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Conic secti¢ns, orisi. nply corie cs, are the curves obtained by cutting a (double) right
civcllar cone b 3 :Ja.ue

I?HH dijcldr Cone:

The surface generated by straight lines passing through fixed point and terminated on the
circumference of the circle is called right circular cone. The fixed point is called vertex of
cone and the straight lines are called generators of the cone.

R

base

|/ ['df—generators

A(vertex)

Double Right Circular Cone:

Let RS be a line through the centre “C” of a given circle and perpendicular to its plane.
Let “A” be a fixed point on RS. All lines through “A” and points on the circle generate a
right circular cone. The lines are called rulings or generators of the cone. The surface
generated consist of two parts called nappes, meeting at the fixed point “A” called the
vertex or apex of the cone and line RS is called axis of the cone as shown in figure.

x
'... — ..h-
()

lower nappe
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Chapter-6 Conic Section

Circle: ey
If the cone is cut by a plane perpendicular to the axis of the cone, then the sectian is a .;.L.:.g!é?ﬁ'. ALY
i 10

St'-é_ o,

If the plane passes through the vertex, perpendicular to the axisﬂ‘hi'lﬁt_,*ériﬁii
single point or a point circle. l,'l'"'. - “‘ﬁll f ":j;,_l- O
',"--F' O ) II|II "T_ﬂlll II|II -\IIIIIILII ﬁll 11 III II""‘—"'
. ' -
/7 famy\ VAL - U

Circle

Parabola:
If the intersecting plane is parallel to a generator of the cone, but intersects its one nappe
only, the curve of intersection is a parabola.

Parabola

Ellipse:

~
If the cutting plane is slightly tilted and cuts only one nappe of the cone. 41 r2sulti @@ﬂ
section is an ellipse. @

< \O

Ellipse

351



Wi J |
L 1 .'.
. J

Chapter-6 Conic Section

Hyperbola:

"H._
|

then the curve of intersection is a hyperbola

O \v A)

L | [} o
. "\

Hyperbola

The set of all points in a plane that are equidistant from a fixed point is called a circle. The
fixed point is called the centre of the circle and the distance from the centre to any point

on the circle is called the radius of the circle.

Pix, v1

Equation of Circle in Set Notation:
If C(h, k) is centre of circle, Tits radius and P(X, Y) be ay point on the circle then in set
notation.

s(C: r):{P(x,y):‘@‘: r}

Standard Form of Equation of Circle:

Let C(h, k) be the centre of a circle, ‘r’ its radius and P(X, Y)any point on the circle
then, by definition of the circle,

‘@‘=I’ -"I'*-...:'_'. .’:' .
\f(x—h)2+(y—x)2=r N _-_j | - .-_ | -__.. ._:}_-;
Squaring on both sides WrilalfaR\RCRI\RR=N D,

(x h"My kl \” S J
is an quaﬂ)n cfur Ie || sLandal"l zam. I the centre of the circle is origin then (i)

redures to',

2 .'I")'

J

Uéparai Férm of Equation of a Circle:
The equation

X:+ Yy +2gx+2fy+c=0...ii)
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Chapter-6 Conic Section

represents a circle g, £ and c being constants.
By adding g= . ¢ 2 on both sides, the equation (ii) can be written as

(X*+2gx+9°)+(y* +2fy+ f?)=g°+ f* =¢
(x+9) +(ynf) <of + #22c) ||

PO SV )

1%,

2
L,o_w-_parrng.vnlti'- L (/(—n) +(y—k) =r’, we have

: . ﬂ'_—-—'g, I(.: ;! r=\]92+f2_c
..J' J A ¢ent}e(_g,_f) and radius=r=/g*+ f*—c

Note:
(1) The centre of the circle x>, y2 4 o2gx+2fy+c—o0 IS (—g,—f ) .

(i) The radius of the Circle xz oy + 2gx+ 21y +c —o0 IS Y9°+ 2 —C

(iii) A second degree equation in which coefficients of x? and y? are equal to 1
and contains no term involving the product term xy.

Equation Description

2 2 i i i
(x— h) +(y— k) . Equation of circle in standard form
x*+y?=r? Equation of circle, when centre is at origin
xX*+y* =0 Equation of circle when r =0 i.e point circle
x? +y?+2gx+2fy+c=0 General form of an equation of a circle.

(X—Xl)(X—XZ)-I-(y— yl)(y_ Yz) —0 | Equation of circle with end points
A(Xv yl)’ B(Xz, yz) on the diameter of the circle.

X=rcos@, y=rsingd Parametric equations of circle x>, y> — 2.
Xx=h+rcos@,y=k+rsin@ Parametric equations of circle

(x—h)2+(y—k)2 =

Condition for Circles that touch each other:

Q) Two circles touch each other externally if distance
between their centres is equal to the sum of thelr radii. I, u
ie [CC)|=r+r, ~ - 4‘-*- --*‘* o

1§ . 1L .- L 5 LY
L. (L T LN
- 1 J 1 L ~ ] 1
& !
L - - - 3 5 1 .- - L —

(i) Two cur‘ltstou h lrtemallwf 1he gistance between their
_centips |»; equa‘ lhe difierence of their radii.

N

==
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EXERCISE 6.1

Q.1 Ineach of the following find an
equation of the circle with

(@  Centreat (5-2) and radius 4.
Solution:
(h l()' C\5 7. Lmd r_.

:>h—‘» k=2 | =
By ~stardard ferm ‘of Lquatlon of

' (II"L|( e
+(y—k)2:
(x=5) +(y+2) =4

X2 +25—-10x+y?+4+4y =16
X% +y? —10x+4y+29—-16=0

x> +y*—10x+4y+13=0
(b) Centre at (\/5,—3\/5) and
radius 2v/2.

Solution: Here
c(ﬁ,—sﬁ) and r — 22

C(hk)=

:>h:«/§,k:—3«/§

By standard form of equation of
circle

(x—h)2+(y—k)2=

(V2] +(y+348) =(242)
X2 +2-22x+y? +27+6y3y =8
X2+ %~ 22+ 63y +29-8=0
X% +y2 = 242x + 633y +21=0

(© Ends of diameter at

(-32)and (5-6)

Solution: As \VeJknow.that mndpc{nt': \

of end jints 07 diametel i the) ™.
centre of ciry Ie 'S0\ hore cenireof
¢ircle

; _.:.:.:I | A |_ \ L S 2+ 5 2 +g 6)] [2 24)

~C(1-2)

Q.2
(€Y

N')'V
radiys of cncle

A= () 22y
—r—.i6+16
=32

r:4\/§
By standard form of equation of

circle
+(y—k)2 =

(x=ny
= (-1 +(y+2) =(a42)

X?+1—2X+y?*+4+4y =32
X2 +y? +2Xx+4y+5—-32=0

X*+y?—2x+4y—-27=0

Find the centre and radius of the
circle with the given equation.
X% +y?+12x—10y =0

Solution:

ib)

..l 'u.

| -ledmg both sides by 5

x? +y?+12x—10y =0 (')
Comparing equation (i) with

x> +y?+2gx+2fy+c=0, WE have
2gx=12x | 2fy=-10y | c=0

g=6 f-5
so, centre(~9,—f)=C(-6,5) and

Radius — r=«/gz+ f?2—c

\/36+2'; 0 -—'>-r'—\/31 ((
. LI

=Y +"‘: 21'— 4x+ 4y g_O )
5:)1uc|0’1 —

'vzl' 14k +_'12y —10=0

14 12
X +y +—=x+—y-2=0..
y* e (1)

Comparing equation (i) with
xZ +y2+2gx+2fy+c=0,WE have
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14 12
20X =—X 2fy =%
g 5 y = y
/ 6
e — f:_
’ 5 L9
c=-2
So, ceiltré {—4,—F 1 C'—- i
TE =8 K5 5 [
and

ﬂ?'an'i_Js Ly :'ng +f?—c

49 36 \/49+36+5O
— (—2) = |—
25 25 25
135
\} 25 \l
(c) X2+ y2—6x+4y+13=0
Solution:

x2+y2—6x+4y+13=0---(i)
Comparing equation (i) with

x> +y?+2gx+2fy+c=0, W€ have

20x=-6x |2fy=4y

g=-3 fF o9 c=13
So, centre(—g,—f )= C(3,—2)
and

Radius — r:N/g2+ fe—c

3 +(-2) -3 _ pras

=r=0
(d) 4x? +4y? —8x+12y —25=0 —
Solution: ' )

4x? +Z'y"'\- —8>(+1? o 25

D|V|d|r_.4 mnth <1dts by 4 we ge. \ .

