Chapter-6 Conic Sections

EXERCISE 6.8 ’
Q.1 Find an equation of each of the following with respect to new parallv. aes obtairied, |
by shifting the origin to the indicated point. Y [ [~2=0) A

Q) X’ +16y—16 =0, 0'(0,1)

Solution: o

Equations of transformation are

Xx=X4h and = Y 4 -
Here h—0‘<_. $0) X=X and y= Y+1
Put Thesé vaiues in given equation, we get
ey 15(.’+1) 16=0

X2 +16Y +16—16=0

&

X?+16y=0
(i)  4x*+y*+16x—10y+37 =0, 0'(-2,5)
Solution:

Equations of transformation are
x=X+h and y=Y +k

Here h=-2,k=5,50 x=X—-2and y=Y +5

Put these values in given equation, we get;

4(X —2)" +(Y +5)° +16(X —2)-10(Y +5)+37 =0
4(X?+4-4X)+(Y?+25+10Y ) +16X —32-10Y ~50+37=0
4X%+16-16X +Y?+25+10Y +16X —32—-10Y —-50+37=0

[4X2+Y2—4=0
(iii)  9x*+4y®+18x-16y—-11=0, O'(—1,2)
Solution:

Equations of transformation are
x=X+hy=Y+k

Here h=-1,k=2,s0 x=X-1Ly=Y +2
Put these values in given equation we get;

9(X ~1)° +4(Y +2) +18(X ~1)-16(Y +2)-11=0 .~ [ [\ ()
9(X* +1-2X ) +4(Y7 +4+.8Y ) +T5(X. ')—ib\Y+4)—1 AN N
OX® +9-18X +4Y* +16 416Y/F 18X\ 1@ 161 - iido— L

X 44¥ 350"

— b1 ' '\-\.‘ \\
(iv) xX*-y° +L>+8v 11 C O" 2,4)
SOI '\.IO” |

J r qutluns of transformatlon are

' ) x=X+h and y=Y +k

Here h=-2k=4,s0 x=X-2and y=Y +4
Put these values in given equation , we get;
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Chapter-6 Conic Sections

(X =2)° —(Y +4)° +4(X —2)+8(Y +4)-11=0

X2+4—4X—(Y2+16+8Y)+4(X—2)+8(Y +4)-11= 0~
X +4-4X Y -16-8Y +4X ~548Y 482210\ | (| |\ o
[X*=¥?+1=0) '

(V) 9x—¢y hGVon 4= (.(J( )

Solution: AR R
Eaualiors o tr. mshr idtion are

A <--A_(+I and h=Y +k
I JI ! Here h=-2,k=1,50 x=X-2and y=Y +1,

Put these values in given equation, we get;
9(X —2)" —4(Y +1)" +36(X —2)+8(Y +1)-4=0
9(X?+4-4X)-4(Y?+2Y +1)+36(X —2)+8(Y +1)-4=0
OX?+36-36X —4Y?—-4-8Y +36X —72+8Y +8—-4=0
l9X2-4y?-36=0|

Q.2  Find coordinates of the new origin (axes remaining parallel) so that first degree
terms are removed from the transformed equation of each of the following. Also
find the transformed equation.

(i) 3x% —2y? +24x+12y +24=0

Solution:

3x? —2y° +24x+12y +24=0...(i)

Let the coordinates of the new origin be (h, k) , S0 equations of transformation are
x=X+h,y=Y +k

Substituting these values of ‘X’ and ‘y’ in given equation we get;

3(X +h)"=2(Y +k)* +24(X +h)+12(Y +k)+24=0
3(X?+h?+2Xh)-2(Y? +Kk* +2Yk)+24X +24h +12Y +12k +24=0 i
3X?+3n7 +6Xh—2Y? —2k> —AKY +24X +24h+12Y +12k + 24=( [~ | ([
(3x*- 2)+X(6h+24)+Y(—4k u12)+44r 22K H3lY’ 2K +94 o SO

In order to remove first denren tpvrré NS ru ché ff cwn sof Xiard Y e.qual to zero
6h+24=0=>h= =—4— | .

