Chapter-6

Conic Sections

EXERCISE 6.9
Q.1 By a rotation of axes, eliminate the
Xy — term in each of the following

equations. ldentify the conic and
find its elements. :

Q) 4x? —4xy+:v -6=0
Solution: ) -
Ax? —4<y+y 6 0! Si)
Com)armg U) NI
AN K- LA 2gx+ 2 fy + 2hxy +¢ =0
I (| A v'veget
a=4,b=12h=-4
As we know that angle of rotation &

is given by
tan20= 20 _ =%
a-b 4-1
tan20 =——
3
2tand 4
1-tan’6 3

6tan & =—4+4tan’ o
4tan’@—6tand—4=0

2tan’ @—3tanf@—-2=0

2tan’ @—4tanH+tan9—2=0
2tanf(tan6—-2)+1(tand—2)=0
(2tand+1)(tan6—-2)=0
2tanfd+1=0,tan6-2=0

tanﬁz—% and tan@ =2

Neglect tan9=—% because & lies

in first quadrant and in first quadr'xni Y
tan @ is positive. - = e
Now considar tangd=2-_ | '\ / /\ 1|\ )

From quttria 9"“'!9 Ty

g " -q...l |.-"|...'..I - .

pA s sinfd=—=,c080 =—
NN

Using equations of transformations

X=X cos@-Ysin@

Using values of sin£-anq cos&-

weget < | L

0 AN KA

¥ ;j% W5 .Jg

Led Y= Xsing+Y cosd

y=22 X 22X Gy
NN N

Put values of x and y in (i), we get
4(x —2Yj2_4(x A ](2x +Yj
5 5 V5

2X +Y Y
+ -6=0
Z5

4(X?—4xY +4y?) 4(2X2—3XY—2Y2)

5 5

(4X2+4XY +Y2)
+ 3 -6=0

f 14,

Multiply by 5
4(x2 —4XY +4\(2)—4(2x2 —3XY —2Y2)
+(4X? +4XY +Y?)-30=0
4X?%-16XY +16Y2—-8X 2 +12XY
+8YZ+4X% +4XY +Y?-30=0
25Y2-30=0=25Y*=30

Y?= 30 —=Y? =§
25 5
So
6 o
Y :i\E are the lines.in
XY= piafE ] | 72 | o=

| T¢ find iheiraquatiens in-xy - plane,
I we'find, Y in terms of 'x' and 'y,
.\ —dsing

Y =—xsin@+ ycoso
Put values of sin@ and cosé@
2X

2y
55

Y_
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= i1 _‘.'.\_
; JI LA

%_—2x+y

5B

:>—2x+y:4_r\E
—2x+y+\/_—0

2X— y+f y
Hence'4iY rﬂpreser\” a ou ir of |l1 es
Whlchae /x—-/+\,6 -0 Are
>\ y = [e

2%y + yP 8x—8y=0

Solution:

X2 —2xy+y’ —8x—8y=0...(i)
Comparing (i) with
ax® +by® +2gx+2fy+2hxy+c=0,
we get
a=1b=12h=-2
As we know that angle of rotation is
tan2¢9=2—h=_—2=_—2=oo
a-b 1-1 O

=20=90°=0=45°
Using equations of transformations
X=X cos@-Ysing
For

o 1 . 1
0 =45" = cosf = ﬁ f
X X-=Y (i)
B R

And y=Xsin@+Y cosé
yzi+L XY ..(iii)

2 2 2
Put values of 'x" and 'y" in (i) we
get : ~

Multiply by 2 on both sides
(X-Y) —2(x2 "2;+()\+Y‘
¢z(x £)284/2 (, rY\ o

rXY)2+(X —_,) —2(X2—Y )
Z8U2X +82Y —82X —82Y =0
2(X?+Y?)=2(X*-Y?)-16y2X =0
Y2 -1642X =0

Y2 42X =0

Y2 =42X ...(iV)

As (iv) is parabola, hence (i)
represents a parabola.

Next we convert ‘X’ and ‘Y’ in
terms of ‘x’ and ‘y’.

Using equations of transformations
X =xcos@+ysind

For
1 . 1
0=45"=cosf =—=,sinf0=—=
2 V2
X=X Y _X+y
2 2 2
X+Y
X=—=-...(v
5 W
and
Y =—xsin@+ycosd
For
0= 45°:>cos¢9_i,__ in6 -
,HJ_Z__ Ak
. _.-/\ '.-\.l Wl _..-".__".: |1 ._":_ -
LT\ \/7 ._-' '-._.'_._,.-..:-
] L 1 .'_ .. ((_ ) .I'.
1 vr -y VI
N N )
Elements:
From (iv) Y2 = 42X
Here 4a =42
a=+2

Focus of (iv) is F(a,0) = F(\/E 0)
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(i)  x2+2xy+y2+242x—2J2y+2=0
Solution:
X2+ 2Xy+ V2 + 22x - 22y + 2 = ﬂ_;
BTN
Comp( Lrli“u (I.) With A T \ \

—J2andY =0
From (i) x= XY _¥2-0_,
NN
From (iii) y_X+Y Va=o_,
V2o R
Hence fobus of s (15 ) :
Vertex of s (), 0)
z\--)awd\ _L‘ '
oS (i) - -0 0
=00l (1 X——=—=
NN
X+Y 0+0
From (i) y=———=—+=—=0
(iii) y N ERNA
Hence vertex of (i) is (0,0)
Directrix of (iv) is given by
X=-a=X=—2
X+Yy
X=2""2
N
X =—/2 we get
X+Yy
—N2=—FF=X+y=-2
NG y

Hence equation of directrix for (i) is
X+y+2=0
Axis of (iv)isY =0

—X+Yy -X+Yy
=0As Y =
V2 V2
—X+y=0
X—y=0

Hence axis of (i) is x—y =0

ax +bﬁ2m+ 2gx+?1/+c
we gat

\s we know that angle of rotation is
given by
tan2<9=2—h=i=g=oo

a-b 1-1 0

.

