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Introduction!

Note:

The worc _ge_crnt;tr'v is| gelivied—from two Greek words Geo (earth) and Metron
(a‘nea;urcm'e'nt)' It 'medans knowledge of measurement of earth. Geometry is branch of
Fu'cir_e.“.arics that deals the shape and size of things. Briefly speaking, geometry is a
mathematical study of properties, relations and measurements of points, lines, angles,
curves, surfaces and solids.

Around 300.B.C.Euclid was very first Greek mathematician who wrote 13 books on
geometry. He was founder of geometry. Geometry introduced by Euclid is known as
Euclidean geometry. In his books, he wrote a number of definitions on basic concepts of
point, line etc. He gave assumptions, which were actually axioms.

Euclidean geometry is divided into two parts

Q) Plane geometry (i) Solid geometry

In 1637 A.D a French philosopher and mathematician Rene-Descartes introduced
algebraic methods in geometry, named as coordinates geometry or analytic geometry. In
analytic geometry, points could be represented by numbers. Lines and curves represented
by equations.

Coordinate Plane:

Quadiansl” (

The plane made by two mutually perpendicular lines is called coordinate plane. Let we
draw two mutually perpendicular lines XX' and YY' such as O be their point of
intersection. Then lines XX’ and YY' are together called coordinates axes. The common
point O is called origin or initial point. The horizontal line X'OX is called x-axis, while

the vertical line YOY is called y-axis. The plane determined by both x- aX|s and y axis. |9 ~ A\

called xy-plane or Cartesian plane or Coordinate plane. . (1<
Let P(x y) be a point is coordmate plang, then first ; fiembes af qrley ed ua| iies 'x‘) 'is'

called x-coordinate or absfissa of p=int P, and -se.“ond r’1emter of ordered pair (i.e. y) is
called y-cesidinate or erdiriate Of pcini P
The coerlinate axcm di Vi de me m\ﬁq ine e slane |nto four equal parts, called quadrants.

Quadrent, i\ {(x y) kLG y> 0} (i.e. x is positive and y is positive)
. { ) x<0,y> O} (i.e. x is negative and y is positive)
Quadrant 111 {(x,y):x<0,y <0} (i.e. x is negative and y is negative)
{ ) Xx>0,y< O} (i.e. x is positive and y is negative)

Quadrant IV {(Xx,
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Note:

The Distance Formula:

On x-axis ordinate is zero i.e. y =0, also on y-axis abscissa is zero i.e. X =9

14,
|

Let A(x,Y;) and B(X,,V,). be two pomtq in 'rI e ”)|dnt TI e dl tance oe*\mén two pomts

is given by d= |AB|—\/_X riYa Y%
Proof: - ' ' A
Icet A(}'r1_,"‘-,;)”"_5{_1r4': 5(X,,y,) be two points in the plane. We can find the distance

| N Lo -
d :i'AB| from the right angle triangle ABC,

By using Pythagorean Theorem.
We have
d?=|AB[ =|AC[ +|BC[

Now |AC|=|DE|

=|OE-OD| : :

=[x, =] h \
And  |BC|=|BE -CE| g, ——x 1

=|BE - AD| x, |

:|Y2 - y1|
Therefore, (i) takes the form

d’ :|AB|2 :(Xz—x1)2+(y2—y1)2

2 2
=[AB|= (%, %) +(¥,~ %)
Which is the formula for the distance ‘d’ the distance is always taken to be positive and it
not a directed distance from A and B when

A and B do not lie on the same horizontal and vertical line. If A and B lie-sn e, I|ne i ilz:.-._ { '
to one of the coordinate axes, then by the formula the dlstarw Z\ts IS abspau’rp value«ef fha

directed distance AB . _ Biw | \

'|

Point dividing the join of two pol nis il g_/e n lam (F\a:uo Formu.a)

. °c“1|rnnt AE’nn *ie atio k1 k are given by

'\.-

Let A(x1 )1) an(i;u@\uyz\ e [V\,") r:olhif; |.. 2.0 plarie:” o
The coc rd I at pd of t1e ocnnr 'ilvlu...g the I|ne

{klA2+k2X1 k1Y2+k2y1
k,+k, ' Kk +k,
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Note:

Proof:

Let P(x,y) be the point that divides

AB in the ratio k; :K,. _ _ .

From A,B and P draw perpendicdlgrs to | | i L N A
x—axis as shown in the figure. FaR\ASRIDR=

Also draw| AD L RG

Since PZ, s peratiel th BL\ r ma.‘ulp

ADB, vie have | \
k' |AP| (ACH“EF OF -OE x-X

W'PB CD FG OG-OF x,—x
kX=X

k, X,—X
K (X, —X) =K, (Xx—X,)
k1X2 _k1X: kzx_kle
kX, + K, X, =K, X +Kk X
KX+ KX =KX, +K, X
X(k, +K,) =k x, + k%

« = KXo KX

k, +K,

Similarly we can show that

_ky, +ky
k, +K,

Q) If the directed distances AP and PB have the same sign, then their ratio is

positive and P is said to divide AB internally. The coordinates of P(x,y) in this

case will be
— k1X2 + kle and y = kly2 + kal
k, +k, k, +k,

(i) If the directed distance AP and PB have opposnﬂ sighs (d tcrhona) I(:.i e .-3;'. '

beyond AB, then their ratio is negative|and Fiis daicin cude AB, e, derri! By~
The coordinates of-7(x, y) w1;h|, Case! w|| bz |\ |

a__‘w 2X1 1‘)/2 A

(iii) ]‘ﬁ;m.g.__ggnﬂl rrhetd:

B&Pygie.&:@:lﬂ”mm1x=§%;iamj%:M;yz

(iv)  The above theorem is valid in which ever quadrant A and B lie.

Introduction to Analytic Geometry

i & \ndint” P(x,y) lies exactly in the middle of two points A(x,y,) and
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Theorem:

The centroid of a AABC is a point that divides each median in the ratlo 2:1. Usmq thu Tt

show that medians of a triangle are concurrent.

Proof: |
Let the vertices of a AABC have cmrdmat S 15 v
shown in figure. R

Since D is the midpoint of AL thcrcfole |tc

(%, + x 4
coordihatat are- D L NN /1 y
. i

Let (%, y)\be the conirdia of the trlangle ABC.
1 hen G-Liviaes the median CD in the ratio 2:1.

