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Scalar Quantity: B
All those guantities which requires only magnitude for complete dP°P mtlm are-cza’lgo
scalar quantities e.g. time, den5|ty, temperzture and lengthieie, ;

Vector Quantity: .| .

All those quantities whicl: raouires magmum ad ‘ve.l as aivection for their complete
descrlruu are.ca m,J veetor' quarmt €S er “veight, force, momentum, displacement,
Ve|OCIt) e.u

L; eL.-neLrlcaIIy, a vector is represented by a directed line segment AB with A its initial
point and B its terminal point.
Magnitude of a Vector:

The magnitude or length or norm of vector AB is its absolute value and is written as
78],

Unit Vector:
A unit vector \2 (read as v hat) of a given vector vis a vector with magnitude one and

direction same as vector v . Mathematically

Vector
Magnitude of Vector

Unit Vector=

Null Vector:
A vector whose terminal point coincides with its initial point is called null or zero
vector.

Negative of a Vector: )
Two vectors u and Vv are called negative of each other, if they have same-iiagnitude =4 Y
opposite direction. ' o \ [ 75| :

Multiplication of a Vector by ascalar (I\lumber\ RARAR RN

Multlpllcatlon of a vector v ‘)y d/sca. a 'n’ |s a ver‘tor W hr se .nac nitude is n times that

of 'v'le) v\ - '_ x\"

Q) ._f 0 is )osm\'e tr erh s and nv are in the same direction.

N |

] -(lifﬁ- 1, ! is .Iegatlve then v and nv are in opposite directions.

*Egial Vectors:

: v
Two vectors u and v are called equal vectors, if they have same /

magnitude and same direction.
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Chapter-? Vectors

Parallel VVectors:

Two vectors uand v are parallel if and only if they are non-zero scalar :..u.flple efeafat | | |

other i.e. Y [
U=Av, =0 A N[
Triangle Law of Addition: \ i
If two vectors u and v are represe te'] oy trewv'o IJes AF alld BEC ofatrlangle such

that the terminar Jomt nf ~60INCice Wit the i tlal r‘mntm v then the third side AC of the
triangle glveS\eULr Lm u +V, that is)

[
A

c

—l—

By R AR +§C_: - AC
..-JI A" :> H‘f‘\_/:E 2
Parallelogram Law of Addition: 4 - B

If two vector u and v are represented by two adjacent sides AB and AC of a
parallelogram as shown in the figure, then diagonal AD give the sum or resultant of AB
and AC, thatis AD=AB+AC=u+v

D

AD = AB + AC

Subtraction of two vectors:
Let u and v are non-zero vector then subtraction of v and u is defined as the addition

of u and —v i.e. G+(—\7):G—\7 A & S

S
o« >

Position Vector:
A vector which describes the location of a point w.r.t origin is called position vector.
The vector, whose initial point is the orlgln O and whose terminal point P is caIIed the posmon

vector of the point P and is written as OP

e " W b, S
1 N 1 1 " L -

‘W Wecior in a Plane:
Let R be a set of real numbers. The Cartesian plane is defined to be the

={(xy):x,yeR}.
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The Unit Vectors i, j:

1 and j are called unit vectors along x-axis and y-axis respectively. ¢ .

They are written as ) W A~ Yo o~
-l i=pg O A\ TN 1 e
Y ey R R Y
=) (1) 2 - B .

.".:"I\'-\:'-E‘ZtC" v 'caii be written as

WD =[x y]=[x,0]+[0,y] = X[L0]+ y[0.1] = xi +Yi

Similarly, sum of two vectors u and v can be written as
Q:[Xpyl]' \_/Z[leyz]

U+V=[X+%, Y+ Y, ]=04+% )i +(V+Y,) ]
The Ratio Formula: A
Let Aand Bare two points whose position vectors are a and
b respectively. If a point P divides AB in the ratio p:q, then
the position vector of P is given by
ga+pb q
g+p
Proof: O b B
Given a and b are position vectors of the points Aand B
respectively. Let r be the position vector of the point P A

I
)

[:

which divides the line segment AB in the ratio p:q.
That is - =t
mAP:mPB=p:q

SO

mAP _p

mPB
- om)-pmP) O
s gfa)- )| /71 \(O

[ [TEEY ] Opirar=pb+qa
~ = r(p+g)=ga+pb
_,  ,_datpb

q+p
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Corollary:

If P is the midpoint of AB, then p:q=1:1 P ,
- Position vector 01:‘ .i? =4 ;3_+_9 -~ A

Rt

Example:
e \Jt vect'o,rs, :prove that the diagonals of a parallelogram bisect each other.
\ J| 1

Solution:

Let A(a),B(b),C(c)and D(d) be the vertices of parallelogram ABCD

~.AB=DC D o

[=X
)
A
"

b-a=

[e)

Orb+d=a+c ...(1)

Let M be the mid-point of diagonal AC

Then M _a+gt
2

10

And N be the mid-point of diagonal BD

b+d
2

N =

If the diagonals of parallelogram bisect each other. _~.- Voo _ J '

Then, mid-point of diagonal AC :':rb}d-p.oi.;-et c-;]'-._'d'i'.ggpri-._a;.. Ef) )

From equaticn (i) bad=a+ L | || 2\~
J L ..I .I--'\-\. - I—H. ._'\"'H. \ M o

i

F 0 N

-G

I

[0

| \ Ve ki

e J-tl b w | 2 2

i.e. diagonals of parallelogram bisect each other.
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EXERCISE 7.1

Q.1  Write the vector PQ in the form

XL+Yj.

Q) P=(23), Q(6,-2)

Solution: B! Y Vo
P=(22) . Q(«‘?,.—Z‘) '

POz 00+ DF (Whire G |§origin)
N (E=2i)- (2 3))
=(6-2)i+(-2-3)j

PQ=4i-5j
(i) P=(05  Q(-1-6)
PG-0Q-OP
=(~1-61)-(0i +5j)
=(-1-0)i +(-6-5)]
PQ:—l—lli

Q.2 Find the magnitude of the vector u:
() u=2i-7j
Solution:

(i) u=i+j
Solution:
ul=i+ 1

(i) u—.-:l_—’lj
N
1>=E_J't|(,n :
lu|= ‘3| 4]‘

- i+ (-4

Vectors
:\fg :.-1,:)' | I."-_"H-.: ..-_
TR AN A
ful2s)) '

|\ Lm = -

“R3 Mfu=2i-7j,v=i-6jand
w=—i+j. Find the following
vectors.

()  u+v-w

Solution:
u+v-w
=(21-7j)+(i-6])=(-i+])
=4i-14j

(i) 2u—3v+4w

Solution:
2u—3v +4w
=2(2i-7j)-3(i-6])+4(-i+])
=4i-14j-3i +18j-4i +4]
=-3i+8]

1 1 1

(i)  —u+-v+-w
27 27 2

Solution:

1 1 1
“U+=U+=-W
2 27 27
1
==[u+v+w]
2
1 . :
—oli-7i)+(i-6])+(-1+ )]
1 T l'\-\.. Yy
=2~ [ 75 | o
.,-_.I .--;__ -

: 'Q'-.‘.*-. | ’“lnd ﬂesum hE the vectors AB

. “~and CD given the four points
Al -1), B(2,0), C(-1,3) and
D(-2,2).
Solution:
AB = OB—OA where “O “is origin
~(21-+0])~(i-J)
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CD-0B-0C
=(-20+2j)~(~i+3])

=—i-j .
Now, '. | -
AB+CO=( =i\ |

= 0il+0j Wulllvacior |
L RET the y_éf;ta-f irom the point A
SN0 the origin where AB = 4i-2j
and B is the point (-2,5).
Solution:
OB =-2i+5j
We know that
AO = AB +BO
= AB-OB
=4i-2j-(-2i+5])

AO=6i-7]

Q.6 Find a unit vector in the direction
of the vector given below:
B v=2i-j

Solution:
v=2i-]j
[v] =[2i -]

.. 1.
(i) !:EL+E—

V3

M

LA | [} &

1 LY I'_F |
D= ;| :
27
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Q.7 If A,Band C are respectively the
points (2,-4),(4,0) and (1,6) . Use
vector method to find the
coordinates of the point D if:

Q) ABCD is parallelogram

Solution: -

Let D a blb-o reduired-yve 1=x

Since AB\ D s pcrcllelcgral

o a[)_3C
|

Rt

J D ] T
LAY - ¢

(a—2)1+(b+4)i (
a-2=-3 b+4

a=-3+2and b=6
a=-1, b=2

(i)  ADBC is parallelogram
Solution:

Let D(a,b)be required vertex

Since ADBC is parallelogram

-, AD=CB
C

a=5and b=-10
Thus D(5 -10) v
Q8 If B,C a,!ld D ave reﬁpnc |/el;l \
4,1, (—4 1) 310( 8, '))
’ lrevec{or retfod to nnd the

-
!
N

AN | d0ar Jindes of the point.