20 =90°= @ =45°

As we know that eolnuums of —

transformetion ¢ q re”
= X sas @ Yesin @ fo
Loandly = Xeind +Ycu>9

Forl 9= 45° woiave

smH——

1
NA

cosd =

Thus

X+Y ..
:T...(m)
Putting 2(ii) and (iii) in (i), we get
()LL)
)27
—2«5(2?}2:0

ooy (XHY)
+(X -Y )+T

(X-Y)?

+2(X Y) ?/V+Y\+2+---
|v|u|ﬂpy By 2 -' _,- y | = T

.'_(> m) +f>\ Y) oL 2y )

)\ Y)-4(X+Y)+4=0
. f:>4(X +YH)+2(X? =Y +4X

—4Y —4X —-4Y +4=0
— 4X?—8Y +4=0
= X?-2Y +1=0
X2=2Y -1

X2 :Z(Y ——j (iv)
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Next we find ‘X’ and ‘Y’ in terms of
‘X” and ‘y’

Using equations of transformation
X =xcoséd+ysing

For

0= 45°: wsé’—%,g;"\t’

EILRATAN
x =180\
(e}

| IX'

WEXEY

2
and

Y =—xsin@+ycosf

i
Y= ‘(3;’) (i)

From (iv)

=

4a=2:>a=1
2

N

For focus of (iv) we can write

F(X,Y—%sz(O,a)

Y—£+1
2 2
X=0, Y =1
So focus of (iv) is (0,1)
X-Y 0-1

RN

Y .

From (un y- éj"‘*‘— /_ 7_\
2

HLI’CEf(CU‘SOf(\Ja [ 1 j

X=0,

From (ii) x=

N W 2

‘vertex of (iv) is

A(X Y —%) = A(0,0)

-1 ---._

(iv)

Solutlon . (&
...‘-._ r-f(\/-l-)

X=0, Y—%__:O
M= s
. 2"
50 ertex of (in)is [O,Ej
1
0—=
.. X =Y "
From (i1) x= = =
W "% 2
1
From (jii) y = > A
N7 f 22
Hence vertex of (i) is ( j
22" 242
Equation of directrix for (iv) is
Y—l:—a
2
Y——a+1:>Y—_—l+1=0
2 2 2
Put Y =0 in (vi) we get
—(x-y) ) .
——~>=0= y=x is the equation
N7 y q

of directrix for (i)
Axis of (vi)is X =0
X+Yy
NG =0
X+y=0
Hence axis of (i) is x+y=0
x? +xy+y —4= O )

From (v)

!II_J-"
.,C'ﬁ]purl 79! (| Wi h™
ax| L hy? +ng—u'2fy+2hxy+c 0,

—we get

a=1b=12h=1
As we know that angle of rotation is
given by

tan 20 :2—h

QD

tan249=i=1
0-0 O

=0
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20 =90°
0 =45°
Using equations of transformation
X=Xcosd-Ysind
= X €0s45°—Ysin 45° '

XY ~
p oAl
=y
- [T =1 ) i)
J | .I._ N2
| ™ And

y=Xsind+Y cos@
= X sin45°+Y cos45°
—y=2E i)
2

Putting values of “x” and “y ™ in

given equation we get
)7
2 )T E e
X +Y)
75 -0
(XYY (X°=YF) (x+Y)

+ + -4=0
2 2 2

(X=Y) +(X*=Y?)+(X +Y) -8=0

[(X+Y)+(X =YY |+(x?-¥?)-8=0
2(x2+Y2)+x2—Y2—8=o
2X24+2Y2+X?-Y?-8=0

3X?+Y*-8=0 =

3X2+Y2=8

8 B\ |\
N7 2 Y 2 .'_ .'-_ I' |

- . ‘/-_ (iv) =

' As (iv) represents ellipse, hence (i) is
ellipse

3x2 lf_ '_i '.'H.-'.I.__. '\-...'.I __-H‘ \ .'._"-. !

