Chapter-G Conic Section

Ellipse:

Proof:

An ellipse is the locus of a point which moves in a plane such that the ratisof its distarice, | | |

from fixed point (focus) and a fixed lines (Directrix) |s a_cons taﬁt Iwm_n is less| thar'. L.
This ratio is called eccentricity and |s denofec by £ N[« o
O<exl1 - -

CR

An ellizzalis the locugore polnit thay micves-in suci-a' way that the sum of its distance
from tw fn(ei 0cints | F’)C) is Consitiat i.e.|PF|+|PF|=2a

u‘_ S U) be the focus and the line x = — be the Directrix of an ellipse with
e’
X2 y2
eccentricity e, (0 <e <1). Then equation of ellipse is ¥+ o =1.

Let P(x, y) be any point on the ellipse and suppose |PM| be the perpendicular distance

of P from the Directrix. Then |PM|= x+£2
e

By definition of ellipse
|PF|=¢|PM| where 0<e<1

e 07 el ) ,,

Taking square on both sides /
2
x2+cz+20x+y2:e2(x+%j /
e

F(-c, 0)

2

c®  2cx
x2+cz+20x+y2:e2( +—+—2j

e’ e

2
c

x>+ +20x+y* = e*x® + = + 20X
e

2

X*+2cx—2cx+ Y2 —e’xt == —¢? — TN (0
€ - o 8 A | A
- .__.-'..
xz(l—e2)+y (1 e*} S~ |

A q]_—t“-} ai(l—ez)
XZ y2

=>l=+L =1 where bzzaz(l—ez) and a>b
a“~ b
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Conic Section

Y
Grth: o 2 i . Minor axis
" ajor axis ] B
P(X,y) 1¢ - ' ..-. -
. \'. ..- - .-\. | ..-. . '._
'\-_\. 1 I. - .
X (<. u).l (mou.mr\* __L’X 1 o
A(a, )\ . / Al (a, 1)[
- ,<1m ;
1.0”-\._ “mdtus 1e(,tum ‘
LY Dn >ctr x. Directrix
. J 1.’\g Sthfingra Ecuations of Ellipse:
AR e -
Standard Equation 2 2 22
—2+y—2=1, a>b X +Y —1asb
a“ b b a
v ]
B(0,b) /%
; ‘ F/(-c,0) Fm ‘ B0 [ " s
Shape of the Ellipse T s foy
N
N0 |B0-b) S i
Centre (0,0 0, 0)
Equation of Major axis y=0 x=0
Equation of Minor axis x=0 y=0
Length of major axis 2a 2a
Length of minor axis 2b 2b
Foci (+c,0) (0,%c)
Vertices (+a,0) (0,%a)
Equation of DTX
e & 7=
Eccentricit RN Rs =
Y : e= jﬂ* _i g
.I I.I -II I'.. 'jl % a?
Length of Latus Rectum — - " o2
e [ ] P | 1 a
Paramuru} QLfat ons (acosd,bsing) (bcosd,asind)
1 ."-\..'-\. L I_"-\._I_"\-_ -
N ] [ |' ) Yrmery About both the axis and center | About both the axis and
' \ center
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Chapter-B

Conic Section

EXERCISE 6.5

Q.1 Find an equation of the ellipse
with given data and sketch its
graph.

(i) Foci (£3,0) and minor asiz,
oflength1" —_ VA

Solution: 3 e A A

J I.__ '.:.': ,

Foci: F(& Q) ?r}d-.ll'-'"(.-—&_o-,l_

\Bare ¢ (h k) =C(0,0)

length of minor axis
2b=10=
2c=|FF'|=6

=

As

c? =3%—p?

