Chapter- 3

Integration

Differential Equations:
An equation containing at least one derivative of a dependent variable wit? respect tQ.an
independent variable is called a differential equation. ;

dy d’y  dy
F le;
or example ydx dX2 OX |

+2X=0,x—= 2,.—0 -Tc

Order of Differential Equation:

The order pidifferentiai-eguiation/is the ordm o1, the highest derlvatlve in the equation.
For exemole:! -

y%+ 2X =0 g fii'S'L_OI der dirrerential equation.
LN
< dx?
Solution of differential Equation:
A solution of differential equation is a relation between the variables (not involving
derivatives) which satisfies the differential equation.
Initial value conditions:

“2x=0 is second order differential equation.

The arbitrary constants involving in the solution of a differential equation can be
determined by the given conditions. Such conditions are called initial value conditions.

Note:
Q) A differential equation containing only derivative of first order can be written in
terms of differentials.
(ii) General solution of differential equation of order n contains n arbitrary constants
which can be determined by n initial value conditions.\
EXERCISE 3.8
Q.1 Check that each of the following av=lg
equations written against the 1+ y = ; X
differential equation is its solution. Integrating both sides
N W 1
I =1+ : =cx-1 ==
() dx y y Il+y y jx.dx
SOIUt'O;:_ ox—1 In(1+y)=Inx+Inc
Differentiate w.r.t. “X” In(1+y)=Incx
ﬂ—i(cx_]_) 1+y=cx
dx dx y=cx-1 .
dy - L O 2o (T
—“=c (i) X (2=t -1 FL) & Wk S
dx ] )] l}d< N J_, A X
. J S) unm o '
Also xg—y 1+y...(0) ' o : AR
il 2 = |
—=>XC, -_—1+CX___-____'_ A RN i | S §=C X
SE=e L e | T \ I Differentiate w.r.t. “X”
Hence |/ = (X Listhe sc-lu*un of (|) dy dy -1
 UAiernaie ¢ clu ion: 2y— dx dx =0- 2
| 'l | dy.
\ L1+ dy 1
= T dx Y (ZY+1)& =
xdy = (1+ y)dx dy
Also x2(2y+1)d——1=0 .. (1)
X
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Integration

(iii)

1-1=0
Hence y*+y=
of (i) .

y% ) c:i (e

Soluf'on

(iv)

5‘ “Ze? Foxac
Differentiate w.r.t. “X”
2yﬂ =28 +2

dx

Dividing both sides by 2
dy 2x
—=e"+1

y dx i

Also yﬂ—ezx =1...(%0)
dx

(i) becomes
Z4+1-e¥ =1
Hence y*>=e”*+2x+c is the

solution of (i)

1ﬂ—2y=o ,y=ceX
X dx

Solution:

y =ceX
Differentiate w.r.t. “X”

dy 2

—= =ce* (2x

5 =08 (2%)

dy = 2cxe”

dx

Also Y oy 0 )
X dx

(i) becomes

1(20)(;—'“2*;) C ;?_((;&Xf \,» '0__ A

2ce” 7co =0\

W Yy +1 =tan(e*+c¢
NN =TI y—n(er v
Solution:

y=tan(e"+c)

c—L is the \solutian
X

Ilicfce =" atts lhe solutlon of (i)

i, I\.-|I

Differentiate w.r.t. “X”
dy
dx
. - ._‘4_ , #
Algn B _\¥+1 *1 (T
Oxy e
H) nEComes

:sec2 (eX +C-\cX

) 2
e (e +C):tan (ex+c)+1

e

e"sec’ (e’ +c) = ¢" sec’ (ex +c)
Hence y:tan(ex+c) is the
solution of (i)

Solve the following differential equations:

dy
2 Z=-
Q oY
Solution:
dy
dx y ) _
By separation of variables
_ —dx
y :
Integrating both sides
dy
— =—|1dx
JL-f
Iny=-x+Inc
Iny=Ine™+Inc
Iny=Ince™
y=ce "
Q.3  ydx+xdy=0
Solution:
ydx+xdy =0