25
o b —2)\-|3’ -7:0 ()

NI
8

L‘omparing equation (i) with

x2 +y? +2gx+2fy+c=0, WE have

20x = —2X 2y =3y o5 1
g=-1 _| A& T

VAN N3
50) Gentrg(-g/—[f )=C (1, ?j

and

Radius— r=+/g + f2—c

08 {3
:\/1+% %:\/4+9+2s

+
flg
=>r=,—
2
Q.3 Write an equation of the circle that
passes through the given points

@  A(45), B(-4,-3), C(8-3)
Solution: Let the equation of the required
circle be
xZ + y2+ng+2fy+c=O---(i)
As ABand C lieon (i), So
Substituting A (4,5) in (i), we have
@D +B)>+2g@)+2Ff(B)+c=0
16+25+8g+10f +c=0

89 +10f +c—=—41...(ii)
Substituting B(—4,—3) in (i), we
have

4

(42 + (-3)? + 29 (- A+ 2 F (-7 0| | |

16+9—85- 6f fezo | (AL
(||, e’
/.

' :\u[-)ttltrltl'n()'-C|\8_._3) in (i), we have

80 i—b. O, 2L

,- <8)? + (—3)? +I29(8)+2f (-3)+c=0

64+9+16g—6f +c=0
16g—6f +c=-73...(1V)
Adding (i) and (iii) we get
8g+10f +c=-41
8g+6f —c=25
16g+16f =-16
—g+f=-1...(V)
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AN _-

(b)

Solution: Let the equation of the required

Adding (iii) and (iv) we get
8g+6f —c=25
16g—6f +c=—-73

24g ——48
= |g =—2| Putting in (v)iw? get
—2+f==-1_ 3f—” T f fJ
Putting 'g - —2\ar d £1=\a i r'|v\
.\ gt \

Lh{=l2] -6-(1)'+c=—73
-32—-6+Cc=-73
c=38-73
=|c=-35
Put the value of ¢ gand ¢ in (i) we
have

X +y*+2(-2)x+2(1)y-35=0

X*+y*—4x+2y-35=0
A(—7,7), B(5,—1), C(l0,0)

circle be

xZ + y2+29x+2fy+c:0---(i)

As ABand C lieon (i), So
substituting A(=7,7) in (i), we have
7>+ (7)?+2g9(—7)+2F(7)+c=0
49+49-14g +14f +c=0
—14g+14f +c=-—-98
—14g —14f —c =98...(ii)
Substituting B(5,~1) in (i), we have

(5)? + (—D*? +2gB)+2f (D +c=0__

25+1+10g—2f +c=0 ; p

(|.|)

=10g—-2f +c=-2

Substit: Itmg g, 0} (i), Neha\ﬁe\

@o)? +u0) #4((1))
_ (']4 201% ¢ =10
'..I >7l)g+c_—100 (|V)
Adding (ii) and (iii) we get
14g —14f —c =98

10g—2f +c=—-26

’1(r) Fc=0

..l 'u.

_-,"--|x +y —10x— 24y 0
(c)

."C‘t

249 —16f =72
:>8(Sg—2f)—

— G2 2 9/ (V‘_e

| Mutiply Eu ustion (ii-with 7 and

thel' su: ot 2¢eting from (ii), we get
“14g-14f —c=98

70g-14f +7c=-182
- T+ -+

56 —8¢ = 280

=79 +c=—35---(Vi)
Subtracting (vi) from (iv) we get
20g+c=-100

19 -_FCZ_:35

139 =65
=|g=-5
Putting in (vi) we get
7(-5)+c=-35
-35+c=-35
c=0
Put g = 5 in (V) we get
3(-5)-2f =9
—15—2f =9
—15-9=2f
=2f=-24=|f = —12

Put g:_: f:_w c._o inf U) we' \
.l P '

Xyl +2\ 5\x+z( 12)y+0 0

A(a,0), B(0b), C(0,0)

Solution: Let the equation of the circle is

x2+y2+29x+2fy+c:0---(i)
As AB and C lie on (i), So

substituting A(0.a) in (i), we have
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(d)

Solution: Let the equation of the ¢iitle is .__5_

(@) +(0)*+2g(a) +2f(0)+c=0

= a® + 2ag +c=0---(ii)

substituting B(0,b) in (i), we have

(0)? +(b)? +2g(0) +2f (b yc=C_

— b? + 2bf +c=0 (“')

Substlun"nq CLo, \J\ in 1) vie |"’-1Vt,

(0)% + (D)3 2'970} —+_2 (’J) +L,—O

r—|

|—|—u

From (ii)
a’+2ag+c=0=2ag+0

=-a° = 2ag =-a’

_fg-2
2

From (iii)
b’ +2bf +c=0= 2bf +0=—b?
= 2bf =-b?

=|f=—
2

a b -
Put g=——, f—= and c =0 in (i),
9=—3 > c (i)

we get

22 —a __b _
X“+y +2( > jx+2[ > Jy+0—0
X*+y’—ax—by=0
A(5,6), B(-3,2), C(3,4)

x2 + y? o+ t,a(—o—2fy+¢‘—0 (')

As A B-2iic C e (‘::—(I), _S(. T \ 3

substituing| Al ﬁ) in i) we have

.'-_.I\');__F\o) +29(5)+2f (6)+c—=0

25+36+10g +12f +c=0

—10g +12f +c=—61...(ii)

Substituting B(-3 2) in (i), we have_

(—3)2+(2\2-‘—23(—-’2)+2f(2 feldo,
~ o 4~hg+4f-—c— -

| =16 L Af o -1 ...(|||)

stistituting C(3,~4) in (i), we have

@+ (D> +29(@)+2f (-4 +c=0
9+16+6g—-8g+c=0

—6g-8f +c=-25... (V)

Subtracting (iii) from (ii) we get

10g+12f +c=-61

169 i4f;|—C=;13

16g +8f =48

—=2g+f=-6...(V)
Subtracting (iv) from (iii) we get
—-6g+4f +c=—-13

+6g—-8f +c=-25

- 4+ -+

~12g+12f =12
—g—f=—1...(vi)
Adding (v) and (vi) we get

2g+ f =-6
g-f=-1
3g=—7
=10 —_—7
3 ~ % L 1 X
Putting 1, {Vi), \ve gﬁi AW\
;3’ ! b I .I.
..-_—[+1=f = f:__4
3 3

] -7 -4 . ...
Puttin =— and f=— in (iii),
g9 3 3 (iii)

we get

3 4)e
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3 3
§+c:—13
3
c=—13—§ .
—. O x
—394 26\ |
=R\
' |>|r:=_‘i1
W= 3
Puttinggz_—7,f _?4 and
c =—6—35 in (i), we get

=[3(x*+y?)-14x -8y —65=0

Q.4 Ineach of the following, find an
equation of the circle passing
through.