Elements:

Herea? =8,b? = 8/ar‘d ._

/'Q

B
Next we convert “ X ” and “Y in
terms of “x ”and “y ”, so using
equations of transformation
X =xcos@+ysind

For

<9=45°:>cose_%' =%

() &)
)\

X=XLJ§V...(v)

And

Y =—xsin@+ycosé

)
V2) T2
Y= % .. (vi)
Center of (iv) is (0,0)
So coordinates of center are
X=0Y=0
X-Y 0-0

From (i) X=—= =0
Wx="F "%
__ (4l b1
From Gii).3 = —>.—L— = 0" £
= § - \ '-\. \/2' { ;}/\

VoA :-qu e”eﬂte,ro ()i is (0,0).
|\ Viertices of (|v) are

(0,+a)=(0,22v2)

Here coordinates of vertices are
X =0and Y =+2/2

For Y =242,X =0

X-Y 0-22
NN

From (ii) x=

1 '_f;_@__ —
a

-2
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From (iii) y = " _0+2y2 _,
NN
For Y =-242,X =0
.. X=Y 0+2J2
From (i) Y%= =— AT E9 )
Fror (i) lyi= '—*Ttlz 022,
—NE «E

':-aen(:e vertices of (i) are (—2,2)and

22
Foci of (iv) are (0,%c) = (O'i%j

Here coordinates of foci are

X=0and Y =+—
f
4
ForY =—4,X =
3
From (ii)
-2
N 27

fﬁﬁﬁﬁ

From (iii)

x+y Y Hm o4 2f2
G-I RN N RN

ForY:_Tg,X:O
From (ii) \ &
-~ A,
‘= X —:f; \ i) r:@_-_fl |\ 24z
F 2\ VT
ran (i
| 4

Here coordinates of foci of (i) are

( 242 212 gy 2V 292
e o wf_/-_ ' I\’\ﬁ | o

? R
Mejoraxis of (v is ‘A'=0

A D
= (V) X =—
V2

02Xty

2
X+y=0
So major axis of (i) is given by the
line y+x=0=y=-X
Minor axis of (iv)is Y =0

From (vi) Y = _(i(/%y) , SO put

Y=0

We get ~(x-y) =0= y=x which

2

is the minor axis of (i)

Eccentricity of (i) is e = ¢
a

J’
T2 zf J’
(V) 7x? —6\/_xy+13y -16=0
Solution:
7x% —64/3xy +13y% —16 =0....(i)
Comparing (1) with

ax’ +by” +2gx +2 fy _+thy+°:.ce SN
we qet, SN ; ;- S T L e

.t 17,6 13“h——u/4f
\ _;;\s e kriovy that angle of rotation is

2h 63 63
a-b 7-13 -6

tan 26 =~/3 = 20 = 60° = 6 = 30°
Using equations of transformation
x=Xcos@-Ysing, put &=230°
X = X cos30°-Y sin 30°

')\ “_given by

tan 26 =
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) . .|y.'.-_'-— 4

Y (i)

And

y=Xs! n 300 ‘r cosBU’

272
:X+—2\/_3Y...(iii)

Putting (ii) and (iii) in (i), we get

y = X§in0-+Y,eost Cxltg—\f) '

[ X YJ 6J—(fx Y][X+J§YJ (X+2«/§YT_16:0

-16=0

4

3X? +Y2—2\/§XY}_

4

J3XZ+2XY —=/3Y2) 13( X2 +3Y2+23XY
6\/§ +

4

7(3><2 +Y?2 —2\/§XY)—6\/§(\/§X2 +2XY —J§Y2)+13(x2 +3y2 +2\/§XY)—64:0

21X 2 +7Y2 —143XY —18X % —12/3XY +18Y2 +13X % +39Y 2 + 26+/3XY —64 =0

16X? +64Y*-64=0
16X % +64Y? =64
X% Y?

—+—=1...(lv
4 1 )

Here a® =4,b* =1and ¢? =a?-b?

—a=2b=1c=43

Next we convert “ X ” and “Y ”in terms of “x” and “y ”

Using equations of transformations___

il |
1

X =xcosé+ysind

=4-1=3

-.-'
T A |

and
Y——r,!r6?+yr>u~q _'_ \ ”‘*\
rxcos% +y>|n30° \/_x+y (V)
J | |~_
“=7%and
Y =-xsin30° + ycos30° =_X+T\/§y...(vi)

x.
-..... .y ..h-
e %)
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Chapter-6 Conic Sections

Centre of (iv) is (0,0) From (ii)

So coordinates of center are X =0 BT ol

and Y =0 _ﬁx__i A i_o:_§

From (”) - i ) - \ ', ..' | _" E_,.- . -2
xEX v J3(0)-0 Jooa= A rn.muu _

Y Y_RO0LG v LBBo) s
From Uu‘ Y : SOV 2 2 2
\,:_X_*ig_l_ Ojlg’_ol - Hence foci of (i) are §ﬁ and

[ 2 yJ 2 2

\| Fo\ p | Heade okier of (i) is (0,0). 30
(A s = Vertices of (iv) are (+a,0) = (£2,0) [2 TJ

