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1.1 INTRODUCTION

Functions are important tools by which we describe the real world in mathematical
terms. They are used to explain the relationship between variable quantities and hence play
a central role in the study of calculus.

The term function was recognized by a German Mathematician Leibniz (1646 - 1716)
to describe the dependence of one quantity on another. The following examples illustrates
how this term is used:

(i)  The area “A” of a square depends on one of its sides “x” by the formula A = x?, so
we say that A is a function of x.

(i)  Thevolume V" of a sphere depends on its radius “r’ by the formula V = 4 nr, so
we say that Vis a function of r. 3

A function is a rule or correspondence, relating two sets in such a way that each
element in the first set corresponds to one and only one element in the second set.

Thus in, (i) above, a square of a given side has only one area.

And in, (ii) above, a sphere of a given radius has only one volume.
Now we have a formal definition:

A Function f from a set X to a set Y is a rule or a correspondence that assigns to each
element x in X a unique element y in Y. The set Xis called the domain of f.
The set of corresponding elements y in Yis called the range of f.

Unless stated to the contrary, we shall assume hereafter that the set X and Y consist of
real numbers.
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If a variable y depends on a variable x in such a way that each value of x determines
exactly one value of y, then we say that “y is a function of x".

Swiss mathematician Euler (1707-1783) invented a symbolic way to write the statement
“yis a function of x” as y = f(x) , which is read as “y is equal to f of x".

Note: Functions are often denoted by the letters such asf, g h, F, G, Hand so on.

A function can be thought as a
computing machine f that takes an input x, . A >
operates on it in some way, and produces 7
exactly one output f(x). This output f(x) is Inputx Output fx;
called the value of fat x or image of x under
f. The output f(x) is denoted by a single
letter, say y, and we write y = f(x).

Computing Machine

The variable x is called the independent variable of f, and the variable y is called
the dependent variable of f. For now onward we shall only consider the function in
which the variables are real numbers and we say that f is a real valued function of real
numbers.

Example 1: Given f(x) = x> — 2x* + 4x - 1, find
i) A0 (i A1) (i) f(-2) (iv)  f(1+X) (v)  f(1/x), x#0

Solution: f(x)=x3—-2x?+4x -1
(i) fl0)=0-0+0-1=-1
i f=P-2112+41)-1=1-2+4-1=2
(i) fi-2)=(-2P-2(-2)P2+4(-2)-1=-8-8-8-1=-25
(i) f(1+x)=(1+xP=-2(1+x)?+4(1 +x)—1
=1+3x+3x2+x3-2-4x-2x>+4 +4x -1
=x3+x2+3x+2
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(iv) f(1/x)=(1/x)3—2(1/x)2+4(1/x)—1=l3-£+i-1,x¢0
X3 x2 X

Example 2: Let f(x) = x2. Find the domain and range of f.

Solution: f(x) is defined for every real number x.
Further for every real number x, f(x) = x? is a non-negative real number. So
Domain f = Set of all real numbers.
Range f = Set of all non-negative real numbers.

Example 3: Let fix) = ﬁ Find the domain and range of f.

X

Solution: Atx=2and x=-2, fix) = FER) is not defined. So

Domain f = Set of all real numbers except -2 and 2.
Range f = Set of all real numbers.

Example 4: Let fix) = /x> -9 . Find the domain and range of f.

Solution: We see that if x is in the interval -3 < x < 3, a square root of a negative number is
obtained. Hence no real number y = /x> -9 exists. So

Domainf={x € R: |x| =23}=(-0, -3] U [3, + x)

Range f = set of all positive real numbers = (0, + ©)

If fis a real-valued function of real numbers, then the graph of f in the xy-plane is
defined to be the graph of the equation y = f(x).

The graph of a function fis the set of points {(x, y)| y =f(X)}, x is in the domain of fin the
Cartesian plane for which (x, y) is an ordered pair of f. The graph provides a visual technique
for determining whether the set of points represents a function or not. If a vertical line
intersects a graph in more than one point, it is not the graph of a function.

Explanation is given in the figure.
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(a) a function (b) a function {c) not a function (d) not a function

Method to draw the graph:

To draw the graph of y = f(x), we give arbitrary values of our choice to x and find the
corresponding values of y. In this way we get ordered pairs (x, ,y,), (X,,Y,) (X;, y,) etc. These
ordered pairs represent points of the graph in the Cartesian plane. We add these points and
join them together to get the graph of the function.

Example 5: Find the domain and range of the function f(x) = x> + 1 and draw its graph.

Solution: Herey=f(x)=x%>+1

We see that f(x) = x? +1 is defined for every real number. Further, for every real number
X, ¥ = f(x) = x>+ 1 is a non-negative real number.

Hence Domain f = set of all real numbers

and Range f = set of all non-negative real numbers except

the points0 <y < 1.

For graph of f{x) = x> +1, we assign some values to x from its domain and find the

corresponding values in the range f as shown in the table:

x | 321017273
v=fy 10 s 2] 1]2]5T10

Plotting the points (x, y) and joining them with a smooth curve,
we get the graph of the function f(x) = x> + 1, which is shown in the
figure.
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When the function f is defined by two rules, we draw the graphs of two functions as
explained in the following example:

Example 7: Find the domain and range of the function defined by:
X when 0 <x <1
fx) = [

x—1 when1<x<2
Solution: Here domain f=1[0, 1] U [1, 2] =[O0, 2]. This function is composed of the following
two functions:
(i) fix)=xwhen0 <x <1 (i) fx)=x-1,when1<x<2
To find th table of values of x and y = f(x) in each case, we take suitable values to x in the
domain f. Thus
Table fory = f(x) = x Table of y = fix) =x-1:

X 0 [05]08]| 1 X 11115118 2

y=fx)] 0 [0.5]0.8] 1 y=f(x)]0.1]05[0.8] 1

also draw its graph.

3
I

Plotting the points (x, y) and joining them we get
two straight lines as shown in the figure. Thisis
the graph of the given function.

1.2 TYPES OF FUNCTIONS

Some important types of functions are given below:

Algebraic functions are those functions which are defined by algebraic expressions.
We classify algebraic functions as follows:

elLearn.Punjab

(i) Polynomial Function
Afunction Poftheform P(x)=a x"+a_  x"'+a ,x"°+..+0,X°+0a,Xx+aq,
for all x, where the coefficienta ,a ., a ., ..., 0, a, a,are real numbers and the exponents
are non-negative integers, is called a polynomial function.
The domain and range of P(x) are, in general, subsets of real numbers.

If a_+# 0, then P(x) is called a polynomial function of degree n and a_is the leading
coefficient of P(x) .

For example, P(x) = 2x* - 3x3 + 2x — 1 is a polynomial function of degree 4 with leading

coefficient 2.

(ii) Linear Function

If the degree of a polynomial function is 1, then it is called a linear function. A linear
function is of the form: f(x) = ax + b (a # 0), a, b are real numbers.

For example fix) = 3x + 4 or y = 3x + 4 is a linear function. Its domain and range are the
set of real numbers.

(iii) Identity Function

For any set X, a function / : X = X of the form /(x) = x V x € X, is called an identity
function. Its domain and range is the set Xitself. In particular, if X= R, then I(x) = x, for all x
€ R, is the identity function.

(iv) Constant function

Let Xand Y be sets of real numbers. A function C: X = Ydefined by C(x)=a,V x € X, a
€ Y and fixed, is called a constant function.

For example, C: R — R defined by C(x) = 2, V x € Ris a constant function.

(v) Rational Function

A function R(x) of the form @ where both P(x) and Q(x) are polynomial functions and
Q(x) # 0, is called a rational function.

The domain of a rational function R(x) is the set of all real numbers x for which Q(x) = 0.

We denote and define trigonometric functions as follows:
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(i) y=sinx, Domain =R, Range -1 <y < 1.
(i) y=cosx,Domain=R, Range -1 <y < 1.

(iii) y=tanx, Domain={x:x€Randx=(2n+ 1)%, n an integer}, Range =R
(iv) y=cotx, Domain={x:x€Rand x = nm, n an integer}, Range=R
(v) y=secx,Domain={x:x€Randx=(2n+ 1)%, n an integer}, Range= R

(vi) y=cscx, Domain={x:x€Randx=nmx, naninteger}, Range=y> 1,y < -1

We denote and define inverse trigonometric functions as follows:

(i) y=sin"'x < x=siny, where - Sysg, -1 <x <1

(ii) y=cos'x & x=cosy,where 0 <y <m —-1<x<1

ORI

. s T
(iii) y =tan"' x < x =tan y, where 3 <y < > -0 < Xx < 0

A function, in which the wvariable appears as exponent (power), is
called an exponential function. The functions, y = e y = e, y = 2*x =
exIn2, etc are exponential functions of x.

If x=0a",theny =log x,wherea>0,a=1is called Logarithmic Function of x.

(i) If a = 10, then we have log,, x (written as Ig x) which is known as the common
logarithm of x.

(i) If a = e, then we have log, x (written as In x) which is known as the natural
logarithm of x.

1
(i) sinhx= 5 (ex— e™) is called hyperbolic sine function. Its domain and range are
the set of all real numbers.

(i) coshx= T (ex + e™) is called hyperbolic cosine function. Its domain is the set of
all real numbers and the range is the set of all numbers in the interval [1, +c0)

(iii) The remaining four hyperbolic functions are defined in terms of the hyperbolic
sine and the hyperbolic cosine function as follows:

sinh x er —e* 1 2
tanh x = == sech x =

cosh x & + e ¥ cosh x e + e *

cosh x e +e~ 1 2
coth x = = == csch x = —

sinh x o' —e ¥ sinh x o' — e~

The hyperbolic functions have same properties that resemble to those of
trigonometric functions.

The inverse hyperbolic functions are expressed in terms of natural logarithms and we
shall study them in higher classes.

(i)  sinh” x=In(x+~/x* + 1), forallx (iv) coth™ x = % h{—“ij, ] <1
x_
2
(i) cosh™ x=In(x ++x*-1) x>1 (v) sech” x=In 1 + I-x J 0<x<1
X X
[ 2
(iii)  tanh™ x= 1 ln(1+xj, x| <1 (vi) esch” x=In 1 + NItx , x#0
2 l-x X |_x|

If yis easily expressed in terms of the independent variable x, then y is called an explicit
function of x. For example

(i) y=x2+2x-1 (i) y= +x-1 are explicit functions of x.
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Symbolically it can be written as y = f(x).

If x and y are so mixed up and y cannot be expressed in terms of the independent
variable x, then y is called an implicit function of x. For example,

(i) x2+xy+y>=2 (ii) i 1 are implicit functions of xand y.

Symbolically it is written as f(x, y) = 0.

(ixX) Parametric Functions

Some times a curve is described by expressing both x and y as function of a third
variable “t" or “0” which is called a parameter. The equations of the type x = f(t) and y = g(t)
are called the parametric equations of the curve .

The functions of the form:

(0 X = at? (i) x=acpst (il x=acpse (iv) X=0seco

y=at y=asint y=bsin0 y=atano6
are called parametric functions. Here the variable t or 6 is called parameter.

A function f is said to be even if f(-—x) = f(x) , for every number x in the domain of f.
For example:  f(x) = x? and f(x) = cos x are even functions of x.
Here f(=x) = (—x)* = x* = flx) and f(—x) = cos (—x) = cos x = f(x)

A function f is said to be odd if fi—x) = —f(x) , for every number x in the domain of f.
For example, f(x) = x3 and f(x) = sin x are odd functions of x. Here
f(=x) = (—x)® = —x3 = —f(x) and f(—x) = sin(—x) = —sin x = —f(x)

1. Functions and Limits elLearn.Punjab
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Note: In both the cases, for each x in the domain of f, —-x must also be in the domain of f.

Example 1: Show that the parametric equations x = a cos t and y = a sin t represent
the equation of the circle x? + y? = 2

Solution: The parametric equations are

X=qacost (i)
y=asint (i)
We eliminate the parameter “t” from equations (i) and (ii).
By squaring we get, X?=0%cos*t
y?=0%sin’t
By adding we get, x>+ y?=0%cos*t+a*sin’t

= 0’(cos?t+sin?t)
- X%+ y?=0° which is equation of the circle.

Example 2: Prove the identities
(i) cosh?x-sinh?2x=1 (i)  cosh? x + sinh? x = cosh 2x

X —X

Solution: We know that sinh x = <—° (1)
and cosh x = cre (2)
Squaring (1) and (2) we have
sinh® x = —e2x te-2 and cosh® x = e jzx 2
Now (i) cosh® x - sinh® x = e+ 2 - el te2
4 4
_ e +e 4+ 2. e +2 _4
4 4

cosh® x - sinh* x =1

version: 1.1
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er + e—2x+ 2 + e2x + e—2x_ 2
7 7
er + e—2x+ 2 + e2x + e—2x_ 2
4

B 262x +2ef2x er + 672x

and (ii) cosh® x + sinh®> x =

4 2
. cosh® x + sinh® x = cosh 2x

Example 3: Determine whether the following functions are even or odd.

