Chapter- 3

Integration

Integration by Method of Substitution:

Integration by method of substitution involves the mtroductlon of a f- v‘mmn twat Cil"‘-"l 1( Sy )

the integrand into an easy integral form
Note:

given inteli below

This method is commonly usid for simati ora fur ctLons <on1e ucnfu | gubstitutions are

Suitable Substitution

r \/aZ_XZ x=asiné
J. | ' m X=aseco
' a/a2+x2 x=atané@
Jx+ta Jx+a=t
w/QaX_XZ X—a=asiné
2ax + X2 X+a=asecéd
Some Important Results:
1 1 a+X
[ dx=2-In|="+c
a?—x? 2a |a—X
J‘xziazd :Zlal §+Z e
j 21 2dx:ltanl(§j+c
a’+x a a
I\/idx sin” (Xj+c
J.—dx=ln‘x+x/x2—a2 +c
[\ _ 52
1 N
Iﬁdx=ln‘x+x/xz+a2 +c |
I =15e0 (:Lc . f
\ ___,;_ 21, V
Ja? —x cm ! \ﬁ'z X +-a—gn.\' +C
I 2 2 La
, T - ~ 2
JI, | If\p adx_gx/xz—az—%In‘xm/xz—a2 +C
. 2
J\/x2+a2dx:§\/x2+a2 +%In‘x+\/x2+a2 +C
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Chapter- 3 Integration
EXERCISE 3.3
Evaluatethefollowing integrals [ x> s i 4 ud
Q.1 I 4+)( _J\ _'_H-“?) ]
\/4 x? N
Solution: . ; jd _4~4+x
—2X ,
—x v
I [a_ \ =x-4 4d22+x2 X
(x4 0 - 2dx:ltan‘l(z}rc
- J | IZ'—,—i;'FC a +X a a
NN -—+1
' L 2 j :x—4(1tanl§j+c
1 27 2
.
=M+C —x—2tan* X 4c
2 2
2 Q.4 de
> xInx
=2V4-Xx"+cC Solution:
dx 1
2 —_ —
Q -[x2+4x+13 xIn de
Solution: (1j
dx v
o X
J.x +4x+13 :Imdx
—J' =In|inx|+c
x +4x+4 o
5 dx
_J Q -[ex+3
x+2 Solution:
Usmgj dx:ltanl(f)m I Xex dx
a’+x° a a e’ +3
1. x+2 =In e*+3‘+c
=§tan T +C b .-
) 0s |—eg |2\ (C
Q.3 I4+X2dx 1 _ o8 4x_t4l?>]+) | r
Solution: ol '01 W L
2 e, - L b (AL -" " X+b dx
_Lielahn inproperfiaction v, | ] , 1
4+x2 LAY AL TN (x +2bx+c)?
B_\_/':ng'-dlz.(r-smr:__j [ 1J. 2% +2b ix
SN | o' = Y D—
-”-.__'l' K4 X 2 (x2+2bx+c)2
+x*+4 1 1
_4 =§j(x2+2bx+c)5(2x+2b)dx
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= 2\/tan X+C

Chapter- 3 Integration
, 1 a secdtanéad 6?
1(X*+2bx+c) 2 —
B 1 +C \/ sec O -1~ N
(_2+1j L se(‘f*tamﬁ "« 2,
, 1 A — b4 \/ ran?
2
:l(lf_zg)ﬁc) g .—_[:ccude
2 :I/ 1 '.' 71 ", J
\;) \ | =In|secO +tand|+c, ...(I)
z~_;";.'_.".. rsech =2
—— fi P+ 2bie . 3
™, LY | LR %, -2
J' to > J S€C X ux tan @ = v/sec’ 0 -1
) Jtan x N
Solution: = g—l
J~sec X 4 —
\/tanx = tanf =
a
=j (tanx) sec2 xdx (i) becomes
X x*-a’
(tanx) 2 =In|=+—|+¢
AN A ! a a
1
(_2+1j X+x2 —a?
=In|——|+¢,
1 a
_(tanx)?
- (1] e =In|x+Vx*—a%|-Ina+c
2
: )1 =In[x++x*—a%|+c - —Ina+c, =c
=2(tan x)2

(b)  Show that

Q.8 (a) Show that I\/a —x2dx = sm 5+2\/a -x*+c
I%dx:ln(x+dx2—az)+c Solution: _ )
X‘—a . .
. x/a —X dx - ' |
Solution: I N o o
I dx _ | Lvt ( —dS m? <~6? i ~=
2_ 2 \ e AR i | a

Let x- aacﬁca.—}spcé’- A
a1 \ :

Then d>« dse“Qtanedé _)

:J- asecdtanodeo
Ja?sec? 0 —a?

WS ___—:-axz acos@dU

.'.I«/ﬂdx
=Imacos¢9d0
- J'axfl—ste.acosedH
=azjm.cosed0
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Chapter- 3 Integration
:azjcoszede =Iseczé?dé)
1+cos26 1+co0s26 sec’d 14
:azj(—jdé?-:coszez f A .
2 -
o2 - GO\ desd g
=—Uld0+jcosZ@d0J Y L efcteate
_a_{ /S,_,qjg 'l Wl =sin@+c...(i)
21 °.°tan¢9:x:>cot0:1
- X
| __f [ ?JiIIHCOSQ:|+C O R
| sing = — = ==
J1+cot?@ 14— Ny
As x=asiné NG
—sing=> =0g=sin?2 (i) Becomes
a a X
= +C
= €0sH =+/1-sin* O J1+ %2
X2 Jai—x? 1
cosf=,1-=—=—" 10 | —————dx
\/ a’ a Q '[(1+x2)tan‘1x
az LX X [a2 _y2 Solution:
2" ata a | ———
(1+x*)tan™*x
2
:%sin1§+§\/a2 —x*+c 1
a
Evaluate the following integrals: I é‘; X de
dx
Q.9 I 3 =In‘tan‘ x‘+c
(1+x2)2 -
+X
Solution: Q.11 'wﬁdx
dx .
I 3 Solution:
(1+X2)2 1+ X ]
J. dX. % [ |
Let x=tan@ __1-. *_ N | 7o (g
= dx=sec” 00 A O AN R,
I d_X 3 A ,'. | ’J\ll x Tex
(11-:"’ AT ) x \ - I 1+x J- 1+x
sel? clu9 ) J1-x?