So coordinates of vertices are

X =+2Y =0 Minor axis of (iv) is X =0

For X =2Y =0 Put value of X in (v), we get

Frorrj/gi) 5 J§>;+ Y _0= y =—/3x isthe

3X-Y ~3(2)-0
=T, - (2) =3 Equation of minor axis of (i)
Major axis of (iv)is Y =0
From (iii) A
Put value of Y in (vi), we get
_ X+ _2+4B3(0 )_, 35
-1 —X++/3y
2 2 TzO:—X+\/§y:O
For X =-2,Y =0 1
From (ii) yzﬁx is the equation of major
XY V3(2)-0_ g axis of (i)
2 2
From (i) Eccentricity of (i) is e .
a
=X+\/§Y=—2+J§(O)=_1 N
2 2 —e="
Hence vertices of (i) are (+/3,1) and (Vi)  4X%—4Axy+7y*+12x+6y—9=0
Foci of (iv) are (+c,0) = (++/3,0) Solution: o OV
Here coordinates of foci are 4x* 4>w47v +'*° 46y 0-—_0 VA
X =+J3,Y =0 ~ | T\ o U AD ( h' 9,10~
| A o R ,c,mpcrmg 1;wt
For X =~/3,Y =0 \ -1 1 WL
! | [ F. e =
From (i) .\ VL V‘?Vﬁ--get/ 2gt2fy+2my+C =0,
_ER B O a=4,b=7,20-4
PR AR 2 Rl As we know that angle of rotation is
- |'*.__-.l|3|'.q;r LA~ given by
\ _X+V3 _B+43(0) 3 tan20 = 20
y= = = a—b
2 2 2 A 4 4
For X =—/3,Y =0 tan20=——=—=—
4-7 -3 3
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- LY
Y I('-_‘—-‘.
Y

tan 20 = ﬂ
3

2tand 4

1-tan’0 3

6tan 0 = 4—4tan” 0 Var
4tan’ 7+ Cten A-4=0 MES
2tan’ 6+ 3tar 0—2—(\

24anf 04 4t1n¢—a|a 2 0

b 6o + 2) —1(tan @+ 2) =0

(2tanO—1)(tan 9 +2) =0
2tand-1=0,tanf6+2=0

tanQ:%,tanez—Z

As 0 lies in 1* quadrant and in 1%
quadrant tan@ is positive, so neglect
tand=-2

Now consider tané = %

From right triangle

. 1
Sinf =—,c0s0 =—
V5 5
Using equations of transformation
X=X cos@#-Ysing

Using values of sin@ and sas@ wea_

get; BYFARUL
X = -i__'_ i 1 B! ._‘R \ ]
«/5‘_ \ﬁ AR
XN\ A
= (2)

I %5

And y=Xsinf+Y cosd

Using values of sin@ and cosé we
get;

-.-'
. |

X
NGNS
Ny U N =

e\ [ (240w

bullvaliies-of x/and y in (1)
AX* —4xy +Ty* +12x+6y—-9=0

)
A% 25

+6(x +2Yj_9:0
5
A(4X%+Y?—4XY) _4(2X2+3XY—2Y2)
5 5
2 2
+7(x +4Y5 +4XY)

~9=0

12(2X -Y) 6(X +2Y)
+ +
5 J5
Multiplying by (5) we get
A(AX2+Y2 —4XY)—4(2X 2 +3XY —2Y?)
+7(X2+4Y2+4XY)
+125(2X =Y) +6+/5(X +2Y)—45=0
(16-8+7)X*+(4+8+28)y* +(-16—12+28) XY
+(24£+6£)x +(-12J§+12£)Y —45=0
— 15X 2 +40Y?+30J5X —45=0
—3X2+8Y2+6J5X —9=0
—3(X?+2J5X)+8Y2-9=0

* +2\/_X *f‘/_ i «/_ pYR c - ;_. A
1 i ) O\

N
--'-3(>'<+;/§) 15+8Y2—9—0
3(X+J§)Z+8Y2
2
X+J§ 2
( ) +Y—:1 4
8 3
Here

a?=8b’=3c’=a*-bh*=8-3=5
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Chapter-6 Conic Sections

a=22,b=3c=+5 _X+2y:0:—x+_2y:0
As (4) represents ellipse, hence (1) is NG e
- 4 = [ | ! --...-
ellipse . ' CoyE = xeisthie equation-of nizjciraxis
Next we convert X and Y interms of ) |1 7} 171 12] g
x and y. So using equationt of e e
transformegién S0 WL Y s iinor axis:
X =xeEsd+ysing [T A= Equation of minor axis of (4) is
Using valugs of ! smdand vosH we X+V5=0=X=-/5
e A Put X =—/5 in (5) we get
1A\ 2X |y 2X+Y
| A -5
G N3
2x+y 2X+y=-5
= \F (5) . .
5 2Xx+Yy+5=0 is the equation of
Y =—-xsin@+ ycosd minor axis of (1)
Using values of sin@and cosé, we Vertices:
get For vertices of (4) we can write
X | 2y (X +5,Y)=(+a,0)
Y=—4+—F
V5 5 X +5=+a , Y =0
—X+2
Y= ngy (6) X+5=2242 .,  Y=0
Elements X =—5+2y2 , Y=0
Center: So vertices of (4) are (—SJ_r 22, O)
For center of (4), we can write For X = 54 242.Y =0
(X +\/§’Y) =(0.0) From (2)
X+5=0 Y =0 L 2XY (\/_+2J_)
X=—6 , Y=0 NG N3
Center of (4) is C(—/5,0) _-25 +4\/§ _ 10+ 4\/_
From (2) \/5 Tl
i d'. I:rO'.III"'( 2) r [y .-
_y 2(—B)-0 o |
22T () =r2 U= A kA2 —w“>+2v’z 3(0) _-5+2Vi0
J5 | J5 A A0\ | AW = N -
Lo A e “For X =—/5-2y2,Y =0
_ XA _fjf&) ANt From (2)
AL oy _2B2d)
o [ Hercemeaer o is (-2, = =
QNN | Major Axi:' V5 Vs
AV A Equation of major axis of (4) is = ~2/5-4\2 = ~10-4410
Y =0, put Y =0 in (6) we get 5 5

454



Chapter-6

Conic Sections

"\.