(@) fix)=3x*-2x2+7 (b) 1) = 3x () fix)=sinx+ cos x
o+ 1

Solution:

(a) fl=x) = 3(=x)* = 2(—x)* + 7 = 3x* - 2x2 + 7 = f(X)

Thus fix)=3x*—2x2+ 7 is even.

N 3(—x) B 3x _

(b) f0= T T W

Thus f(x)= ] is odd

(c) fl=x) = sm(—x) + COS(—X) = —Sin X + CoS X # * f(X)

Thus f(x) = sin x + cos x is neither even nor odd

1. Given that: (@) fx)=x>-x (b) f(x)=+x+4

Find (i) f(-2) (i) f(0)
2. Fmdﬂa+2_ﬂm

(iii) fix - 1) (iv) fix2 + 4)

and simplify where,

(i) fx)=6x-9 (i)  fix)=sinx
(i) fx)=x3+2x2-1 (iv)  flx) = cos x

(2)
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3.

Express the following:

(a) The perimeter P of square as a function of its area A.

(b) The area A of a circle as a function of its circumference C.

(c) The volume V of a cube as a function of the area A of its base.
Find the domain and the range of the function g defined below, and

(i) 8x)=2x-5 (i)  e()=+x>-4
(i) g(x)=+x+1 (iv) g&x)=|x-3

_|6x+7 , x £ =2 . o jx-1 0, x <3
V) 8T 5 ey O ST L <
(vii) gx)= % x = -1 (viii) gx)= x;:jf, x # 4

Given fix) =x3—ax?+ bx + 1
If (2) =-3 and f(-1) = 0. Find the values of a and b.
A stone falls from a height of 60m on the ground, the height h afterx seconds is
approximately given by h(x) = 40 — 10x?
(i)  What is the height of the stone when:..
(@) x=1sec? (b)x=15sec? (c)x=1.7sec?
(i)  When does the stone strike the ground?
Show that the parametric equations:
(i) x=at?,y=2atrepresent the equation of parabola
y? =4ax
(i) x=acosb,y=bsind represent the equation of ellipse

2 2

X Y

A
(iii) x=asecH, y = btan6 represent the equation of hyperbola
XZ
a’> b
Prove the identities:
(i)  sinh 2x = 2sinh x cosh x (ii) sech?x=1-tanh?x
(iii) csch?x = coth? x —

yZ
—2:1

version: 1.1
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9. Determine whether the given function fis even or odd.

(i)  f)=x>+x (i) fix) = (x + 2)?
(i) f(x)=xvx’+5 (iv)  f(x)= j: i x # -1
V) f)=21+6 V) re-
x + 1
1.3 COMPOSITION OF FUNCTIONS AND
INVERSE OF AFUNCTION

Let f be a function from set X to set Y and g be a function from set Y to set Z. The
composition of fand g is a function, denoted by gof, from X to Z and is defined by

(goNx) = g(fix)) = gfix), for all xeX.

Remember That:

Briefly we write gof as gf.
Explanation
Consider two real valued functions f and g defined by
fix)=2x+3 and g(x) = x?
then gofix) = g(f (x) ) = g(2x + 3) = (2x + 3)?
&f
The arrow diagram of two consecutive mappings, f >
followed by g, denoted by gf is shown in the figure. E f et s —~
Jr | :
Thus a single composite function gf(x) is equivalent g " \i/ ! ¥
to two successive functions f followed by g. X 1--F z
1gure

Example 1: Let the real valued functions f and g be defined by
fx)=2x+1and gx)=x>-1
Obtain the expressions for (i) fg (x) (i) gf (x)  (iii) fA(x)  (iv) g22(x)

version: 1.1

Solution:
(i) feC)=fgXxX)=f(x>=-1)=2Kx>-1)+1=2x>-1
(i) g=g(fxX)=g2x+1)=2x+1)>-1=4x>+4x
(i) PE=fEX)=f@x+1)=22x+1)+1=4x+3
(iv) g20)=g8 x)=g(x>-1)=x*-1)>-1=x*-2x?
We observe from (i) and (ii) that fg (x) = gf(x)

Note:
1. It is important to note that, in general, gf (x) # fg (x) , because gf (xymeans that f is

applied first then followed by g, whereas fg (x) means that g is applied first then
followed by f.
We usually write ff as f?2and fff as f32and so on.

Let f be a one-one function from X onto Y. The inverse function of f denoted by f ', is
a function from Y onto X and is defined by:
x=fy),VyeYifandonlyify=fix), Vx € X.
lllustration by arrow diagram X Y
The inverse function reverses the correspondence
of the original function, so that
£ = x, when fix) = y
and fix)=y,whenf-(y) =x
We can find the composition of the functions f and
f"as follows:

Domain [ Rangef ,
Range f Domain f

o) =fTF0) =" =x
and (fof DN =fFM =fx) =y
We note that f ' of and fof -! are identity mappings on the domain and range of f and
f ' respectively.

The inverse function can be found by using the algebraic method as explained in the

following example:

version: 1.1



1. Functions and Limits elLearn.Punjab

Example 2: Let f: R — R be the function defined by
fix)=2x+1.Find f'(x)

Remember that:

The change of name of variable in the definition of function does not change that function
where the domain and range coincide.

Solution: We find the inverse of f as follows:
Write fix)=2x+1=y
So that y is the image of x under f.
Now solve this equation for x as follows:

y=2x+1
= 2x=y-1
— 1

=500 5 x=re]
To find f~'(x), replace y by x.

= 6
Verification:
S/ ) =fG (x - 1)) =2B (x - 1)} +1=x

and  f(f(@)=f"(2x+1)==(2x+1-1)=x

N |~

Example 3: Without finding the inverse, state the domain and range of f ', where

fx)=2++x-1

Solution: We see that fis not defined when x < 1.
Domain f=[1, +)
As a varies over the interval [1, +o), the value of Vx—1 varies over the interval [0, +0).

1. Functions and Limits elLearn.Punjab
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So the value of fix) =2 + Jx -1 varies over the interval [2, +).
Therefore range f =[2, +o0)
By definition of inverse function f-', we have
domain f' =range f = [2, +c0)
and range f ' = domain f=[1, +)

1. Thereal valued functions f and g are defined below. Find

(a) fog (x) (b) gof (x) (c) fof (x) (d) gog (x)
(i) f)=2x+1 o e= e

(i) f@)= ol = w2 0

(i) f(x)= \/% x#1 : gx) =+ 1)

(iv)  flx) = 3x* - 2x? ; gx)= % x# 0

2.  For the real valued function, f defined below, find

@f'"x) d)f 1) andverify f(f' (x)=f"f(x)=x

(i) f=-2x+8 (i) foo=3x3+7
(i) fx) = (=x + 9)? V) fo)=2 +11, x> 1
-

3.  Without finding the inverse, state the domain and range of f .

i) fo)=xi2 (i) fO)= —— x% 3
x+3
(i) f(x)=x_1, x# 4 (iv) fx)=(x-5),x=5

x-4
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1.4 LIMIT OF A FUNCTION AND THEOREMS
ON LIMITS

(i) By finding the area of circumscribing regular polygon
Consider a circle of unit radius which circumscribes a square (4-sided regular polygon)

The concept of limit of a function is the basis on which the structure of calculus rests. as shown in figure (1).

Before the definition of the limit of a function, it is essential to have a clear understanding of

. : The side of square is +/2 and its areais 2 square unit. It is clear that the area of inscribed
the meaning of the following phrases:

4-sided polygon is less than the area of the circum-circle.

Suppose a variable x assumes in succession a series of values as

(UL e, 1,4, 1 1. ! g
2 4 8 16 2 22 23 2¢ 2"
We notice that x is becoming smaller and smaller as n increases and can be made as small \Q,/
as we please by taking n sufficiently large. This unending decrease of x is symbolically written (fig 1) 4-Sided Polygon (fig 2) 8-Sided Polygon (fig 3) 16-Sided Polygon
as x = 0 and is read as “x approaches zero” or “x tends to zero”. Bisecting the arcs between the vertices of the square, we get an inscribed 8-sided

polygon as shown in figure 2. Its area is 2+/2 square unit which is closer to the area of
Note: The symbol x = 0 is quite different from x = 0 circum-circle. A further similar bisection of the arcs gives an inscribed 16-sided polygon as

(i)  x— 0means thatx is very close to zero but not actually zero. shown in figure (3) with area 3.061 square unit which is more closer to the area of circum-
(i)  x=0 means that x is actually zero. circle.

It follows that as ‘n” , the number of sides of the inscribed polygon
increases, the area of polygon increases and becoming nearer to

3.142 which is the area of vcircle of wunit radius i.e., =nr* = =w(1)
Suppose a variable x assumes in succession a series of values as =1~ 3.142.
1,10,100,1000,10000....i1.e.,1,10,10%10%.......,10",... We express this situation by saying that the limiting value of the area o f the inscribed
It is clear that x is becoming larger and larger as n increases and can be made as large polygon is the area of the circle as n approaches infinity, i.e.,
as we please by taking n sufficiently large. This unending increase of x is symbolically written Area of inscribed polygon —  Area of circle
as “x —oo” and is read as “x approaches infinity” or “x tends to infinity”. as n — oo

Thus area of circle of unit radius =« = 3.142 (approx.)
(ii) Numerical Approach

Consider the function f(x) = x3
Symbolically it is written as “x — a” which means that x is sufficiently close to but different The domain of f{x) is the set of all real numbers.

from the number a, from both the left and right sides of a i.e; x — a becomes smaller and Let us find the limit of f(x) = x* as x approaches 2.
smaller as we please but x —a = 0.

version: 1.1 version: 1.1
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The table of values of f(x) for different values of x as x approaches 2 from left and
right is as follows:
from left of 2 > 2 €

from right of 2

x |1] 15| 1.8 | 1.9 | 1.99 |1.999 [1.9999 | 2.0001 | 2.001 | 2.01 | 2.1 2.2 25 |3
fix)=x3| 1|3.375| 5.832 | 6.859 | 7.8806 | 7.988 | 7.9988 | 8.0012 | 8.012 | 8.1206 [ 9.261 | 10.648 | 15.625 | 27
The table shows that, as x gets closer and closer to 2 (sufficiently close to 2), from
both sides, f(x) gets closer and closer to 8.
We say that 8 is the limit of f{x) when x approaches 2 and is written as:

f(x)—)8asx -2 or lim (x)=38

x—2

Let a function f(x) be defined in an open interval near the number “g" (need not be
at a).

If, as x approaches “a” from both left and right side of “a”, f(x) approaches a specific
number “L" then “L”, is called the limit of f(x) as x approaches a.
Symbolically it is written as:

Lim f(x)=L read as “limit of f{ix), as x = a, is L".

xX—a

It is neither desirable nor practicable to find the limit of a function by numerical
approach. We must be able to evaluate a limit in some mechanical way. The theorems on
limits will serve this purpose. Their proofs will be discussed in higher classes.

Let f and g be two functions, for which Lim f(x) =L and Lim g(x) =M, then

Theorem 1: The limit of the sum of two functions is equal to the sum of their limits.

Lim [f(x) +g(x)] = ezl?f(x) + Lim g(x) =L+M

xX—a

For example,  Lim(x+5)=Limx+ Lim 5 =1+5=6

Theorem 2: The limit of the difference of two functions is equal to the difference
of their limits.
Lim [f(x) - g(x)] =Lim f(x) - Lim g(x) =L-M

x—a

For example, Lin31 (x-5)=Lim x - Lim 5=3-5=-2

x—3 x—3
Theorem 3: If k is any real number, then
Lim [kf(x)} =k Lim f(x) = kL

For example: Lim (3x) = 3Lim (x)=3(2)=6
Theorem 4: The limit of the product of the functions is equal to the product of
their limits.