Q.4

-u_/ xd\(

By separation of varl?h'ns
Xdy = —VdY 1% N

I_- :___ A

_ W ._... .-..--_ ]

\integrasingooth sides
.I-'-..-J..-.Cl_y—_ %

Yy X
Iny=-Inx+Inc
Inx+Iny=Inc
Inxy=Inc

Xy:
dy 1-x
oy

232



Chapter- 3

Integration

Solution:
dy 1-x
dx y
By separation of variables
ydy = (1—x)dx
Integratlng both sides '
jydy ‘| —x\dy 0\ '
2 3 2] 1
yT = x4 el )
pa L

_ J O e 2

MMV D

I y?=x(2-x)+c
d

Q5 Y=Y (y>0)

dx X
Solution:
dy_y
dx x* _
By separation of variables
dy _dx
=
Integrating both sides
dy -2
— = | xdx
jo-

X—l
Iny=—+Inc
-1

-1
Iny=—+Inc
X
;l
Iny=Inex +Inc
-1
Iny=Ince*
;1
y=ce~X
Q.6  sin ycosecxﬂ =1
_ dx
Solution:
sin ycosecxﬂ =1
ix

By sefaritior| of«ianab*.ns“' \

L \
smvdy-:————r AN
coseq |

[ _|'I"-.__-.I|r fegratita Dot Sides

"J sin ydy Ism xdx
—C0S Y =—COSX+C,
COSY=COSX+C " —C =

y’ =2X—X*+C - 2¢

c

Il
o

Q.7

xdy +y(x—1)dx =0

Solution:

Q.8

xdy + ) v 1\d<ﬂ j

By separ ation of\ aliab ies

Xdy'= -y, (x-—l\d (

W LX 1jdx
y X
y

&y = (—1+ EJ dx
y X

Integrating both sides
dy 1

— = |-1dx+|=d
Jy I X+-[x X
Iny =—x+Inx+Inc
Iny—Inx—Inc=—x

In(lj =—X
XC
Y _ x

2 —e
XC

y=cxe*
X2+l xdy
y+1  ydx

Solution:

v

A Fl*E]L _LL_+ de
'-.'-__;\J" y 'X X

x2+1  xdy
y+1  ydx
By separation of variables
x dy x*+1
?&_ y+1

X7 D=\ (CUO)L
% x| o

(1+1de = (x+£jdx
y X

Integrating both sides

I(1+%jdy = J.(XJFS dx

X2
y+|ny=7+lnx+lnc
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2
X
Iny—Inx—Inc:;—y

[ Y] O

- es

xc e’
2

X
ye’ =cxe?

ldy 1 2
9 ==Z=(1
Q X dx 2( +y)
Solution:

Integrating both sides

d 1
J.1+);/2 ZEIXdX

2
tan‘1y=1X—+c
22
2
X
tanty="-+c
y 4

Q.10 2x2yﬂ =x?-1
dx
Solution:

ZXZyQ =x"-1
dx _
By separation of variables
x> -1
dx

2ydy =

zydy:.-k(% ‘;::7)(1)5»_

&N

Integraiiny Hoif! sidés | | ||
f ARV
20y = (L e

B s Ve
L. | !

z

=X+—+C
2 X

2 1
yi=X+=+cC
X

Integration
Q11 b, 2y _
dx 2y+1
Solution: [
| 'E(+_2XX'.':- J1 (<
o DRMAYATEN ) '
Ay 2yl
dx  2y+1
_2Xy +X—2Xy
a 2y+1
dy X
dx 2y+1

(2y +1)dy = xdx
Integrating both sides

I(2y+1)dy :dex

2y? x?
+y="—+cC
2 2

y2+y:X—2+c
2

2

y(y+1)=X?+c
2 2 dy 2 2
Q12 (X’ -yx*)==+y’ +xy*=0
dx
Solution:
(xz—yxz)ﬂ+y2+xy2:0
dx :
By separation of variables
x> (1- y)—y+ y?(1+x)=0

Integrating both sides

oo e e

-1
y——Inyz—i—lnx—c
-1 (=x)
1 1
———Iny==—Inx-c
X
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In +1—Inx—1+c 1)
yry= ~ 1=A(0)+B 7= Igzz
Q.13  sec® xtan ydx +sec® ytan xdy =0

Solution:
sec” xtan ydx +sec® ytan xay =0
By separatlnn of varlables _
sec’ y.ar.,dy_ ot!L. vfar \dx >

sec’ yd? sen? !