3(1:.,1' ) F Cle.n)
X+ X Yit+ Y,
1)(x 2 1 2
( 3)+( : ]()(ygn( : j =[X1+X2+X3 yl+y2+y3j
1+2 ' 1+2 3 ’ 3

Similarly we can prove the same result for other two medians. Hence the medians of
triangle are concurrent.

Theorem:

Bisectors of angles of a triangle are concurrent.

Proof: Let the coordinates of the vertices of a triangle ABC be as shown in the figure.

Suppose |BC|=a,|CA|=b and |AB|=
Let the bisector of ZA meets BC at D. Then D divides BC in the ratio c:b.
bx, +cx, by, +cy3J

Therefore coordinates of D are (

b+c ' b+c
The bisector of /B meets AD at | and | divides AD in the ratio c:|BD|
Now |BP[_¢ or DBCI_b
DC| b
or [DC|+[BD| _b+c
|BD| c
or _a _b+c IBD |_
|BD| ¢ b+c
Thus | divides AD in the ratio c: ba_ or mthe
1c
ratio b+c:a ™ WY
So, coordinates of | are % =5 7 WL L
bX X, | by + Ly, ISR\
b+C\'- + ~<"\.- b+n —Ad d""ﬁ." - L] ]
( }.-'b+(‘ _.l-_-i J____bld'C_ _3 f__ .
1+t+\ RS E J
A J.J I\ { ax, uxzircx3 ayl+by2+cy3j
INIENVE | a+b+c a+b+c

The symmetry of these co-ordinates shows that the bisector of ~ZC will also pass through
this point. Thus the angle bisectors of a triangle are concurrent.
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Chapter-4 Introduction to Analytic Geometry

EXERCISE 4.1
Q.1  Describe the location in the plane _ ;_:) o T
of the point P(x,y) for which _ _ ‘”_ .
(i) x>0 - Jooa= A —\/7n+95
Ans:  The right half plane e IAB| =125 = 5\2
() x>0 @diyp0 A O USUL N EA |V|Id pomt of
Ans: Firstquaarant | 70 4 L | s — (34(=2) 1+(-4
@iy  x=0 ARIRRER AB:[ ( ) (2 )j
AngEiy-alis L
Y J I'. ‘.”f '.\‘ 24 :(1 _§J
- Ans:  x-axis 2" 2
(v/ x<Oandy>0 (b)  A(-83);B(2,-1)
Ans: Second quadrant and negative x-axis. Solution:
(vi) X=Yy — 2 2
Ans:  The set OI points in the ‘AB‘ - \/(2_(_8)) +(_1_3)
1% and 3" quadrants having equal 3 3
abscissa and ordinates. - \/(2+8) +(-4)
(vii)  |x|=]y| —./100+16
Ans: The set of points in 1% and 3" =+/116
quadr_ants having both the —J4%x29
coordinates equal and the set of AB|= 2429
points in 2" and 4" quadrants having ‘AB‘ =2
both the coordinates equal but o — (_8+2 3+(-1
opposite in signs. Mid-point of AB :[ o (2 )j
(viii) |x>3 5
Ans: Points on the x-axis having abscissa =(_—,—J
less than or equal to ‘-3’ or greater 22
than or equal to ‘3°. =(-31)
(ix) x>2and y=2 1
Ans: Points in the 1* quadrant with ordinate © A(_\F’ _éj; B(_S\E5>
2 and abscissa greater than 2. Solutlon N e (AN
(x)  xandy have oppogite sigrgs. T I =l
. : i on t = - L, o e
Ans:  Setof points in 2" and 47 ayadrants,) L |1 | AB[ ( \/5 +.\/§ ) T 5+l
Q.2 Find in each of the followjniy: — ' ' 3
()  Thedistaqce betweerrtig twa' L | ||
given p*“r ts\ o | LI \ - J( 2\/§)Z+(15+1j
(i) Midpointpf tie line sog'mwr -
= O rngmhe o neint
o _fIS.’._) _I..Illq.lll B ’
N NG AG);: B2 o
[AB|=J(-2-3)" +(~4-1) R
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436 =+/200
9 =100x2
4X309 JaZaNdeis| (O,
‘AB‘ 2 \/17 - i’oi'ri"(io,"-.i'o)j_s_hot at distance of
- \ ] 15 units from origin.
Mid- po» H nf ' | '
AL b (©) (1,15)
[l L |5 25 5t Solution:
M 2 2 Let A(115),0(0,0)
~1+15 [OA/ = {/(1-0)’ +(15-0)’
—44/5 3
- 2 ' 9 =+1+225
|OA| = /226 =15
14
= (—2\/5, Ej Point(1,15) s not at distance of
15 units from origin.
(263 |
3 (d) 15 15
Q.3 Which of the following points are 2'2
ata _dlstance of 15 units from the Solution:
origin?
(a) (\/176,7) Let A(%,%),O(0,0)
Solution: : a
Let A(\176,7),0(0,0) |OA|:\/ %_0) +(%_O]
2 2
|OA|:\/(«/176—0) +(7-0) N
~\i76+49 e
=225 =R {
|OA| =15units I*‘_AV";:‘.: N[ (@0~
Point( 176, 7) is atdlstan(eoflﬁ avils SR \/g?j |
units frum or'glnx Wt \ U VAW AN T
(b) (10, —157 ) ' | x \ . 15
L= |OA|=—==15
Solut|0r~ SRR NA)
A\ | '|.* \/1_; lu) O(OO) (15 15). _
U AY > Point| —,— |is not at distance of
|OA|:\/10—0 (-10-0) 22
_ J100+100 15 units from origin.
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Q.4

(i)

Show that
The point A(0,2), B(\/§ —1) and

C(0,—2)are vertices of a right
triangle.

Solution:

(i)

@\:,?&%z.n) (a2

—

=34, 9 '

\/ '\c' J12

‘E‘ =\/<O—\/§)2 +(—2+1)2
=+/3+1
7
-
[AC|=/(0-0)" +(-2-2)°
= O+(—4)2
_ 16
|AC|=4
Using Pythagoras theorem
e ~[pef +[ec
(4) = (E2) +(2)
16=12+4
16 =16
Which is true

So, given points form a right
triangle.