‘() A if ABCD is a parallelogram
Solution:

Let A(a,b)be required vertex

4)i+(6-0)j

Since ABCD is a parallelogram

L O

A

2

- AD=BC
(-8-a)i+(0-b)j =(-2i +3])~(4i +1])
(-8-2)1+(0-b)j=(-2-4)i +(3-1)]
(-8-a)i—bj=-6i+2j

—8-a=-6, -b=2
-8+6=a , b=-2
-2=a

(i) E if AEBD is a parallelogram
Solution:

Let E(a,b)be required vertex
Since AEBD is parallelogram

-.AE =DB
D - L
'l' I:':
(ai +bj)—(-2i-2j)=(4i +J)-(-8i+0j)

(a+2)l+(b+2)j =(4+8)i +(l—0)j
(a+2)i+(b+2)j=12i+j

a+2=12 and .4+h_1

NN 2z ‘: e

Th,ln L (10] ﬂ -

O Is the or|g|n and OP = AB,
find the point P when A and B are
(=3,7) and (1,0) respectively.
Solution:

Let P(a,b)be required vertex

As OP = AB
ai +bj =(i+0j)—(-3L+7j)
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Q.10

Solut|or'

Q.11

ai +bj=(1+3)i +(0-7)j
a=4 , b=-7

Thus [P(4,-7) _
Use vectors to show that ARCD iz-7,
parallelogram when the goints /|
A,B,Caric. Ciare reapectively’ -
(0,0),(=D (5c) onU(b -2,0)-

WA \0 01 B{a,0), C(b c)and
D(b-a,c)
4] . T

AB =(a-0)i +(0-0) ]
=ai+0j
DC=(b-b+a)i+(c—c)]j
=ai+0]
=(b-a-0)i+(c-0)j
(b—a)i+cj
~(b-a)i+(c-0)]
(b—a)i+cj
+AB=DC and AD=BC
~AB|[DC and AD|BC
Hence ABCD is a parallelogram.

If AB=CD. Find the coordinates
of the point A when points B,C,D
are (1,2), (-2,5), (4,11) respectlvely

Solution:

J J N

Let A(a

—_—

(a,b
AB=GRI™\
(1|+2]) = +k:1 (

(1-mi+(2- ) ( 42\| \11 5)]
]

\E -(1).—fz o) =(6|+6])

I\.-|I

T a=6 and 2-b=6
a=-5 and b=-4

Thus |A(-5,-4)

r,

,b) be required vertex =

Q.12 Find the position vectors of the
point of dIVISIOr‘ oF the i ne —
Seoment )mmg T‘h’* ful low SRR
fipointe, in tie yiver ratio:

(1), Point with pasition vector

—3] and point D with position

vector 3i +2] in the ratio 4:3

Solution:

Let r be the position vector of the
point P which divides CD in ratio

4:3i.e. OP

=r

3 3 +4 3|+2
_s(ai-3j)+a(3i+2))
- 3+4
r_61—91+121+81_181—i
- 7 7
18. 1.
r=—1-=]
7 7=

(i)  Point E with position vector 5]

and point F with position vector
4i + j in ratio 2:5.

Solution:

Jalelis}

Let r be the pd,ﬂum V"CIO. ¥l (

g o

P /\hl hdulwsf and E'n"lto

A~ 4 :atc2 LR
(R 5(o|+51)+2(4|+1)

r—=

(25j+8i+2]j)

2+5

\‘

7 F(4,)
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Q.13 Prove that the line segment joining
the mid-point of two sides of a
triangle is parallel to third side
and half as long.

Solution: a)! Vo
Let A(g)E(g)andCKg) e, the

' \lu-;u,'.ices(‘f_;nangle'ABC
J | ! ' 'Cet D and E are mid points of sides

BC and AC respectively.

— 1
ED==(b-a
S (b-a)

Ty

1 5 'y '}
| I\
- .I ! '. f | .I L1
LT T L R L
et 4N { L™
: | A "yl

5 . | A e -
Alsnl “ED || AB

And [ED| =48]

Q.14 Prove that the line segments

joining the mid poirisef thesictig— | ||

of a quadiilatea, taken in crdes
| forin @ paraileiogramic

/1 — Shition: " !

Lt /-\'(g),-B(lg‘),C(g)and D(d) be
the vertices of quadrilateral ABCD
respectively E,F,Gand H are mid

points of AB,BC,CD and DA
respectively.

() )
o{5) w0 (5

etd
p@) 5 cE

_b+c-a-b
2
— C—a
EF =— ..l -
2 - ()u-.l:\-\.. Y .-'.

e | é\ \ .
.-HG:{'.QI:\"(gfr#".-: B
RN )

| & I 'g_,+gl_g 'Ig
‘.--.-I =
.-...' - 2
c—-a

%:T...(ii)

From (i) and (ii)
We have EF = HG

Also FG =EH
Hence EFGH form a parallelogram.
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Vectors in Space:

LA | [} &

The set R® = {(x y,Z):Xy.z€ R} is called the 3-dimensional scace.|” [

. =i

-
A

Q) Position Vector

The positignivector ofapoint P, 7, & ) inspack, €raifithe origin O(0,0,0)is

OP = x| +yj 4 K| )

from the origin, i.e.

|O#P|:,,/x2+y2+z2 '

(i) The unit vectors i, j,k

1, jand k are called unit vectors along X,Y,Z axes respectively. They are written as:

i=[10,0] j=[010] k=[0,01]

[i]=@+(0)°+(0) =1

| j|=V07+@+(0) =1

| k |=(0)* +(0)* + (0)* =1
A vector V can be written as:

v =[xY,z]=[x,0,0]+[0,y,0]+[0,0,7]

=x[1,0,0]+y[0,,0]+2[0,0,1] _ |, ) ( k N\

- - - =1 & I.l .I'. '.. 'I.. ..| 1 ! . .-' ! .-_- _— il
Slmlla“ly;; suim of iwg veciors Ux' dyv \can e.writen as:

H‘Hl_/ [X1+X2’Y1+y2’z1+22]

(x+%)i+(y+Y,)i+(z+7,)k
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AN '] ‘Theangles a,p,y are called the direction angles.
(i)  The numbers cose,cos 8 andcosy are called

Chapter-? Vectors

(iii)  Distance between two points in space:
The distance between two points A(X,, ¥;, Z )and B(xz, y2, )m spased s mvm b\':.'-'

. > =2 . ..,\_‘ " .| [\ ..- e
[A8]= (%, =) (v =5+ (2 2 (VO L
(iv)  Direction Angles and D|r=cuo ‘ns‘nes oi a PCLoL BB

Let r - -OP— RAN y,+7k e 4 nion- 7e|cveu‘ﬂ' 6t @, p and v denc

betweer_ [} .anq-._th.g um_t \cdpdinaie vector 1, ] and Krespectively,
‘I).;_fl/»’ <J) _L‘r‘d.o <y <.

direction cosines.