Lim [f(x) g(x)] = | Lim f(x)| | Lim g(x) | = LM

X—a xX—a

For example: Lim (2x)(x +4) = | Lim (2x)| | Lim (x+4)| =(2)(5)=10

x—1 x—1 x—1

Theorem 5: The limit of the quotient of the functions is equal to the quotient of
their limits provided the limit of the denominator is non-zero.

g(x) # 0,M= 0

=2

3x+4}_ Lim 3x+4)  6+4 10
Lim (x +3) 2+3 5

x—2

Theorem 6:  Limitof [ f(x)]', where nis an integer

Lim [f(x)]n Z(Lim f(x))n =L

x—a x—a

For example:  Lim (2x—3)3= (Lim (2x—3))3=(5)3 =125

x—4 x—4

We conclude from the theorems on limits that limits are evaluated by merely
substituting the number that x approaches into the function.

version: 1.1

x—1 x—1 x—1

version: 1.1

@)



1. Functions and Limits

elLearn.Punjab

1. Functions and Limits elLearn.Punjab
Example : If Px)=ax"+a_ x"'+ ..+a x+a,is a polynomial function of degree n,
then show that Lim P(x)=P(c)

X—>C

Solution: Using the theorems on limits, we have

T . n —1
=Lim Pfx) Lim (a,x" a _ x¥ +... ax+a,
X—>C X—>C
. . 1 . .
=a,Limx"+a,, Limx"" + ... +a, Lim x+ Lim a,
X—>C X—>C X—>C X—>C

=a,c" +a,_ c +..+ac+a,
Lim P(x)= P(c)
X—>C

1.5 LIMITS OF IMPORTANT FUNCTIONS

If, by substituting the number that x approaches into the function, we get (%j then we
evaluate the limit as follows:

We simplify the given function by using algebraic technique of making factors if possible
and cancel the common factors. The method is explained in the following important limits.

Case 1: Suppose n is a positive integer.

By substituting x = a, we get (gj form. So we make factors as follows:
X"—a"=(x—-a) (x""+ax"?+a* X"+ L+ o)

-1 -2 2 _n-3 -1
X' =ad" . (x—a)(ax” +ax" " ax"+....+tad" )
Lim = Lim
x—a x a xXx—a x a

=Lim (x»"+ gx"2 + g% x"3+ ..., + a" ") (polynomial function)

xX—a

=g+ a.0"?+0%.0" 3+ L+ a”‘1
=g+ g™+ T+ ...+ g™ (n terms)

Casell: Suppose nis a negative integer (say n =-m), where mis a

positive integer.

a’”
a

—1 [ j (a#0)
a”

. Lim X' - al —le( j( a ]

n —m
X - a X -
Now =
X -a X -

x"

-1
= o (ma™" ) (By case 1)
=-ma """
x"-a" _
Lim =na"" (n
xX—>a X - a

By substituting x = 0, we have (%j form, so rationalizing the numerator.

Jivaiva

Lim = Lim

x—0 X x—0

Vx+a-a _ . [m-@

X
XxXta-a

N p

= Lim

=0 x(\x+a++a)

X

= Lim

=0 x(\x+a+-a)

= Lim

B 1 :1
~Ja+Ja 2a

version: 1.1
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Example 1: Evaluate
: x -1 . x-3
| Li i) Lim ———
O e N S

2
Solution: (i) Lim xz'l [%Jform (By making factors)

x—1 X -X
2
Lim x2'1=Lim(x'1)(x+1)=Lim el 1+,
x—1 X -Xx x—1 x(x - 1) x—l1 X 1
.. x-3 0 )
i Lim ——— | — |fi By making factors of x — 3
(ii) xi'?\/;_\/g(o)om (By g )
x-3 o (B3 -\B3)
BN SN SO -
=Lin31(\/;+\/§)

=3 +3)
SYNE)

. Lim
x—3

oy

Jx)
gx)

Let us see what happens to the limit of the function f(x) if cis +oo or —oco (limits at infinity)
i.e. when x = +oco and x — —oo,

We have studied the limits of the functions f(x), f(x) g(x) and when x = ¢ (a number)

(@) Limitasx — +
1
Let f(x)=—, when x=0
X

This function has the property that the value of f(x) can be made as close as we please
to zero when the number x is sufficiently large.

We express this phenomenon by writing Lim L

X—>0 X

1. Functions and Limits elLearn.Punjab

version: 1.1

(b) Limit as x — —oo. This type of limits are handled in the same way as limits as x = +co.

l.e. Lim l:O, wherex # 0

X—>-0 X

The following theorem is useful for evaluating limit at infinity.
Theorem: Letp be a positive rational number. If x° is defined, then

Lim -~ =0and Lim -% =0,where ais any real number.

x40 xP x——o
. 6 . =S . =5
For example, Lim — =0, Lim —= = Lim —5 =0

x—>to0 X X—>—00 X X—>—0 X

) 1 , 1
and Lim —= = Lim — =0

X—>+00 S.X X+
xS

In this case we first divide each term of both the numerator and the denominator by
the highest power of x that appears in the denominator and then use the above theorem.

4 2

- +

Example 2: Evaluate Lim 5x3 IOXZ 1
x>+ —3x + 10x° + 50

Solution: Dividing up and down by x3, we get

. 55 -10x% + 1 . 5x - 10/x + 1/x° 0—-0+0
Lim 3 5 = Li T = =00
a0 =3 7 4+ 10x" +50 o0 =34+ 10/x + 50/ -3+0+0

4 3
Example 3: Evaluate Lim ?x —52x
o 3x° +2x7 + 1
Solution: Since x <0, so dividing up and down by (—x)> = —x>,
we get
4 g3 _ + 2
Lim 4x" - 5x _ g 4/x+5x> _ 0+0

o 37 +2x7 + 1 o 322/ -1/ =3-0-0

version: 1.1

=)



1. Functions and Limits

elLearn.Punjab

Example 4: Evaluate

(i)

Solution: (i)

Lim ——
x—>—00

(ii)
Lim ———

X—>+o0

By the Binomial
(H lj _H,{l

when n—— o©

x>0

n

=1+1+0.5+0.166667 +0.0416667 + ... =2.718281 ...

As approximate value

S Lim (1+ lj =e.
X—>+0 n

Lim —2-3x (i)  Lim 2-3x

Here \/7 |x|—-x asx <0

Dividing up and down by —x, we get

2-3x — Lim 2/x+3 0+3 3
V3 + 4x? - 3/ x* +4 V0+4 2
Here \/x7=| |=-xasx>0

Dividing up and down by x, we get

2-3%x _ . 2/x+3 0-3 _-3

Brar o 3/2+4 J0td 2

theorem, we have

2 3
j n(n—l)(lj +n(n—1)(n—2)[lj N
3/ n
e g
n n
z
n

3
n

. all tend to zero.

:l'—‘ N|,_.

1 1 1 1

.Lim(1+ lj=1+1+—+—+—+—+...

2!/ 3! 4/ 5!

of eis =2.718281.

version: 1.1
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Deduction Lim (1 + x)V* = ¢
x—0

We know that Lim (1+ l) =e

X—>0 n

1 1
putn= —, then — =x
X n

Whenx — 0, n — o

As Lim (1+ l) =e

X—>»0 n

Lim (1+ x)vx: e

x—0

Put o*-1=y
then a*=1+y

So x=log, (1+y)

(1)

in (1)

(i)

From (i) whenx—0,y—0

a -1 y

. Lim = Lim

x—0 X y—0 log (1 —+ y)

= Lim !

1

y—0 1

—log, (1+y)
y

0 log, (1+y)7

x—0 X

! = log, a ( Lim(1+ y)l/y = e)
log, e y=0

Deduction Lim (e -1}=logee = 1.

We know that Lim 4 -

x—0 X

=log, a

(1)

@)
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Puta=-ein (1), we have

X

e —1

Lim
x—0 X

=log, e=1.

Important Results to Remember
(i) Lim (e")=o (i)  Lim (¢*)= Lim (TXJ =0,
X—>0 X—>—0 X—>—0 e
(i) Lim (EJ =0 ,where g is any real number.

x—>to0 X

Example 5: Express each limit in terms of the number ‘e’

@)  Lim (1+ijn (b)  Lim (1+2h)"

n—>+o0 n h—0

Solution: (a) Observe the resemblance of the limit with

Lim (1+ l} =e
n—>0 n

2\ | .16 put m =n/3
Lim (1+ —j = Lim KlJr —j } = ¢° whenn — oo,
n—»+00 n m—>+w m
m — oo

1
(b) Observe the resemblance of the limit with Lim (1 +x)* =e,

x—0

1 1

2
s Lim (1+2h)" = %ilg{(l + 2h)2’1} (put m =2h, whenh —> 0, m — 0

h—0

m—0

—Lim{(l + m)’i’} =’

1. Functions and Limits elLearn.Punjab

version: 1.1

Let f, g and h be functions such that fix) < g(x) < h(x) for all numbers x in some open
interval containing “c”, except possibly at c itself.

If Limf(x)=Land Lim h(x)=L, then Lim g(x)=L

X—>C X—>C

Many limit problems arise that cannot be directly evaluated by algebraic techniques. They
require geometric arguments, so we evaluate an important theorem.

Proof: To evaluate this limit, we apply a new technique. Take 6 a positive acute central angle
of a circle with radius r = 1. As shown in the figure, OAB represents a sector of the circle.
Given |04| = |0B| =1 (radii of unit circle)
D

B
BC
—||OB|| = |BC| (- |OB| =1)

[4D|
In 1t AOAD, tanf = '—1 = |4D| (- 04| =1)
04
In terms of 6, the areas are expressed as:
Produce OB to D so that AD 1L OA. Draw BC L. OA. Join AB

.. Inrt AOCB, sin@ =

0 r=1 C A
(i)  Areaof AOAB = %|OA||BC| = % (1)(sin@) = % siné

1
—r
2

20y 1 _1 o
0= OO =50 (1=l

(i)  Area of sector OAB =
and (i)  Area of AOAD = %|OA||AD| = % (1)(tan8) = % tand

From the figure we see that
Area of AOAB < Area of sector OAB < Area of AOAD

= lsin@ < Q < ltan@
2 2 2

As sin 0 is positive, so on division by% sin 0, we get

version: 1.1
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1<% <! (0<9<1j o -
sin@  cos@ 2 1. Evaluate each limit by using theorems of limits:
) sin@ sin@
ie. 1> > cos¢ or  cosf < <1 () Lim (2x +4) (ii) Lim (3x* — 2x +4) (ili) Lim x* +x +4
< when® — 0, cos6 — 1 253 + 5y
since 209 is sandwitched between 1 and a quantity approaching 1 itself. (iv) Lim Nx* — 4 (V) Lim (WX + 1=V +5)  (vi) Lim ———=
So, by the sandwitch theorem, it must also approach 1. 2.  Evaluate each limit by using algebraic techniques.
. sin@
i.e., lim =1 . - . S+ -
o 0 (i) Lim —* (il) Lim | X (i) Lim ———5_
-1 x+1 x>0 X2 +Xx x—2 x2 +x — 6
Note: The same result holds for —-n/2 <6 <6 . . L ,
: - +3x — + . -
sin70 (iv) Lin]1 al 3)36 x - 1 (V) Lin’ll (xz al j (vi) Li};};l M
Example 6: Evaluate: Lim 5 ’H rooX oty -] ofx - Ax
' o ind (vii) Lim Vr=v2 (viii) Lim Vrth-x (ix) Lim ——%
Solution: Observe the resemblance of the limit with ff”g =1 =2 x =2 h=0 h wa XU - a
Let x=70 so that 8 = x/7 3. Evaluate the following limits
when 6 — 0 ) we have x = 0
. sin7x . sinx° 1—cos@
i i ' 1) Lim i) Lim ) Lim
[é”? sin70 _ Lil’())’l sm;c _q Li;? Sinx — ()(1)=7 (i) i (i) P (iii) o ing
— x—> X x—> X . .
(iv) Lim -2 (v) Lim 22X (i) Lim
 1—cos® o1 T —X =0 sinbx =0 tanx
Example 7: Evaluate: lgi’?{l wil) Lim l—cozszx ity Lim 1_.Cosx () Lim sin 0
. l-cos@® 1-cos@ 1+cos@ 0 X W0 s x 000
Solution: N 0 1 0 secx —cos x . l-cos p@ , .. tan@ —sin @
+ cos (x) Lim — (xi) Lim ————=—— (Xii) Lim TS —
1—cos* 0 sin” 6 sin@ 1 o o 720 1=cos q0 - sin” 0
= = = sin@
O(1+cos6)  O(1+cosb) ( 0 )(1+cost9j 4. Express each limit in terms of e:
liml_cose = lim sin@ lim sind lim ! n
00 2] 00 00 2] 050 14+ cos@ . 1 2n . 1\2 1 n
1 (i) Lim(1+—) (i) Lim(1+—j (iii) Lim(l——]
- (O)(l)(—) n—>+w© n n—>+w n =500 n
I1+1 LY 4V s
=(0) (iv) Lim 1+—j (v) Lim(l+—) (vi) Lim(1+3x)§
n—»+oo 3n n—»+o n x—0
version: 1.1 version: 1.1
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1

(vii) Lim(1+2x)7 (vili) Lim(1—2h)i (ix) Lim(ijx

x—0 h—0 X—>»00 1_|_ X
. el/x _ 1 . . el/x _ 1
(X) [;Zi)i el/x+1,x<0 (xi) inlga el/x+1,x>0
1.6 Continuous and Discontinuous Functions

In defining Lim f(x), we restricted x to an open interval containing c i.e., we studied

the behavior of f on both sides of ¢c. However, in some cases it is necessary to investigate
one-sided limits i.e., the left hand limit and the right hand limit.

