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SUCCESSIVE DIFFERENTIATION (OR HIGHER DERIVATIVES): 

We state different notations used for derivatives of higher orders. 

1
st
 Derivative     1, , , , ,

dy df
y y Dy f x

dx dx
   

2
nd

 Derivative      
2 2

2

22 2
, , , , ,

d y d f
y y D y f x

dx dx
    

3
rd

 Derivative      
3 3

3

33 3
, , , , ,

d y d f
y y D y f x

dx dx
    

 .   . . . .  . . 

 .   . . . .  . . 

 .   . . . .  . .  

  

n
th

 Derivative      , , , , ,
n n

n n n

nn n

d y d f
y y D y f x

dx dx
  

 

 
 

EXERCISE 2.7 
 
 

Q.1 Find 2y  if 

(i) 5 4 32 3 4 2y x x x x      

Solution:  
5 4 32 3 4 2y x x x x      

Differentiate w.r.t “x” 

 5 4 32 3 4 2
dy d

x x x x
dx dx

       

4 3 2

1 10 12 12 1y x x x      

Differentiate again w.r.t “x” 
3 2

2 40 36 24y x x x     

(ii)  
3

2

2 5y x    

Solution:  

 
3

2

2 5y x   

Differentiate w.r.t “x” 

 
3

1
2

1

3
2 5 .2

2
y x


    

1

3

2
y   

1

22 5 . 2x    

 
1

2
1 3 2 5y x    

Differentiate again w.r.t “x” 

2

1
3

2
y   

1

22 5 2x
 

 
 

    

2

3

2 5
y

x



  

(iii) 
1

y x
x

    

Solution:  

 
1

y x
x

   

Differentiate w.r.t “x” 
3

2
1

1 1

22
y x

x

 
   

 
  

1

1 1

2 2
y

x x x
    

Differentiate again w.r.t “x” 
3 5

2 2
2

1 1 3

2 2 2
y x x

  
  

 
  

2 3 5

2 2

1 1 3

4
y

x x

 

  
 
 

  

 2 5

2

3

4

x
y

x
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Q.2 Find 2y  if  

(i) 2 xy x e  

Solution:  

 2 xy x e  

Differentiate w.r.t “x” 

   2 2x xdy d d
x e e x

dx dx dx

    

   2 1 2x xx e e x      

 2

1 2xy e x x    

Differentiate again w.r.t “x” 

     2 2

2 2 2x xd d
y e x x x x e

dx dx

      

     22 2 2 1x xe x x x e        

22 2 2xe x x x         

 2

2 4 2xy e x x     

(ii) 
2 3

ln
3 2

x
y

x

 
  

 
  

Solution:  

 
2 3

ln
3 2

x
y

x

 
  

 
 

   ln 2 3 ln 3 2y x x      

Differentiate w.r.t “x” 

   1

1 1
2 3

2 3 3 2
y

x x
 

 
  

   
1 1

1 2 2 3 3 3 2y x x
 

      

Differentiate again w.r.t “x” 

         
2 2

2 2. 1 2 3 2 3 1 3 2 3y x x
 

       

 
   

2 2 2

4 9

2 3 3 2
y

x x


 

 
  

2 2

9 4

9 12 4 4 12 9x x x x
 

   
  

   
   

2 2

2 2

9 4 12 9 4 9 12 4

2 3 3 2

x x x x

x x

    


 
  

36


2 108 81 36x x  

   

2

2 2

48 16

2 3 3 2

x x

x x

 

 
  

   
2 2 2

60 65

2 3 3 2

x
y

x x




 
  

Q.3 Find 
2y  if, 

(i) 2 2 2x y a    

Solution:  

 2 2 2x y a   

Differentiate w.r.t “x” 

12 2 0x yy    

2 1 2yy   x   

1

x
y

y
     

Differentiate again w.r.t “x” 

   1

2 2

1y x y
y

y


    

2 12

x
y x

y x
y y

y y

 
  

      
 

 

2 2

2 3

x y
y

y


    

 
2

2 2 2

2 3

a
y x y a

y
     

(ii) 3 3 3x y a    

Solution:  

 3 3 3x y a   

Differentiate w.r.t “x” 
2 2

13 3 0x y y    

3 2

1 3y y  2x   

2

1 2

x
y

y
   

Differentiate again w.r.t “x” 

   

 

2 2

1

2 2
2

2 2y x x yy
y

y


   

