Chapter-2

Differentiation

SUCCESSIVE DIFFERENTIATION (OR HIGHER DERIVATIVES):

We state different notations used for derivatives of higher orders.
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Q.1 Findy, if Y, =3(Zj(2x+5)2 (Z)
(i) y=2x"=3x* +4x° +x -2 3
Solution: Yo = =
y=2%x"—-3x* +4x° +x -2 2X+5
Differentiate w.r.t “x” (i) y= & +%
X
gzi(2x5—3x4+4x3+x—2) Solution:
dx dx 1
y, =10x* —12x° +12x* +1 y=\/;+T
1 H H [13Va2d X
Differentiate again w.r.t “x Differentiate w .t “x”
y, = 40x> —36X° + 24X 1 (21 —SW
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(i)  y=(2x+5) 1- 1| )
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Differentiate again w.r.t “x” 4x?

121



Chapter-2

Differentiation

Q2 Find y, if

(i) y=xe"

Solution:
y:XZe—x
Differentiate w.r.t “x” Yy
ﬂ:xz_..d_-_(ef’.,_'_n*" _

dx dst

=07 (1) e (X0
= {(2x=x7)
Differentiate again w.r.t “x”

Yy = (25 (2x-x7) (e )

=e™(2-2x)+(2x—x*)(e™)(-1)

=e‘x[2—2x—2x+x2]

Y, :e’x(xz —4x+2)

(i) yzln(
Solution:
y:m(2x+3J
3x+2
y=In(2x+3)—In(3x+2)
Differentiate w.r.t “x”
- (2)--509)
2X+3 3X+2
y, =2(2x+3) " =3(3x+2)"
Differentiate again w.r.t “x”

2x+3)
3X+2
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y, = 60X + 65
2~ 2 2
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.3 - Findlly,if, |
VA AyEard ]
|| 'Solufien: ' "
X2 + y2 :a2
Differentiate w.r.t “x”
2x+2yy, =0
Zyyl:—zx

X
= Nh=""

Differentiate again w.r.t “x”

y(H)-x(y:)

y2=_ 2

(i) x-y*=a
Solution:
X3 _ y3 -3°
Differentiate w.r.t “x”
3x*-3y’y, =0
BY?Y. pe
- = jvz ( y .\..m. |.... .--.--_..:.
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e Differentiate w.r.t “t”
2xy* — == dy -
_ y 4bt (11) N
y2 - y4 . dt | 1 11
; | Ayl /|n "hdlﬂ rele cn nq,Ja ien U)
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_____ = = 4bt®.—
_ = 2at
~ (RSN ey =gt _
_ J AXIN ( y ) Y1 a
gl : Diff [ in w.r.t “x”
(iii) X = a.c0s0, y=asing I erzebntlate z(lj%aln w.r.t “X
. 2t
Solution: 2=~ —(2t).— X
X=acosd bt dt
Differentiate w.r.t “6” ==
dx a dx
d—:—asine...(i) _4bt 1
de a 2at
Y _acoso .. (i) 2b
0 Y.=—
Applying chain rule on equation (i) 2
Solution:
dy dy dé
d—yzé.d— X +y*+2gx+2fy+c=0
X X Differentiate w.r.t “x”
,a(sm&

(2y+2f)y, =—2x-2g

(y+f)y,=—(x+09)
X+ ¢

y, =—cotéd
Differentiate again w.r.t “x”

=——...(
y, = —(—cosceze).d—e e y+ f ®
dx Differentiate again.w rt™x7 -
yzzcoseczgl( __1 J y _____(,- :-l )(ﬂ. Xx 0)(\/1) a. ‘
asing =i U+f)
Y, 2—:\50058030} . WAL y+ f _(; ‘+g j(x+g)
-%;—_I—'.ﬁ.-x -...:.H': I—. ! | = \\ (R _ L _ y+ f
(iv)  x=at® || Ly SR L e Y2 = (y+f)2
Solution:, VAL AL VL , ,
_ J il A y z_(y+f) +(x+9)
' J NN Flherentlate w.r.t “t” ? (y+ f)3
%:Zat...(i) _ Y+ fRa2fy+x°+0° +20x
y =bt* 2 (y+ 1)
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y, = X2 +y?+2gx+2fy+g°+ f? y, =—6c0sx— 54cosx+81cos3x
2 = 3 -
(y+f) y, =81cos’ ¥~ 6(;01;&\.
_f2 2 e ‘._______—_'__
yZ:Cf—g -.-X2+y2+29Xi2fy:,:_j . ||I\ )‘ll‘( —E\) e
(y+f) =\ =9Im|o1 [
Q4  Find y-ii ™) A VO (¢ -9)
(i) y=sin35 UL L I s T =In(x-3)(x+3
Solution: EARIEL R ™ (x=8)(x+3)
_ yiegindx L L y:In(x—3)+In(x+3)
\| L | Diferesitiate wrt “x” Differentiate w.r.t “x”
| y, =C0s3x.3= Y, = 3c0s3X 11
Differentiate again w.r.t “x” yl_x—3 X+3
y, =3(—sin3x.3) =y, =-9sin3x Differentiate again w.r.t “x”
Differentiate again w.r.t “x” y, = 1 -1
Y, =-9c0s3x.3 =y, =—27c0s3X ’ (x=3)"  (x+3)’
Differentiate again w.r.t “x” i
=—27(—3sin3x) Y, =— 1 1
Al S
Yo =81sin3x Differentiate again w.r.t “x”
- _ 3 —
gl)I y y =C0S” X o ) N ) }
olution: 3 =" 3 3
y =cos® X __(x—3) (x+3)
Differentiate w.r.t “x” y. =2 1 N 1
y, =3cos’ x(—sinx) ? | (x=3)" (x+3)’
y, =—3sin xcos” x Differentiate again w.r.t “x”
=-3sin x(1-sin® x -3 -3
yl ( ) y4 = 2 7 =+ 4:|
y, =—3sin x+3sin®x |(x=3)" (x+3)
Differentiate again w.r.t “x” —6 —6
) y4 = + 4
y, =—-3c0s X +9sin” x(cos x) (x=3)"  (x+3)-
=—3cos X +9cos x(1—cos’ x) RN s 1AL
=—3c0sX+9c0sX—9c0s° X, AT g _'-__6-.'_ (?__3)_.+(_)}'+-3) J
—6cosx—9cosx...(1)\ | 7T\ e
% X > X, 0 VS S NGs T =sing, y =sinmé@ show that
y _6-’ 1__9\1.\.__..-\\.- o | ':x \\ 1Y .-..._.__-' ( _ )y _Xy “m y:O
leferentl.u'-‘ cgan Wit X | . 2 !
6N — e VA Solution:
e S X=sin@
R} | !D.l Terntiae v, WL oX e O—sin"x
N _' AW y =—-6c0sx—9Y, So y=sinmé
Y, =—6C0s x—9(6cos x—9cos’ x) using (i) Becomes y =sin(msinx)
Differentiate w.r.t “X”
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% = cos(msin‘1 x).%(m.sin‘1 x)
1