Ak + 5220 K =3 () \

Hence risw; yrigin is O (i k) o) (-4 3)

\ -.lldla_dv put vallieoT h and k in (ii) we get;
'SXT—2Y 2 + X (6(—4)+24)+Y (—4(3) +12) +24(~4)+12(3) +3(~4)" —2(3)" +24=0

3X?—2Y2-06+36+48-18+24=0
13X?-2Y2-6=0|
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(i)  25x*+9y? +50x—36y—164=0

Solution: y
25x% +9y® +50x—36y —164=0...(i) N N _
Let the coordinates of the new origin be(h %)\ s0'gquatinni ¢f transfo miatizii-dre
x=X+hy=Y+k al\
Substitutitig these values af! ‘Xt/and y’\ia given 2Gesiion we get;
25(X 471 | +9( YK 50 X +hi'-36(V +k) -164 =0
25(72 bt e 2hx +J\Y “+k?+2KY )+50( X +h)—-36(Y +k)—164=0

\ J N 23X 2 97 +50hX +50X +18KY —36Y +50h — 36k + 25h? + 9k —164 = 0
TN 25X 2 +9Y2+ X (50h+50)+Y (18k —36)+50h —36k +25h* + 9k* ~164=0... (ii)
In order to remove first degree terms, we put coefficients of X and Y equal to zero
50h+50=0=h=-1
18k -36=0=k =2
Hence new origin is O'(h,k)=0'(-1,2)
Now put values of ‘h’ and ‘k’ in (ii) we get;
25X?+9Y? + X (50(~1)+50)+Y (18(2) - 36) +50(~1)—36(2) +25(~1)’
+9(2)° ~164=0

= 25X +9Y?+ X (0)+Y(0)-50-72+25+36-164=0
= 25X % +9Y?-225=0

(iii) Xx*—y*—6x+2y+7=0

Solution:

x> —y?—6x+2y+7=0...(>i)

Let the coordinates of the new origin be (h, k) , S0 equations of transformation are
x=X+h,y=Y +k

Substituting these values of ‘X’ and ‘y’ in given equation we get;

(X +h)* =(Y +k)"=6(X +h)+2(Y +k)+7=0

X?+h?*+2Xh-Y? —k?-2KY —6X —6h+2Y + 2k +7=0
XZ—Y2+2Xh—6X —2KY +2Y — 6h+2k+h2 k2+7 0 —_— .'H- ™

In order to remove first deﬁ,me terr.w we-put co =ﬁac;em¢ of X\ arrd y er,ual to zero,
2h—-6=0=h=3 BYFAR\BRBRL M

—2k+_-f) ?k—_.-.‘l.'\.- Y LRV IR

Hence Few!or’ un 15, C/ (h (i} C(x@,

Noveput vqlue” of_h ang r\'ITI (||) we get;

VLN (2(3) - 6) + Y (—2(1) +2) - 6(3) + 2(1) +(3)" —(1)° +7 =0

X2-Y24+X(0)+Y (0)-18+2+9-1+7=0
IX2_Y2_1=0|
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Chapter-6 Conic Sections
Q3 In eac.h of the following, find an sing = -2 cose_i
equation referred to the new axes \E B

(i)

Solution:

J I.__ '.:.': ,

(i)

obtained by rotation of axes about

the origin through the given ang.e-; |

Xy = L@ 450

As we L"n(__v_f tl'['c__t é»ﬂ.i"a.l"o'ns'o"f_
trjms:orr'Ja"[iL\n;_l hd

A=K cosO-Y sing
y=Xsin@+Y coséd

Put @ =45°, we get

X = X c0s45°-Y sin 45°

and

y = X sin45°+Y cos45°

X-=Y

N
= <and
X+Y

2
Putting in given equation, we get
(x —YJ(X +Y]:1

V2 U2
X?-y?