2 2

2

2 2xy x y

y





2

2

4

x

y

y
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4
2

2 4

2
2

x
xy

y
y

y



  

3 4

2 5

2 2xy x
y

y


   

 3 3

2 5

2x x y
y

y

 
   

3

2 5

2a x
y

y


   3 3 3x y a   

(iii) cos , sinx a y a    

Solution:  

 cosx a    

Differentiate w.r.t “ ” 

sin
dx

a
d



  …(i)  

cos
dy

a
d



 …(ii)  

Applying chain rule on equation (i) 

and (ii) 

.
dy dy d

dx d dx




   

1y a
1

cos .
a




sin

 
 
 

  

1 coty     

Differentiate again w.r.t “x” 

 2

2 cos .
d

y ce
dx


     

2

2

1
cos .

sin
y ec

a




 
  

 
  

3

2

1
cosy ec

a
    

(iv) 2 4,x at y bt    

Solution: 

 
2x at  

Differentiate w.r.t “t” 

2
dx

at
dt

 …(i)  

4y bt  

Differentiate w.r.t “t” 

34
dy

bt
dt

 …(ii)  

Applying chain rule on equation (i) 
and (ii) 

.
dy dy dt

dx dt dx
   

3

1

1
4 .

2
y bt

at
   

2

1

2bt
y

a
   

Differentiate again w.r.t “x” 

 2

2
2 .

b dt
y t

a dx
   

4

4 1
.
2

bt dt

a dx

bt

a at





  

2 2

2b
y

a
  

(v) 2 2 2 2 0x y gx fy c       

Solution:  

 2 2 2 2 0x y gx fy c      

Differentiate w.r.t “x” 

1 12 2 2 2 0x yy g fy      

  12 2 2 2y f y x g      

   1y f y x g      

1

x g
y

y f


 


…(i)  

Differentiate again w.r.t “x” 

     

 
1

2 2

1y f x g y
y

y f

  
 


  

 

 
2 2

x g
y f x g

y f
y

y f

 
    

  


  

   

 

2 2

2 3

y f x g
y

y f

  
 


 

 

2 2 2 2

2 3

2 2y f fy x g gx
y

y f
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2 2 2 2

2 3

2 2x y gx fy g f
y

y f

    
 


 

 

2 2

2 3

c f g
y

y f

 



 2 2 2 2x y gx fy c      

Q.4 Find 4y  if 

(i) sin3y x  

Solution:  
 sin3y x  

Differentiate w.r.t “x”  

1 1cos3 .3 3cos3y x y x    

Differentiate again w.r.t “x”  

 2 23 sin3 .3 9sin3y x y x      

Differentiate again w.r.t “x”   

3 39cos3 .3 27cos3y x y x      

Differentiate again w.r.t “x”   

 4 27 3sin3y x     

4 81sin3y x   

(ii) 3cosy x  

Solution:  

 3cosy x  

Differentiate w.r.t “x” 

 2

1 3cos siny x x    

2

1 3sin cosy x x    

 2

1 3sin 1 siny x x     

3

1 3sin 3siny x x     

Differentiate again w.r.t “x” 

 2

2 3cos 9sin cosy x x x     

 23cos 9cos 1 cosx x x      

33cos 9cos 9cosx x x      
3

2 6cos 9cosy x x  …(i) 

2 6cos 9y x y    

Differentiate again w.r.t “x” 

3 16sin 9y x y     

Differentiate 3y  w.r.t “x” 

4 26cos 9y x y    

 3

4 6cos 9 6cos 9cosy x x x     using (i) 

3

4 6cos 54cos 81cosy x x x      

3

4 81cos 60cosy x x    

(iii)  2ln 9y x    

Solution:  

  2ln 9y x   

  ln 3 3x x     

   ln 3 ln 3y x x      

Differentiate w.r.t “x” 

1

1 1

3 3
y

x x
 

 
  

Differentiate again w.r.t “x” 

   
2 2 2

1 1

3 3
y

x x

 
 

 
  

   
2 2 2

1 1

3 3
y

x x

 
   

   

  

Differentiate again w.r.t “x” 

   
3 3 3

2 2

3 3
y

x x

  
   

   

  

   
3 3 3

1 1
2

3 3
y

x x

 
  

   

 

Differentiate again w.r.t “x” 

   
4 4 4

3 3
2

3 3
y

x x

  
  

   

  

   
4 4 4

6 6

3 3
y

x x

 
 

 
  

   
4 4 4

1 1
6

3 3
y

x x

 
   

   

  

Q.5 If sin , sinx y m    show that 

  2 2

2 11 0x y xy m y      

Solution:  
sinx    

1sin x     
So siny m   

Becomes  1sin siny m x   

Differentiate w.r.t “x” 
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   1 1cos sin . .sin
dy d

m x m x
dx dx

    

 1

1 2

1
cos sin .

