Chapter- 3 Integration

Integration:
“The inverse process of differentiation i.e the process of finding such-& ahqtiqn wihiesk!
derivative is given is called anti-derivation or, 1ntegrat10n” YR AL
For example: ] N -

An anti-derivatie o.' 2x IS Y2_.3|||C$"1—'-('X2;) = 2K, A
_ L

Indefinite Inte 1teqrai;

' .Jf = I—(X)+C is called the indefinite integral of f (x), where f(X) is integrand,
ii( X) is particular integral and c is the constant of integration.

Theorems on Integration:

()  Provethat [[f(x)] f’(x)dx:%mni—l
Proof:
since £ [ £(x)]"" =(n+1)[ 1 ()] £'(x)
So by definition
J+DL 10T £ (x)ax=[f ()] +¢,
(n+1)J[ £ (0] F()ax=[ £ ()] +c,

£ ()]

n ' C1
f _L J
JLECOT (gax=t s B
. _f (X)—n+1 c
f f’ d = = E . — 1
JIECT F(gdx="mse o=t e
(i)  Prove that P -._., | I_f.{-‘a_ \®
I[f(x)]_lf'(x)dxﬁlnf(x-_}+c 1_(}>0 RRE | W
Proof: — "y AV AVU Y “ L
.__.-' '.I \ I-"\."' - "'\, TR et

£'(x)

.,)IIIC’.’ Ll Ir Lf (xﬂ R

(X)

\ J T || | N :'_' I\ dy deflnltlon we have
I |, b}

I f(lx) f'(x)dx=Inf(x)+c, f(x)>0
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Standard Formulae for Anti-Derivatives:

General Form

n . (aX-l-b)nJrl n i) :
I(aX+b) dX—W'FC(ni—l) |X jX_L_.]_+_1L—|:C’(n-1_l)
Isin(ax+b)cx_:'- :95—(6?\{'—+bl ) '[sin XdX = —C0S X+C
;.",OE'(‘C‘..("—.J)(’!)’ ;-;inw+c Icosxdx:sinx+c

[N . a
J.secz(ax+b)dx:%:)wb)+c Isecz xdx = tan X + ¢
jcosecz(ax+b)dx=w+c jcoseczxdx:—cotx+c
jsec(ax+b)tan(ax+b)dx=m+c _[secxtan XdX = Ssec X +¢
Icosec(ax+b)cot(ax+b)dx= —COSGngaX+b)+C jcosecxcotxdx:—cosecx+c
AX+u
J’eﬂxutdxzeﬂ’ +C,(/1¢O) Jede:eX+C
AX+u X
.[a“”‘dx= +c,(a>0,a=11%0) _[axdx: a +c(a>0,a=1)
Alna Ina

.[ 1 dy— Injax +b|

+c,(ax+b#=0)
ax+b a

j%dx:ln|x|+c,x¢0

Itan(ax+b)dx =§In‘sec(ax+b)‘+c

1
= _gln\cos(ax+ b)l+c N

I cot (ax+ b)LX i_ In'sii( ax+ 5)l _'Cx \ u

J'tar)_ x d¥=In/seC=c

|2 injces Xl

) -.:[cotxdx =Infsinx|+c

| Ao = Dby (e

jsecxdx =In|secx +tan x| +c

Icosec(ax+b)dx =iIn‘cosec(ax+b)—cot(ax+b)‘+c

J'cosec xdx = In|cosec x —cot x| +¢
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EXERCISE 3.2

Q.1 Evaluate the following indefinite

integrals
) [Gx*-2x+1)dx
Solution:

[ (Bx? 2+ 1)dlx

= [3x* cx—- 270X~ jld' \

=R %dy 7‘xd> '1jux
{ I n+l

’ "1 Osing [x"dx =
' J |\ 9] n+1

:3(X—3J—Z[X—ZJ+X+C

3 2
=x®—x*+x+cC

(ii) j(f+fjdx(x>0)

Solution:

i3

1 -1
= [x2dx+ [ x 2dx

+C

3 L
:§x2+2x2+c

(iii) jx(ﬁﬂ)dx,(x >0)

Solution:

= jx\[xdx+j ax

J'l T 'Jszu +dex
| % Y,

le X2

+—+cC
2

7+1
2

J.X(\F-—F“]_\n( » --»-'.__

\s .
==X+ =X +C
5 2

1
(iv) j (2x +3)2dx
Solution:
1
J(2x+3)2dx
Multiplying and dividing by 2
1 1
= j (2x+3)2(2)dx

