Chapter-2 Differentiation

Maclaurin’s Theorem:

The power series expansion of a function f (x) is ~ [«
f(x)=a +ax+ax’ +a, ... Fax £l Wiee a0 .84\ a, .. 'aredonstants and

x is a variabte. Now we flnd all cc n tan S by flna'ng Successive der.vatlves of the power

series d."‘" (vcluatt..q t"l&’m a = 0

f(.\w—<io-—31) X .agx ...... +a X" +... —> (i)
NININRIGESY | —— (ii)
I | f'(X)=a, +2a,X+38,X* +.....+ na, X" " +...

f(0)=a — (i)

f"(x)=2a, +6a;X+.....+n(n-1)ax"*+...

£7(0)=2a,, a2=%f"(0) (V)

f"(0)=6a, a=21"(0) W
Putting (i), (iii), (iv), (v) in (i)
()= 1(0)+31'(0)+ X 17(0)+ X 17(0) .t X 17(0) ¢

This expansion is called Maclaurin series or Maclaurin’s theorem
Note:

A function f can be expanded in the Maclaurin series |f the func i '.:» :Je mej m tne" R

interval containing 0 and its derivatives exl_st At =0 rh( expar swn id Vau-e' Jluy |f it i
Convergent 1 .. .. :-_' 1 __-' — .. 1 1 .:. ... \ ._ |_ '. | .I

Tailor’s Seric s i‘* f,jlanqz@ns*oﬁ Fl 1 ctlg_s\

If f s do‘nnv(, i he mter':. contalnlng 'a' and its derivatives of all orders exist at

|<_( ..~;r.1wc can expand f(x) as

f(x)="f(a)+f'(a)(x—a)+ fﬂz(!a)(x—a)2+ f’;(-a)(x_a)ng ..... + fn(a)(x—a)"+...
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Proof:
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f(x)=a +a(x-a)+a,(x-a) +a,{x-a)’+ '-.4(1-‘5 - a)" FAa (h e r .

f —af 4 - ' .'.___-' BRI A

1

2

f"(x)=0+2a, +6a3(x—a)+12a4(x—a)2 +..+n(n-1)a,(x-a)"  +..
f"(a)=2a,

1
2

f"(x)=0+6a,+24a,(x—a)+...+n(n-1)(n-2)a, (x—a)"" +...

fm(a) — 6a3

Similarly

L (a)=a, na;_'%.;'qilvi) fL

n! ) . -_.-"": w*-,\"-h_ ..'\-\..I Il :-_.:._.
Putting (ii), (iii), (iv), (v),oi) in (32, ~— |0 VLY
e e S
f(X)—"?(a}-r 'F'\Q)Q‘X—c:'/+':—“" \f_\g'.-(\‘.—a) +..... + ( )(X—a) +
PV A T
J-fx.:"-'l',":i;_Js_'e::'r:'c_nsi(')'h of function f (x) is called Tailor series expansion.

f'(¥)=a +2c2( X a\+3a3 ('x - 6;)2 +4a,(x—a) +...+na,(x—a)" +..

5()

(i)

Yia)—a i)

~f"(a)=4, ——(iv)

af”’(a):aG —)(V)
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Applying Maclaurin’s series expansion,

EXERCISE 2.8
Q.1  Apply the Maclaurin series expansion to prove that: - s
: x> X x ! VT AN
In(1 =X——F———
0) n(1+x)=x 2+3 4__+_ !
Solution: /
Let "4\ T ’
fO=In@+k%) | Y ard = ((5):0
(T NI .'f"(',x_)_l'j—'x" and  f'(0)=1
a | N | +
I . 1z -1 "
f (X):(1+x)2 and f"(0)=-1
nr 2 nr
f (x):(1+ x)3 and f"(0)=2
iv _6 iv
f (X)=(1+—X)4 and f (0)——6
Applying Maclaurin’s series expansion,
’ " 2 e 3
f(x)=f(0)+ f (O)X+ f"(0)x + f(0)x +...
1 2 3
In(1+x):0+1x+_—1x2+£x3+...
i 2 3
2 3 4
In(1+x)=x—X—+X——X—+...
2 3 4
2 4 6
(i) Prove that cosx=1— >+ X 4
2 14 [6
Solution:
Let f(x)=cosx and  f(0)=1 y .
f'(x)=-sinx and__ f'(G)%0 __
£ (x5 T aid| | re(eln "
e L cogx | \anG— £¥(0)=1
| '"'-:'_'f'%-.'i_'.:)llsin.x and  f'(0)=0
| f*(x)=—cosx and  f"(0)=-1