The points A(3,1), B(-2,~ 3)am fJ' f

C(2,2)are vertices o‘-'«m i osc@m\ \

triangle, |\ 1\ |

Soluf-irni

J. I ~| A H':I_\ﬂ 2= 3) +(- 3_1)2

57 ()

| 1lAG ‘\1{2 )’

—/25+16
\E\: 41...(0)-

;_, [

(2=

14, i i
|

. = /i+l Lt
\E =2 .. (ii)
[BC = J(2+2) +(2+3)

=\(4) +(5)°
=16+25
\ﬁ\ =41 .. (iii)
By comparing (i) and (iii)
| 8]~ [BC]
Since two sides of triangle are equal
so, the triangle is isosceles.

(iii)  The points
A(5,2),B(-2,3),C(-3,—4)and
D(4,-5)are vertices of a
parallelogram. Is the
parallelogram a square?

Solution:

AB|=/(-2-5)" +(3-2)°
AB|=4/50...(i)
BC|=(-3+2)° +(-4-3)’
i ([0 (C
— (EC ;li/ETCT..': @) (e
S| \[(:@_+ (-5+4)
* —\29+1
\ﬁ =50 ...(iii)
[AD|=/(4-5)" +(-5-2
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‘AD‘ ...(iv)

By comparing (i), (ii), (iii) and (iv)
| 8] =[BC|=[cD] = |

Since all four sides are equiai\So

A, B, Cand.D are vertices of q / /'
paralleaouanj N T

Now wa fi r.d dng 1r aly |;\C

N \E__Tf) L(La2)
= J64+36
=+/100
ﬁd:mmw)
‘@‘ = \/(4+ 2)2 +(—5—3)2
=+/100
[BD|=10....(vi)
By comparing (v) and (vi)
c-[eo

As diagonals are also equal so the
parallelogram is a square.

Q.5 The midpoints of the sides of a
triangle are(1,-1),(—4,-3) and
(-1,1) Find coordinates of the
vertices of the triangle.
Solution:

A(x, 1)

B(x,, 1, )"_‘_'_‘__ .I('.(,\'_'-.j.';}'

TR

I |I LA( {,y\,,\)\z,yz) and

s 4 |

( ., Y5 ) be the vertices of triangle.
Let D(1,-1),E(-11) and

D(1,-1) F (1) _J)

F (—4,-3) be the mid-points of sides
‘AB‘ ‘BC‘ and [AT |""sp°ct|w€.y

A Dh,—i) is :h( nid-poirit'oi AB

50, | f
Xi*x _1:)’1"‘)’2
2 2
2=X+X —2=Y,+Y,
X\ +X%=2...(1) y+y,=-2..(i)

As E(-4,-3) is the mid-point of
BC, So

_4:X2+X3 _3:yz+y3
2 2
—8=X,+X, —6=Y,+Y,

X, + % ==8...(ll1) y,+y, =—6...(iv)
Now, as F(-11) is the mid-point of
CA, So

_1=X3+X1 1= y3+yl
2 2
—2=X+X 2=Y,+Y,

X+ X ==2...(V) Yy;+y,=2...(vi)
Adding (i), (iif) and (v)
2X, +2X, + 2%, =—8
X, + X, + X =—4 ... (Vii)
Adding (ii), (iv) and (vi)
2y, +2y,+2y,=-6
Y+ Y, +Y;=-3.. (V|||)
Puttlng Xod% T

' arg ), y £ —o m cq::muun '(vm)
) I'. \.:Ve g ﬂt -|_ '.I | .Iu

e 4 F — w ..| I.' -'I. / A .'u L )
1 L - = g 1 | 1 1 % e
._ﬁ IR ""-.., Y E LT \
-—! Y - -

K=8=—-4 y,—6=-3
X, =—4+8 y,=—3+6
X =4 y, =3

'c i equat c.n ( /. -\'_. Wy
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Q.6

Now putting X, +x, =—2 in equation
(vii) and y,+y,=2 in equation
(viii), we get

X,—2=—4 Y, +2=-3("
X, =—4+2 y2:_—\}— 4_. '
x =\ - )_5 /
:>B(x2-_y) B(+ 4—)) -
ouiilarty_lpwting X +x,=2 in

equation (vii) and y,+y,=-2 in
equation (viii), we get
X, +2=—4

X, =—4-2

X, =—6 y;=-1

= C(X,, ;) =C(-6,-1)

Find ‘h’ such that the points
A(«/§ —1), B(0,2)andC(h,—-2)are

vertices of a right triangle with
right angle at vertex A.

y3_2:_3
Y, =—3+2

Solution:

C(h,-2)

A
A(3.-1)
AB|-= \/(ﬁ—o)z +(-1-2)

3+9

E\;Jrz N\

B(0,2)

= = — — | — —,

= Jh?d 3\ phyai1-

Ml: Jhe—2{3h+4
[BC|=/(h—0)" +(-2-2)

R

‘E‘ =+h?+16
Using Pythagoreai: I‘Morﬂm

BG = ARp ALY

W H6=12 1P - zf h+4
793 =16-16
2J3h=0=h=0
Q.7  Find ‘h’ such that A(-1h),B(3,2)
andC(7,3)are collinear.

Solution:
Since the points are collinear so

-1 h

3 2 1=0

7 31
Expanding by ‘R,’

2 3
_1‘3 H? jﬂ
-1(2-3)-h(3-7)+1(9-14)=0
~1(~1)~h(-4)+1(-5)=0
1+4h-5=

5=0
4h—-4=0
4h=4
h=1

3 2
7 3

-

Q.8  The points A(-5,-2)and B(5,—-4)
are ends of a diameter of a circle.
Find the centre and radius of the
circle.

Solution:

As centre O of circle isti2 mid-poingat= | {111}
end points—of <1Ici‘“-“u-'f 50 1pp|\|.m Ju- -

L _micjpeint formuta | O
U\ lACe) N [
L\ and L\o —4

Centre = O[5+( 5 _4+ z)j

2 i)
o7

2

-3)

Centre =0(0,

0
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Radius of circle is the distance from

centre to any of the end point

Radius =[OA| = [(0+5)" +(-3+2)°

25+ (1)

Radius = /26

Q9  Find ‘I¥’ duch tiai the jeints

A(h1)\B{2,7) and G (-6, ~7)are”

~yerdices of 2 rignt triangle with right

N SN ahgie at the vertex A,
bOlutIOI’]

B(2,7)

C(-6,-7) A1)
78| = \[(2-n)" +(7-1)
_ \/4+ h? —4h+36
AB| = " —an+40
AC| = (-6-n)"+ (-7-1)
=+/36+h? +12h+64