(a) A(31_1)| B(Oil) and haVing
centre atax —3y—3=0

Solution:

Consider the required circle is

(1Y

+(y—k) =r*... )

B(0,1)

+(k +1)2 :(h—O)2 +(k—1)2

(h-3)°

AW W —  225+324-481

h? +k?—-6h+2k +10=h? + k2
—6h+4k=-9.. (ii)

Centre~ (h ) 'I"S on ulP| ne '
(2! -3y 3—0' A
-‘\/|u|t|ply (||) by 3 and (iii) by 4 and
Adding

—18h+12k +16h —12k =—-27+12
—-2h=-15

h=2
2

Put in (iii) 4(%)—%:3

30—-3k =3
—3k =—27

k=9
. centre is (h, k)z(% 9)
Radius

r :|OB|:\/(%—OJZ+(9—1)Z

225

+ 64

~ \/225+ 256 /481
4 2
Putting in (i)

(x—ETH
2

i w

0 e] ,481\

")"H-. | t’\

415 _ﬂl

X +y —L;x 181=

.-'

A Rt +y —15x—18y+

X* +y?—15x-18y+17=0
(b) A(=3,1) with radius 2 and
centre at 2x—3y+3=0

Solution:
Consider the required circle is
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r=2 -
.;..'0
A(-30)_—_ A
X N\ L
- 1 \’\’//{ 'H._H.
1! <\ | %,
u'/ ) /.//V 1) . _x
| 4\ )
1~ (k)

=

The point A(-3,1) lies on the circle
+ (h+3) +(k=1) =4...()
since C(h,k) lies on

2x—3y+3=0
2h—-3k+3=0
2h ..
=|k-1=—/ ...(I

3 (ii)
Putting in (i), we get

2
(h+3)2+[2—;j =4
:>9(h2+6h+9)+4h2=36

13h? +54h+45=0

~54:+)(54)° ~4(13)(45)

INBEE
" \

=h=
2(13)
:h:_54i24 - h:—_15 _3
26 13
For h=-3 For h——E
13
equation (ii) equation (Ei)' \
~T\ .~ 2[ 15\
k_1:2(—3) - | k 1 13 “ \
3 | .'.. » .’J
o R -J | K _1L_ 30
A k==
13

) (Y sk

centre (nky=(-a,1) centre(h,k)z(%’%)_ e
equation (A) i e-.{l:&[li...' .(A)

SCE ) (ke et

L) LA - e g
A o DA e 3-X+13J LY—EJ =4

| N\

o]
=X +y2+2 X
13

A3

—=[13x +13y? +30x—6y —34=0]

IS 4y 4+ Bx—2y +9+1=4

=|x®+y? +6X+2y+6=0

(c) A (5,1) and tangent to the line

2x—y-10=0 at 8(3,—4)
Solution:
Consider the required circle is

(x=h)' +(y=k) =r*... (i)

o/~[0g

A(5.1)

o(hk)«

m=2

23(3.—4)

N

(=5 (-3 =(n-3) +(kc+4]
h? +k? —10h—2k + 26 = hZJ‘f;i'éb1¥z-;k+252."""
xl
4h —1’)k 'L_ﬁo (1) ! e

blovrf "B— 5+—4

_4h lok +1 = U '\-.:.\.-_‘ .I .-._ ot | _.m 1 .:"',\_._:..' n

.:: g

W e h—3
Slope of tangent line = 2
k+4
——x2=-1 (*-mm,=-1
2k+8=—-h+3

h+2k +5=0...(iii)
Multiply (iii) by 4 then subtract from
(i)
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X2+ y? +52x— 21y+676_¥20
X +y +b2x—21y—265-¢] ()
@  AL4) a( 8) degnm \ !
tO the I Ilt )(—| y ‘g O ] '-_ :\. L
Solutlon ' \ :

4h+8k+20=0
4h+10k -1=0
- — +

—2k+21=0
=21
2-.

Put in {i#) |

h+2(g'1-ji+"5 AR EE
N IATAL T

h=-2

centre (h.k)= ( ~26 %j

to find radius

\OA\ J ~26-5)" +| = - jz

961+ —9

2

f3844+361

o 4025

4
Put in (i)

21\ 4025
26) +| y—2=| =222
(x+ )J{y 2) 2

441 4025

X2 +y?+52x—21y + 676+ — ——— =0
y y 4 4

<] 7r sicley the r:qwred C|rcle is
x=h) +(y- k) .. ()

| K 1y
& . 1

| A Y

\\"[‘4] o

oA =[o8|

(h=1)"+(k—4)"=(h+1)" +(k-8)°
—2h+1-8k +16 =2h+1-16k —64
4h—-8k +48=0

h—2k+12=0

h=2k-12|.. (i)

Also the distance from the centre

C(h,k) to the line x+3y—3=0is

equal to the radius to the circle.

So, we have

PSS fac)=(n-27 (k-
12 + 32

2
:>W:(h—l)2 +(k—4)2
Using (ii)
:>(2k—12+3k—3)2

10

=(2k-12-1)* + (k- 4)’

"

.
(?L Q\ +(k
Y '._.' L B

5 2—60k+185

T _s(k2 ~12k +37)

k2 —6k +9=2k? —24k + 74
k?—-18k +65=0

18++/324-260

2

=>k=
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(x—h)2+(y—k)2=r2

k= 18+8
2
=1k =135 _
Putting k =13 in (ii), we git"-'q=14 =
Putting =5 |n (m LY ’TG’T F=/-2
CeNntre (n, 1) (143! | - certre -
= [P
o Ead radus and radius
r=|AC| r=|AC|
= (141 +(13-4) | ={(-2-1)" +(5-4)
=r=4/250 =r=+/10
the equation of the ' the equation of the
circle is circle is

(x—h)2+(y—k)2=r2

= (x—14)" +(y—13)" =250| =(x+2)’+(y—5)°=10

Or

Or

X? +y? —28x—26y+115=0| x*+y®>+4x—-10y+19=0

Q.5

N N

Find an equation of circle of
radius ‘a’ and lying in the second
guadrant such that it is tangent to
both the axes.

Solution: As circle is tangent to both
axes and lie in 2" quadrant.

So that

Centre of the circle is (—a, a)

And

radius of the circle is “a”
Now, Equation of the circle
is

L1 || .
% I Y % 1
W[ ‘

" s

pu

=AAN
2

P

(x=h)"+(y—k) =r
(x+a) +(\L—e')'- ] _

& A% Zalk +\' A -_L,Za_/: &

O %huw Lnatthennes 3x—2y =0
" and 2x+3y_13—0 are tangent to
the circle x> y2 s 6x—4ay—o0
Solution:

We show distance from centre of the
circle to the given lines is equal to
radius of circlq.

a3

x2+y2+6x—4y:O---(i)
Comparing (i) with
x4+ y?+2gx+2fy+c=0

20x=6x [2fy=-4y
g=3 f==2
so, Centre(—0,~)=C(-3,2) and

Radius— r=+/g + f2—c
:\/(3)2 +(—2)2 -0_ 72
=|r=413

Now, we fing dl-atd%ﬂre rm ce1tro n

c=0

.the lire_ 35, 23/ o o Wb lcn 3 E —

|3r— 2(9) [9 4|_

\ S5

=13 =r
Similarly we find distance from
centre to the line 2x+3y-13=0

which is
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|’1=»\fgz+f2—c

= JEDR (L - (D)

=3

x> +y? —6Xx+4y+9=0
20x=-6x 2fy=4y c=9
g=-3 f=2
Now, centre g,

f)=C,(3,—2)
and radius is

W \/mrzwz = o= ]

_\/0__'_'\.1 “_’\.-'4'42_
Now dlo[a'ﬂ"e bot\ /eon centrus oT
CII‘C"‘S iy !