Important Result:
Prove that

) ) , 0,0,2)
COS”“ @ +C0s” f+cos” y =1 :
P(x.y,z
Proof:
Let  r=[x,y,z]=xi+yj+zk
_ (0.,0)

=YXy =

. X , (x,0,0)
Then m :[F,%,F,} is the unit vector in the direction of the vector r =OP. It can be
visualized that the triangle OAPis a right triangle with ZA=90°. Therefore in right
triangle OAP,

OA x
COSer = —=—,

OoP r
Similarly
cosﬂzz, c057/=E

r r
The numbers COSa—é Qs ,6’=%_:‘__an 08 =,
direction, ‘onmes MU VVLVWY

._.-' | | A X:_""'-\. \\\:_2‘ ] 22 e
. COS -,a-.L-po-.?-.ﬂwo, = —
e Lol rr ror
| L rZ r2

. cos’a+cos’ B+cos’y =1
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EXERCISE 7.2
Q1 LetA=(25)B=(-L1)and Q2 Letu=i«2i- kK u23i —bli+2k
C (2,-6) . Find ' \ W= _5 ] Jr:’k - ||‘d ‘the-indicated
. — Vedtor rnlmoer.
(i)  AB VOO e vrw
Solution: W - A T
— LA . Solution:
AB = (I+j) (L|+l)- U+2v+w
[} = (=] AP S)J =(i+2j-k)+2(3i-2j+2K)
rAB=—3l—4J +(51 — j+3K)
= =1+2j-k+6i-4]j+4k
(i) 2AB-CB +ol-j+3k
Solution: lu+2v+w=12i —3i +6K|
AB=(-i+j)—-(2i+5]) (i) v-3w
=—31—‘_1J Solution:
. N v—3w
CB:(_l+J)_(2'_6i) :(3i—2j+2k) (5|—J+3k)
=—31+7]) :( 2j+2k)-15i +3j -9k
2AB-CB=2(-3i-4j)—(-3i+7j) V—3w-—12i+] 7K
=(-6i-8j)-(-3i+7i) (i) [3v+w
=(-6+3)i+(-8-7)j Solution:
2JAB_CB--3i-15] 3y+_W:3€31—2i+2.g)+_(51—j+3g)
—— = =91 -6j+6k+5i —j+3K
(i)  2CB-2CA =14i —7j+9k
Solution: D
— 3 =141 +(-7)j+9k
i~ (-i-+1)-(2i-6]) pam
=_3i +7J :\j(l4)2+( 7)2 ] B
1 O A AP\~
CA=(2i+5))—(2i-6j) *_*_%_*‘ o2l | r e
T .—. ! A A o ! J3\.r J_V| \132(, |
=(2-2)i+(5+6) ] v _ J
—(l'i_“-}-.l-l" e Q8 Find the magnitude of the vector v
B 9 1T | IRIRA \ N and write the direction cosines of
2CB - AL WL VL U V.
e |'~'._._| ( ’21 +A Z'('Ol+111) 0] \_/=21+3i+4g
AN R '_ n: : Solution:
. =( 61+14J) (0i+22j) V= 2i43] 44k
2CB—2CA:—61—8J |\_/|:\/(2)2+(3)2+(4)2
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=J4+9+16
=29

Thus the direction cosines of v are

&

(i) v_|—_—k
Solution:
PR S
NN R oo
SNE)

Thus the direction cosines of v are

1 -1 -1
R
(i)  v=4i-5]
Solution: -

v =[4i-5]]

= @7+
=16+25
_ i

Thus the direction cosines of v are
By
Ja1Jat
Find « so that
‘al+(a+1)i+25‘ =

Q.4

Solution:
‘al+(a +1)j+ 25‘ =

Jai +(a+1)?+2% =3

r,

Taking square on both sidds \

052-1-((&"%:2:_.:)'2.4—1_1_59».-_ '

a +a"_jrl.'+;'c' Wa-gao0l) |

?fz }—Zd—'ﬂ—(“ Vi
NN (, w220

\ “':.J' A a’+a-2=0

a*+20—a-2=0
a(a+2)-1(a+2)=0

f Q_F .

(@-D(a+2)=0

Either a—1=0 S~ a+2=1- "

a=1 = Bi:l
Find & unitvectr! |r the direction
L oafvi=t rZJ—‘<

_ So'lutlun

Let v be unit vector in the direction

of vthen Vv= L
v

k

éﬁIH

O
(<))
=
|

I
Ioo

|

|
N

I?t
1o

=-21-4j-3k
and c_|+21—k Find the unit

vector parallel to 3a—2b+4c.

Solution:
Let v=3a—-2b+4c

=3(3i - j—4k)-2(-2i —4j-3k)
+4(i+2j-k)
=91 -3j-12k+4i +8j+
6k +4i+8) -4k
V= 17i+13j —10k .

M-tz | (G207

--v(17) +'13 iva 1’0)Z

' .ﬁ /'8a+160 100

558

v
M
171 +13j -10k

J558

V=

= i + j— 10 K
J558 /558 = /558

1<
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Q.7  Find a vector whose Q8 If g=21+31+45, v=—i+3j-k
(1) MaggiFlidgkiMand is parallel to and w=i+6] cepress S
. e - cidzsof a'ti langl= ilnl. tiwr 2l or
Solution: _ AR 2N
Let \—’=21_.3J+6K Y T iseiution: |
v = ‘21'—' ‘Jj +6k| BRI ESRVAAA Uropertyoftrlangle in vector.
_______2 AL T Uu+v=w
=z i(_i\ T 2i+3j+4k+(-i+3j k)
AN \/_+9|r —i+ _+K
NN\ _;[_ i+6j+3k=i+6j+2k

If v is the unit vector in the direction
Q.9  The position vectors of the points

fv,th A S
° \-/’ten. 371 6k A B, C, Dare 2i - j+k, 3i+]j,
i — . - T -
V= |V| % 2i +4j—-2kand—i —-2j+k
v = T
Thus the vector respectively. Show that AB is
2i 3146k parallel to CD.
49 = 4(——_J—j Solution:
7 AB=3i+j-(2i—j+k)
4g=§l_gl ﬁk - =1+2j-k
) - 7 CD=(-i-2j+k)—(2i+4j-2k)
(i) I\_/IiagJ;rn}tidke is 2 and is parallel to —3i-6j+3
Solution: =-3(i+2j+k)
Letv=—i+j+k CD=-3 AB
v] =‘—i+ j +K‘ Hence AB and CD are parallel
2_ : - Q.10 We say that two vectors v and w
:\/(—1) +@+@ in space are parallel if thereisa
=3 scalar ¢ such that 7 =Ci the = '
If v is unit vector in the direction of vectors pomt i 'HF‘ o?"ne divectiva-
v then ™ L liflel> 0,and the vectorsipoint in the
- e YRR oppUS| edlrecuc.n if c<O0
g:l;?'v_*iJrK__ AR ARG Fird two vectors of length 2
v N OV s =" parallel to the vector
Thus the vertcr, |\ 1\ L v=2i-4j+4k
AV (b k) Solution:
J. I RN F\_ B3 v=2i-4]j+4k
2. 2. 2 v =[2i -4 +4K|
AV=—1pi+—=j+—k
37 V3~ 3 = 22 +(-4)? + (4)?
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=\4+16+16
/36

=6

If it is unit vector parallel to.y then, )

The two vectors of length 2 and
parallel to v are 2V and —2v

22=2(11—31+3Kj
3 3— 3

and
—2V=— (—I —3j+35)
3= 3
37 3= 3
and
—22——Zl+ﬂj—ﬂk
37 3 3
(b) Find the constant « so that
the vectorsy=1i-3j+4kan

w=ali+9]j—12k are parallel.
Solution:
If vand w are parallel then, v=cw

i—3j+4k:c(ai +9j—12k)
i-3j +4|/ - Cal +9(:l ~1‘ck

Compa:‘ ﬁg b(‘)t“’] Q.E ._.-.. . .'. -_:"‘w \ ’ \

ac=1. (L.)
- L4)\ = —3

3
Putin (i)

a=-3

I Solution?

(©) Find a vector of length 5 in the
direction opposite thatof -
v=i-2j43k [ [0

\/ 1+4+9

v V4
Thus the required vector of length 5
and direction opposite is:

£0 6 1-2j+3k
by =-— - = -
B \/1_4

-5 . : 15
G

(d) Find a and b so that the vectors
3i—j+4kand ai +bj—2kare
Parallel.