AC| = +/h?+12h+100

BC|=(-6-2) +(-7-7)
- /641196

BC|=+/260

'|

Using Pythnqorean Theorem
BC| = '*‘E* +'Af[

260+ = h —4’H "0 Iy +12h+100

. J"-:'-|-*'-.'-|"":'."h €4+140-260=0
WO 22 18h-120=0

h? +4h —60 = 0 (Dividing by 2)

~610

||'__

h? +10h—6h—-60=0
h(h+10)—-6(h+105=0,

fre

A(9,3),B(~7,7),C(-3

AT 60 (o
\ Eiter h+-10=00 or

~10 or
A quaderilateral has the po

h
h=6
e points

,—7)and

D(5,-5) as its vertices. Find the

mid-points of its sides. Show that the
figure formed by joining the mid-
points consecutively is a
parallelogram.
Solution:

B(-

C(-

7.7)

L, 77)(;
Let E, F, G and H be the mid-points
of the sides AB, BC,CD and AD

respectively.
So by using mid-point formula

H

4(9.3)

D(5,-5)

3)

E[MLBJ:E(&,E)
2 2 22
o —I:(.
{ PR, l(_ g
2|\ ,a_'? \ 22
- Y — F(-5,0)
345 —T+(- (3 _Ej
pat
=G(1-
9+5 3 (_4 _Ej
2 2
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Q.11

Sol;

) 1 | 5 )
. N \
A"

=H(7,-1)
Now by distance formula

EF|=(-5-1)° +(0-5)’
=36+25
EF| =60 (), — | VL
%!— (1_4_5_:;’?_0)_ \
RSN
=\/2><36
FG|=6v2 ...(ii)
GH|=(7-1)" +(-1+6)
=/36+25
GH|=4/61.. (iii)
EH|=(7-1)° +(-1-5)
=/36+36
=/2x36
EH|=6v2...(iv)
By comparing (i) and (iii)
EH@
By comparing (ii) and (iv)
EHE

As the figure formed by joining the
mid-points consecutively have
opposite sides equal so it is a
parallelogram.

Find ‘h’ such that the —_

-

quadrilateral with verticts), =

A(-3,0),R{1,-2),C(5.0)¢nll/ /|
D(1, h,—“» aporalalouam Isw\
square 1 \ -

'-IOII .
dRNIE

D(1,h)

Q.12

Solu

| As' q Jadnlaien | i a parallelogram so
‘AB‘ _‘CD‘
J(@+3) +(-2-0)" = J(1-5)" +(h-0)
J16+4 =+/16+h?
J20 = /16 +h?

20=16+h?
h*=4
h=+2

h=-2 will make B(1,-2) and

D(1h)identical so h -2

Hence h=2

Now we find diagonals

AC| and ‘@‘

AC|=(5+3) +(0-0) =64 =8
BD|=(1-1)° +(2+2) =16 =4

As |AC| =[BD|

so ABCD is not a square.

If two vertices of an equilateral
triangle are A(-3,0)and B(3,0), find

the third vertex. How many of these

triangles are pOSS|bIn -
tion: e | ,*;;' 3

it tth vur ex bf L

(‘,-’/'

) ASBE 1 an eqt ilateral triangle so,

.

‘AB

[BC\ \CA\

- 7]

Clx,v)

A(=3.0) C(5,0)

249
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J(3+3) +(0-0)’ =\j(x—3)2+(y—0)2
\36+0 =% —6x+9+y7 ;
.6 x+, —LX g\ s
X2 4 y? -bx = 7’..‘ R
l,\B ':A|

~0)° =/(x+3)" +(y-0)’
x/:?)63_+:\,’”x2+6x+9+y2
36=x"+Yy*+6x+9
X2 +y2+6x=27...(ii)
Subtracting (i) and (ii)
X* +y>—6x=27
X2 £y’ £6X =427
12x=0
x=0
Putting x =0 in equation (i)
0+y2-0=27
y> =27
y =133

So, vertex C can be(O,B\@) or

(O,—B\/f:_’)and hence two triangles

are
possible.
Q.13 Find the points trisecting the join

of A(-1,4)and B(6,2).

Solution:
4(-1.4)

Plx.y)
_.-x_ nif' T \ Bid2f |
o -

Let P( ))arﬁQ X y)bet'ﬁn
[iﬂJﬂo wmh tristet the j join of
J /‘( 14)andB(6 2).

WA Sdlsm) 3

As P(x,y) divides the join of

A(-1, ) and B{6,Z)-in the rétio
.l\l K -‘1 1I [ | :-ﬂ h
' :3y-.u-smg-.ra:-_|o ‘olmula
kG ko T Ky, koY
k,+k, k, +K,
_16+2(-1) 12+24
1+2 1+2
o y-10
3 ’ 3
4 10
So P(x,y)=P| =, —
e
As Q(X',y') is the mid-point of
P(x,y) and B(6,2) so
Xr:X+X2 , yr:y+y2
2 2
ﬂ+6 E+2
2 ’ 2
4+18 10+6
S __3
2 ’ 2
2 _16
6 ’ 6
11 , 8
X' == , Y ==
3 3
11 8
So Q(x,y)= ]
Q(x)=0 3 5

Q.14 Find the point ti7ze-f ftn of the

way-aiorig theline s;egmeqf eoin

(AL 58)toB\5 3) -

SLi Jt-I.O!.-] A\ | I

fley) 2 B(5.3)
%8
Let P(x,y) be the required point

the point P(x, y) divides the line
segment from A(-5,8)to B(5,3) in

ratio 3:2.
So, by using ratio formula

]
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_ kX, +kyX, _ky, Ky,
k,+k, k, +K,
35+2(-5)  33+28
3+2 3+2
15-10 _9+16 |
= 5. : i) ) R 1 i
AR o) A
x=2 = NBRLE --E.-.5 \
5 LA
5o,/ P (o K)=R(ds)

[ N

‘Elnia the pomt P on the join of
A(1,4)and B(5,6) that is twice as
far from A as B is from A and lies

Q) On the same side of A as B does
Solution:

Let P(x,y) be the required point

A(1.4)

I’(i\.‘j')

B(5.6)

As P is twice as far from A as B is
from A so ‘B’ is mid-point of A and
P.
1+x _5 1 4+y _6
2 2
1+x=10 , 4+y=12
X=9 , y=8
So, P(xy)=P(9,8)
(i)  On the opposite side of A as B does.
Solution:

As pointP(x,y)is twice as far from

A as B is from A so AP i¢ d')ublp = '-

AB, S0 lel naIIy

P dIVI'.cL AB e>teurnali;/m th= %E

 AP:PB=7:3 | |
g N I-; _J-II' 1 '|3|)"._LJ.>| ME r2lo Tormu|a

‘o _ky, Ky,
kl_kZ

’ k, -k,

2yl

kS

J

25-31 _26—34
- 2-3 ' _—2-3-
103 [ [~=212-1b(
NN [ (T
A\ 0

~1 =
=7 , =0

So, P(x,y)=P(-7,0)

Find the point which is equidistant
from the points A(5,3),B(-2,2)
andC(4,2). What is the radius of

the circum-circle of AABC ?
Solution:

Q.16

A(5.3)

B(-2,2) C(4,2)

Let P(x, y) be the point which is
equidistant from A(5,3),B(-2,2) and
C(4,2),then

[PA|-|Pe|-[PC]

- [PA- e
J(x=5) + (y—3)2=\/(x+2) +(y- )

\/x —lﬂerS y —‘:y+9~_-_ ,
TSax 4y —dy+4

/;( £4X %4

-.__-—r__ —

]

\/x +y? +4x—-4y+8
X?+y?—10Xx—6y+34=x"+y’ +4x—4y+8
—10x—4x—-6y+4y=8-34
—14x -2y =-26
14x+2y =26
7x+y=13...(1)
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— ‘p_A‘ _ ‘%‘ Solution:
J(x=5Y +(y=3) =(x-4) +(y-2)°
X2 —10x+25+y? —6y+9 =
\/x2—8x+16+v2—=4.{;-.-4 |

NS +)_lﬁ)x Gyt 34 = | __

___-_______

¢

B(-2,4) A
A(3,-2

X | —Br= 43’+20 Consider AABC with
[ =106y +34 = X2 + y? —8x—4y + 20

J I'-. ':.': NS A(4,-2),B(-2,4)andC(5,5)as its

_10x+8x—6y+4y =20—34 vertices, and ‘O’ its in-centre.

We find [AB|=c,[BC|=a,|AC| =

—2x—-2y=-14
x+y=7..(ii by using distance formula.
Subtracting (i) and (i) a=[BC|=(5+2)" +(5-4)
IX+y—-X—-y=13-7 _J29+1
6x=6 =50
x=1 a:5\/§
Putting in equation (ii —
g in equation (1) b=[AC|=\/(5-4) +(5+2)
7(1)+y=13
=J1+49
y=13-7
y=6 =50
b=52

So, P(x,y)=P(16)

c=|AB|=/(-2-4) +(4+2)
Radius of circum-circle is ‘ ‘ \/( ) ( )

=+/36+36 =+/2x36

PA|=|PB|=|FC
=[P - 7 o
So, Using in-centre Iforrr‘g_la Fe
_ 2 2 -l YK, ¢ = (X f ": -
Radius=[PA| = (1-5) +§ DR 'I_#—a+n+r‘ (ol
=16+9 ', \ A0\ O e +u\/2( )+6\/_(5)
'_;_ V’E A RN e 52 +5\2 + 642
VLA (VT /2(20-10+30) 40 5
. K \ >r* I‘.ldILS (TCJ c..m 01rcle is ‘5°. \E(]-G) 16 2
1LJ7' \The p0|nts(4 -2),(-2,4)and(5,5) y:ayl+by2+CY3
a+b+c

are vertices of a triangle. Find in-

centre of the triangle.
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_ 5v2(-2)+5v2(4) +6v2(5) So in-centre is [Ea
542 +542 + 642 \RAT
_ﬁ(_10+20+30)_ﬂ_§ - L L N [ -
VS Gae) w2 O ENt \ O\ ’
Q.18 Find the r'umts that d Ade the 1ing seamients feining A%, yl)anb B(xz, y, ) into four
equal palt ' '
Solutior: '

AN A

L . AL !(1 e P(X, y) (x,y) R(X\Y") B(XY,)

LetP(X,y"),Q(x y)and R(X",y") be the points which divide line segment joining
A(x,Y;) and B(x,,Y,)into four equal parts.
AsQ(x,y)is the mid-point of A(x,, y,)and B(X,,Y,)so

_ol XtX NitY,
Q(le)_Q( 2 ' 2 j

From the figure, P(X',y')is the mid-point of A(x, yl)andQ(Xizx y1+y2j

2
X1+X1;Xz y1+y1‘;y2
X’:— ' yr=—
2 2
2X+X X 2Y 4 Y+,
_ 2 _ 2
2 ’ 2
_3x+X% _3yity,
4 ' 4
4 4 g s | | e ) "x
- - T\ \ ..- R ' | '.._"__i-*.- N
From the flgure R(x y )| ti"le mlfT"pﬂIH’[ of Qf +\(—,._—“'./1—':1'?~}['anrl'j B (X, Y,)
"y L T _ .l '- "- .-' Iy e . )
XKy A )‘ Yo Iy \
X” _ —.?—.—-".—': yu :_'_'.2_
> BRI 2
X, + X, +2X y,+Y,+2Y,
_ 2 _ 2
2 ’ 2
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_xEd _yit3y,
4 ' 4 )
SO R(X”, yn) — R(X1+3X2 ' y1+3y2] i P - A .:,_-\ ._..| | ..- e ‘
4 4 / P 13! 1R B L

Translation of axes:

In tran:latr{)n G dvps oridin i sFr’ﬂ=d o Qr‘&mer pomt in the plane but the axes remain
parallel’tc, ihe, alu cXE) Lot & e the point with co-ordinates (x y) referred to xy—

.;_-_(I,o_o. (Jma.g_s. :y.sn-,.n and the axes be translated through the point O’(h,k) and O'X and

N ISP '] “&/Y" be the new axes. If P has coordinates (X,Y) referred to the new axes, then we

need to find X and Y intermsof x and y. Draw PM and O'N perpendiculars to Ox .
y Y

& A

®P(x,y)
P(X.Y)

((),())(’)V ‘

From the figure

OM =x,MP=y,ON=h, NO' =k =MM’'
Now X =O'M’'=NM =OM —ON =x—h
= X =x-h

Similarly

Y=MP=MP-MM'=y-k

=Y=y-k —F

Moreover x=X +h, y=Y +k AN (LU
Rotation of axes: T AT SN T O to—
Let a point P have coordinates () A ARIER R A

(x,y) referred to the xy sy »tern ARTEA U\ e U P(X.Y)
COOI‘dIﬂ%J“ (X Y, re*"“ re1to ™ \ ;
the xv- cmorcunatﬂ sy&tem - X
- J \I'\aejha\m to tind XY in terms :

AN .k'-.'_ "2/ tiie given coordinates X,y .
Let « be measure of the

angle that OP makes with Ox. YD = G

4
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From P, draw PM perpendicular
to Ox and PM'
perpendicular to OX.