sl

And ¢ —342-5

20X =—6X 2fy=6y |c=-46
g=-3 f=3
Now, centre(-9,—f)=C,(3,-3)
And radius is
r,=yg’+f?—c
\/(3) +(3) (46—
'- iz ot

v

Chapter-6 Conic Section
|2( 9)+3(-f)-3 Since ‘C Cz‘: I, +1;s0 circles touch "
\/(2)2 +(3)2 externally. . [~]< (e
_[2(-3)+3(2)-13 _|-6+6-13 ;
J4+9 J13
— |_13| " 1 ] ! % l'l '_ - -
BN A ~Q.8  Show that the circles
_ 13 i X?4+y®+2x—8=0 and
F]Q ViR = x?+y? —6x+6y—46=0 touch
y -I— e| e uistance of both given lines internally
. from centre is equal to radius of Solution:
circle so both lines are tangent to ) .
circle. x2+y2+2x—8=0---(|)
Q.7  Show that the circles 20x=2x 2fy=0y c=-8
X2 +y?+2x—2y—7=0 and g:]- f=0
x> +y?—6X+4y+9=0 touch centre (—g’—f ):Cl(—l’O)
externally. -
Solution: and radius is
x> +y?+2x—2y—7=0 :‘fgz_kfz_c
2gx = 2x 2fy=—2y Cc=—7 - >
g-1 fo =% +(0)’ ~(-8)
Centre(—g,—f)=C,(-11)
and radius is X2 +y? —6X+6y—46=0
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=J16+9=-/25=5 k+3
£ r,—8_3-5 Slope of OA = —p—
As ‘ClCz‘ =1 —1,, so circles touch internally. - Slopa.ot 'tcjz_éen‘n: line =
Q.9  Find equations of thecircle of (™) [ | |7 ' e N
radius 2 and tangent to 1he |II’1° avifaml I =1 (o mm, =-1)

X—y— /1—\) a.t Al —(_)) |y ! -
Solution: =N ' B k+3=—-h+1
ConSIdertm\ reur; e1 ur e i |~ h=—k_2...(ii)

. .-,-.n) ~(f—h) =r... (i) Put in (ii)
(-k=2) +k? +6k —2(~-k-2)+6=0

k? +4k +4+k?> +6k +2k +4+6=0
2k? +12k +14 =0
k?+6k+7=0

Using quadratic formula

(_ 6++/36-28

m=1 - 2
2
(x- h) +(y-k) =4 - r=2 _—6i\/§
2
It passes through A(1,-3)s0
) ) _—612\/5_2(—31\/5)
(1-h) +(-3-k) =4 -5 - 5
h? +k?—2h+6k +1+9-4=0 k=-3++v2 and k=-3-2
h?+k?+6k —2h+6=0...(i1)
Putting k = —3++/2 in (ii), we get _.Putting k =55 ? |(II. \re ge? x -
™ Ve 1 =
:—(—3+\E+ 2) \F ] '_.—"'I.l & I_ hl'-_zl'-,_t.__n._ j'z '1".2)',::"-;"'{'6' -
Centre: C n k):(w 8\ 2) Center: C(h,k)=(1-+2,-3++2)
|"‘ _J-,m"-:::l.m __I_ak".la r =2, and radius r =2,
The equation of the circle is The equation of the circle is
(x—h)2+(y—k)2:r2 (x—h)2+(y—k)2:
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B R e

Or _ Or

x2+y2+2(ﬁ—1)x+2(3—«/§_)y+10— 8}5?0 | x-f-._+j.2;_wa__?mll)}(i.i(:%i«_E‘)y.rﬁ)#&ﬁ:0

Tangent and pral] m _al_s

Rt

Atangvn. e ‘ULV" iv & line thartsucnes the curve without cutting through it.

A nsrmal te t he curw: at'? is the line through P perpendicular to the tangent to the curve
‘11 F.

Normal Line

EQUATION OF TANGENT AND NORMAL LINE TO THE CIRCLE:

Equation of tangent and normal to the circle xz. y2 _ 42 at P(Xl, yl)
Let equation of circle is

xZ+y?=a? (l)
Let p(x,, y,)be any point on (1)

2,2 _ A2
Then X +Y, =a 1)
Differentiating eq. (I) w.r.t “x”

dy
2X+2y—=

Y ix

Q_—_ZX_-_X A
dx 2y vy _~\ ( l,-xf;; (O L

- \ ' T T B

Let “m” be the slope of targent |In\3-3*  Px, V)t1ef] LR —"- W
.- 1.

By poiritsTofle form&quam(n F ¢ *g\er‘.-l'u!ir*.e 1o (s

Y—Y _:"%(“(— 1.) | L e -

- _)1 I {X Xﬁ -
I'"':'ll J . y4

y1 =—XX1-|—X12
X>9+W1=Xf+yf
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Xx + Yy, =a’

using eq.(1)
Let m, be the slope of normal line then

mm, = —

(_XJ =1 _:/nl---—y- |
v MY TA ( N
By poirit siCpe, torin 2 \éticri-f normal line is
N v, =mifxa )
o A
y=¥,==*(x-x)
box
XY — XYy, =Xy, — XY,
-xy=0

Equation of tangent and normal to the circle x> 4 y» 4 ogx+2fy+c—o0 at P(Xl, yl)

x4+ y?+2gx+2fy+c=0 (I)
Let P(><1, yl) be any point the circle then
X+ Y +20% +2fy, +¢=0 (1)

Differentiate equation (i) w.r.t ‘X’

2x+2yﬂ+29+2fdy+0 0
dx dx

dy(y+f) —2X—29
ﬂ_—2(x+g)
dx 2(y+f)
dy__Xx+g
dx  y+f
Y X9 giope of tangent at P(x,;)
dx (1) y1+f T\

Equation of tangent at P('Vq'1 j4 ) is q:r'ﬂ:e:n;byj

R A
Y=Yy _:_,-_y_H\* A\ x\

) e g (o)
N YT =Y = Y f =g X7+ gx-gx,

x
'... — ..h-
()

Wi YE = Yo =V =3+ X - X O 0g + Yy + Ty + 9 =X+ Y+ 0% + Ty, Adding

gx,, fy, and ¢ on both sides

365



Chapter-6 Conic Section

xx1+yy1+gx+gx1+fy+fy1+c=X21+y21+29X1+2fy1+C _
From equation (ii) )
xx1+yy1+g(x+x1)+f(y+y1)+c;:q - L | |
Equation of normal line &t (%7 s

| y, '

Slope GEagrme| e =t =——-
| X:.-I-.g'

ARV,
RNk
| (Y=y) 0+ 9)=(x=x)(%u+ )
Circle \ Tangent and normal line
Equation of tangent to the circle
X +y° +2gx+2fy+c=0atP(x,Y,)
Equation of normal to the circle

X +y2+2gx+2fy+c=0atP(x, ;) (Y=¥)(+9)=(x=x)(y, + )
Equation of tangent to the circle B
x> +y?=a? at P(Xi'yl) XXl_I_yyl_a
Equation of normal to the circle

x2 +y? =a? at P(Xivyl)

X%+ Yy, +0(X+% )+ f(y+y,)+c=0

Xy, =Xy =0

Theorem:
The line y = mx + c intersects the circle x= . y> — 5> in at the most two points.

Proof:
We solve the simultaneous equations of line and the circle to get their point of
intersection.

y=mx+c...(I)
vyt — a2 .. (i)
From equation (i) and equation (ii)
2 2_ 2
X +(mx+c) =a e[ [~
x? +m?x? +c? +2mex = a’ —, Pty W) A ] e
x2(1+m2)+2mcx+c2—a° =0., 08 WAL |
This be-i-pg_'quad_rqti.r:jﬁ_x gi'-/eE?ftv"o valies of'x cay-—"and .
Thus th=ite friteisect the c;i;;clfg“‘o_t\mo:t two point. For nature of the points we examine
the disciiminait of, equation (iir).
~ (K __llj.{stlzlimi'ﬁah\ == 4ac
T sl | ] _ 2 2\( ~2 2
NINNA =(2mc) —4(1+m )(c —a)
=4mic’ 4] ¢* —a® +m’c’ —a'm’ |

= 4Am?c? —4c? +4a® —4m3c? + 4a’m?
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= 4[—c2 +al+ azmz]

:4[—Cz+a2(1+m2)] T [ [~
These points are o [aR RN
0] Real and distinct, if a7

\
'y ) "y
(i) (Realenz CUlltb"’Ient i - éz(l..thz)_.cézo
)-c*<0

(i) imeginary If| LT @l (1+ m?)—c® <
Regicticts S
N NN ’-\/) he line y=mx~+c will be tangent to the circle if ¢* =a*(1+m?) or ¢=+ay1+m’
' Theorem:

The point P(Xl, yl) lies outside, on or inside the circle xz , y2 4 2gx+2fy+c =0

according as X + Y7 +2gx, +2fy, +c%}0
Proof:
Since (—g,—f ) and = «/ f?+ g% —c are the centre and radius of circle respectively.