(i) The Left Hand Limit

Lim f(x)= L is read as the limit of f(x) is equal to L as x approaches c¢ from the left i.e.,
for all x sufficiently close to ¢, but less than ¢, the value of f(x) can be made as close as we
please to L.

(ii) The Right Hand Limit

Lim f(x)= M is read as the limit of f(x) is equal to M as x approaches ¢ from the right
i.e., for all x sufficiently close to ¢, but greater than ¢, the value of f(x) can be made as close as
we please to M.

Note: The rules for calculating the left-hand and the right-hand limits are the same as
we studied to calculate limits in the preceding section.

Lim f(x)= L ifandonlyif Lim f(x) Lim f(x) L

version: 1.1

X—>C

Example 1: Determine whether Liiga f(x)and Lz‘;zq f(x) exist, when

2x+1 if 0< x £2
f(x)=37 — x if 2<x <4
x 1if 4< x <6

Solution:
(i) g;nf(x) zgi?} Rx+1)=4+1=5
Lip /) =Lin7-)=7-2=3
Since L_z;?gf(x) :Lj?gf(x):S
= LL’? f(x) exis;s and is equal to 5.
(i) %_z)znf(x) =];_l;£7;(7—x):7—4=3
Lip ) = Lin() =4
Since Li?gf(x) ;tLii?:zf(x)
Therefxc?re [;ilZi f(j:) does not exist.

We have seen that sometimes Lim f(x) =f(c) and sometimes it does not and also sometimes

f(c) is not even defined whereas Lim f(x) exists.

X—>C

(a) Continuous Function
A function fis said to be continuous at a number “c” if and only if the following three
conditions are satisfied:

(i) f () is defined. (i) Lim f(x) exists, (iii)y Lim f(x) =f(c)

(b) Discontinuous Function
If one or more of these three conditions fail to hold at “c”, then the function fis said to
be discontinuous at “c”.

version: 1.1
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Example 2: Consider the function f(x)=>—— 11
Y —
Solution: Here f (1) is not defined
= f (x) is discontinuous at 1.
x -1
Further Liqi f(x)= lin? = lin? (x + 1) =2 (finite)
X—> X—> x —_ X—>

Therefore f (x) is continuous at any other number x = 1

Example 3: For f(x) = 3x2 — 5x + 4, discuss continuity of fat x =1
Solution: Lim f(x)= Lim Bx* = 5x+4)=3 =5+4 2.

and f(1)=3-5+4=2
= Lim f(x)=f(1)

f (x) is continuous at x = 1

Example 4: Discuss the continuity of the function f(x) and g (x) at x = 3.
x2 -9 . 2
@ fo={x3 77 (0)  glr)= 1" ifrs 3
6 1ifx=3 ”,
Solution: (a) Givenf(3)=6
. the function fis defined at x = 3.
. . X" -9
Now Lim f(x)= Lim
x—3 x—3 X -
— Lim (x+3)(x-3) (0,3
x—3 x -3
= Lim (x + 3) =6

x—3

As Lin31 f(x)=6= f(3)

. f(x)is continuous atx =3

3
Fig (1)

It is noted that there is no break in the graph. (See figure (i)) ¥

x* -9 . .7}
(b) g(x)= if x# 3
x_3 (3, 8)

As g (x) is not defined at x =3
= g (x)is discontinuous at x =3

(See figure (ii)). (0.3

It is noted that there is a break in the graph at x =3
= X
Example 5: Discuss continuity of f at 3, ! ’
Fig (ii)
hen f(x)= x—-1 , 1if x<3
WREN TV ™ ox v 1, if 3 <x
Solution: A sketch of the graph of fis shown in the figure (iii). {_
We see that there is a break in the graph at the point when x =3 L
Now f(3)=2(3)+1=7 B
= Condition (i) is satisfied. ?: _____
Lim f(x) = Lim f(x — )=3 - 1=2 i |
x—3" x—3" I
Lim f(x)=Lim f(2x +1)=6+1=7 -
x—3" x—3" — |
Lim f(x) # Lim f(x) ?_7‘5
x—3" x—3" — :
i.e. condition (ii) is not satisfied o /- R
Lim f(x) does not exist /

Hence f(x) is not continuous at x = 3

1. Determine the left hand limit and the right hand limit and then, find the limit of the
following functions when x — ¢

-9

(i) fx)=2x>+x-5,c=1 (il) f(x)= , ¢=-3

(i) f(x)=|x-5

, ¢=15

version: 1.1
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2.  Discuss the continuity of fix) at x = c:

2x+5 if x <2
i) f(x)=
4x+1 if x 2
3x -1 1f x <1
(i)  f(x)= 4 if x=1.¢ =1
2x if x> 1

3x if x < -2
x> -1 if -2<x<2

3 if x>2
Discuss continuity at x =2 and x = -2

3. If f(x)=

x+2 , x < -1

4. If f(x)= find "¢"” so that Lim f(x) exists.

x——1

c+2 , x> -1

5.  Find the values m and n, so that given function fis continuous
atx = 3.

mx if x<3
(i) f(x)=< n if x=3
2x+9 if x >3

3 mx if x <3
(if) f(x)—{ )

x> if x >3

\/2x+5—\/x+7
6. If f(x)= x-2 ’
k x=2

b

Find value of k so that fis continuous at x = 2.

xX# 2

version: 1.1
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1.7 Graphs

We now learn the method to draw the graphs of the Explicit Functions like y = f(x) ,

where fix) =a*, e, log x, and log_ x.

Let us draw the graph of y = 2%, here a = 2.

We prepare the following table for different values of x and f(x) near the origin:

X -4 -3 -2 [ -110 1 2

3

4

y=f(x)=2*| 0.0625 [ 0.125[0.25]| 0.5 | 1 2 | 4

8

16

Plotting the points (x, y) and joining them with smooth
curve as shown in the figure, we get the graph of y = 2, v = fix)
From the graph of 2 the characteristics of the graph
of y = o* are observed as follows:
If a > 1, (i) o is always +ve for all real values of x.
(ii) ¥ increases as x increases.
(ii)o*=1whenx=0

Lrraply of
- ¥

¥

4

(iv)ax— 0as x »—o B

As the approximate value of ‘e’ is 2.718 Graphof |

yiEfy)=2

The graph of e has the same
characteristics and properties as that of o when
a > 1 (discussed above).

We prepare the table of some values of x and f(x)
near the origin as follows:

*

@)
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X -3 -2 —1 0 1 2 3
y=fx)=ex| 0.05 | 0.135 | 0.36 1 12718 | 7.38 | 20.07
Plotting the points (x, y) and joining them with smooth curve as shown, we get the

graph of y = ex.

(a) Graph of the circle of the form x° + y? = g2

Example 1: Graph thecircle x> +y2=4 (1)
Solution: The graph of the equation x? + y? = 4 is a circle of radius 2, centered at the
If x=10Y, theny = Ig x ¥ origin and hence there are vertical lines that cut the graph more than once. This can also be
Now for all real values of y, 10V >0 = x >0 1 seen algebraically by solving (1) for y in terms of x.
This means Ig x exists only when x>0 ; y=+4-x
=  Domain of the Ig x is +ve real numbers. 2 The equation does not define y as a function of x.
= For example, if x = 1, then y = +4/3.

Note: lg x is undefined at x = 0. VAR 3 B . . . .
£ / Hence ((1, \/5)) and (1, —\/5)) are two points on the circle and vertical line passes through

For graph of f(x) = Ig x, we find the values of Ig x from Ty these two points.

. . . el We can regard the circle as the union of two semi-circles.
the common logarithmic table for various values of x > 0. ‘
y=+4-x" and y = —v4-x’
Table of some of the corresponding values of x and f(x) is as under: Each of which defines y as a function of x. ,
X -0 [o1[1 [ 2 ] 4] 6 [ 8 [10]-+m y : 3
y=fi)=lgx|—-co| -1 | 0 | 0.30 | 0.60 | 0.77 | 0.90 | 1 |—+0c0 e 2O (16) Nl’
Plotting the points (x, y) and joining them with a smooth curve we get the graph as n_-ﬁ_n/ \m_ ) / \fﬂ-“
shown in the figure. — g —»x (@0 o
¥ (=1, /33 5 -j:l{l. 1) (0, -2}
% ¥
4 Graphof y = Ja-+ Graph of y = «Ja— & Graphof 2 +¥' =4
3 We observe that if we replace (x, y) in turn by (-x, y), (x, =y) and (=x, —y), there is no
‘ change in the given equation. Hence the graph is symmetric with respect to the y-axis, x-axis
The graph of f(x) = In x has similar properties as that 1 -
i and the origin.
of the grap.h of fix) = Ig x. | | o - > x x=0implies y2=4= y=22
By using the table of natural logarithm for various values - o S -+ f3
f x, we get the graph of y = In x as shown in the figure N x=11implies y=3="y=£J3
ot X, & srap y sure. 3 _ _‘{;r"_jjf”fn - x=2 implies y?’=0= y=0
4 By assigning values of x, we find the values of y. So we prepare a table for some values
of x and y satisfying equation (1).
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X

0

3

2

—1

-3

-2

y

12

+/3

+1

0

+/3

+1

0
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Plotting the points (x, ¥) and connecting them with a smooth curve as shown in the

Solution: For the choice of tin [-2, 2], we prepare a table for
some values of x and y satisfyin

g the given equation.

¥
k

figure, we get the graph of a circle.

2 2
(b) The graph of ellipse of the form % + % =1

Example 2: Graph ’2“_2 + y_j —1i.e.,9x*+4y>=36 Yy

3 (o, 3)

Solution: We observe that if we replace (x, y) in turn by (=x, ),
(x,—y)and (-x, —-y), there is no change in the given equation. Hence the

graph is symmetric with respect to the y-axis, x-axis and the origin. — 2 2 o
y=0implies x*=4= x=1%2 . ! L
x=0implies y2=9= y=43

Therefore x-intercepts are 2 and -2 and y-intercepts are 3 and -3
By assigning values of x, we find the values of y. So we prepare @-3)

t | 2]1-1]10 1 2 2.2
x | 4|10 1] 4 /
y | 2]1-1]10 1 2
We plot the points (x, y) , connecting these 0 > X
points with a smooth curve shown in figure, we '
obtain the graph of a parabola with equation (1,-1)
¥ = X. (2, -2)

Graphof x=t,y =t

X when 0 < x <1

Example 1:  Graph the function defined by y =
X p rap e tunction dertinea oy y {x—l when 1 <x <2

Solution: The domain of the functionis0 < x < 2

For 0 < x < 1, the graph of the function is that of y = x
and for 1 <x < 2, the graph of the function is that of y = x - 1

We prepare the table for some values of xand y in 0 < x < 2 satisfying the equations y
=xandy=x-1

a table for some values of x and y satisfying equation (1).

0

2

rra P]'I of

y +3 27 0 27 0

Ploting the points (x, y), connecting these points with a smooth curve as shown in the
figure, we get the graph of an ellipse.

(a) Graph the curve that has the parametric equations
x=t, y=t -2=<t<?2 (3)

version: 1.1

X 0 0.5 0.8 1.5 1.8 2
y 0 0.5 0.8 0.5 0.8 1
¢
14
9
8 —

fix)=x

Grraph of
flx)=x-1

%+ X
O] 172 3456 78 9 1111213131415161.71819 2
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Plot the points (x, y). Connecting these points we get two straight lines, which is the Scale for graphs

graph of a discontinuous function. .

Along x-axis, length of side o f small square = — radian

2 . . _ .

Example 2: Graph the function defined by y = X - 9, <3 Along y-axis, length of side of small square = 0.1 unit
x — 3 Two points (0, 0) and ( (n/3,1) lie on the line y = x

Solution: The domain of the function consists of all real numbers except 3.