2
X?-Y?=2
equation
x> —8xy+y*—-9=0,0=

=1

is the required

Solution:

Here 6= un l71>l‘é1ﬂ£7—‘ 5V

From ril 1h anuh /_\f Bk, \

arctan2 ("
Y i "l -

Y __r'_

Usinq CQL'cTIO“I‘ o\ trumfcrmatc s

X2 XCus@2Ysing

Ui varues ¢f sin 9 and cos@,
we get
X 2Y

5 B
_X=2Y
J5
As y=Xsin@+Y cosd

Put values of sin@ and cosé@,
we get

yo2X LY
NN
_2X+Y
5
Substituting the values of ‘x’ and ‘y’
in given equation, we get

F) L F P oo
7(X2+4Y2—4XY)_8(2X2—3XY ~2v?)
5 5

LAXP Y2 44Xy
5

-9=0

(Multiply by 5)

7(x2 +4Y? —4XY)—8(2X2 —3XY —2Y2)
+4X2+Y? +4XY —45=0

= (7-16+4)X*+(28+16+1)Y?

+(-28+24+4)XY 4520

= -5X? +45Y2 45 = 0

.ﬁm\: +(W-a 4 o~
L S

X 14xy+zry --x-—y OH—tan @,j

Here 0 = tan‘l(g) = tanf = 2
3 3
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From right triangle

sinQ:i cosQ:i

Vi3’ Vi3
Using equations of transformations-
X=X cos@-Ysind i
y=XsinA-Y cosd
Using /a'uns 0F qm(y and’ r,)sf' :
we get A \
Lo 13X =2y |
X -

J13

Substituting these values of ‘x” and
‘Y’ in given equation, we get

() )
(2x1;3\(]+4[2>f/§v jz
(2

2 2 2 2
9[gx +4Y —12XY]+12[6X +5XY —6Y ]

13 13

4X7% +9Y? +12XY
+4| —mMM —
13

3X 2y 2X 3Y

VRN R

Multiply equation by 13, we get
= (81+72+16) X* +(36—72+36)Y°

+(~108+ 60+ 48) XY +(~3-2)4/13X

+(2-3)13y =0
= 169X 2 —5/13X - FY Yo T
DIVIdI](L Yy, \,13’ _ xl\.
_____>._2_1;E_>'?L5_~7)c |
J Iml 5L 22— 22y +2=0,0 = 45°
| Shiwtion:

Using equations of transformations
X=X cos@-Ysing

y=Xsind+Y cosé
Put @ = 450 .’"lvfl'.g-fﬁ < 1

__[x % ) Cps 15 Y sifrEs0
darc— L
[y = X sin45°+Y cos45°

2

= Jand
X +Y
J2

Substituting these values of ‘x” and
‘Y’ in given equation, we get
() -CF ) E)

Sa{tgl o

(5] G e

—2(X+Y)+2=0
Multiply the equation by 2 we get;

(X=Y) =2(X?=Y?)+(X+Y)

—4(X—Y)—4(X+Y)+4 o

i |'H. _.-

R It

A A - 14X — 4Y+4 0

.

y ;;2(XZ+Y2)—2(XZ—Y2)—8X +4=0

2X24+2Y?2 —2X24+2Y?-8X +4=0

AY?-8X +4=0

Y2_2X +1=0

441



Chapter-6

Conic Sections

Q4

(i)

Solution:

Find measure of the angle through
which the axes be rotated so that
the product term XY is removed
from the transformed equation.
Also find the transformei '
equation. —
2% + 0w +107 2210

Fx%~GXinO;2—1i:O.HG)

“Cafviparing (i) with

ax® + 2hxy + by + 2gx+2fy+c =0,
we get

a=2,b=10,2h=6

As we know that angle of rotation is
given by

tan249:2—h
a-b
tan20 = ———
tan 2¢9=i
-8
tan2¢9=—§
4
2tangd 3
1-tan’0 4

8tan & =-3+3tan’ o
3tan*6—-8tand—-3=0
3tan®*6—9tanH+tand—-3=0
3tand(tan&—3)+1(tand-3)=0

(tan@-3)(3tanH+1) =0
tang—-3=0,3tan@+1=07" .r*

1 '
tan @ 5 d*tin9—?f—»l__ .. x\

-.0° <6<5’)°,so aies i 15‘ "

