

 

(xiii)  
ln

ln
x

y x  

Solution:  

  
ln

ln
x

y x  

Taking natural log on both sides, 

 
ln

ln ln ln
x

y x   

 ln ln .ln lny x x   

Differentiate w.r.t “x” 

        ln ln ln ln ln ln ln
d d d

y x x x x
dx dx dx

   

1
ln

dy
x

y dx


1
.

ln x
 

1 1
. ln ln .x
x x
   

 
1 1 1

ln ln
dy

x
y dx x x

    

 1 ln ln xdy
y

dx x

 
  

 
  

 
 ln 1 ln ln

ln
x xdy

x
dx x
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(xiv) 
 

 

2

3
3 2

1 1

1

x x
y

x

 




 

Solution:  

 
 

 

2

3
3 2

1 1

1

x x
y

x

 




 

Taking natural log on both sides, 

   

 

1
2 2

3
3 2

1 1
ln ln

1

x x
y

x

 




  

     
1 3

2 32 2ln ln 1 ln 1 ln 1y x x x        

     2 31 3
ln ln 1 ln 1 ln 1

2 2
y x x x        

Differentiate w.r.t “x” 

       2 31 3
ln 1 ln 1 ln 1

2 2

d d d d
y x x x

dx dx dx dx
       

 
 2

2 3

1 31 1 1 1 3
2 .

2 1 1 2 1

xdy
x

y dx x x x
  

  
  

 

2

2 3

1 9

1 1 2 1

x x

x x x
  

  
  

     

2

2

1 9

1 1 1 2 1 1

x x

x x x x x x
  

     
  

        

   

2 2 2

2

2 1 2 1 1 9 1

2 1 1 1

x x x x x x x x

x x x x

       


   
  

 
   

3 2 3 2 3 2

2

2 2 2 2 2 2 1 9 9

2 1 1 1

x x x x x x x x

x x x x

       


   
  

   

3 2 3 2 3 2

2

1 2 2 2 2 4 4 2 9 9

2 1 1 1

dy x x x x x x x x

y dx x x x x
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3 2

2

1 5 3 6 2

2 1 1 1

dy x x x

y dx x x x x

   


   
 

   
1 1

2 21 1 1x x xdy

dx

  


 

       

3 2

33
2 22

5 3 6 2

2 1 1
1 1

x x x

x x
x x x

   

 
    2 1x x

 
 
  
 

  

   3 25 3 6 2 1x x x xdy

dx

    


      
5 1

2 2 22 1 1 1 1x x x x x    

  

  

3 2

5
2 2

5 3 6 2

2 1 1 1

dy x x x

dx
x x x x

  
 

   

  

 

2

5
2 2

5 8 2

2 1 1

 
 

  

dy x x

dx
x x x

  

2

3 2

3 2

2

2

5 8 2

1 5 3 6 2

5 5

8 6

8 8

2 2

2 2

0

x x

x x x x

x x

x x

x x

x

x

 

   



 







  

Q.3 Find 
dy

dx
 if 

(i) cos 2y h x   

Solution:  

 cos 2y h x  

Differentiate w.r.t “x” 

 sin 2 2
dy d

h x x
dx dx

  

sin 2 .2h x   

2sin 2
dy

h x
dx

   

(ii) sinh3y x  

Solution: 

 sinh3y x  

Differentiate w.r.t “x” 

 cosh3 3
dy d

x x
dx dx

   

3cos 3
dy

h x
dx

   

(iii)  1tanh siny x  

Solution:  

 1tanh siny x  

Differentiate w.r.t “x” 
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  1tanh sin
dy d

x
dx dx

  

 2

1
sin

1 sin

d
x

x dx



 

2

1
cos

cos
x

x
  

1

cos x
  

sec
dy

x
dx

  

(iv)  1 3sinhy x   

Solution:   

  1 3sinhy x  

Differentiate w.r.t “x” 

 1 3sinh
dy d

x
dx dx

  

 
 3

2
3

1

1

d
x

dx
x





 

 2

6

1
3

1
x

x



 

2

6

3

1

dy x

dx x



  

(v) ln tanhy x   

Solution:  

 ln tanhy x  

Differentiate w.r.t “x” 

21
.sec

tan

dy
h x

dx hx
  

2

2

coth sech

cosh 1

sinh cosh

1

sinh cosh

2

2sinh cosh

x x

x

x x

x x

x x









  

2cos 2
dy

ec h x
dx

   

(vi) 1sinh
2

x
y   
  

 
  

Solution:  

1sinh
2

x
y   
  

 
 

Differentiate w.r.t “x” 

1sinh
2

dy d x

dx dx

  
   

  
 

2

1

2
1

4

d x

dxx

 
  

 


 

2

1 1
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4

x



 

2

1 1

24

2

x



 

2

1

4

dy

dx x



  