F=a’-5

9+25=a’ = a=+34
Vertices are A(\/3_4,0) and

A’(—J3_4,o)
.+ foci lies on x-axis

2 2
(X;Zh) +(yg2k) _1
2 2
= X—+y—=1

34 25

/il B

A(-3, U)\Fl’ 30 [0 FGo) A w:.:.o)l_-

A “"'-1-.___ ._.:_._‘n.-/:/"' | 1 I'...'.
’ | T Y \

\III\} LGl (0—1) and (0,-5) and

major axis of length 6.
Solution:

Foci: F(0,—1)and F'(0,-5)

The mid-point of FE—
Centre—C\‘r k) UO 3)
.'EI gthion maju A
.g.a:e;» _Q
26 =|FF|=(0-0) +(~L+5)

=40+16 =4
=[c=2]
As
szaz_bz

=3 —b?

9—4=b2
—|b=+5

Vertices are (0,0) and (0,-6)

-+ foci lies on y-axis

K ey

a’ b?
2
+3)° X
= (y ) +—=1
9 5
y
A
4(0,0) -
—x* — < T
o .,.',. \ I\ :-__.. \ 1 “:
C(f),.—3)
B(=5.-3) B(\B;}) y=-3
A'(0,-6)
A4
4
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Conic Section

(iii)  Foci (~343,0) and vertices (+6,0)
Solution:

Foci: F(3v3,0) and F'(-33,0)

The mid-point of FF’
Centre _(‘("1 k)=C(C;9) )

VerticesA (6 L) rifi A”—3 O;

Rt

[T NI \IFe "—bJs
w4 | ]
A = c=3«/§
b?=a?-c*=36-27=9
~b=3
.+ foci lies on x-axis

2 2
. (X;Zh) +(y;2k) 1
X2
36

+ L
9

Y

N

B(0.3)

o) /_‘\
(=34, (0]

F(30) J60) X
B'(0.3)
(iv)  Vertices (-1,1),(5,1); Foci _
(4,1) and (0 1) =
Solution: _ YA
Foci: (= 4 1)-31(? E' ((") \
The mlo p) int\cf =~ A
NN At Ao {ik) = c( 1+5,1+1j
2 2

o TS0 B
= LA RN Y
M \
MAY

=C(2.1)
Vertices: A(-11)and A'(5,1)

2a =| AN =\/(5+1)2___+{\_1—1)2 =61
L .?c |H:J \/\0_:1)121_‘17) =4
b\ ,.—JS?z '
b*=a’-c*=9-4=5
=|b=+5

.+ foci lies on x-axis

(x=hY (k)

. 7 + o =1
2 2

N (x—92) +(y;1) 1

A A

(0,2) B2.1+V5)

. A'(_Ll)/ h\ A(s.1) .l
o \ aen / ¥

) #(21-45)

x=2

(v) Foci (J_r\/E,o) and passing

through the point @ﬁj
Solution:
Foci F(J_ 0) and F’f J_ O)
The mm-pom: c|'f .—EI “: Ry
ICQW’I’E, C(h,k) L”"D)

-?c -"'-— |—2\\,
NP
Using c* =a*—b”
(&)
5=a’-b”or|b*=a’-5

-+ foci lies on x-axis
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Conic Section

2 2
S
2 2

T =1..0) A

a2 a’-5

But it pa3° othrough D(_ \/gJ

G

NiAUN ,— e —:1. |
-.|'. A a -5

=1

WD Yo 3

EJr a’-5
9(a’-5)+3(4a’)=4a’(a’-5)
4a* —41a® +45=0
It is quadratic in a

a2 = 41+/1681-720
8
2 = 41+4/981

8
o M£31
8
o 4431, 41-31
8
a’=9 and azz%

a=3|, azg (not possible) ra>c

_Solution: __—5 % | |

(vi)  Vertices (O,J_r5) eccentrluty

"H._

- ia*|oo

-\ Vor'rlcas /(0 5) arri /-\i{C, )

’a |AA‘ 10/
==y

Eccentricity: e= g

c:ae:5(§)
5

~[c=3
The mid-point of

=C(h,k)=C(0,0)
b’=a’-c*=25-9=16
NEn

-+ foci lies on y-axis
2 2
kP b))

(vn)  Centre (0,0), Focus (0,3)

and Vertex (0,4)
Solution:

C(h,k)=C(0,0)

Focus F'(0,—c)=F'(0,-3)

c=3
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Conic Section

(viii)

Vertex A(0,a) = A(0,4)

a=4

Using ¢c* =a*—b’

F=4>_p?

b2=7 _ IRRYZA

. foci .III:‘L 0Ny ﬁ)(.lb" IR
1oN2 . i o | B

a2 1 20

>X

Centre (2, 2), major axis

parallel to y-axis and of length 8
units, minor axis parallel to x-axis
of length 6 units.

