Chapter-2 Differentiation

GEOMETRICAL INTERPRETATION OF A DERIVATIVE:
.\.‘

Let P(x,y) and Q(x+8Xx,y+dJy) be two neighboring points on the graph of the

function defined by the equation y = f (x) The line PQ is a secant to the curve. Its

inclination is @. TP is the tangent to the curve at point P. Its inclination is

In APQR
ang— QR _8Y
PR oX
Applying limit 6x — 0, the secant will become the tangent at P and Awill tendto v .
limtan g = Iimﬂ
5x—0 5x-0 §X
tanezﬂ
dx

The derivative w.r.t ‘X’ of the function defined by the equation y=f (x) is equal to the

slope of the tangent to the graph of the function at point P(x,y).

INCREASING AND DECREASING FUNCTIONS:
Let f be defined on interval (a,b) and let x,,x, €(a,b) then

(i) f is increasing on the interval (a,b) i f(x,)> 1:?(.."1)_.3/‘./‘[TP._TII-E\l'I'é.[:_ ,\ S\x k_ A R

(i) f isdecreasing on the interval (a.%) ff(x )<f ( xf_)'.l_/v‘hehelvé.-'- %S x

Note: - Y, BER LS
- ey ] . .\,.'- '--'. ' .'-.'. .'-."I |1 P
0] A?_G,_iffgr:errt_igﬁl;:'*ur't_tic_af\is\‘nCreac.iF.y on (a,b) if tangent lines to its graph at all
_ rornis (%1 (%)) have positive slopes i.e. f'(x)>0 ,vxe(ab).
|I :'gi.")."__ f\-dif'rérerﬁiable function f is decreasing on (a,b) if tangent lines to its graph at all

: J. ..:_:.:|

points (x, f (x)) have negative slopesi.e. f'(x)<0 ,vxe(a,b).
f'(x) <0 Wwx such that a<x<b
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Stationary Point:

A point where f is neither increasing nor decreasing is called a staticnary noint, previdgd V|

that f'(x)=0 at that point.
RELATIVE EXTREMA:
Let (5K ¢+0X) S,

If f(c)> 1(>)v & (s

(T Yi=C

| [} &

-(dornaid of a sunction t).asdiere ox is small positive number

A OXIC o‘*,;)th'en the function f is said to have a relative maxima

"* T (c)< f (x)Vx e(c—56x,c+0x) then the function f has relative minimaat x=c.

Both relative maximum and minimum are called relative extrema (in general).
The graph of a function is shown in the adjoining figure. It has relative maxima at x=b
and x=d.Butat x=a and x=c it has relative minima.
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Critical Values and Critical Points:

If ceD; and f'(c)=0 or f'(c) does not exist then the number f(:, is.called aer: .|cal:'- o

411“111“[1111]/

s |

value of f while the point (c f(c )) on the .]I’\Jph of £{: 7 isnan: Pd As 2 er«,ai | T e
There are functions which-iave eff:mmM unax ma Qr " T*ln ma) at h( pomts where their

derivatives do not exist.
First derivati; .ie‘“ ulu T

Let f () ) | be dl f€rentrab|e ir At
®
-‘._ -| II I._-u .

.I.__:_:._I N
\ N (i)

m;,a.uuurhood of ¢ where f'

_.-'

.

P

(c)=0

It f (x) cna ges sign from positive to negative as x increases through ¢ then
f{c) is the relative maxima of f (x).

If f’(x) changes sign from negative to positive as x increases through ¢ then

f (c) is the relative minima of f(x).
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Second Derivative Rule:
Let f (x) be a differentiable function in neighborhood of ¢ Where f (c, _u then

(i) f (x) has relative maxima at ¢ if £r(c )<0 Y i
(i) f (x) has relative minima 11‘ cif A(c)>0.

Note: L

Q) A staUOM. v pomt i calle(:' a fun n'nq r“'nt It |t is elther a maximum point or a
nmmm paini oL

(i) IF £ _x C lefors the pomt ‘

' K=a, f'( )=0 at x=a
and f'(x)>0 after x=a

then f does not has a relative
maxima. Such a point of the
function is called the point
of inflection.

EXERCISE 2.9

Q.1  Determine the intervals in which So f isdecreasing
f is increasing or decreasing for T '
the domain mentioned in each For (_E'Ej’ F'(x)=cosx>0
case. So f isincreasing.

Q) f(X)=SinX,Xe(—ﬂ',ﬂ') .