Solution:

Let v=3i—j+4kandw=ai +bj -2k

v and w are parallel if

W =Cv
ai +bj—2k =c(3i - j+4k)
ai +bj -2k =3ci —cj +4ck
Comparlng both.< f“es
a= ’%C.- - ) Wl = | '-h_.:‘h-._
A PR [ (D29
—2 4c A (k) .
L C i '
2
Put value of ¢ in equation (i) and
(i), we have
a= 3(;1) and b= —(_—1)
2 2
a:_—3 and b=l
2 2
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Q.11 Find the direction cosines for the
given vector:
() v=3i-j+2k

Solution: . e
v=3iC 2k~ V| R
| |\—'|:\I?’l_i21(_: | BLER"
NN Serrarer
1

The direction cosines of v are:

e i

(i)  6i-2j+k

Solution:
V= 61—2i+5
v/=[6i-2j+K

= |62 +(-2)* + ()?
=J36+4+1
SN/

The direction cosines of v are:

(iii) PQ Wrer=D ’215)and
T ‘131.) -
J 1>*>EJJ't|Cn

Ry |
- PQ=(i+3j+k)—(2i+j+5k)

PQ =—i+2]j—4k

| N

[PQ| = /(-2) +(2)" +(-4y’

“ATv4+.6 )
\=\/a
[Pg|-v2t

The direction cosines of PQ are:

T 7

Q.12 Which of the following triples can

be the direction angles of a single
vector:
(i) 45°,45°,60°
Solution:
45°,45°,60°
Let ¢ =45°, f=45° y=60°
We are to show that
cos” ax +cos’ B+cos’ y =1

L.H.S =cos®(45°) +cos*(45°) +cos*(60°)

ORCRE

:5:1

Thus the given angles are not

direction angles of a vector.
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(i)  30°,45°,60°
Solution:
Let 0(2300, ﬁ:4507 7/2600 ) ! g - o .M: \
We are to show that R g,
cos’ a, -ms ﬁ+cn< /_1 Vo
L.H.S=cos (3()4 Lo<2'4L ,+*os rEO)
AT W) -
I ||H /1J (1)2
N — el
A\ (2 L\/_
311
=—+4+—+4+—
4 2 4
_3+2+1
4
:§¢1
4
Thus the given angles are not direction angle of the vector .
(iii)  45°,60°,60°
Solution:
Let « =45°, f=60°, y =60°
We are to show that
cos® ax +cos’ B+cos’ y =1
L.H.S =cos®(45) +cos®(60°) +cos®(60°)
GG
V2) \2) (2 O
11 1 - \ e
=4+ —4+— -
2 4 4 . ) .
! \ - .:: |1 -"-. il L
2+1+1 VAR <
4-‘_.’ T s .I o \ | N, L
N} N L
J| I,“'._'__ a1

Thus given angles are direction
angles of a vector.
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THE SCALAR PRODUCT OF TWO VECTORS:
Definition: 1
The scalar or dot product of two vectors u and Vina plane or ,.r*p th R

u.v =|u||v|cosé _ |
where @ is the angle betwéer: unw vand U<(;< IARIERE
The unit vectgis |, jk / L) AT

as cosO0=1

@ Q.i=|i ||| cw —( (1)\1):1
o Ij j —|j|‘ |~o e ={1)(1)(1)=1
NN = e cos0° = (1)) (1) =1 >
() i.j=]i||j|cos90° =(1)(1)(0)=0 ascos90° =0 ’
i-k=|j] || cos90° = (1)(2)(0) =0
k. i:|k||'|00390° =(1)(1)(0)=0
(©) u.v=Vv.u (Dot product of two vectors is commutative)
Definition: 2
(@) If u=ai+bj and v=a,i+b,]are two vectors in a plane, then the dot product of u
and v is
uv=(ai+bj).(ai+bj)
=ad,(1.0)+ab,(1.1)+an()+(bk,)(1 1)
=2, (1)+ab, (0)+ah (0)+bb, (1)
uv=2aa,+bb,
(b) If u=ai+bj+ck and v=a,i+b,]j+c,k are two vectors in space, then the dot product
of uan d Vv is

uv=(ai+hj+ck)(a,i+b,j+ck)
=a, (1.i)+ab,(i.j)+ac,(ik)+ab(j.i) .
1o (1) +hes (1) 2 (bR etk W\ [ (20
~a2,(1)+ab,(0 )+a1L (7‘+drb1\() b, m y W

~05(9) 4 (0] +b”rm )
uvEad, 4th Lcc,.-- -

--_-__IJg rlg,gnii (‘u ar(3ithogonal) Vectors:

Two vectors uand Vv are perpendicular if and only if uv=0

The angle between uand Vv is %
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T
~uy=|ulvleos Z-=[ulv|(0)

uv=0 - TN Y e

Angle between two vectors: -
The angles between two victors U & .d Vs

@  uv=|ully | Cps0 where Q6L |

-] _'-'-I|f'-, F fayll +.31j+C1k and v=a,i+b,j+ck

Then uy = a,a, +bb, +cc,
|g|:4/af+bf+cf |\_/|=,\/a§+b22+c22
u.v
© C0SO=—=
luf[v]
-~ cosd = a,a, + blbz GG,
\/af +b +¢] \/aj +b? +c?
Projection of one vector upon another vector:

Let u=0Aand yzﬁ and @ be the angle between them. Where 0<6< .

Draw BM _L OA. Then OM is called the projection of v along u . In right triangle OMB

C089:O=M

— OM =OB cosé
g CW=|V| cose...(i)

Also cosd =—==...(ii)

IUII |

]

putting (ii) in (i)

U
= = |c036?
| 1u|
. J'I‘-._"-1> ri |'arL\,
Sl B L
I PrOJectlon of u along v_% |u| cos .

I_- :___ 4

v
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EXERCISE 7.3

Q.1  Find the cosine of the angle &
between u and v

() u=3i+j-k,v=2i-j+k
Solution: _

U=3i"ed ok US20 Cli Ak
Uy
CAS| = —+
A ISR A
SR (B k) (20 ok
@i k) (2i- k)
3+ Q7+ (D227 + (O +
_3@2)+OEE)+(=DHA)
JI9+1+1V4+1+1
_6-1-1
J11/6
4
V116
cosezi
66
(i)  u=i-3j+4k ,v=4i-j+3k
Solution:
g=1—3i+4g,\_/=4l—i+3g
cosd 4y
Jullv]
i —3j+4k).(4i - j+3k
R T EEY

_ @A+ +AB)
J1+9+164/16+1+9
4+3+12

V=
T {0+ (-3 + (@2 (@) + (D +(3)?

(iv)

Y '..-'_'\-\. AL _.,"
i
T ol B O S

[

\_. ‘__3-)2 + ‘5)7 K

o) +(-2)

<t

C0Sf =—
85

u=[2-31],v=[2.41]

Solution:

u=2i-3j+k,v=2i+4j+k

u.v
cosf=——

Jullvi
(21—31+g).(21+4i+g)

:J(2)2+(—3)2+(1)2\/(2)2+(4)2+(1)_?__ o

2(21 (el ()

_ A2 e D (CAU)V
R NN TR
o | i N -___.-..-'

| a-1251

—7

NN
-7
“7%6

cos@ =

S
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Q.2  Calculate the projection of a
along b and projection of b along

awhen

) a=i-k b=j+k

Solution - A
a=i—Kilad =Vl = y2

PrOJectlon of a along b —%
_{-k)(i+k)
V2
_0+0-1_ -1
2z %2
I ab -1
Projection of b along a ==—==—=
la| 2
(i) a=3i+j-k,b=-2i-j+k
Solution:
a=3i+j-k
al=(3)" +(1) +(-2) =11
b=-2i-j+k
Il =(-2)" +(-)° +(1) =6
Projection of a along b :%
_Qitj-k)(2i-j+k)
_ @ mearmed) L\ |
.. .I \'II6 \ i 1 -_I. ..I '.. .-_ J -
- . _E .
YNNI
Jl TN A
' ab -8
Projectionof b along a =—=—=
’ P8 T

Q.3  Find areal number « so that the
vectors u and vare 'perp_endiqul ¥

1) U=241% j—: V=i, a"__i-!l{k ’,
— 5pl uum _ | g
.1e Ja0tors u and' v are perpendicular
So uv=0
(2ai+j—k).(i+aj+4k)=0
2a0+a—-4=0
3a—-4=0
4
o =—
3
(i) U=ai+2aj-k,v=i+aj+3k
Solution:
The vectors u and v are perpendicular
So uv=0

(a1+2ai—g).(1+aj+3g)=o
a+2a*-3=0

20° +a—-3=0

2a° +3a-2a-3=0
a(a+3)-12a+3)=0
(a-D(2a+3)=0
Either «—1=0o0r 20+3=0
a=1 or az_—3
2

Q.4 Find the number z so that the
triangle with vertices. ..

AL 10) a(- i |
e
. ©(0,2:2) swight mw!gh it
AR th{o.n(leat'
So!utluﬁ
At A—Cf

Il
—
IO
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Solution:
Let v=xi+yj+zK...(i)
Vi =(xi yj+zk)
0=x(i.i) Li=1
0=x
\_/J:(xi+yi+zk) J
0=y(.J) pj=1
0=y
vk =(xi+ yi+zg).k
0=2(kk) kk =1
0=z
Put the value of x,y,z in (i)
v=Xi+Yyj+zk
v=0i+0j+0k
Q.6
Q) Show that the vectors3i -2 j +k,
1-3j+5k and 2i + j—4k forma
right triangle.
Solution: VL

NN LD - T o

-.__:'.u.w \ |;21+k)(

(—i+3j+2k).(2i +0j+(z-Dk)=0
-2+0+2(z-1)=0
—2+72°-2=0

72-71-2=0 )
22 -22+2-2=0 /. i
2(z— 2y (4—?\ '
(z+1)('—4)_0 _'
Eitler 4 +1=0 r'_r 50

.‘1(11']”0)

b—-_-_‘

If v is a vector for which
v.i=0,v.j=0,vk=0,find v.