Solution:

Centre C(h,k)=C(2,2)
Major axis is parallel to x-axis

2a=8:>

Minor axis is parallel to x-axis =

2b= 6:> b»-
c= \/:al—hz

Vertices,

Co-vertices
B(h+bk)=B(2+32)=

B(5,2)

T ksl -,Q(z, 2 +4) - A(2, 6)
‘A(hk-a)=A(22-4)=A(2,-2)

B'(h—b,k)=B'(2-3, 2) ( 12\
The major axis [ 4I|f‘ 16y-a; ( 'S

/—K\ fy=h) (O
PrANN ) (2
. l_-___'z___ 2
Sl ear
16 9

A(2.6)

B(.2) y=2

C(2.2)

— 4
v A
=

—X %

N

A(2,-2)
R
(ix)  Centre (0, 0), symmetric
with respect to both the axes and
passing through the points (2, 3)
and (6, 1)
Solution:

Centre C(h,k)=C(0,0)

\ ._/1.

Multiply (ii)x9 and subtract from
(iii) we get

404

v

The general equation of the elllpse A
(having centre at-5 r.qun) B ’_ ) ' \
Y2 ife 'm' & 3\ ‘: )
Lo/ (2]
AR P
\ -_"_msk utlng ( and (6,1) in (i),
we get respectively
%+%=1...(ii)
y7;
%+i2=1...(iii)
U



Chapter-B Conic Section

8—2=8:>y2:10 putting in (ii), 92 —=1 (||)
U a~ b N
w:z get9 - Putting- (‘)) -u_. (.),_,'v\gé;gét \ e
4 1 SRR L IR W A
— LA A 22l YA .\ ==Putting in (ii), we get
A7 a0 —-—._ij T N 9 1
ARERIEA" 2y
Since A7 > 4L\ L LA 16 b’
. Sl =t —U‘andb =u*=10 1 7 , 16 4
~ (PN BN \ > S=—ob="=|b=—r
.J.=._é_bmxzyzl b> 16 7 J7
J 0 (i) becomes 2010 Equation (i) becomes
Vertices X* Y
_+E_1
A(a,0)=A(2+10,0) 16 16
=
A’(—a,O):A’(—ZJl_0,0) 2 7y2
Co-vertices ITRETE 1

B(0,b)=B(0,410)
B'(0,-b)=B'(0,~10)

r
4 4
‘ %)
B(O,m) . | /“ ’_\ ;
il N[
_x=,,-(_2m,o)\ :({),())/A(zm‘o) > B'[O.—%J
B'(ﬂ,-\/m)
v
_y r - il .'-... ..'. 'R
M Q.2 Find the center;-3Cl. L_}ce_entr-’lﬁ-:ii/,’. I

-y Wi =amiN
e e b

(X)  Centre (0,0), major axis - T\ vertiges aid Giref t""(‘v‘Of fie
horizontal, the points (3,1)4.0) ' CAL LRI ILse whdse'equiatisitis given.

lies on the graph. _. '_(ii R 4\ '_16 L/
Solution: o~ VL JSGIUUOn
Centre 'Z,, h k)—f’l(o 9) ) \ - '2 ,
_ I\/Ia;ura (is| |’ hotizortat X +4y XY
O J' el equatici-ei eflipse is 16 16 16 4
M NJ II '\- | '\-._ 2 _-'_ yZ _1 (i) a2 :16:> a:4
N a b2 b2:43b:2

Put (3,1) in (i), we get 50 c?=a’—p?=16-4=12
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c=243

Centre C(h,k)=C(0,0)

Fociare F(+c,0) = F(izﬁ,o)
Eccentricity \
- OB

a T 2

\eriizes \ A
. J _='.j J N f(‘ 3,/11) ="A(+4,0)
b | .

