Chapter-6 Conic Section

EXERCISE 6.7
Q.1 Find equations of the tangent and Put X, =acosd, V. =using, we
normal to each of the following at (acosd q ol 9 \
the indicated point ) - _ ___,‘7)' ( ak /V_—_l
(i)  y?=4ax at (at’,2at) Jo~ ATy L
Solution: . N\ /7 A &’;‘.5 LyEnpg g
y* =4 (i), AN a b
Replace A i‘.'ﬁ /v lin.'(i)' - x(bcos@)+y(asind)—ab=0
_ 2 o is equation of tangent
1A | Y| o PR . —bcoséo
o (TSN BN Iyl 4 Slope of tangent is m, =
] | JAY W L 2 ) P J ™= Zsing
Yy, =2a(x+x) ml=—_—bcot6?
Put x, =at?®,y, = 2at, we get; a _
5 Slope of normal is
y(2at) =2a(x+at?) T 1 a,
_ 2 =T =TT =%
yt=x+at m, ;cote
1 . .
y ZEX+ at| is equation of tangent Equation of normal passing
Slope of tangent line is through (acosé,bsind) with slope
mlz% m:%taneis
Slope of normal is given by
m:_i y—ylzm(x—xl)
m . a
Mt y—bsmezgtane(x—acose)
Equation of normal passing through bsing — asing )
P(at®,2at) with slope m=-t is y—bsiht= bcose(x—acos )
given by bcosd(y—bsing)=asing(x—acos6)
y_ylzm(x_xl) (bcos@)y —b*cosdsind = (asin@)x—a’ cos@sin g
y—2at:—t(x—at2) (asin@)x—(bcosg)y—a’ cos st |U+’)ZCO°J'~.|N9 0|
3 D|V|d|.rH by c0< 0 SI"‘U w2 agt;—
y =—-tx+at”+2at ) e
) LA b) v o o
. X2 y2 i 1 = R R '-_‘—'_—';"._'—'.;‘-[}—a ,+b =
(i)  —5+75=1at(acosg,bsittgh 7 |\ [} || UL ISET [
Solutior?' b"'-; L~ WV \ V) "-|axsec9 by cosecd =a* —b?
X2 A . o '-.. i L T Al X2 y2
=T gz L) : = (iii) g_F_l at (asecé,btan o)
. JI .\_l I.'_._I!Q'Epl-_i(,t‘ X by XXl and y2 by yyl in SOIUtlon:Z )
Y LN Y .
0 XY 1)
XYy a” b
>t =1 Replace x2b d y?b
a bz eplace x“byxx, and y“by yy,
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XX _ Wi _

a’ b’
Put x, =asecd,y, =btan@
x(asecd) y(btand)

a’ L b _
Xsece. 'ytano 1J " )
_a_._-_'-b_-,_'-_"_l

|> ejuation pf tarigent
b oge Of tangent line is

_secH
_ a
! _tang
b
=—Sew><—b =Esecexcot9
a tand a
b 1 cos@ b
m =———.—— =—.cosecd

acoséd sing a
Slope of normal is
1 -a  -asind
E “bcosecd b
Equation of the normal passing
through (asecd,btané) with

m= —%sine is given by

=m(x-x)
—-asing

Y=Y
y—btané =

(x—asecd)
by —b? tan @ = —asin Ox + a’ sin #sec &

) a’sing
asin@)x+by =
( ) y cos@

(asin ¢y +Ly (,q b )tcm}
D|V|d|nq L\, tafﬂ LI’] bcth SId—‘Q

e\ J’t L
'\._...Il | 'l |d,§_|.nu jX+ by _ az +b2
\ tan@ tan @

acosd)x+(bcotd)y=a“+b
(acosf)x+(bcotd)y =a’+b’

+bitang

Q.2

s

Write equation of the tangent to .
the given conlc at Lrn incicated " |
pomt —_— '
3r =16y at ths )o.n;rq

1 rvrcsemdnatﬂa—?)
_ Solutlun

3x* =16y ...(i)

Put ordinate, y=-3in (i)

3x* =—16(-3)

3x* =48

x* =16

Xx=+4

Hence points of contact are A(4,-3)
and B(—4,-3)

Now for equation of tangent, we

replace x* by xx,, y by >—2>* y+ yl

y+Vy,
3xx =—| 2N
. ( 2 J

3XX1:_8(V+Y1)

Hence equation of tangent at
A(4,-3) is

3x(4)=-8(y-3)

3x=-2(y-3)

3x+2y—6=0|

Equation of tangent at B(—4,—-3)is
3x(4)=-8(y-3)
ax=2(y=2) [ [<2

__."—_

J 7y =20, at the points where

Solutlon

32 —7y?*=20...(i)
Puty =-1in (1), we get;
3x2~7(-1)" =20
3x*-7=20

3x* =27
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x*=9
= X=13
Hence points of contact are

A(3,-1),B(-3,-1)

For equation of tangent, put .