Let |OP|=r. A
In AOPM _ )
cosa =21\ || 0 (L LD D sina =Y
Sashlerbesa () y=rsina (ii)
In AOPN
cos(a —6) X Also, sin(a—@):I
r r
= X =rcos(ax—6) =Y =rsin(a—6)
X =r[cosacos@+sinasind] Y =r[sinacosd—cosasind]
=(rcosa)cos@+(rsinx)sing Y =(rsina)cos@—(rcosa)siné
= X =xc0s@+ysing (Using (i) and (ii) Y =ycosé—xsinf
X =xcos@+ysinfd (1)
Y =ycos@d—xsind (2)

Multiplying equation (1) with cosé and (2) with sin& and subtracting

X cos@ = xcos’ @ + ysindcosé
+Y sin@ = +xsin® @+ ysin#cos &

x(cos2 6 +sin? 9) =X cos@-Ysind

X=Xcos@-Ysing

L

I_- :___ 2

i Wow ] A

= i -

Multiplying equation (1) witi) sin€._snd eqguation (2),with oz &\ arig gdding

X sin&= xsinOreoss+ysintd 4|

\)

W | L o~ | 1 _."x
+Y cos & = X3 PCps'P i yos

J'I*'.__:-.Iyl-é_':;.irﬁ A\ 005> 0) = X sin@+Y cosd

TR A
L -

y=Xsin@+Y cos@

&

LR

]
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So the transformation equations are

X =xcos@+ysind

Solution:
P(xy)=P(32),0'(hk)=0'(13)
=>x=3,y=2, =>h=1, k=3
Coordinates of P referred to the new

axes are (X,Y) given by
X =x-h , Y=y-k
X=2 , Y=-1

(i) P(-2,6);0'(-3,2)

Solution:
P(x,y)=P(-2,6),0'(h,k)=0'(-3,2)
=>Xx=-2,y=6,Dh=-3, k=2
Coordinates of P referred to the new

axes are (X,Y) given by
X =x-=h , Y=y-k
=-2-(-3), =6-2
X =1 , Y=4 () |
So, P(X,Y)=P a4)' AN
(i)  P(-6, 8)0( —6) ix“{_“

Solutlon

YA |“_. (s y‘ P(—"‘5)."I

(n k)=0'(—4,-6)
=>x=-6,y=-8,
=h=-4,k=-6

X=Xcos@-Ysind

Y =ycos&—xsin@ -y = )xsmﬂ -y co<9 AN -
] | L&E\E‘EIE

Q.1 The tuee nolrits Fand D are ‘IVU Coordinates of P referred to the new

in xv-chorcinale \systarh. Find the axes are (X,Y) given by

JI(_\'.Ic;)qr liyates'siP referred to the X =x—h ’ Y —y—k
| b sranslaied axesO'X and O'Y . 6 (_4 (6
G P(32);0(13) ==6-(-4). =—8-(-6)

=-2 : Y==2

(iv) p(i?j;or(_llj
2'2 2'2

Solution:

Coordinates of P referred to the new
axes are (X,Y) given by

X =x-h , Y=y-K

_§_(—_1 7
2 (2)°

5
2=
4  B=7 2.
2, -zf‘gg

: y i |-\:
2.
v " O

O bl POy rv(z )

\_Q.p"7e xy-coordinate axes are

translated through the pointO’
whose coordinates are given in xy-
coordinate system. The
coordinates of P are given in the
XY-coordinate system. Find the
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coordinates of P in xy-coordinate
system.
(i) P(8,10);0'(3,4)
Solution:
P(X,Y)=P(810),
= X =8 Y F10,> h =3\ k=3
- Wellave, || '
J G | y=Y +k
! =8+3 , =10+4
x=11 , y=14

So, P(x,y)=P(1114)
(i) P(—5,—3);O’(—2,—6)
Solution:
P(X,Y)=P(-5,-3),
O’(h,k):O’(—Z,—G)
=X=-5,Y=-3,
=h=-2,k=-6

We have

Xx=X+h , y=Y +k
=-5+(-2) , =—-3+(-6)

X=—7 , y=-9

So, P(x,y)=P(-7,-9)

3 7Y (1 1
(|||) P(—Z,—gj,O(Z,—g]

Solution:
P(X,Y)= p(_i_Zj
4 6
= X =_§ ’ =_Z ) -____ )
4 6 | -. N
AR AR VA ™ \ _
=M i |k F_l )~
= |-"- ) b ,_‘1. - )
N B WTeave
x=X+h y=Y +k

3 1
= —+4+— s
4 4
./.__:- (™
:-_Z+l—:\ ]
6 16l ~
4 ’ 6
- yo8_ 4
2 ’ 6 3
-1 -4
So, P(x,y)=P| —,—
(=755

(iv) P(4, —3);0’(—2,3)
Solution:
P(X,Y)=P(4,-3),0'(h,k)=0'(-2,3)

=X=4,Y=-3,=2h=-2,k=3

We have

Xx=X+h , y=Y +k
=4+(-2) =-3+3

X=2 , y=0

So, P(x,y)=P(2,0)

Q.3  The xy-coordinate axes are rotated
about the origin through the
indicated angle. The new axes are
OX and QY. Find the XY-
coordinates of the point P with the
given xy-coordinates.

) P(5,3);6=45°

Solution: 1A (CUON

. » .-___. I .I .-_.:..: ! '.m:\.:_._

T e Y \besthe courdinates of P

|\ eferiea to the MY-axes.

~~  P(xy)=P(-5,-3), 0=45°
=X=-5, y=-3
We have
X =xcos@+ysing

=5c0s45°+3sin45°
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(i)

Solution:

(iii)

' .1(

I\.-|I" |

()]

_5+3_i_4x2
2o 2 2
Y =—xsin@+ ycosé
=—Seiy 4» +300s435™, | |
g h
= —I—— +3 —1—1 .
,,\/')
-.-—5+’3 2 \/—
= _— =2
NA)
Y)

P(42,2)

—42

So, P(
P(3,-7),6=30°

Let (X,Y) be the coordinates of P

referred to the XY-axes.