D|rectr|ces
c 23
X—igix—i?
4
4
3X=i2\/§><§
= X= +_
f
(i) 9x*+y*=18
Solution:
2 2 2 2
18 18 2 18
a?=18=a=3\2
—2=b=42
c2=a’-h?=18-2

—c?=16=>c=4
Centre C(h,k)=C(0,0)
Fociare F(0,+c)=F(0,+

. c 4
Eccentricity e=—
\/_

Vertices
.

/“Qigﬁ%N“EQJEU':I

1 1
1 f' L]

a |
- Doﬂ‘(tI’ICES ,_.-_ .
e

\ JI | ‘-J .|| A 3\/_

y+—

W2

+—:> +—=
y= 2 y=

4)

9
2

(iii)

25x* +9y* =225

Solution:

(iv)

_25 ‘Jy _24-5

"H._

c®=a’-b?
—=c’=25-9=c¢’=16=>c=4
Centre C(h,k)=C(0,0)

Fociare F(0,£c) =F(0,%4)

Eccentricity e = C 6= 4 <1
a 5

Vertices A(0,%a)=A(0,£5)

Directrices y =+

D |

ys

=>y==
g 4

gl o

2 2
(2x-1) +(y+2) 1
4 16

Solution:

2 2
(2x-1) +(y+2) 9
4 16

T B bl LA A
- ‘_“... W[ | 1-6-. 1 '.\,."H..._ i
- 1o " . 1 S

Y \ .
'/"+,'{\.‘-'+2)
1 16
Let x—%:x and y+2=Y

& \_

=1..(i)

2 2
S H b I _:1 -
0 (i) becomes 1 +16 (i)

a’=16=a=4
b’=1=b=1
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Conic Section

c®=a’-b?=16-1=15=>Cc =415
Centre of (i) C(h,k)=C(0,0)

X=0and Y =0
x—%:o and y+2=0
X 1 ,,- |'-y." A, ’
=— ah] -2
2 |

' (ortre a1.(i c(h,k):c(—,—Z)

Foci of (ii) are

F(0,+c)= F(0,+15)

X =0 and Y =+.15
—%:0 and y+2=+15

x=% and y=-2++15
Foci of (i) are F(%,—Zi\/ﬁj

Eccentricity of (i) is e = e <1
a 4
Vertices of (ii) are
A(0,+a)=A(0,+4)
X=0and Y =24
:X—E:O =>y+2=14
2 y=-2t4
oyl y=-6,2
2

vertices of (i) are A(%,—G} and .~

Al -

NERR
2

Equatlm u D r>C[T‘I| e* Gf (1I‘ ake’

: W

= .Solution:

(e 2 (B0}
X +Blad Y =0
W) TX+8=%3 and y-2=0

=2+ 16
J_ A1 -

the payativn of -Jnem in2s of (=
X% le +Ly 1:>y L7520

y+2= are—

X +16x+4y 16y+76 0

(x +16x)+4(y —4y)+76:0

(X*+16x+64—64)+4(y* —4y+4-4)
+76=0

4 1
Let x+8=X and y—2=Y then (i)
will become;

X% Y?

T+T_1 (i)
a’=4=a=2

b’=1=b=1
c?=a’-bh?=4-1=3=c=43
Centre of (ii) C(h,k)=C(0,0)
X=0andY =0

X+8=0 and y-2=0
x=-8and y=2

centre of (i) is (-8, 2) _
Foci of (ii}are [ [~

x=—8J_r«/§ and y=2
foci of (i) are (—8iJ§,2)

Vertices of (ii) are
A(+a,0)=A(+2,0)
X=x2andY =0
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Chapter-G Conic Section