2
:Isec 9d63?

sec?0)?
(sec”0)

dX+IﬁdX

—2X

2 e

—J;
R

=sin” X——I
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Chapter- 3 Integration
—sint x—lj(l— XZ)_zl(_zx)dx = xdx = Ecos(9d0
2 2 I
1 - )
1-x?) 2 T (T
zsin‘lx_li_y;.-._ | h‘ _ \ [ ©
: (_1+1) _ 2 cos.'a s
2 L Py -
14 '. s % = de
AR IEaR Jx/az—azsinze
—Siil X_E(_lrx_\)_,, c _a_z-[ cos6.d6
N WNINE=A= L;J 2 7 a\1-sin?@
\ _gj-cose.de
=sintx—y1-x2 +¢ B cos 6
sin@ a
12 ——do =—|d@
Q I1+c0329 ZI
Solution: :§(9)+C
J- sin@ 2
1+cos’ @ _ag X e
Let cos@=x=>—sin@d@ = dx 92 a
=>sin@d o = —dx Q.14 J- dx
J singde ' J7-6x—x2
1+cos? 0 Solution:
[ [
1+x° N7 —6x—X2
1
=—'[1 ~dx :J dx
X J7-6x—x2—9+9
——tan'x+c
. "+ C0S@ = X :J' o
=—tan™(cosf)+c \/16— x2+6x+9)
ax
Q13 [—=Z _dx _
J = - =
Solution: \/(4) —(M3') \ ot
. — ' v'_, A
ax \ - Vo —"—'.==.—CX sn e
& g ey -.f .
.f /az_le X . ARl \ # Y'_az—_- i, a
:J-__E-,)S-=__ d‘: .'H.- :.._ | .I. .II ..Ix \\- . i e :Slnl(xT—'_Bj_i_C
T \I;Z—(Xz )i AU e 0.15 J- COSX 4
N N oY T ' sinxInsinx
A AV A 2 . | Solution:
xzzasinH:;:sinG:H:sin’l— J- COsX
a - . .
2xdx =acos@adg S'”X'T‘S'”X
Let Insinx=t
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- QU
_2 x? +’/+4 |

| x‘z".-ZX'l—l-41;J.

1 q-‘-( Wz """-_ .r

X2 +2x+1+3

2

” l[_ —1] dx =t

N
(%-1}@ _ 2t

= jcostZdt

Chapter- 3 Integration
1 1
= ———(cosx)dx =dt _—In‘x +2x+4‘ I - e
SInx o1y + 93
_[ COs Xdx WA h _},
“JsinxInsinx U e
dt T\ —%h x +9¥+ZJ—vitan’lX+1+c
=T AR 2 3
=InfInginx)+c, | Solution:
O Y | Ditsinx X 4
'.‘:".J!.E.. -..,[CbaXL Sinx ]dX '|.X4+2X2-55
o xdx
Solution: _ Ix ol ilid
Insin x
Icosx( Sinx de 3 xdx
=
Let Insinx =t (X +1) +(2)
:_i(cosx)dx:dt 1 2—:(2
sinx 2 (x2+1) +(2)
'Icos(msm dex ,
B sinx =l[1tan‘1[x +1D c
zj.tdt 2\ 2 2
2
s 5o
2
(Insinx)’ 19 (\/— X (1
_ : cos —— x| —=-1]dx
v Q19 | M\ &
0.17 J» xdx Solution:
' 442X + X? X X 1 nr
Solution: ICOS 5" Jx X
J» xax X
4+2x+X* PUtx/_——=t_ YO
X° +2X+4 i ,.I"'..()——-——)d(ﬁdt L
_j2X+22 = 1A\ RV RALD )
X7 +)x+4_1
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Q.20

Q.21

= 2.[ costdt

=2sint+c

:Zsin(x/_—g}c | ,

I (\;(x++33 \/x1+3jdx
I +3dx — J.\/F

J(x+3 2dx '|‘x+3 2dx

3 1
_ (x+3)2 (x+3)2 e

3)
= 2(x+3)2 —2(x+3) 4

IL

SIN X+ COS X

WIinN

dx

Solution:

j ——dx
Sin X +Cos X
1

= dX = "-_ '__—"'I. __r'

(sinx+cosx)

5

'~.:: j i

. T . T
SIN XCOS—+ COS XSIn—
4 4

Using sinacos B+ cosasin B=sin(a + B)

L by
% |

.J.ﬂs|n.(x+) ~Z
| fco-se(baz\)d( -

.-'.. | " Pl ) - T
:In‘cosec(x+—j—cot(x+—j
4 4
dx
Q.22 j 7
—smx+—cosx
2 2
Solution:
J- dx
1sinx+ﬁcosx
2 2

1

.U . T
SIHESIH X+COSECOSX

dx

T . . T
cosxcosg+sm xsmg

+C

Using cosacos B +sinasin B =cos(a - B)

_ jL

%)

cos| X——

6

=.[sec(x—zjdx )
6 =~ %
L ] .',\l _.m .‘\“ :

In
(I [ | 3/

|’ |
-4 J

‘ec )——\+tm x—fﬂj‘+c'
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