1
y m x m

x




  

Or  2 1

11 . .cos sinx y m m x    

Differentiate again w.r.t “x” 

 
 2 1

2 1
2 2

2
1 . . sin sin .

2 1 1

x m
x y y m m x

x x


 

       
  

2 2 1

2 1 2 2

1 1
1 . . sin sin

1 1
x y xy m y y m x

x x

    
 

   

Multiply both sides by 21 x  

We get   2 2

2 11 x y xy m y      

Or    2 2

2 11 0x y xy m y       

Q.6 If sin ,xy e x  show that 

 
2

2
2 2 0

d y dy
y

dx dx
    

Solution:  

sinxy e x  

Differentiate w.r.t “x” 

   sin sinx xdy d d
e x x e

dx dx dx
   

cos sinx xdy
e x e x

dx
   

cosxdy
e x y

dx
  …(i)  

Differentiate again w.r.t “x” 

  
2

2
sin cosxd y dy

e x x
dx dx

     

2

2
sin cosx xd y dy

e x e x
dx dx

      

2

2
cosxd y dy

y e x
dx dx

     

Adding and subtracting “ sinxe x ”  

 
2

2
sin cos sinx x xd y dy

y e x e x e x
dx dx

       

 
2

2

d y dy dy
y y

dx dx dx
      

 cos sinx xdy
e x e x

dx
   

 
2

2
2 2

d y dy
y

dx dx
   

2

2
2 2 0

d y dy
y

dx dx
    

Hence proved 

Q.7 If sin ,axy e bx  show that 

  
2

2 2

2
2 0

d y dy
a a b y

dx dx
      

Solution:  

sinaxy e bx …(i) 

Differentiate w.r.t “x” 

 .cos . sin .ax axdy
e bx b bx e a

dx
    

sin cosax axdy
ae bx be bx

dx
    

cosaxdy
ay be bx

dx
  …(ii)  sinaxe bx y  

Differentiate again w.r.t “x” 

 
2

2
sin cos . .ax axd y dy

a b e b bx bx e a
dx dx

     
  

2 sin cosax axdy
a e b bx abe bx

dx
     

2
2

2
sin cosax axd y dy

a b e bx abe bx
dx dx

  

Adding and subtracting „ 2a y ‟ 
2

2 2 2

2
cosaxd y dy

a b y abe bx a y a y
dx dx

      

 
2

2 2

2
cosaxd y dy

a b y a be bx ay a y
dx dx

      

2
2 2

2

d y dy dy
a b y a a y

dx dx dx

 
    

 
  

2
2 2

2

d y dy dy
a b y a a y

dx dx dx
     

 
2

2 2

2
2

d y dy
a a b y

dx dx
    

 
2

2 2

2
2 0

d y dy
a a b y

dx dx
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Q.8 If  
2

1cos ,y x  show that   2

2 11 2 0x y xy      

Solution: 

 
2

1cosy x   

Differentiate w.r.t “x” 

1

2

1
2cos

1

dy
x

dx x


 

  
 

 

2 1

11 2cosx y x    

Differentiate again w.r.t “x”  

 2 2

1 1 2

1
1 1 2

1

d d
x y y x

dx dx x

 
      

 
 

 2

2 1 2 2

1 2 1
1 . 2

2 1 1

x
x y y

x x

  
     

  
  

 2

2 1

2 2

1 2

1 1

x y xy

x x

 


 
 

 2

2 11 2 0x y xy      

Q.9 If    cos ln sin lny a x b x  , show that 
2

2

2
0

d y dy
x x y

dx dx
    

Solution:  

   cos ln sin lny a x b x   

Differentiate w.r.t “ x ” 

   sin ln cos lna x b xdy

dx x x


   

   sin ln cos ln
dy

x a x b x
dx

    

Differentiate again w.r.t “x” 

 
   2

2

cos ln sin ln
1

a x b xd y dy
x

dx dx x x


    

   
2

2

2
cos ln sin ln

d y dy
x x a x b x

dx dx
       

2
2

2

d y dy
x x y

dx dx
    

2
2

2
0

d y dy
x x y

dx dx
     

 