P(x,y)=P(3,-7), 6=30°

=>X=3,y=—7

We have

X =xcos@+ysind
=3c0s30°—7sin30°

X :3(?}-76}: 3“/52_7

Y =—xsin@+ ycosé
=—-3sin30°—7co0s30°

{3 (E)=

So

P(X \():P(&/g_7 _3_7‘@}
’ 2 2 i

P(11, —15) 6 =60° i
Solution: . (T

Y

Let (X27)) bt thé. \,«)ofo notos ri‘f IX
referred to tne XY qxns ' ]
EIR y): F 11,—J.b) 0 =60°

X =11, y=—

We have
X =xcos@+ysing

(iv)

=11c0s60°+(—15)sin 60°
(SN
X = 11(—.—15 1—|_11 13*“
W 2o, \aé

Y F=Xsin 6‘_+ 'cps e
.=\-245in 60+ ~15)cos 60°

(7))

So

11-153 -113 —15J

P(X,Y):P( R

P(15,10);6 = arctan%

Solution:

P(x,y)=

= x=15y=10

P(15,10), 6 =arctan %

Also tané = %
By Pythagorean Theorem

(hy' =(2)° +(3)
h?=1+9
h?=10

h=+10

c.sin@ = 3

i ,0080 = —
NN 10
We have

X = xc030+ ysin6’

4t +1rf Is5

7o o

Y =—xsin@+ ycosé

1 3
=-15| — |+10| ——
(EJ %)
-15+30 15

Jio Jio

_.-'
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So, P(X,Y)= [55 15)

V10" Vio

Q.4  The xy-coordinate axes are rotated
about the origin through th2

indicated angle and theinaw axa—.g:.

are OX and OY. Fing, thé X-

coordmatos of D mm +he, L |ven “XY

coordmam 5.

= 5chsB° - Bsiin._%o:"

y=Xsin@+Y cos@
=-55in30°+ 3cos30°

A7)

So, P(x,y)= P(_5€_3,3€_5J

(i) P(-7v2,52);0=45°

Solution:
P(X.Y)=P(-742,5/2), 0=45°
=X =-72,Y =5{2

We have

X=Xcos@-Ysing = —7\/§cos45°—5\/§sin 45°

A

=—7-5=-12

y=Xsin@+Y cosd
= —7\/5 sin 45°+5\/§ cos45°

=—7+5=-2
So, P(; my) P(;l&f—é)
Inclination ofa w e Al

(i)

Solution:

P(-5,3);0=30°

P(X \/\ Pk ;),o) .100-_.-:. y
= K--—5Y 3 o

| Weébave' ' |
..x_Xcose Ysing

_ Thej( ngie 9L(Co < @ :1«80“) measured anti-clockwise from positive x-axis to a

‘uFizeital stralght line lis called inclination of I.

v y
4 A

o _(()

Va

~

v

f
7ol o

»\ (9. ¢
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Note: =y
(1) If /s parallel tn x-axis/ther; o =C°.)
(i) |f'lc:_ i ;;a:z_allel_tﬂ yreXis-then o =900

- [ e Inpc or gradlent of a non-vertical line ¢ with « as its inclination is defined by
SN m:'tana
Note:
Q) If ¢ is horizontal then m=0.
(i) If ¢ is vertical then m is undefined.
(iii)  If 0<a <90° then mis positive.
(iv)  If 90° < a <180° then m is negative.
Slope or Gradient of a straight line joining two points:
If a non-vertical line ¢ with inclination o passes through two points P(x,y,) and
Yo=Y
X, =%
Proof: '

Let m be the slope of the line 7. Draw perpendiculars ,
PM and QM’ on x—axis and a perpendicular PR Oz /

on QM'. Then m£RPQ =« ‘
MPR =mMM’ =mOM’—mOM = x, —x, and

Q(X,,Y,), then slope m is given by m=

MRQ=mMQ-mMR=y,-mMP =y, -y, A

In APQR £ '

tana =% v

PR
X_Xl . > --I l'H-:.'.'. i '-\..“'\--

Parallel lines: - i - | \ [ Cad ™

Two non-vertical lines ¢, giid £, hwmg a.upes m1 «m;im respoc |vé!y

are parallel-if m1 m— VU g
Perpendicular Lires! _” O oL

Two nop- Ve rtic ¢.1| nnns E and A havmg slopes m,andm, will be
pnp( nd| u‘arl ﬂlm =-1
I| X E auht.f)ll @t Straight Line Parallel to x-axis: (or perpendicular to y-axis)
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T 7 T
. I

a a<0 T L A ARRIAN
' i 0, (@ A e—
- I X=IXIN |t Wl 4 -’.‘ .\-._I\L_‘_. P 0

v J ar AT ~-'.t'l.\ N 1 or i L tf‘l

L a=0

I || x-axis
or L y-axis

All the Doirits n t1e line | narallet-io x-axis remain at a constant distance (say a) from
x-21ip. Therofore, t_a( h-ouint on the line has its distance from x-axis equal to a. which is

Rt

it y-coaldingie (ordinate). So, all the points on this line satisfy the equation: y=a

Q) If a> 0, then the value | is above the x-axis.
(i) If a<0, then then line I is below the x-axis.

(i)  If a=0, then the line | becomes the x-axis.
Thus the equation of x-axisis y=0

Equation of Straight Line Parallel to y-axis: (or parallel to the x-axis)

T ] ]

-

f

== =

| bl ;
| {} 1 ()1 ] o
e - — 4 - X || v~exis
()’ {11 v-axiy o Ul | vsavis } 4y
v

| I v
i { N gxiy + or N~Is ¥
I

or | L x-axis

All points on the line | parallel to y-axis remain at a constant distance (say b) from the
y-axis. Each point on the line has its distance from the y-axis equal to b which is its
x-coordinate (abscissa). So, all the points on this line satisfy the equation: x=b
which is an equation of the line | parallel to the y-axis (or perpendicular to the x-axis).

Note:

Q) If b >0, then the line is on the right of the y-axis.

(i) If b<0, then the line is on the left of the y-axis.