Let u(3i, —4|+k) v( BiABk) | '--._"r.enc(

and W(/I e j.—l‘:i ) arg /eutnr., —
along S|des uf 1h tla

L+

=3(2)-2(1)+1(-4)

2-4

6—
uw=0

=>ulw
So u,v and w form-d rigiit triengt

P (1312), @
%( 5,5.5) forna right triangle.

“seiution:

1) S_hnw_tinaﬁ‘fhe.&et’of'pijih'ts W
' .(1,-,1, 4) ST

PQ=(4i +j+4k)—(1+3i+2g)
=3i-2j+2k
QR =(6i+5]+5k)—(4i+ j+4k)
=2i+4j+k
PQQR=(3i—-2j+2k).(2i+4]j+k)
—6-8+2
=PQLQR

Thus PQR is a right triangle.
Q.7  Show that the midpoint of

hypotenuse of a right triangle is
equidistant from its vertices.

Solution:

Consider a right triangle AOB with

"0" is originand A(a,0),

be its other vertices.

h

X'

}

&

B(0,5)

(a b

7' )

O

"

V

a

.- I"'\. -~

.»l(u.l))

> X

B(0,b)

)exthan.dp\ ink it r}}(pu osd
Ab ofia gt ts |a1gle '
bh

22J

We have to show that
0€| = [Ac]-[ec]

— (a. b. . .
AC=|—=-1+—] |—-(ai +0
(2‘+2ij S i)

a. b.
=——1i4+—]

2

2_
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2 a.
a’> b? -ﬁlgfghrtrrgllt
m RNV FARULERY t).IS?v‘.I(T’U‘fSIdme_S-'AB,BC and AC
= = oS\ e T espectively. 4(a)
T O L DL Now AB-b-a ]
SRCRHANE As OD L AB
N NN o2 —  OD.AB=0
JI A ﬁ':(%lJrglj_(OlerD (a;bj(b a)=0 3(5) ‘C(E)
LYY (b+a).(b-2)=0
22 b? —a’=0...(%i)
2 2 .. - _—
‘BC: a.r Slmllarly_QE_BC
4 4 = OE.BC=0

_Nat+bt (b+cj( ~b)=0

(c+b).(c-b)=0

— (a. b. . .
OC{;HEJJ—(OHOJ) ¢ —b? =0...(ii)
A Adding (i) and (ii)
:(_l+_jj b?—a?+c?-b?>=0
2° 2~ c2_a?=0
. 2 2 c+a).(c—a)=0
o ({10 o
2 2

(C;aj(c a)=0
Jai+b? .. OF.AC=0

N - Soth O_EtA—C f the sid f
N o R BR AR o the right bisectors of the sides o
From (i), (i), (iii) ‘AC‘ _‘BC‘ _‘OC‘ a triangle are concurreqt

(The midpoint of hypotenuse of a Q.9 Prove that-the altrtuo-; of a rlar q!ﬂ'{. o
right triangle is equidistance from its SRR LOP"U uﬂri'* | .:’ a2\ R’
vertices) by Sgluucm L\ T

Q.8  Prove that perpendicular blsef:u AYlaR\ Let \( i) (D." ahd C(c) be the
of the Qtdtsnfatrlaw-ca CATAF AR TR AW RN '
concutzent | T e N “vertices of AABC

Solution: VAL WA '. (A A@)

A ,\(a\ B&b éng C('g) be the E
qﬁwuHW&MMm .

D,E and F be the mid points of
AB,BC and CA respectively.

Bb) F C()
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CD,BE and AF be the altitudes AlsojoinOandP.
along sides AB,CA and BC Now OA=al - OB=-al -

Now CB L AB —>CO L AB BF=g R Profo

- COAB=0 S R T Ry
oo~ VL W Lot -

= e (BRSO - X2 +y?=a?...(i)
28 28=h AP = (xi +yj) - (ai)

- \JOS &L 9 - =(x—a)i+Yj
Also BE LCA =BO LCA ﬁ—(xi+yj)—2—ai)
-.BOCA=0 — (X+2)i +Yj
—b.(a-c)=0 —_ N

b(a-¢c) AP.BP =((x—a)i +yj)((x+a)i+VYj)
=b(a-¢)=0 = (x—a)(x+a)+ Yy’
ab-bc=0 —x?—a’+y?
ab=b.c...(ii) — x4 y? g’
From (i) and (ii) a>—a? =0 from (i)
ab=ac APBP -0
ab—ac=0 T
== == AP 1L BP
—a.(c-b)=0 = m/APB = 90°
AOBC=0
. Q.11 Prove that
= AO LBC= AF LBC cos(ar+ 8) =cosacos S —sinasin
Thus the altitude of a triangle are Solution:
concurrent.

Q.10 Prove that the angle in a semi
circle is a right angle.

Solutiqrr: 7 b
4
P(x,y) (L
. . | | . “ m - "
Vo A W ke DA éna OB Jare unit vectors in
¥ 4 ——t ) 00 N e ipiane making angles o and -3
B(-a @3\ \ |0 —~A(ah)Y 4\ \N ~. ="
( f'_x'_ IR :__'(Q ) ™ \ A with the
B RAR L™ positive x — axis respectively.

- VAL VW so that ZAOB =a +
)28 AOB) be ¢emicircle with radius a OB=a+p

J 'I' W J | “aliG-<eritre at origin O. whereas then OA=cosal +sina j
X —axis is taken along the line AB. and OB = cos fi —sin ]

Let P(x,y)be any point on

semicircle. Join A and B with P. OB.OA= (cosﬂl—sinﬂi).(cosal+sinai)
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\&\H@\ cos(a + ) =cosacos B —sinasin c*=—(ac+bc)

[cos(a + 8) = cosarcos S —sinasin ] |CTA|z|5é|z1 - ) .:—ac B¢ ....-'IE," -

* —ac cc_s( 7 — '3) h%ua(:z A)

Q.12 Prove that in any trianglz=-ABC .

(i)  b=ccosA+acosC . L= mccos(nr B) —bccos(z — A)

Solution: PART SR n A= =—ac(—cos B) —bc(—cos A)
c? =accos B +bccos A
lc =acosB+bcos A

|-at e vectdr ajb lans-c are along

= . Y I I,, .
triangle ABC Solution:

Let the vectors a,band c along the
sa+b+c=0 Sides BC, CAand AB of triangle
b=—(a+c) -C ABC

> =a+b+c=0
Now taking dot ‘ b=—(a+c)
product with b bb=—(a+c).b
bb=-(a+c)b b® =(-(a+c).(-(a+¢))
, =(@a+c).(a+c)
b”=—(ab+cb) —aa+ac+ca+ce
=-ab-cb —a’+2ac+c’
a2 2
=—abcos(z —C)—bccos(z — A) =a’+c’+2ca

=a’ +c*+2cacos(z —B)
=—ab(—cosC) —bc(—cos A)

lb? =a®+¢? — 2cacosB]
b* =abcosC +bccos A (iv) c?=a’+b?*—2abcosC

Let a,band care vectors along sides

lb=acosC +ccos Al

(i) c=acosB+bcos A a+btc= O

Solution: . c——g&—h

L

18
L

I.' :__. oS

Let the vectors a,band ¢ are along) |\ 'c -—(a o L
70 & (¢ (a- ~;)( ~(a+b))

=

the SIdes B(‘ CA and AB Or the

TR RRY ._I 1
N T Ry B v —(§+D)-(§+b)
trlangle &EC u VT \ — =aa+ab+ba+bb
. .:\g ;.94.;33..:-.0 ! L =a’+2ab+b
AR ~at42ab b
} I % N, - - -

A2 2 -
Now taking dot product with ¢ =a" +b” +2abcos(z -C)

c? =a? +b? — 2abcosC|

499

BC,CA and AB of triangle ABC e



Chapter-?