0 We prepare a table for some values of x and y in the interval —-x < x < n it satisfying the
When x = 3, both the numerator and denominator are zero, and o is undefined. equation y = cos x.

x2—9:(x—3)(x+3)
x —3 x —3

Simplifying we get y = = x+3 provided x = 3. X —n | -57/6 | 2n/3| w2 |-n/3|-n/6|0| /6| n/3 |7/2|2n/3|57/6| =«

y=cosx| -1 [ —-.87 -5 0 -5 87187 5|1 0| -5]-87|-1

We prepare a table for different values of x and y satisfy the equation y = x + 3 and x = 3.
X | 3| -21]-1 0 1 2 |29 ] 3 | 3.1 4
4 0 1 2 3 4 5 [59] 6 | 6.1 7
yu
Plot the points (x, ¥) and joining these points we get .
the graph of the function which is a straight line except the 28
point (3, 6). e i P o
i _180° ~150' ~120° —B0° '
The graph is shown in the figure. This is a broken (0.3) i
straight line with a break at the point (3, 6). / i
i
0 3 = X

(i) cosx=x (i) sinx=x (i) tanx=x

We solve the equation cos x = x and leave the other two equations as an exercise for The graph shows that the equations y = x and y = cos x intersect at only where

the students.

X = ﬂ;z radian = 0.73

Solution: To find the solution of the equation cos x = x, 180
we draw the graphs of the two functions

43 o
y=x and y=cosx m<X<T Check: COS(@H’)Z cos 43° =0.73

version: 1.1 version: 1.1
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Note: Since the scales along the two axes are different so the line y = x is not equally

inclined to both the axes.

1. Draw the graphs of the following equations

N N S
(i) x*+y*=9 (i) 1_+T_1
(i) y=e* (iv) y=3*

2.  Graph the curves that has the parametric equations given below
(i) x=t,y=t,-3<t<3 where “t" is a parameter
(i) x=t-1,y=2t-1,-1<t<5 where “t" is a parameter
(iii) x=secH,y=tano6 where “0" is a parameter

3.  Draw the graphs of the functions defined below and find whether they are continuous.

(0 _x—lifx<3
YT Vo +1 if x =3

2

(i) y=x 4 x # 2
x—2

(i) o {x+3if x#3

12 if x=3

2_

iv) y=2"10 24
x—4

4.  Find the graphical solution of the following equations:

(i) X =sin 2x
.. X

i —=cosx
(ii) 5

(i) 2x=tanx

version: 1.1
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2.1 INTRODUCTION

The ancient Greeks knew the concepts of area, volume and centroids etc. which are
related to integral calculus. Later on, in the seventeenth century, Sir Isaac Newton, an English
mathematician (1642-1727) and Gottfried Whilhelm Leibniz, a German mathematician,
(1646-1716) considered the problem of instantaneous rates of change. They reached
independently to the invention of differential calculus. After the development of calculus,
mathematics became a powerful tool for dealing with rates of change and describing the
physical universe.

Dependent and Independent Variables

In differential calculus, we mainly deal with the rate of change of a dependent variable
with respecttooneormoreindependentvariables. Now, wefirstexplain the terms dependent
and independent variables.

We usually write y =¢/(x) where f (x) is the value of f atx D, (the domain of the function

/). Let us consider the functional relation v=f(x)=x"+1 (A)

For different values of xe D,, f(x) or the expression x*+1 assumes different values.
For example; if x =1, 1.5, 2 etc., then

F()=(1) +1=2, £(1.5)=(1.5) +1=2.25+1=3.25
f(2)=(2) +1=4+1=5
We see that for the change 1.5-1 = 0.5 in the value of x, the corresponding change in
the value of y orf(x) is given by
f(L5)-f(1)=3.25-2=1.25

It is obvious that the change in the value of the expression x*+1 (or f(x)) depends
upon the change in the value of the variable x. As x behaves independently, so we call it the

independent variable. But the behaviour of y or f(x)depends on the variable x, so we call it
the dependent variable.

The change in the value of x (positive or negative) is called the increment of x and is
denoted by the symbol 6x (read as delta x). The corresponding change in the dependent

variable y or f'(x) forthe change 6x inthevalue of x isdenoted by 6y or 6 = f(x+8x)— f(x).

version: 1.1
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Usually the small changes in the values of the variables are taken as increments of variables.

Note: In this Chapter we shall discuss funcions of the form y = fix) where X€D, and is

called an independent variable while y is called the dependent variable.
211 AVERAGE RATE OF CHANGE

Suppose a particle (or an object) is moving in a straight line and its positions (from
some fixed point) after times ¢ and ¢, are given by s(¢) and s(¢, ), then the distance traveled in

the time interval 1, —r where 1, >t is s(,)—s(¢)

and the difference quotient M (i)
-

represents the average rate of change of distance over the time interval ¢ .

If ¢, —¢ is not small, then the average rate of change does not represent an accurate rate
of change near t. We can elaborate this idea by a moving particle in a straight line whose
position in metres after t seconds is given by

s(t)=1*+1¢

We construct a table for different values of t as under:

Interval Average rate of change (i.e. average speed)
t=3secstot =35 secs S(5)—S(3) _ (25+5)—(9+3) _30-12 9
5-3 2 2
t=3 secs to 1 =4 secs s(4)-s(3) _ (16+4)-12 _20-12 _
4-3 1 1
t=3secstot=3.5secs (49+7j_12 15
s(3.5)—s(3) _\4 2 _ 4 75
3.5-3 0.5 0.5

We see that none of average rates of change approximates to the actual speed of the
particle after 3 seconds.

version: 1.1
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Now we construct a table by taking small intervals.

Interval Average rate of change
3.1) +3.1)-12 B
t=3secstot=3.1secs (( ) ) = 1271-12 = 0.71 =7.1
3.1-3 0.1 0.1
3.01)" +3.01)-12 B
t=3secstor=23.01 secs (( ) ) _ 12.0701-12_ 0.0701 =7.01
3.01-3 0.01 0.01
3.001)° +3.001)-12
t=3secstot=23.001 secs (( S+ ) _ 12.007001-12 _ 0.007001 _, ),
3.001-3 0.001 0.001

The above table shows that the average rate of change after 3 seconds approximates
to 7 metre/sec. as the length of the interval becomes very very small. In other words, we can
say that the speed of the particle is 7 metre/sec. after 3 seconds.

If t,=t+0t
then the difference quoteint (i) becomes

s(t+6t)—s(t)
ot
which represents the average rate of change of distance over the interval 6t and

i S(t+5t)—s(t)
m St , provided this limit exists, is called the instantaneous rate of change

of distance ‘s’ at time ¢.

212 Derivative of a Function

Let / be a real valued function continuous in the interval (x,xl)ng (the domain of
f), then

f(x)=f(x)

X —X

difference quotient (i)

represents the average rate of change in the value of f with respect to the change x, —x in
the value of independent variable x.
If x,, approaches to x, then

version: 1.1
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i L= ()

X —=>Xx xl — X

provided this limit exists, is called the instantaneous rate of change of f with respect to x

at x and is written as f"'(x).
If x, =x+Jxie.,x —x=0x,then the expression (i) can be expressed as

f(x+5x)—f(x)
ox

(i)

and

fim L (80)-/(x) (iii)

ox—0 5x
provided the limit exists, is defined to be the derivative of f (or differential coefficient
of f)with respectto x at x and is denoted byf'(x) (read as “f-prime of x"). The domain of

f'consists of all x for which the limit exists. If xe D,and f'(x) exists, then fis said to be
differentiable at x. The process of finding 1 is called differentiation.

Notation for Derivative
Several notations are used for derivatives. We have used the functional symbol f'(x),

for the derivative of f at x. For the function y = f(x).
y+§y=f(x+5x)-

where 6y is the increment of y (change in the value of y) corresponding to Jx,the
change in the value of X, then

5y=f(x+5x)—f(x) (iv)
Dividing both the sides of (iv) by X, we get

Sy _ f(x+5x)—f(x)
ox ox

(V)

Taking limit of both the sides of (v) as 6x — 0, we have

version: 1.1
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lim &7 — jim L 5+ 00) =/ (x)

Ix—0 5 X dx—0 5 X

(Vi)

. 0y . dy " . dy
lim — 1s denoted by — , so (vi) is written as —= f'(x
530 5 x Y dx v1) dx s ( )

Note: The symbol ? is used for the derivative of y with respect to x and here it is not a
X

quotient of dy and dx. % is also denoted by y".
X

Now we write, in a table the notations for the derivative of y = f(x)used by different
mathematicians:

Name of Leibniz Newton Lagrange Cauchy

Mathematician

A £ (%) £(x) Df (x)

Notation used for derivative — ——
dx or dx

If we replace x+6x by x and x by a, then the expression

f(x+6x)— f(x) becomes f(x)— f(a). and the change éx in the independent variable, in this
case,is x—a.

S (x+ox)-f(x) is written as f(x)-f(a)

So the expression
ox xX—a

(vii)
Taking the limit of the expressiom(vii) when x — a, gives

()1 (a)

xX—a xX—dad

=f"(a). Here f"(a)

is called the derivative of fat x=a.

version: 1.1
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2.2 FINDING f'(x) FROM DEFINITION
OF DERIVATIVE

Given a function f, f'(x) if it exists, can be found by the following four steps
Step | Find f(x+6x)
Step Il Simplify f(x+dx)— f(x)

f(x+5x)—f(x)

Step il Divide f(x+dx)-f(x) by &x to get > and simplify it
X
Step IV Find lim S (x+6x) - f(x)
5x—0 5)(7

The method of finding derivatives by this process is called differentiation by definition
or by ab-initio or from first principle.

Example 1: Find the derivative of the following functions by definition

@ f(x)== (b) f(x)

Solution: (a) For f(x)=c
(i) f(x+§x):c
(i)  f(x+6x)—f(x)=c—-c=0
)

(iii) =—=0

ox ox
i) gm L)) (0)=0
Oox—0 5x Ox—0
. d
Thus f'(x):O , that is, — (c) =0

dx

(b) For flx)=x°
(i) f(x+5x):(x+5x)2
(if) f(x + 5x) — f(x) = (x + §x)2 — X’ =x"+2x0x + (5)6)2 —x
= 2x0x + (5x)2 =(2x+6x)6x

version: 1.1
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f(x+é'x)—f(x) (Zic+5x)5x

_(Z _2 0
(i) S5 5 x ox, (6x 0)
(iv) lim f(x+5x)—f(x) = lim (2x+5x):2x
Ox—0 5x Ox—0
ie., f’(x)=2x
Example 2: Find the derivative of /x atx=a from first principle.
Solution: If f(x)= Jx , then
(i) f(x+6x)=+x+6x and

(i) f(x+6x)—f(x)=vx+5x - Jx

_ (Vx+6x - Jx)(Vr+0x +Vx) (Vationalizing the]

Jx+6x +x
_ (x+5x)—x
Jx+6x +/x

numerator

(1)

. ox

le., f(x+5x)—f(x)—m+\/;

(iii) Dividing both sides of(1)by ox , we have
f(x+5x)—f(x) ox 1

ox ::5;(\/x+5x +x) Jx+ox ++/x
(iv) Taking limit of both the sides as 6x — 0, we have

( ox 0)

fim LN () e

1
5x—0 5x §x%0(,1x+5x+\/;j

e, j%ﬂ:J;LE:%k (x>0)
and f'(a)= T

version: 1.1
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or

Putting  x=ainf(x) =Jx , gives f(a) Ja

So S (x)=f(a)=\x~a

Using alternative form for the definition of a derivative, we have

f(x)=f(a) _x-+a

X—d a

() )
- (x—a)(\/;+\/;)

(rationalizing the numerator)

. X-a 1 ‘ a
_(x_—fa)(x/;+\/;) \/;+\/; ( )

Taking limit of both the sides of (ll)as x — a, gives

()

. f(x)-f(a) . 1 1
T rd S iids Ja+da

e, "(a)=
fa) 2Ja
1 dy .
Example 3: If y=—, then find e at x=— 1 by ab-initio method.
X X
. 1 .
Solution: Here y=—,so (i)
X
y+oy= 1 (if)
(x+5x)2
Subtracting (i) from (ii), we get
1 1 _)62—()c+c3')c)2

Sy=—— - =
Y (x+5x)2 x° xz(x+5x)2

(x + (x + 5x))(x — (x + 5x))

x? (x + 5x)2

O
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2. Differentiation elLearn.Punjab

:£2x + 5x)(—5x) —5x(2x + 5x)
)c2(3c+5)c)2 )c2(3c+5x)2

(iii)
Dividing both sides of (iii) by 6x,, we have

Sy  —6x(2x ++5x) —(2x+6x) (6x 0)
ox x* (x+ 5)52 ox x° (x+ 5x)2

Taking limit as 6x — 0,, gives

lim oy = lim —(2x—+5x)2
ox—0 5x ox—0 x2 (x + 5)(:)

Note: The value of &y at

: : dy
IS written as — |
X dx x=—1

2
Example 4: Find the derivative of x* and also calculate the value of derivative at x = 8.

2

Solution: Let f(x)=x’.Then

f(x+5x) :(x+5x)§
and

) 5 [(x+5x)§—x§j|:(x+5x)i+(x+5x)§.x§+x;‘:|
f(x+8x) = f()=(x+8x) —x* =

4 2 2 4
(x + 5x)5 + (x + 5x)5 X3+ 3

version: 1.1
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I:(x+5x)§:|3 —(xi 3

4 2 2 4 4 2 2 4
(x + 5x)5 + (x + 5x)g X3+ x3 (x + 5x)5 + (x + 5x)5 X343

(x + 5x)2 —x°

e, f(x+6x)- f(x)= Ox(2r+dx) (i)
(x + 5x)3 + (x + 5x)5 X34 x°

Dividing both the sides of (i) by 6x , we get

f(x+5x)—f(x) 2x+0x .
= — (i)
é‘x 4 2 i

(x+6x)3 +(x+6x)3 X3 4 x3
Taking limit of both the sides as §x — 0, we have

\ 2x 2x 2
f(x): 4 2 2. 4

and  S®=—r=1
3.(8)}
Example 5: Find the derivative of x’ +2x+3.