I_- :___ 2
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-1 0 1 =\ TN,
cosx:1+—1x+—x2+—x3+—x4-!:_... \  \f \

2" "Bl

(i) VAax =14 AR
-~ T ._‘]édl,JL:id_n'l_.' )
J | Let

f(x)=v1+x and  f(0)=1

1 1

f'(x)= and f'(0)==
( ) 24/1+ X ( ) 2
-1 -1

—h
I
—_
>
~
|
w

and f"(0)=
4(1+x)?

4
fm(x): 3 - and fm(o):§
8(1+X)2 8
f(x) B and f(0) -
16(1+X) 16
Applying Maclaurin’s series expansion,
f(x)=f(0)+ f (O)x+ () X2 + f(0) X ...
i 2 3
-1
J1+x :1+lx+1x2+
2. |2

7
2

X3+ ...

oo oo | w

2 3 P
X X X g o
\/1+X:l+§——+—+... !

8 16 N 2O LY

iv e =1+ X+—+—+... —~ Vb TN VAN T AT
Solution: RV AR R L~
Let (34 |~ L LS AT T
f(x) _e \and VY O):lx !
ARG
. J || pl M) =et and  f
‘ f"(x)=e* and  f"(0)=1
Applying Maclaurin’s series expansion,
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- X3 +..
|J‘ |_2 |_3 i~ I
e =1t Sx+ Lyt s tydy ) - ,
i E _
2 X3
=€ =14 Xt {
I\ B2
) Loy LK
- [ENE

- J .‘.IS'.:\E-Jtiu_ll_l_. '
N Let
f(x)=e* and f(0)=1
f'(x)=2e* and f'(0)=2
f"(x)=4e* and  f"(0)=4
f"(x)=8> and  f"(0)=8
f¥(x)=16e*and  f"(0)=16
Applying Maclaurin’s series expansion,

f(x)=f@O)+f OOy e,

1 12 3
2
1+2x+4i+Si
2 3
h? h?
Q.2 Show that cos(x+h)=cosx—hsinx——cosx+—sinx+...
12 3
and evaluate cos61°.
Solution:
Let
f (x+h) =cos(x+h)
= f(X) =cos x ;
f'(x) =—sinx and  f"(X)=—cosx — (12N (C
_ . ALY L
f"(x) =sinx and  fY(xA=cosk |\ _ T NN (&L 00—
ApplyingTailor’sTheorerl,Weha@: /. A \ S
h 7° /
f(xX+h --1(x)+ \)\ +—ff'(x)+ — £ (x
RO e )
_cos (+h) cw«x
NN “'-._'J""*-i')r % Z60° and h=1° or h=0,017455
NAY . 0.017455)° 0.017455)" _
cos(60°+1°):003600—(0.017455)sm60°—%c0560°+%3m60°
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B3

c0s61° =%—?(0.017455)—1(0.017455)2 +—2(o.017455)3

~0.5-0.015116-0. 0000761+0 00000076

~0.4848 'S
ey o Iz l
Q.3 Show that 2" = 2 {1+(I| :2)h +-—J———l:_2 Ll—é—b‘% o

~ L:I- ™ \_? v, .-|;'5 -
Solution: AR\ VL
. '.-.-J I.: -. H (,\ \ l“) 2x+h

J N f(x)=2x
f'(x)=2*(In2) and f"(x) =2*(In2)?
f"(x)=2"(In2)® and  fY(x)=2*(In2)*
Applying Taylor’s Theorem

f(x+h)= f(x)+—f (x)+h f"(x)+hs £ (X)+...

i 2 3

x+h X h X h2

2 =2 4 — 2%(IN2) +—2*(In 2)* +..
1 12

26 = 2{1+(In2)h+(ln2) |_+(|n2)3'|‘_3 }

—\ v
— 1 k --h. L
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