1 | b '.| |
5 e

From (3)
_x+2y _—5-2J2-2(0) _-5-2.i0

5 J5 5

Hence vertices of (1) are

( 10+4J_ —5+2J_

...

)

Foci:
For foci of (4) we can write

(X +5,Y)=(c,0)

X +/6=+c , Y =0
X +4/5=15 , Y =0
X =—/5+5 , Y =0
X =0,-2\5 , Y =0
So foci of (4) are (0,0)and
(269
For X =0,Y =0
From (2)
_2X-Y 2(0)-0 0
B B B
From (3)
_X+2r _0-2(0) o
For X =-2- f5Y =0 /' 10A! \
From \7\ S ~ \ A
Coaxy) \ b5 b\
} I\I-T— V[’:_ _.7_7%—__4
“=oin (3)
_xw2r _2B-2(0)
NS 5

Hence foci of (1) are (0 0) and

(-4.-2)
Eccentiicify™, | | -~
L EGCantrizity of (1) 05 e
\ ! _L: \[& ig
"_a 2\/5

(vil)  xy—4x-— 2y_0

Solution: Consider

Xy—4x—-2y=0 1)

Comparing (1) with

ax? +by? +2gx+2fy+2hxy+c=0,

we get

a=0,b=0,2h=1

We know that angle of rotation is

given by

tan 260 = 2—h = 1 = 1
a-b 0-0 O

20=90" = 0 =45

Using equations of transformation

x=Xcos@d-Ysin@

=00

For
9—45°:>cos€—i sinH—i
2 2
1 1
Xx=X|—=|-Y|-—=
7%)
x=2—=Y (2)

2
And y= Xsind+ycoséd

R EISEN

RVT il
X"IT '{.' L I

. L. S
(WA X n F D
. .y‘. L [ | Sy

YA\ |

Putmg Valtes. Prix and yin (1),
R U yet

X2-Y? 4(X-Y) 2(X+Y)

e a2 )

=0

I SN

Multiply both sides by 2
X2-Y2_42(X =Y)=24/2(X +Y) =0
X2-Y2-62X +242Y =
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(X2—6J2X)—(Y2-2J2Y)=0
:»(x?-esﬁx +(3ﬁ)2-(3ﬁ)2)

(V2 -242v + (V2)' ~(2)?*) =0

= (X —3J2)*-18— (Y —2)’ - 2071

= (X0 (A=
\/‘u / - 542 [
(X L36 2__.(__52_-. 2.7

I\S.{2/) Fpsresents hyperbola, hence
(1) is hyperbola.

Here a® =16,b* =16 and
c?=a’+b*=32
—a=4b=4c=42

Now we convert X and Y interms
of x and y . Using equations of

transformation
X =xcos@+ysing

For
9—45°:>cos€—i sinH—i
V2 2
X+Yy
X=—Z 5
72 (5)
And Y =—xsin@+ ycoséd
For
9—45°:>cos€—i sinH—i
V2 2
—X+Y
Y = 6
72 (6)
Elements:
Center:

For center of (4), we can write

X-3/2=0 , Y -2 =0"+
X =32 | w2/ SN
So cent',. of(’l |s \3\/2 \/” A \ .
. oy Ssy2- J’
R (7)x_ _3 _
-._|."__ \/5 A
X+Y 3«/_+«/_
From (3
3y 7 &

Hence center of (1) is (2,4)

Transverse axis:
Equation of transvnr € axis of e

Y ./__ ':>Y ‘\/L_,

\ Putva*unof"\ in 6j.__~

Ay )
\/2 \/2 X+ y=2

X—Yy+2=0 is the equation of
transverse axis for (1)
Conjugate axis:
Conjugate axis of (4) is given by
X-3/2=0=X =32
Put value of X in (5)

X+Yy

=

X+y=6

X+Yy—6=0 is the equation of
conjugate axis for (1)
Vertices:
For vertices of (4), we can write

X-3J2=+a , Y-{2=0
X-3J2=+4 Y-{2=0
X=3J2+4 Y =2

So vertices of (4) are (3\/5 +4,2 )

For X =3J2+4,Y =2

From (2)
_X-Y 32442 2J§+4 e
From ('2\ = | ,"‘-" .'- j_ 'a.

| a
X %7 o/¢+4+/_ snl,-
T A T A, e 42

y \[2', __ ] xj?- «/: ,\F

\ '-___IEJF.- A _3«/5 4.Y =2

From (2)

X-Y 32-4-\2

2%
2fa,
-~ =2-2\2

From (3)
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i "\.
L] T

CX+Y 32442

R RN /)
42 -4
g

Hence vertices of (1) are |
<2+ 2214 +'-2.\/Z\\ and '
(2242, 242; -_

'I f";

or foci of (4), we can write

X-3J2=4c , Y-2=0
X-3J2=+4J2 ,Y-\2=0
X =3V2+42 , Y =42

X =722 ,Y=+2
So foci of (4) are (7\/5 \/E) and
(+2.42)
For X =72,Y =2
From (2)
_XoY W22 62
BN AN
From (3)
_X+Y CT2+2 sf
G
For X =—/2,Y =2
From (2)
(XY _2-\2 22 _
NN 2
From (3)
_XHY 2442 _o___O-_
B J} _‘\[:.w.-__,\, vl

Hence #50i of( ) irrA (5' 3) ano
(=2:9) | A

-. .']:.“_g‘_er_l-' |2y "It .
“Eccentricity of (1) is

a

c £=ﬁ>l
4

-2

-

(viii)

X2 +4xy—2y*—6=0

Solution: Consider~_ .