1
=+1
1(2x+3)?
:ET+C
2
3

_1(2x+3)?
2 ()
2

:lxg(2x+3)5+c
2 3

1 3
:5(2x+3)2 +C

W (V1) d(x>0)

Solution:
a2\ (C
].P' +?\,; {—J_)dx ,.a AL "
.;. 'J xdx+2szdx+J‘ldX

X

3
25
K
2 3
=2 4 -X24+x+C
2 3

+X+C
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. 1Y y+1
(vi) (\/' ——— | dx,(x>0) = {—]dy
(=t (o
Solution: J ; 1 RREAY
2 - = =y = /
R _J,\/
I[\/__i dx - A V4T y
X ] L i ™ '
:/_ \ ; ” '=".|‘y5dy+.[y?dy
_I(x -i—-2 dx
X ) E+1 _—1+1
" y2 y2
N .'.'I .Xj)(-k'[; Ox — ZIdX :(1 j—i_(—l ]-i-C
N 2 —+1 —+1
=?+In|x|—2x+c 2 2
3 1
1 2 2
| =dx=In|x|+c _y y
.[ X (3 +(1j+c
(vii) I3X+2 2) |2
3 1
Solution: §y2+2y +c
3x+2
I (ix) ng_l) d6,(6 > 0)
(6>
:I(—+—]dx Jo
\/1; Jx . Solution:
=J.3x5dx+_..2x?dx (\/5_1)2
! 4 J N
=3J.x2dx+2j'x2dx
1, -1, (0+1—2ﬁ)
X2 X 2 —j—de
3~ *2 <+ Jo
o) (5
2 2 ] 0 +i—&)d9
P BN (@
=3 X3 +2 Xl P e T AR
RN it
o ”.' N\l B e e o e A
AN )
I.IJth' O o 9% %
. I[(y+1) —— 20+¢
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=507 +20°-20+c

(x) J.(l_T\XFX)dX,(X >0)

Solution:

.[x_zldx + j x%dx - 2! dx
2a 1

X2 X2

1 G

1 3

X2 X2
2 2
1 3
=2X? +—X?
3

—2X+C

—2X+C

X

e +e
[—

(xi) dx

Solution:
e 4
[—

:Iez

dx

= [eraxs | d,< ~ 3\ VY

=e" +x+ '
_l‘wcljaﬁ \\

Q2 -

. \/x+a+\/x+b ’
Solution:

—2X+C

\ J ' "'~:'_',~' W Oax Xx+a>0
X+b>0

|

Jxra-yxrb dx
(e ()

=Im_mdx

X+a—Xx-b

:a J.(x+a);dx—_|‘(x+b);dxj

1+l 1+1
2 2
_ 1 | (x+a)®  (x+b) e

|

Integration
J4x+a+dx+b Y
By ratmﬁar f:ng the dp.mfnnafur ’
1 J'_E_'_ . /e .A '\/X+bdx
wTo+ A+J I xra—Jx+b

(alb)[ " +a)2_g(x+b) J
2 3 3
23( b)((x+a)2—(x+b)2j+c
a_
. 1-x°
ii dx
W J‘l+x2
Solution:
i_ is an improper fraction therefor
Al SN
N ARIRRR FXFLT
P 2
So, - dex
1+x
=I[—1+ szdx
1+x
:—Jldx+211:%2dx

155
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:—x+2tan"1X+C-.-j ! ~dx=tan"'x 5
1+x 1| (a- 2X) -
=2tan " X—X+c¢ ) ? /F\T J .“’ RPN
2y e
I x>0,a>GCy \ 11
(i) -[«/x+a+f( 4 i 1, s

Solution: PRy v

f4¢:;+v“

By vetierializing the denomlnator
:J- 1 m «F
\/x+a+\/§ Jx+a- \/_
xra-x dx
() (5]
REEIN

X+a—X

== Ix+a)2dx Ixzdxj

3 3

(x+a)2 X2
2 G
2 2
120 a2y
=213 —(x+a) 3x J+C

2 3 3
3—[(x+a)2 —XZJ-FC
a

+C

(iv) j (a—2x)gdx
Solution:
| (a—2x)?dx

= ERRA A\ \\ S
LY Y

) ..,I , | I-\.a_ - 2X)§+l
Y

N e
|
2

= M= ka—ZX)Z'FL-I

v [

Solution:

X\3
J.(1+S) dx
e

Using (a+b)® =a®+b®+3ab(a+b)
_ f (1+e¥ +31)(e")(1+ eX)j i

eX

3X X 2x
:.[ d+e +3Xe +3e )jdx
e

1 e 3e* 3*
:J. — A+ —+—— X
et e e e

= je‘xdx +Ie2xdx + 3j dx +3jexdx

:£+%+3x+3ex+c
:—e—lx+e—;X+3x+3ex+c
(vi)  [sin(a+b)xdx
Solution:
_[sm (ath)sxds |l j -. u_
mil | Al
1\ I:,a—:ﬂ( t,os(a L.t)x)+c
=—(a+b)cos(a+b)x+c
(vii) Imw, (1-cos2x>0)
Solution:

.Ml—c052x dx
= I\IZSinz XdX --1—cos2x =2sin®x
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=\/§jsinxdx —J2cosx+c
~B(~cosx)+c 1S
viii In x)x = dx, 0 Vo thiX | .
i) J(inx)tox (>0) AT Y
Solution: ~ AN VO WS -“"E[(ﬁjﬂ’
j(lnx)ki'.dx \ .' 2
TARIRLE )
. 2 = =tan—+c¢
A | [40)0 = 2
WY N e
| 2
. - (xi) J' ax+b
(ix) _[sm xdx ax® +2bx+¢
Solution: Solution:
_[sinzxdx
J' ax+b
sin® x :(1—c§szx) ax® + 2bx+c

(1_C052X)d ( 2ax+2b )d
2 ax®+2bx+c

1_
_E_J'(l—COSZX)dx] =%In‘ax2+2bx+c‘+c1
1_
=—| | dx— | cos2xdx
Z—I j J (xii) j cos 3xsin 2xdx
_1[_ sin2x
2T +e Solution:
1 1. .
=2 xX—=sin2x+c IcosBxstxdx
2 4
(x) I : dx,(i<x<£j :EI(ZCOS3xsin_?v-"dx'.
1+cosx 2 2 SO AN .
. ( . . -...'_ , .I | I_.--' ) -- _
Solution: ) ~ ::: L U‘mg | \
] dx VA7V 0 WL — | .
1+CO$_X y IRYFRRILY. ? eobasing = sm\a+ﬂ) sin(a— )
—I——jd).( l:j;t‘.os:f< :deesz \ = 1 e . .
“aco? )\ VU T =E'f[sm(3x+2x)—sm(3x—2x)]dx
L

.IL_ | -I"-._:"l- -. l. :
| J :I %-USGCZ gjdx

:%(Isin 5xdx—jsin xdx)
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B 1[—0035x

2| s

—(—cos x)}c

cos2x-1
1+cos2x

(i) [ dx, (L+cos2x=0)

Solution: .~ 1\ WL

J~c032->""—"’L'_ ARARE! \BR

-‘LT :os‘-_’b@,""- AR
J | B

NN,
y ... l:",l | NI'H....I | .'.\____ EIE —] (—)dx
NN 1+cos2x
As
1+cos2x = 2€0s” X
22
= anxdx
2c0s” x

= —j tan? xdx

= (sec? x—1)dx

= j 1dx—_[sec2 xdx

=X—tanx+c
(xiv) jtanzx dx
Solution:

Itanzx dx

= _[ (sec2 x—1) dx

=k _:-':I
= _f sec’ xdx__—.[dx BAYZARTHA
I:.--\-\.: .:I l'. __—\.\.-"'-."'\-"-.I_-_h .-'i,ll |II Wod '.Il I'III"‘ \.-:'Iﬁ\--'-l_
— tan X“:i‘{\ I'.l‘ C-_ \ __ m', { -II \ .II h\.._. -
o II. l- I| I" ! I". -L__I.- \ 4
NN NIAR =
- .Y i LY '\-\:\'J | \"H_l J 1“'.\_.- '
-\._'%.-11 \_J ."'.\,_ \."""
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1( cos5x \
-= —COSX |+C e A \
e \ P I A \
2 5- '.-l'\-\._"-:, -'. Ll | | | ] e
| - | 1L N
W, T W b, =
| | N, W (L | -
" W
L II L 1 , :
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. \ [
—
e e Y
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L A =3 1R
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