X_Xi’,_yvlw') .‘

3XX1_ F y) — ) '. | 1 1
2. ¢( vatioh 'Jf Tcnr entat A(3 -1)is

3‘\ ) 27y(-1) =2

9x+7y=20

Equation of tangent at B(-3,—1) is

3(-3)x—7y(~1)=20

-Ox+7y=20
19x—7y+20=0|

(iii) X* —T7y?+2x—y—48=0 at the
points where x = 4

Solution:

X —Ty? +2x—y—48=0...(i)
Putx =4in (i)

3(4)2 ~7y*+2(4)-y-48=0 Q.3  Find equations of the tangent to
48—7y? +8—y—48=0 e;_ach of t_he _followmg through the
, 68— 0 given point:
—72y —y+o= (i)  x*+y®=25 through (7,-1)
7y2+y—8:0 Solution:
7y"+8y—-7y-8=0 We can check that point (7,~1) does
y(7y+8)-1(7y+8)= not satisfy the given equation o
(7y+8)(y-1)=0 so equation of the tanf*en_t_. is o )
7y+8—0 y—1=0 y=meayne g | L
~ ' 'PLtX-’,y'—'—l Ard cuu B

y——,y 1 Ty =AM~ kraduus orcrrclrl) 'we get;
Hence nojfitg, of contast arel WO\ W W\ S 7m+5\/- 1+m?

A x \ " ' ~1-7m =151+ m?...())

A(4:7%J (11)

__Iry equat |on 01 Lz..gent replace

ROy xx L, y? by vy,

X

yy1

and y by —— in given equation

3xx1—7yy1+2(xlej—(yfrylj—48_:_0 -

| BT y/+(,\+,;,

‘l-\.\. ?- -
{ Y+,

s

L;—‘(,)—O.

0

N )b
At Af 4. equatlon of tangent is
MNET)

1 8

3X(4)—7y(_78)+(x+4)—§(y—7)—48:O

12x+8y+x+4—%+$—48:0

13X+Ey—%=0
2 7

182 +105y —608 = 0|
At B(4,1) equation of tangent is

3X(4)- Ty (1) + (x+4) -2y +1)~48=0

12x—7y+x+4—%y—%—48=0

24X -14y+2x+8—-y—-1-96=0
126x—15y —89 =0

Squaring on both sides, we get;
(-1-7m)’ =(52+m? )2
1+49m* +14m = 25(1+m?)
1+49m? +14m = 25+ 25m?
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--.W’v\ m
W) Y

24m? +14m—24 =0
12m? +7m-12=0
—71\/(7)2 —4(12)(-12)

744D +576

m=

_-7-25

When m = % equation (i)

~1-7m=-5y1+m’
equation of tangent is

y =mx—ay/1+m?

is satisfied,

RV AR
'—=—_\egaation (i)
3

Z1-7m=5y1+m? is satisfied,
equation of tangent is

y = mx+ayl+m?

3y =—4x+25
|4x+3y—25=0|
(i)  y?=12x through (1,4)
Solution:
y* =12x
Here 4a=12—=a=3
Equation of tangent is

y= mx+i...(i)
m

Put x=1y=4,a=3in (i)
4:m+i
m
m®+3
m

4Am=m*+3
m?—4m+3=0
m’*-3m-m+3=0
m(m-3)-1(m-3)=0

4—

(m-1)(m-3)=0
m-1=0,m-3=0
m=1m=3

When m = 1 then (i) bm“omes )
y=X+3- I" ,'w;-' )

'V\;hﬁn m 3 then s bcc,.e” LES
A —'\IX F- e
/ r L
y=3x+1
(iii)y  x*—2y®=2 through (1,-2)
Solution:
X2 —2y* =2

X2

_ 2:
> y

I_- :___ - .:
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=a’=2,b*=1

Equations of tangents for hyperbola
are given by

y=mx++ya’m?—b? ...(i—

Put x=1v=-2,a°=2. b2 71 in | |)
we get, ) | )