X2 £Axy =2y 6= | 1y
Caraparing (1) with._

x| - byPe2gs 412 fy + 2hxy +¢ =0,
we get B

a=lb=-2,2h=4

As we know that angle of rotation is
given by

tan 20 = =
a-b 1-(—

2tan @ ﬂ

2h 4
(
1-tan’0 3
6tan @ =4—4tan’ o0
4tan’ @ +6tan@—-4=0
2tan®f+3tand—-2=0
(Dividing by 2)
2tan* @ +4tand—tand—-2=0
2tand(tan & +2) —1(tan&+2) =0
(2tand-1(tanf+2)=0
2tand-1=0,tan6+2=0

tanH:%,tanez—Z

As 0<8<90° and tan@ is positive
in 1% quadrant, so neglect tan&=—-2

Consider tané = %

From the right triangle

cosd = 2

F0 5

sin@ =

Using poEiitNs OF (2 h..sfcrmau_or‘ =
| XE YCU36 Y*«lr‘H -.’:-__.__ —
) Using
et

g ‘vaiues of sing and cos@, we

2X Y  2X-Y

FEE O

And y= Xsin@+ycosé
_ XL
5B
X +2Y

NG ©)
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Substituting values of x and y in

(1), we get

2X-YY  (2X-Y X+2v Y

(25 A TF A F] oo

AXP4YZ-AXY ) (2X743X=RY?) -
5 . 540 4

J(RVEAY Xy
) T XY
5

e

I\"Utplymnby we‘dct

! ,_( WY ZAXY +8X 2 +12XY
—8YZ-2X2-8Y2-8XY -30=0
10X*-15Y*-30=0
2X2-3Y?-6=0
2X?-3Y%=6

X% Y?

R @

Which represents a hyperbola, hence
(1) represents hyperbola

Here
a?=3b’=2c*=a’*+b*=2+3=5
3,b=+2,c=+5
Next we convert X and Y in terms
of x and y
As X =xcosé@+ysing
2X Yy
X=—=+—F
NN
2X+Yy
X = 5
NG )
And Y =—xsin@+ ycosé
-X 2y
Y=—4+—F
\/g \/g . '-":
_X_|_2y ko ‘_..:-'
Elemeno 1N " \ ”‘*\

Center ¢f (4) i | 10, 7) SG| chol umates

_nf e1tero1(4\aex 0,Y =0

.'-J-Om(d)
_2X-Y 2(0)-(0) 0
==F T F -
From (3)

= = —_0
=
J5 VR
Hense Cer: hr cfl (1) 15 £ /" O\
TIansy/ers axis: 4

Transvers axis or(4)isY=0

Put Y =0 in (6), we get X2y

J5

:>—x+2y:0:>y=%x is the

transvers axis of (1)
Conjugate axis:

Conjugate axis of (4) is X =0
2X+Yy
J5
= 2X+y=0=y=-2x isthe
equation of conjugate axis of (1)

Vertices:

Vertices of (4) are (+a,0) = (i 3,0)
Here coordinates of vertices are

X = J_rﬁ and Y =0

For X =+/3,Y =0

=0

Put X =0 in (5), we get

From (2)
_2X—Y_2(\/§)_(0)_2 3
N N

From (3)
_X+2Y_J§+2(O)_\F
B B\

For X =—\/§Y— g

FonZo N | 7o Lo~

ARRRLEN ?( ~/6) () LP
"_ \/5 =D 5 5
“~  From (3)
_X+2r _3+2(0)  [3
5 5 5

Hence vertices of (1) are

)=
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Foci:
Foci of (4) are (c,0)= (iJE,o)
Here coordinates of foci are

X =+5,Y =0
ForX:_\/.E,.Y:O RERYY.
From (2))\ |\ " :
2X =Y 7(\5/ C)_.
_. ,"fE’_ ' J5 Bl
F;o.‘.-n (3)
_x+2r _5+2(0)_,
= F = F -
For X =—/5,Y =0
From (2)
ox vy 2(—5)-(0)
== F - % -
From (3)
_x+2y  5+2(0)
N e

Hence foci of (1) are (2,1),(-2,-1)
Eccentricity:

e= c_ ﬁ = \/E is the eccentricity
a 3 \3

of (1)

(ix)  x*—4xy—2y*+10x+4y =0
Solution: Consider

X? —4xy —2y* +10x+4y =0 (1)
Comparing (1) with

ax? +by® +2gx+2fy+2hxy+c=0,
we get

a=lLb=-22h=- =
As we know. that angle of rvtctmn |~ \
iven by | | o
g y ¢h a (\4 ._ x\\
tan2¢9_-—-_;~,_.=_.:_
al-b ! 114 3

|Jg;en9 -
i-tan’0 3

tang -2
1-tan’0 3

3tand=-2+2tan’ o

2tan’ @ —3tan@—-2=0

2tan® 6 — 4tam9'f4n9 2=0~-
2tan Aesd +2) 4 1(+an9 WAL
(tan 0= 2)(2tan O+ 1) =6
tan@—2=0,2and+1=0

tanf =2, tanf=——

As 0<@<90° and tan@ is positive

in 1% quadrant, so neglect
tand = =
2
Consider tang =2
From the right triangle

. 2
Sinf =—=,c080 =—
V5 V5
Using equation of transformation
X=X cosfd-Ysing
_ X2
NN
X =2Y
X= 2
7 )
And y= Xsin@+Y cosé
_2X Y