==k ax
fery tarix'
N J N 'Iru:trwr.EJ voth sides
s esec? yd sec” X
tany tan x

Intany =—Intanx+Inc
Intany+Intanx=Inc
Intanxtany =Inc

tanxtany=c
dy dy
14 y-x—=—= —
Q y dx (y +dxj
Solution:
dy dy
X—=2 +
Y= dx (y dxj

By separation of variables

dy dy
X—=2y +2—
y=- dx y dx
3 dy oy dy _oy?o
dx dx

dy 2
— 2\ —oy2_
(x+ )OIX y’—y

y

y(2y=1) y 2y=1 [}

1=A(2y- )—-B(v) .._.(11{,_*.'- '
o Pt "—’) inec. ’*..)

N NIRRT E =

PUt 2y—1=0=> y:% in eq. (iii)

\( ) (1\ \ dy
AN Q 16 L =3 1%
Mult|plvm1 tcmsldée a \/(2 A—\_ﬂ/\: s dx

Put valies f)f A ard B m ( ).

AR WES2
y(2y 1)y "oyt
fiybecomes

-1 2 dx
_- dy=__

(y 2y—1j X+2
Integrating both sides

-1 2 dx
I —+ dy =—| —

y 2y-1 X+2
—Iny+In(2y-1)=—In(x+2)—Inc
Iny—In(2y—-1)=In(x+2)+Inc

y
Inzy_lzln(c(x+2))
L:LZC(X+2)

2y —
Q.15 1-+cosxtan y% =0
X

Solution:

1+cosxtan yQ =0
dx

By separation of variables
dy

cosxtany—=-1
dx

tan ydy = —dx
COS X

Integrating both sides
jtan ydy =— I sec xdx

—Incosy =—In(secx+tanx)—Inc -
Incosy = In(seg¢z tanx\+|n¢"

Ince zy—lﬁ(c(se ¥ G \

.ccsy c(s=c i+ faris )”

dx
Solutlon.
y— xﬂ = 3(1+ X dy}
dx dx

By separation of variables

y— x% 3+3x— dy
dx dx
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dy _ dx
ﬁ 4x . By y
Integraiing bhth sidee” ™\ V4
jd_y — 1l 9

y=3"1 4% x| !

Y- 3j==inx+Inc

J, y ) 1A~ 4 1

In(y-3)=Inx*+Inc
In(y—3):ln£cx‘l‘j

1
y—3=cx*
1
y =3+cx4

Q.17 secx+tan y% =0
X
Solution:
sec X+ tan y% =0
- dX -
By separation of variables
dy
tan y— = —secx
dx

tan ydy = —sec xdx

Integrating both sides

jtan ydy =— I sec xdx

—Incosy =—In(secx+tanx)—Inc
Incosy =In(secx+tanx)+Inc
In(cosy) =
cosy =c(secx-+tanx)

Q.18 (ex+ex)%:ex—eX

In(c(secx+tanx))

. X
Solution: —~ T\ .y
= d \ i
(e +e{el = ¢ S
VW T
o fnLle el |
J | N | IC'X g ey+.e_x
| X —X
e‘—e
dy = ———dx
e*+e

Integrating both sides

L’ .-'Q . ].O

Integration
e —e™*
d
ol
;-'L(zdx JEx e
f{x )
A
-.:’n[ex-.+_t-3 I+

Fird the genéral solution of the
equation%—x=xy2. Also find
X

the particular solution if y=1
when x=0

Solution:

%—x xy?

dx

By separation of variables
dy 2

——=X+X

dx /

Integrating both sides

d
j1+3;2 :dex

. NG .
tan y:?+c ()

is the general solution
put Y=1x=0 in (i)
tan'(1)=c

VA

—=C

4 - -
Put value of c in (i)
tan™" —X—2+Z “
Y=o Tl

on Solve e, duffmrﬁnf '-1I aoliaticn”

f;—t.—4x uven thal. x:4 when

&

'I._._T.-T-O.