Vectors

The Cross Product or Vectors Product of Two Vector:
Q) Definition 1:
The vector or cross product of two vectors u and Vv in space-is<

uxv=|u||v|sin@n

where @ is the angle betivezn uani V. md V£os 72 r'isa urlit/

vector oefperfd,\,ular te- hi plane of u 1.‘d V with dlrectlon given by
the “right hynd fule’| stated belew="
“If irle fingals o rl]h nand are curled in a direction from u towards

'\/ it the thumb will point in the direction of nwhichis uxv. It
is important to note that uxv = vxu, rather uxv =—(vxu).
The Unit Vectors i, j.k:

(@) [i]]i]sin0” n=(1)(2)(0)n=
% i =|jf|[sin0" n=(1)(x)(©)n~
[l sin0* n=(1)(1)(0)
i=li ‘ ‘sm90 k=
k=i sins0” 1 =) ()11 =1
koxi =K [1]5in90° j =(1)(1)1)] =
Definition 2:

(i)

> sin0°=0

ixi

[~

=
—) %
Tl

| —

1y
=

\

0

If u=ai+bj+ckand v=a,i+b,j+c,kare two vectors in space, then cross

[

X

<

Il
'_93 .
p | e
0

product of uand v is:

which is called the “Determinant formula” for uxVv.

Parallel Vectors:
If two vectors U and v are parallel, then

(O)D B
Angle betwee"-two Vectors: WV N
The angse, @ betvvbén rwovbctm hwr\J v s

uxy=|u||\_/|sin0°n=

waﬂu |v sin '

_.
s.__"'

|u||v| siné

v = | sind

I_- :___ A
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" siné?:M
uflv| (K
Area of Parallelogram: P I B A
Area of Parallelogram = Base:i H’Ighf \BRRY /f' |\ -
e _|gr|\| S.-'r' 9 AR RN ;m ] E:xf.' =|y|is'm'(]
Arec.oi Pataitelegram = xS ) 0 _
AR ERIE = 5
o Lk il riangle:
') From the figure, it |s clear Area of triangle
Area of Triangle = E (Area of Parallelogram) E:
=1|u xV| where u and v are
2 = >
vectors along to adjacent sides of triangle. -
EXERCISE 7.4
Q.1  Compute the cross product = blLaxh
axband bxa. Check your answer Thus axb is perpendicular to both
by showing that each a and b is vectors a and b .
perpendicular to axb and bxa. ik
() a=2i+j-k,b=i-j+k bxa=|1 __1 1
Solution: I
a=2i+j-k.,b=i-j+k
- o =i1-D)-j(-1-2)+k(1+2)
+ 1= —0i +3j+3K
axp=12 1 - Now
1 -1 1 a(bxa) (2|+|_|() (O|+3| L I'._':"_.'.' -
= i(1-1)- j+1)+k(-2-1) = O (G
=0i-3j-3 ~ A\ [ ', =1t [ (O
NOW v 1 ..__-"_ ._.-' — '.. (O .:. L] L ._O' |
a(axm (@i + ] =k)<0i 30~ 5 WD AN alba
' _x\ V™" Now
')—‘+‘5 ST A . L
\=d L b.(bxa)=(i-j+k).(0i+3]+3k)
NN JE L= =(1)(0)+(-1)(3)+(1)(3)
' b(axb) =(1-J+k).(01-3]-3k) Thus bxa is perpendicular to both
=00+ D)+ D3 the vectors a and b .
=0+3-3=0 B -
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(

i)

a=i+j, b=i-j

Solution:

I j k
axb={1 1 0
L 0

== /(.J ’)*—,(0 O)-ﬁl( o J. -

=1-2!

' _Ii‘d><ﬂ:‘l+j)( ZK):

Also b.(axb) = (i - j).(-2k) =0
Thus axb is perpendicular to both
vector a and b.

j k
bxa={1 -1 0
1 1 0
=1(0)-jO)+k@1+1)
— 2k

a.(bxa) =(i+ j).(2k)

Also b.(bxa) = (i - j).(2k) =0
Thus bxa is perpendicular to both
the vectors a and b

(i) a=3i-2j+k,b=i+]j
Solution:
I jk
axb=3 -2 1
1 1 0

=1(0-D-j(O0-D)+k(B+2)

=—i+j+5k . Q.
a.(axb)= (3|ﬂ21+k)(—|+ +5’) WA
_Q(f—J)—f\ 1) st N

=G\ AL
:fr cJ_ch
!J(a<b)—(l+j)(—l+j ~5K)
=) +O@D
~0
= blaxb

Thus axb is perpendlcular to both _

the vectors a ang- "

_ IR -'Ig' .'

g = |1 g T
|3 oL l

=i(1-0)-jd-0)+k(-2-3)

=i-j-5

a.(bxa)= (31 -2j+k).(1 - j-5k)

=3+ (=D +D)(-5)
=3+2-5
=0
= albxa
b.(oxa) = (i + j).(i—j—5k)
=D®+O(D)+0(-5)
=1-1=0
= blbxa
Thus bxa is perpendicular to both
the vectors a and b .
(iv) a=-4i+j-2k, b=2i+j+k
Solution:
I j k
axb=-4 1 -2
2 1 1

=1(1+2)— j(-4+4)+k(-4-2)

=3i-0j -6k
a.(axb) = (—4|+| ZK) (3| F'f}

i w

e : R J_a\<b A
M) o'(éxb):(2i+i+g).(3|+0i—
=(2)(3)+(1)(0)+(1)(-6)
—6+0-6
=0
= blLaxh

Thus axbis perpendicular to both
the vectors a and b .
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N =
= X

bxa=

[ N LS

—4 -2
=i(2-D)—j(-4+4)+k 4L4)
=-31 + 6k~ \
Now ‘% ¢ -

a(bxa) (—41 + j—'h() a ’3| +0
4)( -3) 1’0\ (= z)(6)

Rt

1-6K)-

A NN U

JI s albxa

Also b.(bxa)=(2i + j+k).(-31 +0j +6k)

=(2)(-3)+1(0)+ (1)(6)

=0

= blbxa

Thus bxa is perpendicular to both

the vectors a and b .

Find a unit vector perpendicular

to the plane containing a and b.

Also find sine of the angle between

them.

H a=2i-

Solution:
a=2i-

Q.2

63k, b=4i+3j-

|=

=i(6+9)— j(-2+12) + k(6 +24)
=15i -10j +30k
|axb|=15i 10 +30K|

= J(15)% +(~10)? +BOF ()

_J225+100+9oo A
'*’;1245 R\

_\J\_ 1 o '\-_ I.. 1 Al

Let Ais! umt veCIor | )
154 =10 j +30k

:Wéxg| 35

SO T

T 4+36+916+9+1

(i) a=-i-j-k, b=2i-3j+4k

Solution:
a=-i-j-k, b=2i-

=i(4-3)-j(4+2)+k(3+2)

=—71+2j+5&

laxb| = (-7)? +(2) + (5)°
=49+4+25

It vector.
Ti+2j-5k

R
"'H._ 1
[ i

LN S N\
, \/J.+1 4+9+16

RNENGT)
5z
N
126
J29

sin@ =

503



Chapter-?

(i) a=2i-2j+4k, b=—-i+j-2k
Solution:
a=2i-2j+4k, b=-i+]j-2k
I j k
axb=|2_ -2 4| [,
|.1 . _9| /
=i(4- 4)—1( 414)+ k(2
r“|+0l+tk
NN Naxpl=o
gl It is not possible to find out required
unit vector.
sing = 22!
|a][b
_ 0
V@) +(-2)" + (4 (-1 +(2) +(-2)
N 0 —_—
246
sin@=0°
(iv) a=i+j.b=i-j

— j(0-0)+k(-1-1)

Let A is unit vector
axb -2k __
|§><b| 2 -

1 |’ ¥ ']
\ F
F ) — 1 Lo L (A
2l (R R | Lk
VAL LT
= h 1 |1 & 1 k& 1™ o
4 1 4 1 1 |
' 51 5 1
\

(i)

)]
Now PQxPR=|2 3

(i)

D(000, (A3 )R(—l,1,4)

-PQ_(2L+3i+2g)—(01+01+og)

=2i+3j+2k
PR=(—i+ j+4k)—(0i+0j+0k)
=—i+]j+4k

i
i

N X

11 4
=i(12-2)- j8+2)+k(2+3)
=10i -10j +5k
[PQxPR|=/(10)° + (~10)° + (&)’