"5

22X +Y

NG ©)

Put (2) and (3) in (1), we get
(2 ) o2
+10(X 2Y ). 4/2X+YL_,_

¢ -,L T B

. (\(?+.*LT.YZ A.XY\I .;(:_ :_?-:_3"(}' 25;‘7)) "

\ 1'2(4X2+Y2+4XY)

5
(X —2Y)+4[2X +Yj_0
V5 V5
Multiplying by 5, we get
X2 4+4Y% —4XY —8X % +12XY
+8Y2—8X2—2Y2—8XY +10+/5X

—204/5Y +8BX +4/BY =0

+10
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~15X2+10Y% +18/5X —16/5Y =
10Y2 —16+/5Y —15X2 +185X =0

1O{Y2—%Yj—15(xz—%_}fj=0 _.

3
(4) represents hyperbola, hence (1)
represents hyperbola

Here a° _E b?= 1 c —a’+b’=

:“"“_ w f

Next we convert XandY in terms of

x and y. Using equations of

transformation N
X_xcosﬂ+y5|n49 YA
RSN Yoo R IENNE)
7 '_. L |
pive LY 5)
N
And Y =—xsin@+ ycosé
-2X Yy
Y=—F7+—F
NG

X =

'ax's o ( )

—2X+Y

5

Elemeiiz? | |

Y =

©)

iCenterzy |\ 1 L
For Gerter cf (1) we can write

-0 | y_- % _o

?m

4

-

So center of (4) is (i ij

NN

3 4
J5

X =

%llwfmlw

ol

From (2)

I\)

;/

w
|
(e0)

5
From (3)

2[3]+4

_2X+y B %_6+4_2
B B 5

Hence center of (1) is (-1,2)

Transverse axis:

Transverse axis of (4) is

X—i=0:>X= 3

NG N

Put X =

in (5), we get

X+2y

sﬁw%lw

X =3, LS [mut aﬁs\ ‘rS‘ ‘: i
\ L

*t &

-_-_-—_ ¥

4 4
Y-—=0=Y=—
5 NG
4
Put Y =— in (6), we get
NG (6), we g
—2X+y _ 4
NN
—2X+y=4
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2x—y+4=0 s the conjugate axis

for (1)

Foci:

For foci of (4), we can write

?-.: |
X_JEEOIY" Y———;t
[ 4
VAN .|>-__-_ ,
TN ; 4
X =— , J_r
J5 J5

So foci of (4) are given by

3 4 |5
For X =—Y =—+,|=
55 \s
From (2)
3 L[4 5
(o X=2r N5 J5 6
5 N
1(3 8 245
NS N
38 2_ ., 2
5 5 6 6
From (3)
2X+Y _ 1 ( 33 \a\ A0\ (
= = - —= 2 — e A — =0 L
\/_SH.. '.I "\/ng\";[“"\/ } “a\:/g"{\/ } b
BRI AN
- - N I'. .'-. I'. IR -5' ! E ; \/_6-- %
- -IL. J |.'....||..'-.:' | ~ 1 -
JI._..-._| ._For_.xzi Y:i_ 5
From (2)

Hence foci of (1) are

(—1—%,2+%

— - QD
QD
>
o

2 1
-1+—=,2—-—
( J6' 6
Vertices:
For vertices of (4), we can write

X-=_0 | Y-

NG
X—izo y Y:

N3

So vertices of (4) are

%)
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Q.2

T Mines and firig-an equation of each
Mihe

N
>
+
<
+

S
N—

0
&

I
i~

N
TN
Cak
~—

_I_
&=

[EEN
I

N
+

Il
glo

~ +
(SRS

+

[N ﬁw

"
=l

|

_n
=)
pa
il

|
115
<

1

.‘,
S

- ml
N

F

&
o
TN
& -
|
Sie
~—

&

&l

+

Sl
sl

I
A
+

ﬁ“““m
o

Il
|
|
|
+

S“r\)
o

gl w
Sl
o1l ———

From (3)

3

6 4 1

=4 ———
5 5 10

Hence vertices of (1) are

( i J_j ond
(‘“m’z‘ﬁj

Eccentricity:
Eccentricity of 1 is

c e \/5/
a 1/«/_

Show that
(1) 10xy.+ 5%~ 15y 1’7 0. and/

(i) 6X - x1—3 ?1x 8) 9= 0\
each, re; )r9~ert a pa_:r ol stralght

ol

e_

(i)

Solution:

\F :

10xy +8x—15y 12 =0 (1)

(i)

'b!\Zx 3)""4-(LX 3)

Comparing (1) with
ax® +by? +29x+’7
we get- .

a= 0’) 04”1—10701\,:9 4

f--—_'ﬂ,c=—12
2

+L"1X}/+\ ,

Zf = 15:>

(1) represents a pair of straight lines
if

a h g
A=h b f[=0
g f ¢
Consider
0 5 4
a=ls 0
2
s 2
2
0 - 5 -15 5 0
15 2 -5 2 |[+4 15
ol a2 S
2
A=0-5(-60+30)+4 _775_0}

A=150-150=0

Hence (1) represents pair of straight
lines

Now we find the pair of lines.