._(||||oj ant arin 1° quadrant tané is
N DSitiVe, hence

tand = —% is neglected

From tané =3 we get;

% i
p L= r
. 3 1
SiInf = —,c080 = —
J10 J10

Using equations of transformations
Xx=Xcos@d-Ysingd
y = Xsind+Y cosé
Using values of sin@ and cos®&,
we get

X -3y

Jio

and
33X +Y

~ Vo

Substituting values of ‘x” and ‘y’ in
(1), we get

52 )

10(3X +Yj ~11=0

N

(x2+9Y2—GXY] (3x*-8XY -3v?)
2 +

X =

10 10
10(9)(2 +Y?2 +6XY)

+ 11- - g.‘ .-. ) '_I .

10 y )

.- I"'\._

,I\/'Lt.u-plv tne egua |("n u,’ 1" iy B‘P*et

_h(,_<f+3vﬁ—§xw )-I-6(3X2—8XY -3v?)
e +10(95<2'+Y2+6xv)—110=o
= (2+18+90) X * +(18-18+10)Y?
+(~12-48+60) XY ~110=0
=110X*+10Y*-110=0
Dividing by 10 on both sides

111X2 +Y2-11=0|
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(i) Xy +4x—-3y—-10=0
Solution:

Xy +4x—-3y—-10=0...(1)
Comparing (i) with
ax® +b\l 4gx+2fy4 2hx 416 =0}
we get ¢ '

(b0 2h' 1
- J ':.': . -As‘ﬂe RNOW that angle of rotation is
N " given by

tan 20 =
a_

1
0-0
tan26 =
20 =90°
0 =45°
Using equations of transformations
Xx=Xcosfd-Ysin@d
y=Xsin@+Y cosé
Put 6 =45°, we get

X = X €c0s45°—Ysin 45°
and
y = X sin45°+Y cos45°

tan 26 =

X =

X-=Y
N

Putting va'L es (f, crm i |n (l)
e ght | =

J N\ \\ L'* = JLXfY j 4(XJ§YJ

+
X+Y

72 j—lOzO

= {and

1 5 'y '}
- 1 1 i i 1 WA
. 3 1 L 5 1 ..
i .y L 1 \\ 1N
g

X?-Y? 4(X-Y)

+ .
2 ¢
ANTIWEN | o
s SAERNARY, NV
[RVZA

Niatiply the eq‘uétion with 2 we get;
X2-Y2442(X -Y)

~3J2(X +Y)-20=0

X2-Y2 442X — a2y

—3J2X =32y -20=0

X2-Y2 12X —7J2Y —20=0

(iii)  5x*—6xy+5y*—-8=0

Solution:
5x* —6xy +5y*—8=0...(i)
Comparing (i) with
ax? +by? +2gx+2fy+2hxy+c=0,
we get
a=50b=52h=-6

As we know that angle of rotation is

given by
tan 260 = 2—h
a-b

! aana o\ fOE: t2n 20 = o0
= 20=90°= 0=45°
Using equations of transformations
X=X cos@-Ysing
y = Xsind+Y cosé
Put @ =45°, we get
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X = X c0s45°—Ysin 45°
and
y = X sin45°+Y cos45°

X =Y
="

p

Putting values of x and y in (i),

we get

Multiply the equation by 2
5(X -Y) -6(X*-Y?)
+5(X +Y)' ~16=0
5(X +Y) +5(X -Y)’
~6(X*-Y?)-16=0

5[2(x2+vz)]—6(x2—vz)—16 =5,

i
Pl L
1 |11 T-

10X 2 +10v2 6X +6v2 16 0
4X? +1—J”—'1"‘ﬁ " “‘*\.,

T -~ L
| o~ A\ |
|H' | L1 - J
- L L -
T h, =
k| | -
L
|
|
P
e e i
SN
{ - Iy
i I-\.H.__ '\.‘ 1 A
\ | -_-:.""-\._
L 'k_-'" _l.' -
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