=+/100+100+ 25

225
=15
.. Area of triangle PQR is

Q

A=Z[PGxPR

= 5(15) = Esq unit

P(L-1-1), Q(2,0,—1) ,R(0,2,1)

Solution:

2
=i(2-0)- j(2-0)+k(3+1)
=2i-2j+4k
\ﬁg&ﬁé\:\zl—ziwg\
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= @)+ (27 + @y i KJ|
— 4—|—4—|—16 ABXAC 13 U_"\-\. 'Pl-'|
2 _ R (S
=26 i1t jlo/10)+k(-21-0)
Areaoffriarille POR-i5~ | ! ’ 14‘_ " _—"21k
,,,,, e =—1l4a1-19)—-2K
A——l x
Q Area of parallelogram ABCD is
\| | "—'j'z'-(zvei ) A=‘EXE‘
\ | 1
' ' 6 sg. unit 2 2 2
= (-14)* + (-19)® + (-21
Q.4  Find the area of parallelogram, \/( )+ (19 +(=21)
_ whose vertices are: — 196+ 361+ 441
(i) A(0,0,0),B(12,3),C (2,-11),D (314) _
Solution: =+/998 sq. unit
AB = (i+2]+3k)~(0i+0]+0k) (i) A(-111),B(-12.2),
=i+2)+3k
—_— . __ . . C(_314;_5)1 D(_315)_4)
AC=(2L—1+K)—(OL+OJ+OK)
:2l_i_+K B Solution:
i j ok NB’:(—1+2J+2K)—(—1+1+5)
ABxAC=|1 2 3 =0i+j+k
2 -1 1 —

_ _ AC =(-3i+4]j—5k)—(-i+j+k)
=1(2+3)— j1-6)+k(-1-4) = =
=5i +5j -5k —2i +3] -6k
Areaifpaimlelogram ABCD is ik
A=[ABxAC| ABxAC=0 1 1

:\/(5)2+ 5)? -2 3 ..-el.__

=v25+25+25 = i{6— l—j(D ’37

—— . _.__.- !

:\/? 19 e =i -2 +2' |

=5 35q unit \ BRI

(ii) A(12 1) B Y, _Q}{U(,O 5 9\ ',_) \g\5 f)\ “' ~—Area of parallelogram ABCD is
Solution: AL :‘ABxAC‘
_ AB-:(4|_+.;Z-°_1 3_l) Lh—lj—k)
. JI-.\_l I'l-._.:.ll-._-.-:.:\ri .CJ—ZK :\/(_9)2+(_2)2+(2)2
VA AC =(6i-5]+2k)-(i+2j-k) —8l14+4
=51-7]+3k
R =+/89 sg. unit
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Q.5 Which vectors, if any, are
perpendicular or parallel.
()  u=5i-j+k;v=j-5k,
w=-15i +3j -3k
Solution:
w=-15i +5j -3k
= 3Ei - Fkn [

=730 .
- \Ig-and wara pavaiiel
w=-Zi-zj+k

2 = 2

Solution:
uv=_>+2j-k).(-1+j+k)
=(1) D +2(1) + (1) (@)
=_1+2-1
=0
The vectors u and v are
perpendicular

y.v_vz(—mw).(%i—ﬂj +§k]

T T

=——-7+=
2 2
=0

The vectors v and ware
perpendicular

Q.8

Solution:

Let OA and OB are unit vectors in xy -plane making angle « and ﬂ with the

positive x —axis respectively.
So that m/BOA=a - f

Now OA=cosai +sina j—

OB =20s Bi +sinBj| |,

T R
£ 5 i

NINAY
08 OA = OB [OAsin (« -

Bk

) .'-"-. \ k! Y /ﬁ/é H(Ln\li smﬁ)

Vectors
Q.6 Prove that o
a><(b+c)+b><(c+a\ \,\<(a+b‘— Tyt |
Solution: o
TL\H.S =-ax (B ") 'th'c i 3.)-J'L x(Q-HJ)

=& XDy axc bx(+an+Cxa+be
ol 1 ks 8*‘#ux0+((gxm) (—(@xc))+(~(bxc))
~Zaxb+axc+bxc—axb-axc-bxc

=RH.S
Q.7

=0, then prove that
X

Solution:
a+b+c=0
Taking cross product with a
ax(a+b+c)=0
axa+axb+axc=0
O+axb-(cxa)=0
axb=cxa...(i)
Taking cross product with b
bx(a+b+c)=0
bxa+bxb+bxc=0
—axb+0+bxc=0
bxc=axb...(ii)
From (i) and (ii)
laxb=bxc=cxa|

Prove that sin(a — ) =sinacos S —cosasin

A —g (gn(rsn()-.
| |

PR ek

),

ol

k
-.OBxOA=|cosf sing 0
0

cosa Sina
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@“@‘sin B)k =i(0-0)~ j(0-0)+K(cos Ssinc — smﬂc05a |OAHOB|_1

sin(a—ﬂ)k (sinacos g —cosasin ﬂ)k

sin(a—B)=(sinacos S - COSaSIrJ

If axb= Oand ab=0,wh atco..- iusian <an Lc d’aNI .1b7u* a aro?

Q.9
Solution:

If axb=0! then 1|Jb Wi -
If ah=10her a and » ged perpendlcular but it is only possible if either a=0 or b=0

(n il vecion. -

| 'u,al ir Friple Product:

For any three vectors u, v and w, the dot product of one vector with cross product of
remaining two vectors is called “Scalar Triple Product” of vectors u, vand w. It is

written as U.(Vxw)
If u=ai+bj+ck, v=a,i+b,j+ckand w=a,i +b,j+ck then

K

I\)U [

VX W c,
C

k=2

a2
8
=i(bc,—cby)— j(ac, —c,a,)+k(ahb, —b,a,)
u.(vxw)=(ai +b; j+ck).[ (e, —cby)i—(ae,—c,a,) j +(ab, —ba )k |

:ai(bzc3_Czbs)_bl(azca_C2a3)+cl(a2b3_b2a3)
a b ¢

u(vxw)=la, b, c,
aS b3 C3

It is important to note that o ~

u. (vxw)=v.(wxu)=w.(uxy) ~

The Volume of the Parallelepip¢d: _ F ) | A
The Scalar £ |ple produr‘f @ Hy (\tx N) s valmme DT a urallelepiped. Henceitisa

T

-

scalar.'— |\ |\~
The Volume 0‘ T° rcheoron -
1

AL wolun& b& Tetrahedron = 5 u. (vxw)

J ' "'-'f'r hie properties of Scalar Triple Product:

0] If u,v and w are coplanar then the volume of the parallelepiped is zero that is

(gxy).wzo
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(i)

Work done by a Force:

If a constant Force F acts on a body; at an 1an'= ’-) 0 te direciicn
of motion, then work done b) F igceting Tu he prLdl ctcftwe

companen; of F Hi me dlroctuon of th‘= "iISp"‘" sment and the

distanc¢ t"ot t e bucy moves.

ncr<done --F d=(Fcosd)d = Fd cosd d
|._ 1enf ofa Force (Torque): ;
The turning effect produced by a force is called “Torque” or 13) P
“Moment” of that Force. _
Moment = Perpendicular distance between point of application of F
force and point of rotation x Force applied.
Moment of F about O =0P x F
=rxF
EXERCISE 7.5
Q.1  Find the volume of the —7+20+1
parallelepiped for which the given = 14 cubic unit
vectors are three edges. (i) u=i-2j+3k,v=2i—-j-k
() u=3i+2k,v=i+2j+k w=j+k
=-]+4k Solution:
Solution: Volume of parallelepiped is
Volume of parallelepiped is 1 -2 3
3 0 2 g.(\_/xv_v):Z 1 -
u(vxw)=1 2 1 0 1 1
0 -1 4 =1(- 1+1)+z(2+0)+3(2+o)
=3(8+1)-0+2(-1-0) = 2:4?6 ~ <=\ (CAV
=27-2 ~, . Q’/ '\_/(rlf)uil:).l]:illr:bx;:. ?: ’a:é_c'.i.xb
=25 cubic unit \ Ay shANE | =L Xa=C.axD
(i) u=i-4j=kyv=i-j- k YZARLA RN ‘*_f__'g '*L'—j+*>k:',b=41+3_'—2k
w=2i ,3,l+| . .' ) ' x \ and c=2i+5j+k
Solution: | IR R Solution
o Yelume of mrcl Plnp ped is 3 -1 5
-\..-ll.'_..l'.'l_. 11 -4 -1 abxc=[4 3 -2
T ou(vxw)=|1 -1 -2 2 5 1
-2 -3 1 = 3(3+10)+1(4+4)+5(20-6)
= 1(-1-6) +4(1+4)-1(-3+2) =39+8+70