(1) can be written as-

(10xy =157)" F(3X'””

'5f/ F4)(Px'- 3J 0

L 2%=3=0 and by+4 0 are the

required equations of straight lines
6X°+Xxy—y*—21x—8y+9=0 (1)
Solution: Comparing (1) with

ax® +by® +2gx+2fy+2hxy+c=0,
we get

a=6,b=—1,2h=1:>h=%
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2g=-21=g _—2?1

2f=8=f=-4,c=9

if
a _h -g| /
A=lh"4" ‘| G
19 flic
Coiisicler
o 1 -2
2 2

24
2
Expanding from R,, we get
1 1
— _4 - _1
AZGH _94‘_% 21 _2?1 21
_ 21 2,
2 2
A=6(-9— 16)——(9_42j_2_1( 2_2_1)
2 2 2
A:G(—25)__ —5)_2l(=2
2 2 2
A—_1504 73,525

A=-150+150=0

Hence (1) represents a pair of
straight lines

Next we find pair of straight lines
(1) can be written as

y?—xy+8y—6x’+21x—9=0
y> —(x—8)y—3(2x* —=7x 3} =0_=

It is quadr"-* iziny, so,

WS m-vxx z)*m)( 5’2»2 7 ws) \

NN o = 2
y:(x—S)J_ra\/x —16X+64+24x* —84x+36
2
_ (x—8) £ /25x2 —100x +100
2

(1) represents a pair of stralght lines—,

-

Q.3

26~14y$8"y 1178

B (x—8)i5»\,’x2 —4_x+£

(x 8)+5V'(x 2)*

| 2
_(x—8§i5(9\—2)

B 2

_ X=8+5(x-2) = x-8-5(x-2)
- 2 ha 2

_ 6x-18 =~ —4Ax+2

“Ty VT

y=3x-9,y=-2x+1

Hence pair of straight lines are
3Xx—y—-9=0and 2x+y-1=0
Find an equation of the tangent to
each of the conics at the indicated
point.

Q) 3%
(4,1)
Solution: Equation of the tangent at

point (X, y;,) is given by

3xx1_7wl+z[%j_(%j_48:o

Put x =4,y, =1

~7y?+2x—y—-48=0 at

3x(4) — 7y(D) + (X + 4) [y”j 48=0
12x—7y+x+4—1(y+1)—48=0

LS

13x— 7y+4—§(y+_.,—48 0~

26X -15/ - 8c SONS e requwed

AN
N

'-"C]Ui |"‘1 UI tarw nt

X2 4bxy—4y*+4=0at y=-1

Solution:

First we find x for given y=-1

Put y =-1 in given equation, we get
X* —5x—4+4=0
x*—5x=0=x(x-5)=0
X=0,x=5
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Hence points of contact are A(0,-1) 9+12y—3y*—15— 9y+6 0
and B(5,—}) _ -3y’ +3y=0 =
Now equation of tangent to given _ _ | 3y l,.--__O | [ 7 2)
conic at point (x,,y;)is Jo A VU WED YT g
\ fL ) L THence poi'nts of contact are A(3,0)
Ly e
4, +5) _-zm.\l_m \1) N,
== 020 A and B(3,1)
For[AQ! _j)' | pu \1 5'_0, y,=-1 Now equation of tangent to given
WU N () equation at point (x,, ;) is
x(-1)+y(0
x(0)+5(%)—4y(—1)+4:0 XX1+4(XV1J2fyX1j_3W1_5(XJ;X1j
—5x
—+4y+4=0
2 Y (y;yljm 0 )
—-5x+8y+8=0

For A(3,0), put x, =3,y, =0 in (1
5x—8y—8=0 is equation of tangent (3.0). put =33, @)

at A, 1) K@)+ (X(O)+Y(3) -3y(0) -2 (x+3
For B(5,~1), put x, =5,y, =1 ~2(y+0)+6=0
in (1) 2

6x+12y -5x-15-9y+12=0
x(5) + 5—()((_1)2+ YO _ 4y(-1y+4=0

(multiplying by 2)
10x—5x+25y +8y +8=0 x+3y—3=0 is the equation of
(multiplying by 2) tangent at A(3,0)

5x+33y+8=0 is the required For B(3,1), put x1=3 v, =1in (1) )

equation of tangent at B(5,-1)

(iii) x*+4xy—3y*-5x—-9y+6=0 at x=3

] " i .I---'I ."-- -
Solution: TV = A L)Y —:_ry +1)+6 0
FirstW&tiﬁd y for qi\/enﬁ':"'-é \ AN _'-_f"-.-.-x+4X+12y 6y 5x—15- 9y+12=0
rd ™ \ A (multiplying by 2)
Put x-= 3 n u reﬂ tQLaIJOH W2 gt 5x—3y—12 =0 is the required

Y | N r4(z)3 Qy 5(3) 9y+6=0 equation of tangent at B(3,1)
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