The point P(Xl, yl) lies outside on or inside the circle according as
m‘@‘ir
<

\/(x1+g)2+(y1+ f)2 %4/f2+g2—c

Taking square on both sides

X +20% + Q7+ Y7 + 20y + F2=g’+ f2—c
x21+y21+29x1+2fy1+c%0
Theorem:

Two tangents can be drawn to a circle from any point P(X1 yl) The tangents are real and e “y
distinct, coincident or imaginary accordlng as the pomt Iles OUtS"\']th._ on, 0 ingizie t1e \!

circle. —\ P NN __- I .y
Proof: Al B RIR AR RN A

Let an equation ofthecircie | = / — |\ ! WL f

x? +y? =& (i) . Y A I

As equation cf tang.ent ii ne of c-arc?*gtavn gsiope m is.

V mx? Fcl«-/i l-m'

_ J | |. U his Engent passes through passes thought P(Xl, yl)
g ! I '--. .'..I L B

= mx, +av1+m’
—mx, = a1+ m?
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Taking square on both sides

(y,-my) =a’(1+m’)

Y2 +mx, - 2mxy, =a° +am L L Tha WY (2.
M, —mia’ - 2mxy, + —a =< - ' o

m? (X% = af )\ iy, yl+\y \ (|.,

This- being 'qun(*raf.lt,_ in m, glves two values of m and so there are two tangents from

oY o Al N By - .. . . . .
7wy Yo terercle. These tangents are real and distinct, coincident or imaginary according

as the roots of equation (i) are real and distinct, coincident or imaginary. For nature of
the roots of equation (ii), we examine the discriminant
Discriminant =p? — 4ac

Discriminant=(-2x,, )’ —4(x2l - az)(yz1 —az)

=4x% Y% — 4[x21y2l —a’x’, —a’y’ + a“}
=47y A Y AN ARty -
=42’ X, +y", -2’ |

Roots of equation (ii) are real and distinct, coincident or imaginary according as:
= 4a?[ X, + Y, —a? =0

X, + yzl—az%O
This shows P(Xi, yl) lies outside, on or inside the circle, accordingly.

Length of the tangent to a circle (Tangential Distance):
Let P(X1, yl) be a point outside the circle

x> +y?+2gx+2fy+c=0 (l)
Let PT be the length of Tangent or tangentlal distance then from nan-qruajgrﬁ CU1
H2=B%+P? =\ — N A e’
e o N\t [ G
\CP\ :‘CT‘ +‘PT.| \ A AN W RN
_lro VAN A )
CORNE r’l e o \__.

Length ¢f tar lgent = |F'I |_ |"P| ‘CT‘

SN

NN ey e -

:\/xf+gz+2gx1+y12+ f2+2fy,_(g°+f*—c)
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Thus an equation of tangent at (4,3)
is
—4
_3=""(x-4
y-3=—(x-4)
3y-9=-4x+16
= |4x+3y-25=0 — ._}_

The sl )f the. .nu.mal at, \4 )
4\ 3

h = E ) (-
% Fim |4 4

...'.II'.-l . ..:),

Thus an equation of normal at (4, 3)is

N\ Thesy dIT squatior: of r*or n-al

Chapter-6 Conic Section
=\/x12+y12+2gx1+2fy1+gz+ f2-g?-f%+c
_\/x1 +Y, +ng1+2fy1+c L~ S
.m?-m
\ =Ta LS 5 -|- ; | &
Q.1  Writeidosn 2n: ;uon ottwle ars '1ef1t y—3:§(x—4)
and noera' 0 'rheurv e 4
0] L]y 2 25\a1 43y and at 4y—-12=3x-12
NI 'focose 53|n0) =|3x-4y=0
' Solutlon Now we find equations of tangent and
x> +y?=25 normal at (5c0sé,5sin@).
Differentiating w.r.t. , The slope of tangent at
2X+2yﬂ:0 P(5c0s6,5sin0) is
dx
dy _dy] _ 5cos¢ _ cosd
X+y =0 dx|, 5sin@  siné
dy X The equation of tangent to the circle is
~ v coso
dx y y—5sin 9_——( —5c0s0)
sin@
The slope of tangent at (4,3) is or
dy -4 ysin@ —5sin® @ = —xcos@ + 5cos? @
:&(413):? = XCc0os @+ ysin@ = 5sin” &+ 5cos® @

= |XCc0sd+ysind =5

The slope of normal at (scose, ssine)

—_1 -1 smH
m —cosé cos_ﬂ i
smf) g o )

m, =

y 'fsn ?—‘—s— (k- 500549)
) cos &

Or
ycos@ —5sin@dcosf = xsin@ —5sin@dcos &
=|xsind-ycos#=0
.. 10
(i) 3x°+3y*+5x-13y+2=0at 13
Solution:
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3x? +3y?+5x—-13y+2=0
Differentiating w.r.t. “X”
dy

6x+6yﬂ+5 132 =0
dx dx
6y —-13)— =—(6x+5
(6y-13) g =~(6x+5) '\
dy( ) 1n+5 )
dx e_y ‘3

WYAN 5
MR <IM~ oF‘ .|gent at P(l 3)

m:ﬂ _ 6(1)+5
dxle 6[10)—13
3
o1 on
©20-13 7

Y T (x-1
A

3y-10 -11
A

21y — 70 = —33x +33
= 33x+21y-103=0

10
The slope of normal at P(l,gj is
—1 -1 7
m 11 11
7
Thus an equation of normal is
10 7
— == (x-1
Y73 11( ) —
3y-10 7 A
3 _11(X_1) BYFA

33y — L1?'_,_'J er -

.,_.,_u_

= [20x-Fpiige AR

J A | '-.‘_4/“Int,e down equation of the tangent
WA S~ and normal to the circle
- AX? +4y? —16xX +24y —117 =0

at the point on the circle where
abscissa is —4.

Solution: e [

™ 1 ..l:.“'

AR AN 1'6::.+.2z yi—#xza 0 L)

| Feryabscissa isy x = —4 first put

w= J\2_in givenequation, we get
"uy 4 2

4(—4) +4y2 —16(—4)+ 24y-117=0

64 +4y? +64+24y —117 =0

4y? 4+ 24y +11=0

Ay? +22y+2y+11=0

2y(2y+11)+1(2y+11)=
(2y+1)(2y+11)=

2y+1=0,2y+11=0

2 2

Y=7.Y=—F"
2 2
lie on the given circle
4x*% +4y? —16x+24y —117 =0
Differentiating w.r.t “x”

8x+8y%—16+243y 0

So points A(

X
x+yﬂ—2+3ﬂ:o
dx dx
(y+3)dy 2-X=> dy _2-x
dx dx y+3

-1
The slope of tangent at A(—4,7j is

"h-us a1 Lquauon n‘f tangent is
) 1 12

+—=—(x+4

y+s =7 (x+4)

2y_+1:g(x+4)
2 5

10y +5=24x+96

=|24x-10y+91=0
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-1
The slope of normal at A(—4,?j is

=m-_t_1_5
m 12 12
5
Thus eqﬂaildn of norpianris | v

i—ﬁ w70

y+5=1

]

The slope of tangent at B£—4,_—j is

dy| 2-(4) 6 -12
&, I, 5 5
2 2
Thus an equation of tangent is
+1—1:_—12(x+4)
2 5
2y+11_-12 12414
2 5

10y +55 = —24x —96
=|24x+10y+151=0

-11).
The slope of normal at B —4,7 is

mot_1_5
m 12 12
5

Thus equation of normal is
11 5 -
+—=—(x+4 )
Y 2 12( ) |

12y + 66 = 5%+ 20 1
= [5x—12v44€ =5~y ) \

51—

Q.3  Check the pO‘*II ion of *ha pomt (5,6)
. \vn h respetlrr e circle
=81

'-_,olutlon

x?+y?—-81=0 (')

Put x =5,y =6 in L.H.S of (i),
25+36-81<0 -~ -
This shows ¥ |dLD)IHf||€oIfTSIdc hP
.chicle \ N

.-__.