14,

If any two vector of scalar triple product are equal, then its values is zero i.e [g v y] =0 __
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=117
4 3 =2
bcxa=2 5 1
3 -1 5 i )
= 4(25+1)-3(10-3) —2 ? H)
E-uc—21+34 — Yy |
=117 A

NY
[@=}
—

4 3 -2
= 2(2-15)-5(-6-20)+1(9+4)
=-26+130+13
=117

Hence i.k_)xg =b.cxa=c.axb
Q.3 Prove that the vectors i —2j+3k,
—2i+3j—4k and i-3j+5kare
coplanar.
Solution

=1-2j+3k, b=-2i+3j-4k

c=1-3j+5k
If vectors a,band care
coplanar, then we have to show that

abxc=0
1 -2 3
abxc=[-2 3 -4
1 -3 5
=1(15-12)+2(-10+4)+3(6-3)
=3-12+9=0
Thus the given vectors are coplanar.
Q.4  Find the constant « such that the

vectors are coplanar.
()  i-j+k,i-2j-kand

Solution: \
Let u H,__ J+K A _—2'-i
w=3i ~u'+‘k '

_ the wRctors) u \/ano ne-are coplanar

NN =0

1 -1 1
1 -2 -3=0
3 —a 5

(&), Find thelvalug ol

(- 10+3a)+1(5+9)+1(—a+6):0 AT

~10-3a+14- <0~

471029, -l-_'——ﬂ

4o =—10\=1a)=;

[\l
6y i-2aj-k,i-j+2kand

al—j+k

Solution:
Let u=i-2aj-k, v=i-j+2k,

w=ai-j+k

the vectors u,v and @ are coplanar

If uyxw=0
1 2a -1
1 -1 2|=0
a -1 1

1(-1+2)+2a(1-2a)-1(-1+a)=0
1+20—-4a” +1-a =0

4o’ +a+2=0

4o’ —a—2=0

a=4,b=-1c=-2

~(-D)=(-1)° -4(4)(-2)
2(4)
_ 1+1+32

8

P

Wl o &

a =

I_- :___ 2

(., 2ikegk— L

|U'[I0n
2ix2jk
=2ix2jk
=4(ix j)k
=4(k.k)
=4(1)
=4
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(i) 3jkxi
Solution:
3j.(kx1)
=3j.(J)
=3(1)
i) [k B0
Qoh IOIII . |
=kk
=1
(iv) [i i K]
Solution:
1L.(jxk)
=i.(-J)
=—(1.])
=0
(b) Prove that
U(V>x W) +V(Wx V) +W.(Uv)
=3u(vx ®)
Solution:

L.H.S=u.(vxw)+V.(WxUu) +W.(uxv)

we know that
u.(vxw) =v.(wxu) =w.(uxv)
=U. (VX W) +U.(vxW) +U.(Vx W)
=3u.(vxWw)
=R.H.S

Q.6  Find volume of the Tetrahedron
with the vertices:

0) (012)(321)(121)and 356)

Solution:
Let

AD = (5|+5]+6k) (O|+J+2k\
—5|+4;+4k '
"‘) aine, of, Tetiah2qr I‘Cﬂ

LAB AC AD

4

1
6

g = W
QNN

:%[3(4+4)—1(4+5)—1(4—5)]

1
==[24-9+1
S[24-9+1]

- 1[16] _8 cubic units
6 3

(i)  (218),(329),(214)and(3,3,10)

Solution:
Let
A(2,1,8),B(3,2,9),C(2,1,4),D(3,3,10)
Né:(3i +2+9k)—(2i + j+8k)
=i+]j+k
:( i i+4k) (2|+J+8k)
=0i+0 j -4k
AD = (3i +3j +10k )—(2i + j +8k)
=1+2j+2k
Volume of Tetrahedron
~[ABACAD]
|1 1. .-*| ':w;;'.-._ L/
|o P\ [ LS T
& |.- . 2.-“ 2|
At :6(1(0+8)—1(0+4)+1(0—0))
1
==(8-4
6( )
:lx4
6
:§ cubic unit
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Q.7  Find the work done, if the point at
which the constant force
E=4i+3]+5k isapplied to an _
object, moves from P,(3,%-2) to
P(240) |

Solution: '

154 PR
[ NNV =(2i +4j+6k)—(3i+j—2k)
=-i+3]+8k
Work done = F.d
= (41 +3] +5K).(-1+3]j +8k)
= 4(-1)+3(3)+5(8)
= —4+9+40
=45

Q.8 A particle, acted by constant forces
4i+ j—3kand3i - j—Kis
displaced from A(1,2,3) to B(5,4,1).
Find the work done.

Solution:
d=AB
=(51+4j+k)—(1+2j+3K)
=4i+2j-2k
E=F+F,
=(4i+j-3k) +@i-j-k) -~
—7I+0j 4k '_
Workdonu_,l- d A\ x\
7|TO]—L‘ ) 4" k4]—2k)
SN o002+ (4)-2

=36

Q.9 A particle is displaced from the
point A(5,-5,—7) 15 thepoint—
R (5,2,7)Undef theacticn ™
sonstant forces qefii wed by
104 - 1+%ik, 4] +5j +9k and
~2i + j—9k . Show that the total
work done by the forces is 102
units.
Solution:
d=AB
=(61+2j—2k)—(5i-
=1+7]j+5k
F =sum of forces
=(10i — j+11k) +(4i +5j +9Kk) +(-2i + j —9k)
=12i +5j +11k

Work done=F.d
=(12i +5)+11k).(i +7j +5Kk)
= (12)(1)+5(7)+11(5)
= 12+35+55
= 102 units
Q.10 A force of magnitude 6 units acting
parallel to 2i-2j+k displaces

the point of application from
(1,2,3) to (5,3,7). Find the work
done.

Solution:
Let F=2i-2j+k

R[=N@+ (2" + @)
W—w o)

&

ks —-_. 15 the! um*\ectorlnthe

5j—7k)

—

B -.___d,revuun of F

'I'I

Then F, = =

\
_2i-2j+k

3
The required Force F =6F,

| m
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—(5| '3|+.k) (|+2j—3 2

4 k
4y I . -
‘.-'Vork done= F.d

= (41 —4]+2K).(41 + j +4Kk)

= 4(A)+(4) (D+2(4)

=16-4+8

=20
Q.11 Aforce E =3i+2]j—4kisapplied
at the point (1,-1,2). Find the
moment of the force about the
point (2,-1,3).

Solution:

Let P(L-12),Q(2,-13)

RN R i(+;1 +3)+k(-2-0)

—2i-7j-2k

r,

Q.12 AforceF =4i -3k, passes

through thn oo il

\ 'th= mwn\el t 1f F ahn'ft ine pomt
,(l 13, 1)

" _’Soi‘uhon

=BA
(2 —2j

s)-(1

—31+g)

J

|\_

Moment of F about B is

rxE =

N e
O F e
N

-3
=i(-3-0)— j(-3-16)+k(0—4)
=-3i +19j -4k
Q.13 Givenaforce F=2i+j-3k
acting at a point A(1,-2,1) . Find
the moment of F about the point
B (2,0,-2).
Solution:

r=BA

:(1 2j+ k) (2|+0]+2k)

1%,

:—l' J"‘qk

2 i 1—_3k T

SR R ‘sient of force F about Bis

2 1 -3
=1(6-3)- j(3-6)+k(1-4)
=3i+3j+3k
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Q.14 Find the moment about A(l,l,l) of each of the concurrent forces i -2j, 3i +2j-k '

,5j—2k , where P(2,0,1)is their point of concurrency. - [ [ |
Solution: | - \ '. YN a,

Let F=i-2j+0k \ =AY

Fo=39 80k \ 8

F, =01+ 5 -2k

(§—2j+0K)+(3i +2j—K)+(0i +5j +2Kk) F=4i+5j+k

= i(-1-0)- j1-0)+k(5+4)
=—i-j+9%
Q.15 A force E=7i+4]j-3k is applied at P(1,-2,3). Find its moment about the point
Q(2,1,1).

Solution:

L
e
[ i

Moment of force F about'.g) s/ \ () ' VW2
rxE =14 |8 ) LT

| | YN

=i(9-8)— j(3-14)+k(-4+21)
=1+11j+17k

.
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