Solution: For [E,ﬂ'j; f'(x)=cosx <0
f(x)=sinx So f is decreasing
Differentiate w.r.t. “X”

1, erentiate w.r (”) f( ) COSX, Xe 7[7[
f'(x)=cosx )
Put f'(x)=0 Solution: 1 ._"
cosx=0 T\ .f(x\""“&x ' ."'-r'; \ON=
oz ) _!':. A= Dlﬁ.or«nta V'r 2
:>X——Ei3_ A\ 78 1 .;. A\ _ff \)) olnX |
_'x: 1 -_/ P \_/ ,. — I'_ I'. 1Y "..-___.'- T —
Intervai=at'e |\ --7z¢ ——_,_ o j\\ PUI_ ¥ ( ) 0
| A k VA '2, 2=y —sinx=0
A EAR YL = =x=0
[ J 1“{‘ © T-) ) 7 7
J [WH[N ] W 4 Intervals are (——,Oj and (0,—)
UNRYA . 2 2
' For (—z,——j; f'(x)=cosx<0 .
2 For (—E,O]; f'(x)=-sinx>0
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| J N

So f isincreasing
For[O,%); f'(x)=-sinx<0

So f is decreasing—

(i) f(x)=4—2, xe(-2.2)| |,
Solution: A AT |
f (A==
— O O DiYerentiate 'wrt, <X
J | | 'f’(k)=—2x
Put f'(x)=0
—2x=0
x=0
Intervals are (—2,0) and (0,2)
For (-2,0); f'(x)=-2x>0
So f isincreasing
For (0,2); f'(x)=—2x<0
So f is decreasing
(iv) f(x)=x"+3x+2, xe(-4,1)
Solution:

f(X)=x*+3x+2

Differentiate w.r.t. “X”

f'(x)=2x+3
Put f'(x)=0
2x+3=0

3
X=——

2

-3 = —
Intervals are (—4, —] and! (_7 ,
For (—:l,—-’-J._ \ «_'(x)'- =',2>:|'J.—3f:<
I Sh_¥# s decreasing

For (—g,lj; f'(x)=2x+3>0

So f isincreasing

Rt

Find the extreme values for the
following functions-cefined as;-
(i) f(x) =15 | 2\

Q.2

 Setatidn:| | N\

[ICAREIS R

Ditferentiate w.r.t. “X”
f'(x)=-3x

Put f'(x)=0

3x*=0=x=0

Now f"(x)=—6x

Putting x =0,

£7(0)=0

So the second derivative is not
helpful in determining the extreme

values.

Now we use first derivative test.

Let x=0-¢

and f'(0—¢)=-3(0-¢)
=-3£%<0

and f'(0+&)=-3(0+s)’
=-3£°<0

So the first derivative does not
change signat x=0 and f(x)=1,
~.(0,1) is the point of inflexion.
(i) f(x)=x"-x-2
Solution:
f(x)=x"-x-2
Differentiate w.-t] & N
A= 20 o
M

7 20% px10

&

I_- :___ A

| e get x= 1
i 2

take f'(x)=2x-1
Differentiate again w.r.t. “x”
£7(x)=2

at x:1
2

f"(x)=2>0
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(iii)

so f has relative minima at x=%

and f (E] :_—9
2 4

f(x)=5x2.—6x+2

Solution: i AR Ea

(iv)

Solution: Ty =

f(x)=50"-5x%+2)

I‘fcrenlacvvlt )

oY) 21086

Put f'(x)=0=10x-6=0
we get X = 3
5
take f'(x)=10x—6
Differentiate again w.r.t. “x”
f"(x)=10

at x= §

5

f"(x)=10>0

So f has relative minima at x:g

(545 (3]

=2 2242
5 5

9-18+10
5

(2

f (x)=3x* _

f(x )—.3)(2-'

Differeriale vir.tr o] | A \ :

KORCARN

J._ e Fea- o= 6x=0

We get x=0
take f'(x)=6x
Differentiate again w.r.t. “x”

]

£(x)=6
at X O - '..-"\-\. ] 5
L AL l6/>0¢

\»o 1 ( ') \hz sr*mumum value

" and f(0)=0
(V) f (x)=2x>-2x*-36x+3
Solution:

f (x)=2x>-2x*-36x+3
Differentiate w.r.t. “x”
f'(x)=6x*—4x—36

Put f'(x)=0
6x*—4x—-36=0
zliﬁ
3

Take f'(x)=6x*—4x—-36
Differentiate again w.r.t. “x”
Now f"(x)=12x—4

1+\/§
3

At x=

()]

=4+455 -4=455>0

Thus f has relative.rainima

1+\/_ T+ 0h _I.- ;.:f\/r';'; ZI." . /J}
Bl

" _ | f(l t "[SEJ =-';_;(247 +220+/55

So f has relative maxima

S—"
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(] B

3
(vi)  f(x)=x'-4x /
Solution: AT
f (O =x*-4%7

. \]Lff‘f r({tfa_t‘: w.r.t..“x”
1'(x)=4¢ -x

Put f'(x)=0
4x°-8x =0
Xx=0, X=4/2, x:—«/f

Take f'(x)=4x>-8x
Differentiate again w.r.t. “x”
f"(x)=12x*-8

at x:—\/f

() -12(~) -8
t"(—~2)=24-8
t"(—V2)=16>0

So f has relative minima

at x=0, f"(0)=-8<0

so f has relative maximaat x=0

atx=+2, f"(ﬁ)=11>o

1-55) -1 _.
(5% -] 1

so f has relative minimaat x =2

and f(ﬁ)— f(_\/z)=_.? p DAy

also fuﬂ—o IR

(vii) (x\— X|- 2; x~) =
Qolrmon
‘(A) (x- )( 1)
=(x*— 4x+4) (x-1)
f(x) x® —5x* +8x—4