A +zv 128y +1=0

«Solution:-

: 22X +2y* +12x—-8y+1=0...(i)
Put x =5,y =6 in L.H.S of (i),
2(5) +2(6)" +12(5)-8(6) +1
=50+72+60-48+1
=105>0
This shows that point lies outside the
circle.

Q.4  Find the length of the tangent drawn
from the point (-5, 4) to the circle.
5x? +5y? —10x+15y—131=0

Solution:

5 +5y® —10x+15y —-131=0...(i)
Dividing both sides by 5 we get

x> +y —2x+3y—£51_0

Hence length of tangent

= X2+ y2+2g% +2fy, +c

131

= \/(—5)2 +(4) —2(—5)+3(4)—?

\/25+16+10+12—%

| QJS . Find e length =f the chord cut off

' Trom the line 2x+3y —13 by the
circle x2 +y2 — 26
Solution:
x2+y2:26---(i)
2x+3y =13...(ii)

13-2x

From (ii) y= putin (i)
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QAN

Q.6

Y
5 W

2
x2+(13;2>‘j _26

, 169+4x*-52x
X"+

9
ox? +169; Ax? —52x A

Sy =76, Y 4
13x2 525 1 150 = 234, |

{3l —shx\ 68 g
%214x—é=0

x? —5x+x—-5=0

X(x-5)+1(x-5)=0

=26

(x+1)(x-5)=0
= X+1=0, X—5=0
= x=-15

When x =—1 then
_13—2(—1) _13+2 _E

- —=-_5
3 3 3
When x =5 then
13-2
3 3

So points of intersection of given line
and circle are

A(-15) and B(51)

Hence length of the chord AB is

[AB]=|/(5+1)" +(1-5)
_ /5ETe

52
— 2J1_3
Find the coordinates of the ’JO""*" of
intersection’of the line sz g
with thisgircis| _ L
2 < i ) —BY = \

X+V

Sf_Jl'[i'l'_i ANz,
| NP Fy? —2x—2y—39 =0-- (')

x+2y:6...(ii)

From (i) y = 6;2)( put in (i), we get

fix e —7 .{d)

X +(6 Xj —2X —2(6 Xj 39=0— 1"
2 ) 2 - )

EANE
x’4'—4(361‘x“—'12,-,,)--2-x5 (6-)-39=0

\2'. !

. x‘«+9+j—3x'—'2'x—6+x—39:0

Oy _ax—36-0
4

5x*> —16x—144=0

_ 16++/256+2880 16456

10 10
_16+56 1656
10 ' 10
= x=§ —4
5

When x = % then

y-4(6-2)-2

5 5
When x =—4 then
y_1(6+4) y=5

Hence points of intersection are

[356 53j andt (~45)

Q.7  Find equation of the tangents to the
circle x= + y2 —2

(i) Parallel to x — ~2y 210

Solution:  __—~5 N [ \

’
1 L
e

'_e'f eq larion of t mgent to (i) be

Y V= mx+ayl+m?

Here a=./2

When tangent line is parallel to
X—2y+1=0

Here slope of given line m = _—; =%
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So, slope of tangent line m =%

Hence equation of tangent line is

1 1
=—X*t2,/1+=
y 2 V2 4

=15
== x2afR 0
y2'/.\l4__ %%

2

2y x+\/_

Hence equations of tangent lines are

2y:x+«f1_0 = x—2y+@:0
2y:x—\/1_0 = x—2y—\/1_0:0

(i) Perpendicular to the line
3X+2y =6

Solution:
3X+2y =6

. . -3
slope of given lineis m, = -

So slope of required tangent line is

me_ L _-1_2
m -3 3
2

Hence equations of tangent line are

y =mx+ayl+m?

puta:ﬁ,m=§,weget
2
=—+\/_ ( \
-. |\
l /i? \
y=2 VAR
) 3 i

Hence equation of tangent lines are

3y:2x+\f%

1 h Q.'?

9 ‘ Ty_ﬁr, j

= [2x- 3y+«/_ o\

' |—|nd equatlons of tangents drawn
from
i) (05) 10y _16
Also find the points of contact.
Solution:

xZ2+y? =16 (l)

Let (X1, yl) be any point on the circle
then

X’ +Y,” =16 __ i)

Now tangent to the circle (i) at (Xl, yl) is
(iii)

If this tangent passes through the

(05)

Then ox +5y, —16

XX, +vyy, =16--

=1y, :% Putting in (ii), we get
16
+ =16
5 (EJ
2
I--'.I_>) —'_'.—— '5 b

VRO

~i

: bus tim :equwe'.'l yoints of contact are

12 16] d(_g gj
Ls 5 5'5

12 16
At (4, 1) = (5 5)
(iii) becomes
12 16

—x+— 16
5 y=
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vA |

At (X1’Y1)= (—EEJ :

—=12x+16y =5%16
=[3x+4y=20

5'5
(iii) becomes

(—1,2) to X +y2+4x+2y:0

Solution:

x2+y2+4x+2y=0---(i)
Let (Xl, yl) be any point on the
circle then

X+ Y, +4% +2y,=0 i)
Now tangent to the circle (i) at(Xl, yl) is

xx1+yy1+4(xlej+2(y;y1]:0

=X +YY, +2(x+x)+(y+y,)=0-- (”I)
If this tangent passes through

(-1,2) then
~1+2y,+2(% ~1)+(y,+2) =

= x, +3y, =0
= X, ==3Y,| Putting in (ii), we get

_3y12 + yl2 -12y,+2y, =0

=10y,” 10y,

= yl(yl ):

SInCP ><1—-—»y

d \lu |,- o h‘.n x, =0 and
'When y,—athen . __3

At ()(1’)’1):(0’0)’

(iii) becomes

=12x+y=0

Thus the required ¢ mf' of'con cCI e ) I
(&) “I]d(’ll o

D e

(1rj-5ecomes

-3x+y+2(x-3)+y+1=0

=|x-2y+5=0

i) (-7-2) to (x+1) +(y—2)" =26
Solution:
(x+1) +(y—2) =26

= X2+ y?4+2x—4y+1+4=26

= x2+y2+2x—4y=21---(i)
Let (Xl, yl) be any point on the given

circle.
Then

X +Y; + 2% —4y, =21
Now tangent to (i) at (Xl, yl) is

xx1+yyl+2(XJ;X1J—4(y;y1j=21

X6+ Vs +(X+%)—2(y+y,) =21 .. (iii)

If this tangent passes through (—7,—2)

Then N
—1x -2y, + ( 7+X1) ) 2+ yu\ =2t a \
= ¥ R&_—Lyj—7f; ,__‘:1 'x'k ) e
:> for | iy, 2 [ a0
J _ 2 T2y =12
= y1=—(3)(12+12j ...(Iv)

Putting in (ii), we get

2
xf+(3x1—;12j +2x1+4(¥j:21
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2
X2 +(9X1 +7ixl+144j+2x1+2(3x1 +12)=21

= 4% +9x7 +72x, +144+8x1+2L xl +96

Rt

13 +404) | 0= _'
3 +1'04}:_ RN
28X +12=0

(% +6)(%+2)=

= X =—2,—6

Putting in (iv), we get

When x -2 then | When x -6 then

3(-2)+12

3(-6)+12
-

Thus the points of contact are
(—6,3) and(—2,—3)
Now

FOr (x,v) = (-6.3). | FOF (v~ (-2.-9),

(iii) becomes (iii) becomes

—6x+3y+(x-6)-2(y+3) | -2x-3y+(x-2)-2(y-3)
=21 =21

Or sx+y-12=21 | Or —x—sy+4=i =
y y .