=x+8=42 and y-2=0 Centre of (ii) C(h,k)=C(0,0)
X=-8+2 and y=2
= Y.=0 oy
X =-10,-6 __ X =0 ande N iz
vertices of (i) are a AR IuR . ",»
A(-10,2),A(-6,2). = L kA E=0tamd +2=0
2\ AN Y a )\ x=5and y=2
it Ot e e S V3 "
Eccentricity cf EI)...,__ el= 3 _ 2 <k centre of (i) is (5.2)
Diregtrices, ¢f (in) a':re. Vertices of (ii) are
RN NN Ok=£2 A(0,+a) = A(0,5
IV S X =0and Y =15
V3 3 x—5=0and y—-2=15
2 x=5and y=2+5
X+8=t— =—
,\/§ y_ 317

. H i f(i —
o x ——8+— are the equation of ence vertices of (i) are A(5,-3)

NE)
d A'(57
directrices of (i) an _ ( )
(vi)  25x*+4y?—250x—16y +541=0 Foci of (ii) are
Solution: F (O’J_FC) -F (0, i\/ﬂ)
25x2 + 4y® — 250X —16y +541=0
(25x* —250x ) +(4y* ~16y) +541=0 X =0and Y =+21
25(x2~10x)+4(y* - 4y)+541=0 x-5=0and y-2=%y21
25(x* 10X +25-25) +4(y* — 4y +4—4)+541=0 x=5and y=2++21
25(( 25)+4((y—2) —4)+541=o foci of (i) are F(S,Zi«/ﬁ)
25(x - 5) —625+4(y - 2) ~16+541=0 Eccentricity of (i) is e:3=\/f_1<__]. =
25(x—5)" +4(y—2)" —641+541=0 2 A L
Dlrectr'ces o/ |,) urg Vo
25(x—5)"+4(y-2)" =100 o 2 N ) \o~=
_ 2 _ 2 = _..____:. A _ .'. .'._. '._. Y +_,._ A i ’:
4 5.\~ VOV WD AN 5
_.Exf:". a"'Ui-vi.Z':" ™ \ Vi —""
put X i _ -
i 'X.'Z Y2. —4 =
(a,wll tncane —k ——1 (||) “21
5 JII ' 2l —25:>a 5, y—2=+—"——=y=2+-"" arethe
= b’=4=b=2 V2~ */_
?=a’—b?=25_4—>c=+21 equation of directrices of (i)
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Conic Section

Q.3 Let‘“a’ be a positive number and
O<c<a.Let F(-c,0) and

F’(c,0)be two given pomts Prove.,

that the locus of the pomvs P(A W[

such tnat (PFI+ P = 2 'S t_ln

ellipse. !
—~, Facci \Yehaye tossow that
I ] MA = 2a is an equation of
ellipse.

As |PF|+|PF'|=2a
Jx+6) +(y=0) +4J(x—c)’ +(y-0) =2a
Jx+c) +(y -0 =2a—(x—c) +(y-0y

Squaring both sides

X2 +C*+20x+ y* =4a® + x* +c* —2cx + y?

—4a (x—c)2+y2
Q.5 Prove that the latusrectum of the
2 2 2 . NG 2 2h?
4ex—4a’ =—4ay)(x—c) +y ellipse 2+ =1 is 2
a®> b a
cx—a? =—a,/(x—c)’ +y? Proof:
2 2
. . X
Again squaring ¥+§:1
2,2 4 2 2,2 2.2 2 2.,2
C'X"+a’ —2a’cx=a’x" +a’c’ —2a‘cx+a’y Let |LL'| be length of latus rectum.
(82 —CZ)XZ +a’y’ = az(az —Cz) Since the point (c, yl) lies on the
P . 2(a2 2 ellipse : 3
Dividing both sides by a*(a*-c?) o e [ (CAADA
' gy Iy q et
(a*—c*)x? a?y? a*(a®=e?) [ )\ Tt h f’
+ '_ 3 PV § 1 .'. 1 l'. !
o) T o) ey L LA e
_ Lo . 1 LW i b L L 1 e ail 2
) W5\ B N W VA A N A} RN a
X AN =/ e BN
L= A W MO 2_ 2
a® (al-¢) : yr =b2[a = j
. ! a
] \31(12*«2:'u , b,
JI-"'ll- 2 2 Yr=_3Db
X* oy a
. = g-i-ﬁ =1 b2
Yi=—
a

Q.4  Use problem 3 to find equations of
the ellipse as locus 27 tie point

P( v\ such tI|a1 h" sum of the

' dil stanice fioia P te thef ,.;ulnt (O 0)
and'(111),is\2.