A

—2=Mi~N2Zm'" 1

N e
'_'(2+m)=4_rx/2m —1...(ii)

Squaring on both sides we get;
4+m° +4m=2m*-1

2m* —m®—4m—-4-1=0
m’—4m-5=0
m’-5m+m-5=0
m(m-5)+1(m-5)=0

(m+1)(m-5)=0
m+1=0,m-5=0
m=-15

When m=-1, equation (ii)

—(2+m)= —J2m? -1 is satisfied

Equation of tangent is

y=mx—+2m? -1

y=x—Z1

y=—x-1

x+y+1=0 -

When m =5, equation (i), | =

\me _-isgatisfied | |\ '
* lb. .I x\ A

2+rn)
Equatlc” Wi tm qe 1t s’

S:ﬂuum

Find equations of the Normals to
the parabola y2= Jx wnlch §7
parzllel *ht \me 4>' 3y=187

A

gne"l eqwuor. of line is
2x+3y-10=0...(i)

Slope of the given line is m, = —%

As required normal lines are parallel
to (i), so slope of normal line is

m=m = 2

3
y® =8x...(ii)
Differentiate w.r.t. x

2yy'=8

!

y:

4
y
, 4
At (x,Y,), Y =7= slope of tangent

1

Slope of normal at (x,, ;) = K

4

But given slope of normal is—%

Hence Y 2

3
8

Y1:§

Since (x1 ){1_) lies-gui (") $

I_- :___ A

L .-..--_ 3

-;hrBW ..?ng

.,.""\5/ 3

So point of intersection is [ggj
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Hence required equation of normal

.. 8 8 . 2
to (ii) at | —,= | with slope m=——=
) (9 3) P 3

is
y—ylzm(x—xl)
8 ~4(\ 8) i W
— LA Y
i :i(9__8j
[ Y5 2279

Miultiply with 27 we get;
27y—72=-2(9x-8)
27y —72=-18x+16
118x +27y —88 =0

Q.5 Find equations the tangents to the
2
ellipse XI+ y®> =1 which are
parallel to the line 2x—4y+5=0
Solution:
X—2+ y* =1...4)
1

=a’=4,b"=1
Equation of tangents to (i) are
given by

y =mx++/a’m? +b?

Put a’ =4,b* =1 we get;

y = mx ++/4m? +1...(ii)

As (ii) are parallel to 2x—4y+5=0,

. 1
so slope of tangent line is m = >

Put m :% in (ii), we get required :___}_

equations svitangent lines |

T ¥ -

1 .._.-'-. '._ 1 :_’__. .\,_. '._ | _'.I I
eI

Q.6

2y =Xt 22
X=2y+2y2 =01~
Henseregiiired eouatisins hf4aridents

oare | #

Ix 4 2V 252 -0

x—2y—2«5:0
Find equations of the tangents to
the conic 9x* —4y® =36 parallel to
5x—-2y+7=0

Solution:

™, \

9x*—4y* =36
Dividing by 36 on both sides,

we get;

x?y? .
——=—=1...d

4 9 ()
=a’=4,b"=9
Equations of tangents to (i) are

y = mx++/a’m? —b?
y =mx++4m? -9 .. (ii)

As (i) are parallel to 5x—2y+7=0
So slope of (ii) is m :g

Hence equations of tangents are
given by

2
y:§xi 4(§j -9
2 2

yzEXi 4(§j—9
2 4 ) —

V= S xEnB | .
A2 NS ’ -
\ AR g ]

5
=—X*4

y 2

2y =5x£8

5x—2y+8=0

Hence required equations of tangents
are

5x—-2y+8=0,5x-2y—-8=0
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Q.7 Find equations of the common
tangents to the given conics

(i) x* =80y and x*+y*=81
Solution:
x* =80y ...(>1)
Equatica, (T tangentis— |
y = mx=ain? | BhY
e L 20m? (4a 20 =53 = 20)

J- 'x LyEes1 . (i)

Equatlon of tangent is
y=mx+aym?+1
y=mx+9ym? +1 (a®=81=a=9)

For a common tangent, we must
have

9vm? +1 = —20m?
Squaring on both sides we get;
81(m’ +1) = 400m*

400m* -81m?-81=0

, —(-81),J(-81)° — 4(400)(-81)

m- =

2(400)
, 81+/6561+129600
m- =
800
m? = 81++/136161
800
= 81+369
800
mz_81+369 mz_81—369
800 800
2 _ 450 , 288
m mt=——
800 800
P Y N
m? = nng e“t m _.__g’%:l h \ -
1t_ 1,800 !
o bEcaise m' Hamwm be negatlve
= A LA R
5 I\._-Ill "‘i:"i:
4