1- %2,

Or v1-x%¥; —mcos(mqn X /

Rt

y, = cos(msin~* x)m.

Differet Jie.mgan Civ.i P

\/1 X y W\ —=3 T:'_ﬁi__..;iri(rﬁsinlx)}.{\/%}

--y=sinmsin™x

“\Il

ANTEN Goe S
b | ‘l— MY, =Xy, =-m’
I I ' Yo = XY \/1_)(2 y\/l—Xz

Multiply both sides by v1—x?

We get (1-%)y, —xy, =—m’y
Or (1—x2)y2—xyl+m2y:0
Q.6 If y=e*sinx, show that
d’y ., dy
——-2—=+2y=0
o “dx
Solution:
y =e”sinx
Differentiate w.r.t “x”
dy .d . ood o
—=e"—(sinx)+sinx—(e
dx dx( ) dx( )
dy Xai
— =e*cosx+e”sinx
dx
ﬂ:excosx+y...(i)
X
Differentiate again w.r.t “x”
o7 e (( smx)+cosx)+d)._ ) J
M_-'—'e;*sir-: X £ £780! x+-1z" '
d .._.-'. 'I. 1 - .\,_. | Crx "'\-\.\,
d i 1 .'-' ! .'-7 L1 d_ "
- o H VA Loy =
- *.__'-.|c>< S dx

‘Adding and subtracting “e*sinx

2
M:—y+e sin X +e*cos X +— dy

o —e’sinx

A\ .dy

d
L\ d y Vol s dv 5
O == as —hY+al — [—a
=y dz:’z | liXI 3 yl J LdXJ’ y
1 1 LY d?' et E

d? d d
By oy
dx dx "X

Al Jdwn | K S
| = = edaxiretsinx
de, A

1y
2
- ’"'A" dX Y-
I ANPY AP
dx? dx

Hence proved

Q.7 If y=e™sinbx, show that
d7y Y (a2 w2
W—Za—-F(a +b )y—O

Solution:

y =e*sinbx...(i)
Differentiate w.r.t “x”
a_ e®.coshx.b+sin bx(eax.a)
dx
ﬂ = ae® sinbx + be® cosbx
dx
dy ax 3 .
FV ay +be™ cosbx ...(ii) ( e¥sinbx = y)
X

Differentiate again w.r.t “x”

ﬂ = ag+b[ealx (—bsin bx)+cosbx.eax.a]
dx? dx

dy
dx
d? d

_g — a_y _ b2
dx dx

Adding and subtracting ‘ a’y’

2

d_Z — aﬂ _ b2
dx dx

=a e®b? sinbx + abe® cosbx

e™ sinbx + abe® cosbx

T = A =biy a(:)e wcbx+ay) a_v
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Chapter-2 Differentiation
Q8 If y:(cos’lx)z, show that (1-x*)y,—xy, 2=
Solution:

y :(cos’lx)2 -,

Differentiate w.r.t “x” A =\ [

ﬂ_mﬁb x( . WoaoNLY

Q.9

ﬁw

,__'

._-_j - Xyl :-Z(C“' X
1) '! ifserentiate again w.r.t “x”

Jl—j(yl)wls\/_ (
oy, -y, 222 [

d’y

Solution:

y =acos(Inx)+bsin(Inx)
Differentiate w.r.t “x”
dy _ —asin(Inx) N bcos(Inx)

dx X X
dy .
x& =—asin(Inx)+bcos(Inx)

Differentiate again w.r.t “x”

d’y dy( )_—acos(ln x)_@n_(!nx) o

X_ _

dx*  dx Xy e
d’y _dy '
2= =—lagos n%) W bin( I
dx*_ dx ¢ ﬂf “ ) ™ \ _ )J
a2y | \ly WAL

X2 e A X A

I._‘-._tizp'z AN >

I .J"z d’y _dy

=X —5+x—+y=0
dx> dx )

-],.l L

If y=acos(Inx)+bsin(Inx), show that x*—+ xﬂ

dx dx

+y=0
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