Solution: Let y=x’+2x+3. Then
() y+oy=(x+8x) +2(x+5x)+3
(ii) §y=_(x+5x)3+2(x+5x)+3}—[x3+2x+3]

::(x+5x)3 —x3}+2[(x+5x)—x]+(3—3)

= :(x+5x)—x][(x+5x)2 +(x+5x)x+x2J +20x

i 5y:5x[(x+5x)2+(x+5x)x+x2]+25x

X ox

version: 1.1
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:(x+5x)2+(x+5x)x+x2+2

(v) 1im2 = lim | (e 6x)" + (x4 Sx)x+ 2" +2

Ix—0 5 X ox—0

%z(x)2+(x)x+x2+2

i.e., i(x3 +2x+3) =3x+2
dx

(@) We find the derivative of x" when n is positive integer.
(@) Let y=x".Then
y+5y=(x+5x)n
and 5y =(x+6x) —x"
Using the binomial theorem, we have

Sy= {x" +ax" Sx + ”(”2_ D

X"((0x (5x)">;| %

n(n—1)

2
Dividing both sides of (i) by ox, gives

ie., 5y=5){nx"_l+ #PHx . (5x)”_1} (i)

%:nx”1 + n(Tz_ 1) X" 6x +.. (Ox)" (i)

Note that each term on the right hand side of (ii) involves 6x except the first term, so

taking the limit as 6x — 0, we get Q:nx”‘l

dx

As y=x", so %(x”) nx""

version: 1.1
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' reduces to i(xo):OxO‘1

dx

Note: If n = 0, then the formula i(x"):nx"‘

dx

4 (1)=0 which is correct by example 1 part (a).

X

(b) Let y=x" where n is a negative integer.
Let n =-m (m is a positive integer). Then

y=x"=— (1

1 .
and +0y=——"— (i)
yrer (x+5x)m

Subtracting (i) from (ii). gives

5y=;m—i= X —(x+5x21
(x+5x) x" x’”(x+5x)
x" —(xm - mxm_l5x+m(m_l)x”’_2(5x)2 +...+ (é‘x)m)
_ 2
x" (x+5x)m

(expanding (x+6x)" by binomial theorem)

m(m—l)
|2
xm.(x+5x)m

and 5y= il .meml +ﬂvné;l)xmz.5x (5x)m_l]

ox x’”l(x + 5x)m

—é'x(mxm1 +

X"2Ox + ..+ (é'x)m_l]

Taking limit when 6x — 0, we get

& )

— (all terms containing Jx ,vanish)
dx  x".x

=0 i.e,,

()
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or %(x) = nx

So far we have proved that di[x] =nx"",if neZ
X

The above rule holds if neQ0-Z

1

2 2.
For example i(ﬁ):%ﬁ 2
3x3

dx 3

The proof of di[x] —nx"" when ne Q-7 is left as an exercise.
X

Note that i[x} =nx"" is called power rule.
dx

1.  Find by definition, the derivatives w.r.t ‘x’ of the following functions defined as:

. , ) B T o1 1
(i) 2+1 (i) 2-+x (i) N V) v —
Vi) x(x-3) (i) = Wil (x+4) (%) X x) x
X
(xiy * -MEN  (xii) ml (xiii) x" (xiv) x "
X" ,me
2. Find @ from first principle if
dx
(i) Vx+2 (if) ——
X+a

version: 1.1
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2.2.2 DIFFERENTIATION OF EXPRESSIONS OF THE TYPES:

1

(ax+b)n and -, n=12,3...
(ax+b)
We find the derivatives of (ax+5)" and — from the first principle when ne N
(ax+b)
Example 1: Find from definition the differential coefficient of (ax+5)" w.r.t. ‘x’ when n

is a positive integer.

Solution: Lety = (ax + b)", (nis a positive integer)

Then y+§y:[a(x+5x)+b]n :[(ax+b)+a5x]n
Using the binomial theorem we have

y+Sy=fax b) m(mx b)" (adx) (Zj(kax b)Y (as%) +... (adx)
Sy=(y+8y)-y= m(ax +b)" (adx)+ @(ax +b)” a(6x) +..+a" (5x)'

=5J{(T](ax+b)nl .a+@(ax+b)"-2 .a25x+...+a"(5x)nl}

Q_ n n—1 n n—-2 2 n n—1
So 5x—(1}(ax+b) a+(2)(ax+b) aox+..+a (§x)

Taking limit when 6x — 0, we have

Ox—0 5x Sx—0

lim oy = lim KTJ(W + b)n_1 a+ (ZJ(ax + b)n_2 aox+..+a" (5x)nl}
Or @ = (Tj(ax+b)"_l .a [All other terms tends to zero when 6x - 0]

dx

Thus %(ax + b)" = n(ax + 2'7)"_1 a
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Example 2: Find from first principle, the derivative of

Solution: Let y= (when n is a positive integer). Then

n

(ax+b)

y+0O0y= ! and

[a(x + 5x) + b]n

Sy=y+dy—-y= 1 —
[(ax+b)+a5x]n (ax+b)n

(ax + b)" — (ax +b+ aﬁx)n
[(ax + b) + aé‘x]n (ax + b)n
-1

o é‘y:[(aix+1;)+a§x]n (ax=+b)

or Jy=

nx[(ax b) aé‘x]" (ax b)n]

Using the binomial theorem, we simplify the expression

[(ax+b)+asx] —(ax+b) Thatis,

[(ax+b)+adx] —(ax+b) =[(ax+b)’ +[fj(ax+b)"_] (abx)
+[Zj(ax+b)n_2 & (5x) +...+(adx)']

_ @(ax b)Y asx+ @(ax £BY @ (65 4ot a (Sx)

:5xKT](ax+b)"l .a+(§)(ax+b)"_2 a25x+...+a”(5x)nl}

Now (I) becomes

o= [(ax+b)+a55);]n(ax+b)"[(nJ(a% 2

(ax+b)

w.r.t. ‘x’,

n

)

version: 1.1
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+(Z](ax + b)n_2 a’ox+..+a" (5)6)”_1]

and oy _ ! - [(n](ax b)n_l.a
ox [(ax+b)+a5x] (ax+b)n 1

+(Zj(ax+b)n_2 .a25x+...+a”(5x)n_l]
Using the product and sum rules of limits when 6x — 0, we have
oy _dy

v lim—=
ox—0 5x dx

d_ : (f](aae b a

dx (ax+b)n (Clx+b)n OX vanish

1 —na
or = n = I nl
dx {(aerb) ] (ax+b)

and

all other terms containing

1.  Find from first principles, the derivatives of the following expressions w.r.t. their

respective independent variables:

(i) (aerb)3 (ii) (2x+3)5
(i) (3r+2)" (iv) ( ib)s
ax
1
M by

version: 1.1
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2.3 THEOREMS ON DIFFERENTIATION

We have, so far proved the following two formulas:

1. %(0) =0 i.e.. the derivative of a constant function is zero.
X

2. di(x”)znx”_l power formula (or rule) when n is any rational
X
number.

Now we will prove other important formulas (or rules) which are used to determine
derivatives of different functions efficiently. Henceforth, in all subsequent discussion, f, g, h
etc. all denote functions differentiable at x, unless stated otherwise.

3. Derivative of y=cf(x)

Proof: Lety=c¢f(x) . Then

(i) y+dy=cf(x+5x)and

(i)  y+8y—y=c (x+8x)—cf (x)

or Sy=c|f(x+dx)-f(x)] (factoring out )

iy 9 :C(f(x+5x)—f(x)j

ox ox

Taking limit when §x—0

e tim LX) = (%)

(iv) lim lim o

dx—0 5 X Ix—0

3 i {C.f(xwgz—f(ﬂ}

A constant factor can be taken out from a limit sign.

Thus =c f'(x) thatis, [cf(x)}l =cf '(x)

dx

4
Example 1: Calculate i(&ﬁ)
dx
d(, 3 d{ 3
Solution: E(3x3]=3£(x3] (Using Formula 3)
4 L 1
=3X§X3 =4x° (Using power rule)

4. Derivative of a sum or a Difference of Functions:
If f and g are differentiable at x, then f + g, f — g are also differentiable at x

and [f(x)+g(x)1 =f'(x)+g'(x), that s, %I:f(X)-i-g(X)]:%[f(X)]-Fa g(x)] Also
[7()-2(x)] = /()= (x)- thatis, L1 (x)-g(x)] =L s (x)]-L ()]

Proof:  Let ¢(x)=/(x)+g(x).Then

(i) (x+5x) (x+5x)+g(x+5x) and

(ii) ¢(x+5x) ( )= f(x+5x)+g(x+5x [f (x)]
=[ f(x+0x)- f(x)]+[ g(x+0x)-g(x)] (rearranging the terms)
¢(x+§x) ( ) If(x+5x) ( ) g(x+§x)—g(x)

ox ox ox
Taking the limit when 5x — 0

¢(x+5x)—¢(x) dim f(x+5x)—f(x) g(x+5x)—g(x)}

(iii)

(iv) lim

ox—0 5x ox—0 5_x 5_x
—dim f(x+5x)—f(x) lim g(x+5x)—g(x)
Ox—0 5x Ox—0 5_)(;

(The limit of a sum is the sum of the limits)

= () +g'(x), thatis [ £(x)+g(x)] = £'(x)+£'()
or < f(x)+g(x)]==L ()] + ()]

The proof for the second part is similar.

version: 1.1
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Note: Sum or difference formula can be extended to find derivative of more than two

functions.

Example 1:

Solution: y-= Seelei Ll iongs
4 3 2
Differentiating with respect to x, we have

dy[3 4+2x +1x +2x+5} i[§x4}+i{3x3}+ d{l 2}+i(2 )+i(5)
dx 3 2 dx| 4 dx| 3 dx dx dx

(Using formula 4)

:%%(x) icj’ic(x)Jr;ch( )+2%(x)+0 (Using formula 3 and 1)

3

:Z(4x4_1)+§(3x3_1)+%(2x2_1)+2(1.x1_1)

=3 +2x° +x+2

(By power formula)

Example 2:

Solution: y=(x*+5)(x’+7) =X +5x° +7x* +35
Differentiating with respect to x, we get

dyd

I dx[x +5x° +7x° +35]

:%[xsj+5%(x3)+7%(x2)+%[35] (Using formulas 3 and 4)

=5x>T+5x3x3"+7x2x%"+0
=5x*+ 15x2+ 14x

Find the derivative of y 2ol o w.r.t. x.

Find the derivative of y =(x”+5)(x"+7) with respect to x.

version: 1.1
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Example 3:

Solution: y= (2\/; + 2)(x—\/§)
=2(Vx +1)fx (V= 1) =24 (Ve +1)(Vx - 1)

3 1

=2\/§(x+1):2(x2—x2]

Differentiating with respect to x, we have

3 1
d_y:i 2| x2 —x?
dx dx

5. Derivative of a product. (The product Rule)

If f and g are differentiable at x, then fg is also differentiable at x and

[f(x)g(x)] =/"(x)g(x)+ f(x)g

e
%mx)g( L 70]

), that is,

)[%[g(x)ﬂ

Proof:  Let ¢(x)=f(x)g(x). Then
(i) ¢(x+5x) ( )g(x+5x)
(ii) ¢(x+§x) ( ) (x+5x) (x+5x)—f(x)g(x)

Subtracting and adding f(x)g(x+dx) in step (ii), gives
¢(x+5x)—¢(x)=f(x+5x) (x+5x)—f( ) (x+5x)+f( ) (x+5x)—f(x)g(x)
—[f x+5x ]g x+§x)+f [g x+5x) (x)]

Find the derivative of y= (2\/§ + 2)(x —\/E) with respect to x.