=By +8=0D |

Q.9 Fingan eoL al'JL n ot fhe \,nord of
N\ .- ¢ I tact,of ihe iangent drawn from
\ 4,55 to the circle

2x +2y? —8x+12y+21=0
Solution:

2x% +2y? —8x+12y +21=0
Dividing both sides bv.-2;we get.—

L

X*+ V2 4x16y+g——‘g.f...(i)

Let the nainis of conict of the two

|\ tangsat e I-’(Xl,,l) and Q( Z,YZ)

Now equation of the tangent at point

P(Xi'yl) is

X+ + 21
xx1+yy1—4( 2X1J+6(y 2y1j+?=0

—2(x+x1)+3(y+ y1)+2?1=0

XX + Y.

As (4,5)lies on this line so,

2

1
4x, + 5y, —2(4+x1)+3(5+ y1)+?=0

8x, +10y, -16-4x, +30+6Yy,+21=0
4x, +16y, +35=0__ (i)

Similarly equation of tangent at point

Q(x,,Y,) is

XX, + Yy, —2(X+%,)+3(y + y2)+2?1=0

As (4,5) lies on this line so

21

4%, +5y, - 2(4 3(5+Y.)+—=0
X, +5Y, (+x)+(+y)+2

8x, +10y, ~16 —4x, +30-+Cy, +21=0 =0 1)

A%, +16 458 = ol'“ "l”') L _
_ Frowi (itrand iiy _., A

| ':. \Itfs cleay tnay both |
Py and Q(x, Y, ) lie on the

same line 4x+16y+35=0

S0, 4x+16y +35=0 IS the required
equation of chord of contacts of the
tangents.
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ANALYTIC PROOFS OF IMPORTANT PROPERTIES OF A CIRCLE i

Theorem 1: Length of a diameter of the circle x2 . y> — 42 is 2a N R

Proof: - TN N { ~
Equatlon of circle with radlus dis ) L /._/”_'\' ,
X’ +y*=a’ j AdaR\ / y L '.

Let A(R, Y, ) be anypioint cn telcircle,
| 1Y 2 ‘i i 1 ! —

then xf'+ i =] A(x,5,)

0(0.0)

DN |m|— Al—'o)"+(y1—o)

2

oAl -
but the diameter of circle is
d =2(radius) = 2|OA|
d=2a
Theorem 2: Perpendicular dropped from the centre of a circle on a chord bisects the chord.
Proof:
Consider a circle (with centre at O(O, 0) and having radius “a”)

x> +y*=a’...(i)
Consider the chord joining the points P(a,0) and Q(0,-a)
Draw perpendicular OL from centre to the chord

Slope of chord PQ = La) 2
a-0 a

Slope of OL=-1
equation of OL is i,

y—y=m ( X— X1) ./,/ N\
y—O:—l(X—O) | o
y=-X T~ WNAT ]
X+y=0 " - N Y aaon= "

NG A
T~ s L
L —ahaad
—
|
|

..\.. ...\. I
]- ™ r{0.~a)
J L=

(0+a aﬂ‘) ( _ é\
s EAmAR

Mid-point of po has cocrdinates =—~. v )
_ - ._ ll T N .|". !. ._I 11 '._ --..-.

Y

\& . a a
The Imv OL pas*es tnrcugh“‘m alaY nt of PQ if the point (E _EJ will satisfy its

L

_._(‘Lp’JiIOI’l
{M‘}+,—O
a a

2 2
Hence proved
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Theorem 3:
The perpendicular bisector of any chord of a circle passes through the centre of the cntclr -
Proof: i\ e

Consider a circle (with centre at O(ﬂ O)anc hw g raC.lUS Tl ) A R

x?+y? —a?...(I) ' N
C0n3|d°'t|e chord PQ" vy

Rt

Mid-po; nt Of has ccgrd n-tes (2 _0 _(a_a e
p Q . v k 1] 2 21 2 "'I/ S .\\"l.
QN 0--2) 2 - —
AN INER ,o EOf chord P = ===1 : Mo
I J RN A" P Q 0 2 \/ /
. slope of the perpendlcular bisector = —1 N
For equation of perpendicular bisector £ o)
y—ylzm(X—Xl)
a a
+—=-1 X——=
reg=fx-3)
y+3-—x+2
2 2
y=—X
X—y:o

Clearly it passes through origin
Hence proved
Theorem 4:
The line joining the centre of a circle to the midpoint of a chord is perpendicular to the
chord.
Proof:

Consider a circle (with centre at O(0,0)and having radius “a”)

)(2 +y2 =a2 ...(i)
Consider the chord po

Mid-point of p has coordﬁrnatesL } (55' | Vet \

— 2 L8 M )
o=(daj /AL \ LY WAL T e L
Slope f)T.t. ”0| d BQ = — R e :Il II' “:-I-'-.--' - l" .\\\ /"/,'+(’(.:.r>b
~ 1a-0 ™a — \ N/
1 -'.I.a'.. 1 //, ’)/
| \ T i
=y -"._ , ;l,)l'! f"'f O(, = = —1 P(0,-a)
o k_JI.J a
JII N —-0

(Slope of chord pP@) « (slope of OC )=1x-1=-1
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. OC LPQ .

Hence proved — T
Theorem 5: — NS [ ~
Congruent chords of a circle are equidi ,ta 1t frn‘n *he ‘e 1t1 e
Proof: - B

- = . s '- AT W VI S TP T}
ConsWer-;a C|-jcln (wsf:r] ohtre \a)m(().,o;\vna having fadius “a )
X2 + y? - U) \ VL L J N B(5.y,)
V1 <idei tv /6 chirgiuent chords |AB| and |CD)|

,_.= 1 '... W : nen |AB| _ |CD| Alxn)

Clx,.»)

B [cof
Using distance formula T
(5-%) +(h=12) = (% =%) +(¥3=¥.)’

XY, X+ Yo = 2X X% — 2V, Y, = X+ Yo X+ Ve = 2%X, —2Y,Y,

a’+a’ - 2% X, —2Y,Y, =a’ +a’ = 2XX, ~2Y,Y,

=2(X% + V1Y, ) ==2(%X, + Y5Y, )

(XX ¥1Y2) = (%X + YY) .G

Now draw perpendicular from centre to the chord [AB| and [CD)|
We know that perpendicular drawn from centre to the chord bisects the chord

2 2
Now [OL[ =(—X1;X2 —oj +(—yl;y2 _o]

XY XA YR 2X%, 42,

4
_at+a +2(xX% + YY) Y
4 — O\ :,e;_ _ \
) 2(a2+X1X2+y1y2) _ =\ Y ,_:I .'I .H«} AN’
4 - a,_ O ANV WAVLY [
(a +X1)( "ylyz) " AVER UL R AN # .