Hence equations of the common
tangents to (i) are

y = mx —20m?
y:i_g_.x.—.ZC(-J—j' )
. 4 k’_‘_6- ..- -_ 1
L4, 3 x"—_-'E |

ALY T

4y =+3x—-45

|+3x— 4y —45=0)
(i)  y*=16x and x* =2y
Solution:
y? =16x...(J)
Equation of tangent is

a
y=mx+—
m

y= mx+%...(ii) (4a=16=a=4)

and

x? =2y...(iii)

Equation of tangent is

y = mx—am?

y= mx——m -.(iv) '.'(4a:2:>a=%j

For a common tangent, we must

-\l’] -l-?\ m' .4{'
| m4 240 m? _lam+4=0
AN =2 (m —4m+4=0

gives imaginary roots)
Put m=-2 in (ii)

4

=-2X+—

y -2
y=-2X-2
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Q.8  Find the points of intersection of
given conics
2 2 2 2
i) Z+¥-tandl- Y
18 8 3 3
Solution: Given conics are
X_2+X7—_--J .I {i‘ . .- & ¥ x 1
V2 A S TR T
Y -

P ~-1
|)' 15

Multlply (i) by and then

subtracting from (i) we get;

2
/%(Z/+y—=1
8 8

60 . ..
Puty =+,/— in (i) we get;
y «/13 (i)weg

ixz +E(@j=l
18 8\ 13

Ly Dy
18 26
1 1 15 _
18 26 I
187 T8 \ " | e
, 99 1) lgu IR R
X2 = — =) =l b
A8 S a3

NI [ \Hence points of intersection are

:ﬁﬁi

5+ 5)

(i) x*+y*=8and xX*’-y*=1
Solution: e
Givenconigsare |
g (2
W2y = (i)
Aading (i) and (i) we get;

2X°=9=> x> ==
x=t o

2
Put x =+— in (i) we get
—+y " =8=y" =8——

’
2
-
+
=45

Hence points of intersection are

i

(iii) 3x*—4y*=12 and 3y*-2x*=7
Solution:
32 —4y* =12...(i)

—2x2 +3y* =7.. (i)
Multiply equation (i) by 2 and (ii) by
3 then by adding the equations, we

get;
6x*—-8y°* =24 _ .
—6x%. £y =2 " ';; (PR
ANEEAVASS

A SR

“ put y =35 in(i) we get;

3x* —4(45) =12
3x* =192
x> =64
X=418

Hence points of intersection are

(J_rs, +3.5 )
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(iv)  3x*+5y*=60 and 9x*+y* =124
Solution:
3x? +5y2 —60...(i)
Ox*+y* =124 ..(i) |
MUItipi‘F'.'?i:“ b3 & rd:t“{fe_”x ,. !

subtracting, (Lii)'-i"’oi'ﬂ ft |

NV doxPay?=4124
14y =56
y =4
y=12

Put y==2 in (i) we get;
3x2 +5(+2)" =60

3x? +5(4) =60

3x* =40
x2 =40
3

x:J_rZ\/E
3

Hence points of intersections are

kS

(v)  4x*+y?=16 and e -:.—f:._ y

x+yﬂy 8 Hﬂ,

s AR \

Solution: GIVE’] (c,nm a|°"_
@k s
Y | ”'.'J | .“' II
\ ‘-:__J' WX +y +2y—8=0...(ii)
Subtracting (ii) from (i) we get;

_Xzﬂ{ffy?.’g |5

32 =

4x27y/[ =16

3( _yE

2y +8
3

Put in (i) we get;

4(2y+8j+ y’> =16

.. (i)

3
8y +32+3y° =48

3y*+8y-16=0
-8:+,/(8)’ -4(3)(-16)
= y=
’ 2(3)
_ 8x/256
6
4
=—4’—

Put y=—4 in (iii)
xX*=0 =x=0

Put y_— in (iii)

, 32
X =— o I""\- L]

o 0 .-9 .-\..' ) | E ‘:
-. .. \ 1.\/'-5.\, e
.';-'j-'.\(l': {‘—l'rfl— |
PO =il

Hence the points of intersection are

(0,-4) and (i“f %J
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