@)
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e e e TR e

Taking limit

(iv) lim

when 6x —0

¢(x + 5x) — ¢(x)

6x—0

ox

= lim{f(x+5x)_f(x)-g(x+5x)+f(x).g(x+5x)‘g(x)}

ox ox

d

lim g(x + 6x) + lim £ (x). im S0 28()

ox x>0 5x—0 5x—0 ox

(Using limit theorems)

- PR+ F(D)g(x) [ lime(x+o)=g(x)]

d

or 4L r(x)e(]=e (]} elx) 10 4ex)

Example: F

ind derivative of y=(2\/;+2)(x—x/;) with respect to x

Solution: y= (2\/§ + 2)(x = \/;)

= z(x/;+1)(x—\/;)

Differentiating with respect to x, we get

@ _,
dx

=2

=2

A1)

dx

:(%(&+1)j(x_¢;)+(¢;+1)di(x_¢;)}

X

:ex;I +Oj(x—\/;)+(\/;+l) x (1—%x;1ﬂ

2. Differentiation
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(=)

version: 1.1

1 1
=2_m(x—\/;)+(\/;+l)x(l—2\/;ﬂ
[ x—x Jx -
T +(¢;+1)(2z_&lﬂ
=%[x—\/;+2x—\/;+2\/;—1}
_ 3x-1
- U

6. Derivative of a Quotient (The Quotient Rule)

If f and g are differentiable at x and g(x)=0, for anyxe D(g)then /s differentiable

at x and (f(x)j = f'(x)g(X)—fgx)gv(x)
[g(x)]

] Ll @) e
that Is, —{ } [g(x)T

i ot S)—d(x :f(x+5x)_f(x):f(x+§x)g(x)—f(x)g(x+§x)
(i) ¢( 5) ¢() g(x+5x) g(x) g(x)g(x+5x)

Subtracting and adding f(x)g(x) in the numerator of step (ii), gives

f(x+§x)g(x)—f(x g(x)—f(x)g(x+5x)+f(x)g(x)

¢(x+5x)—¢(x)= g(x)g(x+5x)
1

_ [(f(x+8x)= £ (x)) 2 (x)- 1 (x)(g (x+6%) - g(x))]

g(x)g(x+dx)
=)

version: 1.1
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#(x+6x) - g(x) f(x+6x)—f(x) (x+6x)—g(x)
(iii) N _g(x)g(ﬁgx){ = glx) f(x) BT }

Taking limit when §x — 0

(v) lim 29090

Ox—0 5_x

£i£r({g(x)g(1x+5x)(f(x+55)2—f(x).g(x)_f(x).g(x+5x)—g(x)ﬂ

Using limit theorems, we have

1

V) mal e S)ekn] = (v lime(r o) g(x)

Thus (f (x)}' S(Ng(x)-f(x)g'(x) d ( f(x)] [dx[f (x)]}g (x)-1 (X)[;i[g(ﬂﬂ
g(x) [g(x)] dx

First Alternative Proof:

/(%)
g(x)
Using the procedure used to prove product rule, quotient rule can be proved.

Second Alternative Proof: We first prove the reciprocal rule and then use product rule to
prove the quotient rule.

¢(x)= can be written as f(x)=¢(x)g(x)

The reciprocal rule. If g is differentiable at x and g(x) =0, then L is differentiable at x and

g
d
d| 1 ‘d[g o . . .
— =—4ax — (Proof of reciprocal rule is left as an exercise)
dx| g(x) [g(x)

version: 1.1
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Using the product rule to f(x). :

g(x)’
%{m)-g(lx)}={%[f<xﬂ)-ggx) f(X)-%L(IxJ

3

(\/;+1)(x2 —IJ

Example 2: Find & if y= 1 . (x#1)
dx xi _1

Solution: Given that

] () 0]
y== % \/;

( x+1))c( )(x+1+\/—) (\/;+1)(x+1+\/;)

-1

(\/;+1)(\/_ )(x+1+\/_) (\/;+1)2 (\/;+1)x

= x+1+2\/;+x\/_+x x2 +2x+2x2 +1

1 3 1
@_4d x2 +2x+2x i) x2 +i(2x)+i 252 +i(1)
dx  dx dx dx dx dx

1
:%x2+2(1)+2. !

w

+O=i\/;+2+L

2 2 Jx

=)
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Example 3: Differentiate —— with respect to x.

Solution: Let y= —

(\/;+1){x;—l}
\/;(x—l)
(\/_+1)(\/_ )(x+ x+1) (x 1)( x+1)
Vr (Vx -1) Vx(Vx-1)

_ x+Ax+1

NS

Differentiating with respect to x, we have

ﬂ_i x++x+1
dx  dx \/;
_ \/;;i()w x+1)—(x+ x+1)§;(\/;)

)

(
@+ xz+oj - x+1( ]

J;@+2J;)4x+ )

X

ﬁ‘

\/;(2\/;+1]_x+ x+1

L 2V 2x  2xax—x—x-1 x-d
- T 3
X x2x 252
3 a2
Example 4: Differentiate 2x 23x 3 with respect to x.

x +1

Solution: Let ¢(x)= 2x _23x >

+1
f(x)=2x3—3x2+5 and g(x)=x"+1

. Then we take

Now f'(x)= j[Zx ~3x" +5]=2(3x") - 3(2x) + 0= 6x" — 6x
X

and g'(x)zdi[x2+l]=2x+0 = 2x
X

['(x)g(x)-f(x)g'(x)
[5(x)]
d {2;63 — 352 +5} ~ (6x2 —6)6)()62 +1)—(2x3 +3x° +5)(2x)
dx x*+1 (xZ +1)2
6x* —6x" +6x” — 6x — (4x* — 6x” +10x)
(x2 +1)2
6x* —6x° +6x —6x—4x* +6x° —10x

(x2 +1)2

B 2x* + 6x* —16x

(x2 +1)2

,we obtain

Using the quotient formula: ¢'(x)=

Differentiate w.r.t. x

a+x

1. X2+ X7 2. X 42x7% 43 3.
a—x

version: 1.1
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2x-3
4 5 -5)(3
vt (x=3)(3-x)
3
42
(1+\/;)£x x J (x2+1)2
7. 8. 5
Jx x* -1
I+x 2x—1
10. 11.
1-x VX' +1
2
13. x"+1 14. Vi+x —l1-x
x> =1 J1+x ++/1-x
16. Ify:\/——L,ShOWthath@+y:2\/;
\/; dx

4xy—1

17. If y=x"+2x*+2, prove that §:
X

24 THE CHAIN RULE

12.

15.

(5-4]

x+1

2
X

a_
a—+
xNa+x
va

3
X
X

-X

The composition fog of functions fand g is the function whose values f[g(x)], are found

for each x in the domain of g for which g(x) is in the domain of f.(f[g(x)]) isread as fof g

of x).

Theorem. If g is differentiable at the point x and f is differentiable at the point g(x) then

the composition function fog is differentiable at the point x and ( fog)'(x)= /" [g ].g'(x)
The proof of the chain rule is beyond the scope of this book.
If y=(fog)(x f[g ],then
(fog)'(x)=£/[ g(x ] ==
= ——f [g(x ]-g'(X) (1
Let u= g(x) (i)
Then y=f(u) (iii)
version: 1.1
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Differentiating (ii) and (iii) w.r.t x and u respectively, we have.

dx [g )]=2'(x)

2 d[f )=/

Thus (|) can be written in the following forms

and

d o d
@ (/) =r()
o D du

dx du dx

The proof of the Chain rule is beyond the scope of this book.

Note: 1. Let y:{g(x)]" and u g(x)

n dv n—
Then y =u" and — = nu"" (power rule)

du
dy dy dll nun—l@
dx  du’ dx dx

or [ g(x)]' =n[g(x)]".

2. Reciprocal rule can be written as

But

| ] = ]
x)]f2 .g’(x)

Example 1: Find the derivative of (x3 +1)9 with respect to

Solution: Lety+:(x3 1)1andu ¥ 1Theny u’

version: 1.1
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Now ﬁzéxz and @ 9u®

(Power formula)
dx du

Using the formula A _ g, , we have

X dx
or i(ﬁ +1)9 =9(x3 +1)8(3x2) ( u =x" +l and du :3x2j
dx dx
=272 (* +1)
Example 2: Differentiate |~ ,(x#—a) with respect to x
a+x
1
Solution: Let y= X and u=""2 Theny u?
a+x a+x
1 1
Now ﬂzlbﬂ 1:lu 2
du 2

and ﬂ:i{a—x}: L?;(a_X)}(“”)—(a—X){ic(am)}

dx dx|a+x (a+x)2
:(0—1)(a+x)—:(_fl—x)(0+1) —a—-x—a+x —2a
(a+x)2 (a+x)2 (a+x)2
Using the formula _y_ﬂ.@, we have
x u dx
d| |a-x _l —% —2a _l(a—xj; y —2a ( u:a—xj
dex\ Va+x 2 (a+x) 2 a+x (a+x) a+x
1
(a—x) 2 —a —a
N 1 N T 3
(a+x) 2 (a+x) (a—x)2(a+x)2

version: 1.1
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Example 3: Find 2 if _Natx+ya-x (x#0)
dx \/a+x—\/a—x
Solution: _Natx+va-x

P atx—Ja—x

Multiplying the numerator and the denominator by va +x —va—x, gives

_(\/a+x+\/a—x)(\/a+x—\/a—x)
y‘(Ja+x_Ja_xxJa+x_Ja_x)

(m)z—(m)z :£a+x)—(a—x) 2x
(a+x)+(a—x)—2\/a2—x2 2a—2Jd* —x° 2(a—\/a2—x2)

X

a—-a’ —x°
Let f(x)=x and g(x)=a—+a’—x*, then

1

f(x)'zl and —g'(x):(} %(uz 3&2)5 l(a2 —xz)gil d (a2 x2)

thatis, y =

Using the formula j—y = S'(x) g([x)(— )Jigx) g'(x)
x g(x
2 2 X
d_yzl.(a— a —x )—x. E—
N P

2 2 2 2 2
aNa —x —(a -X )—x aNa* —-x* —-d°
= 2 =
\/az—xz(a— az—xz)
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o) |
\/az—xz(a—\/az—xz) \/az—xz(a— az—xz)

N | W

Example 4: Find % if y :(1+2\/;)3 X
X

Solution: y=(1 4‘3\5)3'"; {(1 2\/;)()(;}}3

\ ;
Let u :(1+2\/;).x2 (1)
Then y=u’ (ii)
Differentiating (ii) with respect to u, we have |

2
d__ , 1 2
;lii__w 3{(:1 2&))&} 31 24x) x
Differentiating (i) with respect to x , gives

(o2l ) (1e2vm)

1+2Jx  2dx+1+2Jx  1+4Jx
2Vx 24x 2Jx

=1

Using the formula @ Q.ﬂ ,we have
dx du dx
d s 2 > (1+4/x
E{(HZ\/;) .x%—?)(l 2x) .xx( N ]

3 2
=2(1 29 V(1 avx)
=—(1 2V} (Vx 4x)
Example 5: If y = (ax + b)"where n is a negative integer, find % using quotient theorem
X

Solution: Letn=-m where mis a positive integer. Then

y=(ax+b) = (ax+b)_m=m (1)

We first find i(ax + b)m. Lettt =ax b. Then

dx
%(ax+b)m :%(u’”)zé(um)% (using chain rule)

=#mu"" x a=m(ax b)m_1 a ('.'di(ax+b) — aj
Now differentiating (i) w.r.t.’x’, we have ¥

dx E

dy _d [ 1 } 5(1)-(61)64-1))'" _l-j(CZX+b)m

X x
(ax+b)m

[(ax+b)m}2
0.(ax+b)" —1.m(ax+b)m_1 a
(ax+b)2m
- :( i (ax b)ml.a) x(ax bc)fzrfl— m(ax b) .a
=(-m) (ax+b)"" .a+=n(ax b)"" a =(c-m n)

Example 6: Findﬂ if y=x" where n= P ,q#0
dx q
Solution: Given that y =x" where n "y ,q #H.putting n E,we have
q q
P
y =x* (i)
Taking gth power of both sides of (i), we get
y' =x’ (i)

Differentiating both sides of (ii) w.r.t. ‘x*, gives

d ,._d, , d ., dy _d,/, : -

“ - & el L= Using chain rule

a’x(Y) dx(X ) or dy(y) dx dx(x )( 8 )
dy

= qy’’ a =px”™ (iii)

version: 1.1
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Multiplying both sides of (iii) by y, we have

q.y* % =pyx”" or qx’ % =p.x x""  (using (i) and (ii))
x x
:>d_y:£ . ! xix"_1 P xxfw_l_p
dx q x” q
24
= Lo —px! {.'Ezn}
q q

Thus i(x") nx"".
dx

2.5 DERIVATIVES OF INVERSE FUNCTIONS

If for each x = D, fix) =y and for eachy « D, g(x) =X then fand g are inverse of each
other, that is,

(gof)(x) =g(f(x)=g(y) = x (1)
and (fog)y) =/gl) =/x) =y (i)
Using chain rule, we can prove that

J(x).g'(y)=1

N
AT

f@=y = w=-2
dy _ 1 dx
0 and g(y) =x=> g0) = 7

2.6 DERIVATIVE OF A FUNCTION GIVEN IN
THE FORM OF PARAMETRIC EQUATIONS

The equations x=at* and y =2at express x and y as function of . Here the variable ¢
is called a parameter and the equations of x and y in terms of ¢ are called the parametric

version: 1.1
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Now we explain the method of finding derivatives of functions given in the form of
parametric equations by the following examples.