(iii)  If b=0, then the line becomes the y-axis. e

Thus the equation of y-axis is x=0. ] [\ AL
Standard Forms of Equations of Stralqh*! ines: Ve W

Let D(x y) be, annomt

()  Slope-intercept form, =4 /"~ | . ]
EquathrLN n non vert'cal hn@ 1 ity st op(-.« 16 auu V-lraeucept cisy= mX+c

Proof: N \

tne straight line ¢

Imm siAnem and y —intercept ¢. As C(0,c) and

P(x,y) lie on the line, so slope of the line is
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m = Y=Y
X; =% -
—C i, .m'- AR
mzy_ - L A SN | (O
x—0 - y 4 AT L L
y—C=mXx \ = R -

y=mx=e"| AR AR\ R
Note: “#£c =" then the t_eq"qutign becores = mx and the line passes through origin.
(i) - homnt-$lops Forra

[ kEpeationof e-rori-vertical line ¢ with slope m and passing through a point Q(x,, ;) is

MNP =y =mex-x)

Proof:

Let P(x,y) be any point of the straight line with

y
slope m and passing through Q(x,, ;). As
Q(x,Y;) and P(x,y) lie on the line, so slope of
the line is

Yo~ Y < / > X
m=-——— - »

X=X / 0‘}
— Y-V

X=%

Y-Y%.= m(x— Xl)
(iii)  Symmetric Form of Equation of a Straight Line
Y=Y
X=X
Or X=X _ Y__yl =r

cosa  Sina
Proof:
By points slope form
Y-Y%= m(x— )(1)
y—y, =tana(x—x) 1\ o

sina - ' , ' i '
— X — r e § AT I |
wa Y [\ 70\ VIV U
sina UGS¢ \ “,_' x \ -
= e Rt . r{sey)
. J 8 ey S
J [N “1 | Ihisis called symmetric form of equation of the line.
7 (iv)  Two Points Form

Equation of a non-vertical line ¢ passing through two points Q(x,, y,) and R(x,,Y,) is

m

We have m= =tan«, where « is the inclination of the line.

(say)

o
L
Y '.\.
f :-__ - .:

Y1

262



Chapter-4 Introduction to Analytic Geometry

y_ylzi(lz;ilil(x_xi)

, —

Proof: .
Let P(x,y) be any point of the line;-then |

Slope of PQ = =% AYFZARIEARIBS:
: L X — Y o T '._ '._ % .-'.. :. .
'_ v B I B! ;.:-\.H. \ B T e
ZA LY '._ |1 ) et
A X ] |

Slope of QP

A -_:J).n .g_e 2 G and R are collinear therefore

| J RVAS Slope of PQ = slope of QR

A
X=X %=X

Yo— W
=YY= (X X)
' X=X
(V) Intercept Form
Equation of line ¢ having non-zero x-intercept = a

and y-intercept =bis X Y_q
a b

Proof:
Let P(x,y) be any point of the line. Clearly

A(a,0)and B(0,b) lie on the required line,

So, by two points slope form v A(a0) %
_y =YYy
y=yr=" (x=x) |

2 o

y—OZOT(X a)

y:—(x—a) e
ay =—bx+ab s [ =72\ ({ o al
- e g - p— . S |1 I'-\. L N
Dividing by ab _ Ty . i f N | ( o0 e
X __X+1 f-"ll :_:__.:I f- N _!' .I.l .'.l .II. '_l ',- .III -IlI '.l .II \.x. I_ i
b a ) AVZARTEARIRZA L =y .
e i # L5 LY - i

X RV Y e (Y ( \ A
=24 le ' |

a ﬂ L4 i =
(]\-J‘JI I\orm:«‘ l—orm z

el b 4

I . An equation of non-vertical straight line ¢, such that

length of perpendicular from originto ¢ ispand « is

b
W
[)
" . s -
= 8 a \\1 -
v
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the inclination of this perpendicular, is xcosa + ysina = p
Proof: e

Let the line meet the x—axis and y.--axis at the T WY (e A
points A and B respectlvely let P( (,y/_b? ar.y
point or-:.‘e ling ana, CC_ ba -pe-;‘penr‘&sular' to the line

,Il’_ ,'\I!i;h |\')_(.-l ——_..iJ .

J' J\ In AAOC )

COSa =

o |o

a=_P_

cosa
In ABOC

sina = B =b= L
sina
By two intercepts form of equation of straight lines

X, y_

a b

X+y:1

Y Y

cosa sSina
Xcosa ysina

p Y
= XCOSa+YySina=p

A Linear Equation in Two Variables Represents a Straight Line:

=1

The linear equation in two variables represents a straight line. A Imear equatlon in two Ve

variable x and y is ax+by+c=0 \ |
Where a, b and ¢ are constants and a and brarz not S|muuaﬁnous v d‘r(‘ \ -f;'. 4=

To Transform the General Linear: EQUc.Tl 5N m otanda d) Fnrmg
To transform the equation ax! +oy+c F O n. taﬂanu iy

(l) S,ED“OE I |L\,|"C;pL FL'I m x‘ \\
'./_._._9 _-.E b\
- i i 1 b'."‘ _"). B
P | [ i | rRaintSlope Form:

R J ooy

(ili))  Symmetric Form:
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0
5 = - =r(say) P oA
i\/a2+b2 i\/az_-'_bz - —\ = | VoW ‘A
(iv)  Two Points Slope Farm: = /" — 1\ L4 4L _
R YY.
-y.:. \a ¥. C| W % 1
2\ Wi !
V) LmiCt—LtSF
: x|\ W
I. | A —
J YT e
I\ N a b

(vi)  Normal Form:

ax+hby —C

+ya? +b? - +a? +b?

Position of a Point With Respect to a Line:

Let P(x,Y,) beapointin the plane not lying on the line ¢
{:ax+by+c=0 Q)

with b >0 then P lies

(@) Above the line (i) if ax +by, +c>0

(b)  Below the line (i) if ax +by,+c<0

Distance of a Point from a Line:

The distance d from a point P(x,,y,) tothelineof I:ax+by+c=0is

d- ax, +by, +c
*\ia2+b2 e
Area of triangle: . T AN N[ (¢ ) VO~

Area of triangle with vertn e P(x ';’1\ Q(x y) R(x 33\ hmvan Jy

1 ):(AJ_ Vi il" HARLEY \
i L A (-

.-'

() If the points P,Q and R are collinear, then A=0
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ii In numerical problems, if sign of area is negative, then it is to be omitted.
(i) p g g I

R AaYecon
Lo Nl Ee
A ~VZ\(ONEIB L
%Hﬂ \f"’:“: ﬁj\g@ﬂ
"\ﬂ \ H“;'"._jl "'f\“ -
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