-

(viii)

Pyt £ lx)-cO mn e
| Bx¢-10%+8=0 |

Differentiate w.r.t. “X”
f'(x)=3x? —10x57 ™,

-\.-X'= -
3

Take f'(x)=3x*-10x+8
Differentiate again w.r.t. “x”
f"(x)=6x-10
at x=2,
f"(2)=2>0
So f has relative minima
and f(2)=

=K =2,

at x:ﬂ
3

f"(£]:—2<0
3

So f has relative minima

And
3 2
((5)-(5) (5] -<(5)-*
3 3 3 3
_64.80 32
27 9 3

f(ﬂj_i
3) 27

f(x)=5+3x-x’

Solution:

.“stefe“tlc.n W et e
A

p ity \x)

F(x)=5+3x-x7C~ )

I_- :___ 2

f f,() 3x
3-3x*=0

= Xx=%1
Take f'(x)=3-3x?

Differentiate again w.r.t. “x”
f"(x)=-6x
at x=-1, f"(-1)=6>0
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Q3

Solution:

So f has relative minima
And f(-1)=3

At x=1, f”(1)=—6<0

So f has relative maximzg "
And f (1)=7

Rt

Find tig raximuam ard mirimui_

values bf'\the| function \defivied by
the following _eGuation  occurring
[ IO -

in the interval [0,27]

f (x) =sinx+cosx

f (x) =sinx+cosx
Differentiate w.r.t. “X”
f'(x)=cosx—sinx

Put f'(x)=0
cosx—sinx=0
sinx=cosx =—=tanx=1

x=" & x=r+2= >

4 4 4
Take f'(x)=cosx—sinx
Differentiate again w.r.t. “x”

f"(x)=—sinx—cos x

[ 57 . 57 5t
f"l — |=-sin— —cns—
4 A 4

f 14,

=250 N | 7o
| 'Sq f \hes mirimumi-aitie
ans {'/ﬁjzsiﬁ5—7T+c055—7Z
4 4 4
o7yt 1
4 2 2
(571 =2
$)E T
f 57” =2

So maximum and minimum values
of f(x) are ¥/2 and —/2
respectively.

Inx .
Q.4  Show that y =—— has maximum
X
value at x=¢e
Solution:
X

Differentiate w.r.t "x"

dy x()l(]—ln x(1)

oz dax X?
Al x= 4 dy 1-Inx
,,(ﬂ'] . T Vs dx  x
f"| —|=-sin——-cos— d
4 4 4 Put —y:0
_t 1__2 dx
NN 1—..|2n_!)§_:.aj. | .-; . .
=—\/§ <0 = .___.e:_ } 1-1n X-:D <
So f has maximum value! | ~7% " [ |[ | N 2T e the
And ___.-: ._I —~ _.:. NI'H.- I - i ' ‘.x \\ 1 L > X=e
N ASAEAR AR A, dy 1-Inx
=sin—4-Cp§ = F =2+ Fer= Take —=———
4 RN 2 dx X
N YDA L Differentiate again w.r.t. “x”
'-_f[-')J:\/Z 1
4 " XZ(_X]_(l_mx)(zx)
At XZST” o x*
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d’y —x-2x(1-Inx)

dx? x*
d’y -3x+2xInx
dx? x*
d’y _—3:2Inx /
dx? 'S )
at x=¢ 1 |
, a?ul Z3+2Ine
A dx? | e?
-1
:§<0
2
d_z/ <0
dx e

so f has maximum value at x =e.
Q.5  Show that y=x* has minimum

1
value at x==
e

Solution:
y=x
Taking natural log on both sides
Iny=Inx*
Iny=xInx

Differentiate w.r.t. "x"

1dy 1+Inx( )
ydx X

: dy =1+Inx

y dx - O L

dy _ =y 1~1 T x) o) (1~|x‘ ISR
dX .k Y 7 a) A xk )
put L c-n"'-_ RRRREL

Ny g (1+. Inx)=0

= 1+Inx= .. x*#0
Inx=-1

Inx=—Ine
( IrLe_LJH_" Y

'Inx 1n‘ A

Take dy x*(1+Inx)
dx

Differentiate again w.r.t. “x”

d?y (1)

— =X = |+(1+Inx)x*(1+Inx
¥ = = [+ (@+nx)x(L+Inx)

dZy xX

=2 =2 4 x*(1+Inx)’
dx* X ( )
d2y 1 2
— =X =+(1+Inx
dx’ [x ( ))
at x==
2 3 2
RO EE]
X X:% e _% e
(1 T (1+In1 Ine)}
dx? X:;_ e) L
2 ."“. = .
G NN (0, N o=
A [ e "
.d[y .
dx? 1>O
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