Integrating both sides
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Q.21

dx
?_zjdt
Inx=2t+Inc
Inx=Ine*+Inc
Inx =Ince”
x=ce” ..
Put x4,

Ind=c
Pltva|U°CfCtr\(l
[lao0= 2t Fin'g
h»x=—In4=2t

()2

— e2t

=T "]U)

X
4
X = 4e*

Solve the differential

E+2$t =0. Also
dt

equation
find the

particular solution if S =4e,
when t =0.

Solution:

NN

Q.22

. | i,

§+25t—0

dt
By separation of variables

ds =-2st
dt

95 _ oyt

Integrating both sides
= =2t

2t?
Ins=——+1Inc
2

2
Ins=Ine™" +Inc )
Ins:lnce ¢
s=ce/ (1)
is the ge‘ntal »nlutlon
Put S=! 4et— i U)
1’3 kL
s Vaie of cineq. (i)
s=4ee™"
s=4e""
In a culture, bacteria increases at

{i) is the gererql ‘*CIU‘ICT] )

_ Sclutlun

AR qf =41, then’

Q.23

the rate
number of bacteriz
bacteria are 200lnidally {rd are
doibled 2 Ihours, | find- e
nurabRr of ‘hacteria_giesent four
houiss later,

proportional to the

Let p be the number of bacteria
present, then

dp
at <P

dp
Pk
a P

By separation of variables
d?p — kdt
Integrating both sides

dp
Inp=kt+Inc

=Ine" +Inc

Inp=Ince"
p=ce’ ...(i)
Put p=200,t=0 in (i)

200 =c
Hence (i) becomes

p =200e" ...(ii)
Put t=2,p=400 in (ii)
400 =200 e*
2:e2k

1
In2=2k:>k=—|n2
Hence -
(3 mt B

Z(\.ﬂe\" W .' Fi e -

\ -#p"':' 200e5m2j("> |

p = 200e?"?

p = 200e"*

p =200(4)

p =800
which is required number of bacteria.

A ball is thrown vertically upward
with a velocity of 2450 cm/sec.
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(i)
(i)
(iii)

Neglecting air resistance, find
Velocity of ball at any time ‘¢’
Distance traveled in any time ‘t’

Maximum height attained by the
ball. -

Solution: A\ Y4

(i)

Let v b e selocily ‘ot ball st any

; tlirt:r; ,, thizn

av

at -9
By separation of variables
dv =—qgdt

Integrating both sides

I dv= —gjdt

v=—gt+c ... (i)

put v=2450, t=0 in (i)

2450 =,

(i) becomes

v =—gt+2450

v =2450-980t ... (ii)

Where g =980cm/sec®

Let ‘h’ be the height of ball at any

time t, then
9h _ 5450 9s0t = 2

By separgtior| ehwariapies) | o, ™\

dh = (2450 930t e, | | )\

L] D ineerating-ooin sides

[dh= [(2450-980t)at

(iii)

2
h = 2450t — 280t

+cC,
1%,

b = 2450 4672 . (i
,

| put 020} _5=9 [in (iii)

0=0-0+c, =¢,=0

Then (iii) becomes

h = 2450t —490t° .. .(iv)

Maximum height is attained by the
ball when v=0

I.e. 2450—980t =0

_ 2450

2450 =980t =t

t=2.5sec
From (iv) the maximum height

attained in cm is
= 2450 (2.5)-490(2.5)’

=6125-3062.5
=3062.5cm

I_- :___ A
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