'—"'.t.'. | '.H‘“ } -

| \2 Y 2
_2.- - ) 2

x3+y3+x +y4+2x3x +2Y.Y,
4
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_a’+at +2(XX, +YsY,) N
4 - '..-"\-\.... o)

2(@ +x%, + Y,y L nom NN | (o
- ( 2 12) ~ __()_'Xz_ﬁ‘fl_)’z):\.xs.f(4+.’33’!) "

4

al+ XX+
_(——._-;,. _ylyz_) | V4
From (i) érd iti) |

oG =lom

I.e. congruent chords are equidistant from centre
Theorem 6:

Show that measure of the central angle of a minor arc is double the measure of the angle

subtended in the corresponding major arc.
Proof:

Consider a circle (with centre at O(0,0)and having radius “a”)

X2+y2 :az ...(i)
A (acos @, asin6,) aNd B (acose,, asin @,) be end points of a minor arc AB. Let

P(acos@,asin@) be apoint on the major arcand m - ao =0, -9,

we have to show that m< APB = %(492 -6,)
a(Sing - Sing,) ¢

m, — Slope of AP =

a(cosd—cosd,)

B
e, 4 \
2C0s sin &
_ 2 >\,

_—Zsin % lsin : °
(e ej (e ej P
:_Cot(e-;@j 2 PZ/

(7[ 0-{—6 j ~ { - -_. - = , . - -\....-_‘m ' .l I __.:---:.
- tan =\ - A~ 1 .'. L T T T T T —
2 2 o\ i\ — L '|_ I ll_ a | I

Similar: y AR 7AR\RY

-, _-,__.-" oy [ ™, E}'ﬁém ..--'."':.
)

S'Op&, Or BF‘ = tank 5

|J' . an(< APB) _myom

1+mm,
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_ 2 2 2 ¢
1+tan[ %+ 01-'\|mn(£+€f61"| SN :
tar _ta:f" P21 ._.- - 5 1 & 1 '.. 11 -_I
v . .l?—'-.—_-—.'i‘; = Lar ‘__(c,f —.ﬂ)
5\ -.-’_1+¢anuta% L ™ B
Ly 6+, i-z"-_ 946, J
G R e e e =E e
- WRLY B
N f J__' o tan(<APB _tan( j
m<APB_E(9 -6,)
Hence mAAPB:%mLAOB
Theorem 7:
An angle in a semi circle is a right angle
Proof:
Consider a circle (with centre at O(0,0)and having radius “a”)
X2 + y2 :aZ
. : 2 2 _ A2 .
Let P(><1,y1)be any point of circle then X, +¥; =a ...(i)
O »l nxi
Slope of AP === s )
X1+2 X +a P //_,?\\\\ 2
Slope of PB= m, hP_ N ‘ ;.g,_..,ih"/__,./--"/ .- \ B(00)
X1 a X1 a P, G [l' |] -+ L HXIS
Yi Y1 \ » //
Slope of AP) (Slop of PB) = ——=—x—=—
(Slop ) (Slop of PB) = > —a R b o
_ y12 ”__'_..__ 1‘ — -
XZ a2 AN [ 75 | o=
:az_xlz - :: A \ | L
x? —a’ RRYZARTE ) 4 '
- - L P 'u_ ! LN +
A I," J |ﬁ| :35
N | Hence APB is a right triangle

Theorem 8:
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The tangent to a circle at any point of the circle is perpendicular to the radial segment at _

that point. e —

Proof: — ==
Let AB be the tangent to the circle .z y2 L ae . | " ) ([

at  any point A(X,Y /1) lay .,‘icn it
Now wehave toc 2 tha: PALSAE, |

ke ,

X% + y? _'a

Differeritiate WL Lt x

':':'szTzu Y
ﬂ_—_x
dx vy
m, — slope of the tangentat A= dy,  __ X%
dx | Acew Y,
A -0
m. _ slopeof OA=2 -2
=0y
mlmZZiXL:—l

i X
Thus oA 1 AB
Theorem 9:

The perpendicular at the outer end of a radial segment in tangent to the circle.

Proof:

Consider a circle (with centre at O(0,0)and having radius “a”)

X2+y2=a2

Let P(X1 yl)be any point of circle then Xf+yf:a2 .(i) _ A

O h L 1 1 W ’ =
'\'-\."-.\, xl-_-'"_.-' 1 -\."\—_."-'

Join O to P, Then we have radiai segmert ~1p cnc P |t th eoutrxr 'and-57 the radial
' .-_-..'. "-. A '. 1 1 1 LT ! 1]
segment LA T [} 1 R Ry

Draw Def per’rdn,u'lar AT '_thr,_au@%{ P! & the-radial
segment. |\ 4L L L)

F '-L'J)llf (ch_)l.:) ——)ﬁ‘-:L |/ 0(0.0) ] :
I'\-\. JI W 1 | S Xl_ X1 \ ‘
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O

(i)

Q.1

Proof:

Equation of PT through the point P(X,,Y;) is
X

Y=Y =——(X-X _ A~ |
= xn) AN\
yyl_ylz_?(X1+X1 YaiRTHE
XS\ R

a’ =g+ || \(Whichis gquation of tangent at P(x,, ;)
Horde grovag—

A number G is said to be geometric mean (or mean proportional) between two numbers
aand b if a,,p arein G.P.

G.M between two numbers a and bis given by G :iﬁ.

EXERCISE 6.3

Prove that normal lines of a circle perpendicular to the tangent
pass through the centre of circle. passes through the point of
Consider a circle (with centre at tangency.
0(0,0 . enns Proof: _ _ _
( )and having radius “a”) Consider a circle (with centre at
X2 + y2 — a2
FEI R 0(0, 0) and having radius “a”)
// \-\\ x2 4 yz ff‘f
I: " : // \\.
/ { ". l a
\\\ III" //'/ _— Tangent line l: 1008 ' by =a
o N ’j',,/;‘{(—___-_)‘ N ,.\ }n
'-.\\.- ,dd/
Normal ling '-‘ = P )
Equation of normal at P(X,Y,) is AN (O
- N a P | *:
_Xiy_o \ ifi c:’éntlcl vv'rt >.. 0,
) L AT ( y - -
i \ — P R 2X'-f 2! Y= |
It will pass through or|g|n 0 0 WA a J
-_ AT L R
satisfy |té‘ (qLaf-n?. j Y A d_y :—_X
LHS. x1 - L) dx -y
- .r-!" Yo~ x1 O\ - m = slope of tangent at P(>q,y1)
o dy| _ x
Hence proved dx|” vy,
Prove that the straight line drawn
from the center of a circle
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Q.3

Proof:

\

Slope of line perpendicular to
tangent is

mo L %
m X
Equation through O and
perpendiciiiar to the targent ig,
TR {
y—0==5(x-40) 1
A

It will passes through P(X,Y;)

If it satisfy its equation

i.e. XY =YX

L.H.S.=R.H.S.

Prove that the midpoint of the
hypotenuse of a right angle
triangle is the circumcentre of the

triangle.
Consider OAB is a right triangle with

right angle at origin 0(0,0)-
Consider a circumcircle passes
through the vertices 0(0,0),A(a,0)

and B(0,b) respectively

B(o.e) L i
N
f \ fo b ."ﬂ

(00) E\\“--.,'_ ___,.--'/‘4 ()

AB is hypotenuse then mid noint of )

AB is C( 1

\22

Now Wk‘S]UV\It]&k ‘Odz-}__ ! ’b\,| '

Hers

]. | AN

Q.4

Proof:

2
I;F'Tb'?_' a2 :J,_
SN e el S
e

(
- o-

As |0C|=|AC|=|BC|

This shows that the midpoint of the
hypotenuse is a circumcentre of the
triangle.

Prove that the perpendicular
dropped from a point of a circle on
a diameter is a mean proportional
between the segments into which it
divides the diameter.

Consider a circle (with centre at
O(O, 0) and having radius “a”)

X2+y2=a2

Draw perpendicular P on the .-
diameter and let its ("a\lldeu the diameter | |

into twe :9g‘ne"1t<, ,.\Q a‘nd BQ'

TR i L0
\ Uhaé [

- ”\PQHPQ\ (a ¥)(a+x)
PQPQI=|AQ]BQ]
[PQl_[EQ|
[AQl [PQ|

Hence prove
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