_ So!utlun lJsiig problcuﬁ(B) here

[PF|+|PF|=2
Sy +(x=1) +(y-1) =2
Py =2-\(x-1) +(y-1)

Squaring both sides
X4y =4+ X" +1-2x+y*+1-2y

_4\/(x—1)2 +(y-1)°
2x+2y —6=4(x-1)" +(y-1)
X+ y—\’:‘»:z\/(x—l)2 +(y—1)2

Again squaring
X2+ Yy +9-6X—6Yy+2xy =4x" —8x+4+4y* -8y +4

3X°+3y* —2xy —2x—-2y—-1=0
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Conic Section

2
LF=2

'=2|LF'|=%

9

v

Q.6 The major axis of an ellipse in
standard form lies along the x-axis
has length 4+/2 the distance
between the foci equal the length
of the minor axis. Write an
equation of the ellipse

Solution:

Length of major axis = 4/2
—2a=42=a=22

It is given that distance between foci
that is 2c is equal to length of minor
axis that is 2b.

=2c=2b=c=b

2=a’-b’=h?= (2J’ )

=2b° =8
- =b*=4 \ [
Henceifio 'equnt%. equatlcsr o| \
elllpseus '_ BRI
Y . '"‘__'_Y__
N ININE ik
| .
2 2
X_+y_:l
8 4

Q.7 An astroid has elliptic orbit with
the sun at one focus:iis, distaiies
from the sarirangesfiorn 171
miifiorrmites to 188 13 e miies.
Wlite 'ar, equation ot the orbit of
ihelastiord.

“Seiution:

Consider the sun is at F'(c,0) and
let the astroid is first at A(a,0) and

thenat A'(—a,0) then

a—-c=17...(0)
a+c=183...(1)

Adding (i) and (ii)
2a=200=a=100

Put a=100 in (i) we get;
100—c=17=c=100-17
=Cc=83

c? =a’—b? = (83)’ = (100)" ~b?
= b? =10000 - 6889 = 3111

Equation of the orbit of the astroid is
2 2 2 2

W X y
2t i= + =
a~ b 10000 3111
/’—\
} } A(a,0)

A (_a,()w
Q.8  An arch in the shape of semi
ellipse is 90 meter wide at the base
and 30 meter high at the centre. At
what distance from the centre is

the arch ZOJ_ meter hlgh’)

Solution: Wy
. From ;fque '-_. | ¢ Mg
24.=€0 —la 4': e

.) — \-,0 -I' .' I |

(NP R N ,quatlon of the ellipse is

2 2
X
_2+y_2:1
a~ b

2 2

A I ()
(45)"  (30)

(x1,20\/§) lies on the ellipse
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o (202)

“(asy (307

X +@:1

(45)" " 900 Ve
¢ (B O N
(45)2 .90.(: - Lo N
et = - 22

= x=i§ = X =115 meter

But distance should be positive so
X=15m.
P(x,zuﬁ)

i In=30m

center ¢ |

90m
The moon orbits the earth in an

elliptic path with earth at one
focus. The major and minor axis of
the orbit are 768, 806 km and 767,
746 km respectively. Find the
greatest and the least distance (in
Astronomy called the apogee and
perigee) of the moon from the
earth.

Solution: Let F(a,0) shows earth as a

focus

It is given that length of majer axi_s-:é—“f:.

768, 806 k=

— 2a 785,006 = a C384AC3 Kin|_|

length of mino’ axis s 767,746 km

"-|_|.af_5"t 15

“Jb = 767,746 = b = 383,873 km

AS

¢’ =a’—b? =(384,403)" —(383,873)" = 407,280 "~

= C=20178.85025-,

S CE20079% | (¢

A

Nowy Createst dlistance

—.24C = 384, 503 + 20179 = 404582
km.

Least distance
=a—C=384,403-20179

= 364,224 km
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