Example 1: Find % if x =at’ and y = 2at.
X

Solution: We use the chain rule to find &

dx
Hered—y=i(2at)=2a.1=2a
dt dt
dc _d , ,
and — =— (at’) =a (2t) = 2at
” dt( )=a (2t)
dy
SO d—y:ﬂ_ﬂzﬁzz_azz_a ('-'23:}’)
dc dt dx @ 2at y
dt

2 2 2
Eliminating ¢, we getx = a (lj = a. y_2 P AREN ¥ = dax (i)
2a 4a 4a

Differentiating both sides of (i) w.r.t. ‘x" we have

d , _ d
0 = —(dax)

d ,.  dy d dy
—(?%). = =4a— =2y~ =44 (1
dx(y) dx adx(x) ydx a (1)
dy _ 2a
dx y
. dy . 2 2 3
Example 2: Find e ifx1-¢ andy=3¢"-2¢ .
X
Solution: Giventhatx=1-¢...... (i) and y = 3t> — 2¢? (i)

Differentiating (i) w.r.t. ‘¢' ,we get

version: 1.1
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dy d d,. d
%:5(142):5(1)—5(#):0—%: — 2t

Differentiating (ii) w.r.t. ‘¢’ ,we have

d d d d
% = E(?)tz ~21%) = Z(Stz )—E(zﬁ)

=3(2t)-2(3¢") =6t - 6£* =6t (1-1)

Applying the formula

dy
dy _dy dt_ g4t
de dt dx dx
dt

6t(1—1)
= =-3(1-¢)=3(¢t-1
0 3(1-0)=3(-1)
. dy. 1-¢° 2t
E le 3: Find = if x = - =
xample 3 ind L= T Y
1+
Solution: Given that x::(1:t2) (i) and y litﬂ (ii)
Differentiating (i) w.r.t. ‘¢’ ,we get
d d
& _d g :(dt(l—tz))(1+tz)_(1—ﬂ),dt(1+t2)
dt  dt\ 1+¢ (1+1¢%)°
C(2)(1+27) = (1-2)(20) 26(-1-1 -1+1) 44
(1+t2)2 (1+t2)2 (1+t2)2

Differentiating (i) w.r.t. ‘¢’ ,we have

version: 1.1
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d d
dy _d[_ 2 (dt(Zt))(1+t2)—2t X dt(l+t2)
@l (1+t2)2
2(1+t2)_—2l‘(%t) 2+2f_2—4t2 52 2(1—t2)
(1+;2)2 - (1+_l2)2 (1+t2)2 (1+t2)2

2(1-#%)
dy 5
dy _dy de g (147) _2(1-7) £-
dc dt dx Ay 4 4
dx (1+t2)2
2.7 Differentiation of Implicit Relations

Sometimes the functional relation is not explicitly expressed in the form y=f(x)

butan equationinvolving x and y is given. Tofind % from such an equation, we differentiate
X

each term of the equation and use the chain rule where it is required.The process of finding

% in this way, is called implicit differentiation. We explain the implicit differentiation in the
X

following examples.

Example 1: Find ;l—yif X' +y =4
X

Solution: Here x* +)° =4 (i)

Differentiating both sides of (i) w.r.t. ‘x*, we get

version: 1.1
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dy
2x+2y—=0
ydx
or x+yﬂz0 3d—y= X
dx dx y

Solving (i) for y in terms of x, we have
= SIS
= y=+4-x (ii)

2

or y= ¥4 x (il

& found above represents the derivative of each of functions defined as in dx

dx
(i) and (iii)
From (i1) ﬂ:; X (—2x)= _x
dx 24— 4 x*
:_i ( 4—x2 :y)
Y
From (iii) &Y o—— 1« (2x)=———=-= ( Jd—x= y)
dx  24-x’ —4-x* Y
Example 2: Find % Jify? +x* —4x =5,
X
Solution: Given that y* + x> —4x=5 (i)

Differentiating both sides of (i) w.r.t. ‘x" ,we get

d d
g )
d d d d d
" 2yd_>yf+2x_4:0 [-.-E(f):dx(f)dz:zydﬂ
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2(2-x) 2- )
L gy, o 20279 2-a (i)
dx dx 2y y

Note: Solving (i) for y, we have

Y =5+4x—x = y = im
Thus y=+/5+4x—x* (iii)
or y=—/5+4x-x (iv)

Each of these equations (iii) and (iv) defines a function.
Let y=fl(x) = \S5+4x—x° (V)
and y:fl(x) = —\5+4x—-x". (vi)

Differentiation (v) w.r.t. ‘x*, we get

1 2\ 3 2—-Xx
"(x)=—(5+4x—x 2% (4-2x)=
N
From (v), 5+4x—x2:y,: SO f]'(x) 2—x
y
Also fzf(x):_l(5+4x_xz)—§X(4_2x): 2-x
2 —5+4x—x°
From (vi) —m:y’ —so  f,"(x) 2-x
y

Thus (ii) represents the derivative of f,(x) as well as that of f,(x).

Example 3: Find %if Y —xy—x>+4=0.
X
Solution: Giventhaty’—xy—-x>+4=0 (i)

Differentiating both sides of (i) w.r.t. ‘x*, gives
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2. Differentiation

d 2 2
—| Yy =xy—-x"+4|=—(0 =0
)
or 2y [1y+xP ) 2x10=0
ydx % xdx x+0=
= (2y—x)ﬂz%x y :d_y:M
dx dx 2y-—x
Example 4: ind i 1 —2xy? - 2 =
ple 4: Find —if y” -2xy" —x"y+3x=0.

dx

Solution: Differentiating both sides of the given equation w.r.t. ’x’we have

%[y3—2xy2+x2y+3x]=%(0) =0
d d d d

or E(Jﬁ)—a(bcyz)+E(x2y)+a(3x)=O
%(y3)—2[1.y2+x%(y2)}r(2xy+x2%j+3=0

i . d d
Using the chain rule on —(y°) and —(y*), we have
g ~-(v7) and —-(»?)

3y2@—2 y2+x(2yd—y) +2xy+x2ﬂ+320
dx dx dx

or (3y2—4xy+x2)%:2y2—2xy—3
X

d 2y* = 2xy -3

= & e

dx 3y" —4xy+x
. . , 1 1
Example 5: Differentiate x"+— w.rt. x——
X X

Solution: Let y=x 1 and u x l. Then

dx X X X X
du 1 1 x*+1
and —=1-(-1)— =1l+—=
dx ( )XZ x2 x2
2(x* —1)(x*+1 2 2(x* -1
T
du dx du X x +1 X X

Find % by making suitable substitutions in the following functions defined as:
X

i)  y= )t () y=vxidx (i) pe=x O
1+ x a—x
i 6 a’+x°
(iv) y =(3x2 —2x+7) (V) >
a’ —x
Find 4 if:
dx

(i) 3x+4y+7=0 (i) xp+y° =2
(i) x*—4xy—5y=0 (iv) 4x +2hxy+by* +2gx+2fy+c=0

(V) x\/1+y+y\/l+x:0 (vi) y(xz—l):x\/x2+4

Find % of the following parametric functions
X

. 1 ) a(1-1%) 2bt
v 0 Y " v 0 14r
2
Provethatyd—y+x:0 if x:1 tz , y:i
dx 1+1¢ 1+1¢

version: 1.1
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5. Differentiate

(i) xz——2 wr.t x* (i) (1+x2)n wr.t X
X
x*+1 x—1 . ax+b ax’ +b
(i) > wr.it — (iv) w.r.t —
x =1 x+1 cx+d ax“+d
x> +1 3
\Y) w.r.t x
(V) R

2.8 DERIVATIVES OF TRIGONOMETRIC
FUNCTIONS

While finding derivatives of trigonometric functions, we assume that x is measured in

radians. The limit theorems lim> 2~ —3 and liml_cosx

. =0 x x—0 X
formulas for sin x and cos x.
We prove from first principle that

0 are used to find the derivative

d,. \_ 4 i
E(smx) = cos x and dx(coxx)z sinx

Let y=usinx Then y+oy = sin (x+5x)

and oy =sin(x+5x)—sin X

xX+o0x+x) . ([ x+0x—x ox) . [ox
=2 cos sin = 2cos| x — |sin| —
2 2 2 2
ox) . [Ox [ ox
2 cos| x+— | sin| — sin| —
oy _ 2 _\ 2 “os (x Qj—z
2

Sx ox ox
2

Ox—0 5_x ox—0
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. [ Ox
Sx S’”(zj SLANNY
=Him cos(x 7) (Slim— "2

§—>0 2250 Ox
2 B3 whenox — 0
. Ox
dy . Sx ' sm7
Thus —=cosxH.|" #m coss x — | cosx and I[im 1
dx 5x/20 2 5x/250  OX
2
Let y=cosx, theny+5y:cos(x+5x)
and Oy =cos(x+5x)—cosx
=COSXCOSOX — SINXSINOX — COS X
) . (l—cosé‘x)
= S$inxsindx cosx| ————
ox
oy . sin ox (l—cosé'xj
—=( sznx). cos x| ————
ox ox ox
limﬁzﬁm ( sinx)szn&x cosx(—l_COS5xj
o0x—0 5_x ox—0 5_)(; 5_)(
} ) SiInox ) 1—cosox
= lim (—smx) —Ilim| —cos x| ———
530 ox 530 ox
p b{imo Sl’;é‘y =land
Thus & =( sz'ﬂx).l (cosx)(O) x
dx . (1—=cox ox
lim| ——— [=0
5x—0 ox
or —(cosx)=—-sinx
- (cos x)

Now using d—(sin x) =cosx and d—(cos x): — sinx, we prove that
X X

— (secx) ==ec xtanx and i (cot x) cosec’ x
dx dx

version: 1.1
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Proof of di (sec x) = secx tanx.
X

1
cos x

(i)

Let y=secx=

Differentiating (i) w.r.t. ‘x’, we have

J J 1 [i(l)}cosx—l.gc(cosx) Usin.g
—(y)=— = . quotient
dx dx| cos x (cosx)
formula
B O.cosx—l.(—sinx)
- cos’ x
1 sSinx
== . secx tanx
COSX COSX
Thus i(secx) = sec x tan x
dx
d )
Proof of —(cotx) = cosec” x
dx
Let y=cotx = C?S al (i)
sin x
Differentiating (i) w.r.t. ‘x’, we get
[d (cosx)}sinx—cosxd(sinx) Using
d d | cos x dx dx .
—(y)=—|— 1= . quotient
dx dx| sin x (sinx)
formula

(—Sin x)sinx —Cos x(cos x)

sin’ x
.2 2
—(szn X + cos x) 1 5
= — =< = — cosec” x
sin” x sin” x

Thus i(cotx) = cosec’ x
dx

version: 1.1
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Now we write the derivatives of six trigonometric functions

1 —(si = 2y — — of
( ) dx(Sll’lx) cos X ( ) Ix (COS)C) Sinx
(3) i(tanx) = sec’ x (4) i(cotx) = — cosec’ x
dx dx
(5) E(COS@CX) =—cosecx cotx (6) E(S@CX) =secx tanx
Example 1: Find the derivative of tan x from first principle.

Solution: Let y=tanx, then 4y &x tanfx 6x) and

0y = y+0ox—y =tan (x+5x)—tanx

B sin(x+5x) _sinx _ Sin(x+5x)cosx—cos(x+5x)sinx

B cos(x+ 5x) cosx cos(x+ 5x) cos X

_sin(x+5x—x) Sinox

_cos(x + 5x).cosx cos(x + 5x) coS X

oy 1 sinox

Sx cos(x+5x).cosx' ox

.oy . 1 . [ sinox
or Ilim——=I[im im
6x=0 §x x>0 cos(x + 5x).cosx sx=0\  Ox

 lim cos(x + §x) =cos X

Thus d_y == ! 1 sec” x e
dx (cos x)(cos x)' and lim 22 ox =1
5x>0  Sx
d
Thus Y _ sec’ x or —(tan x) = sec’ x
dx dx

version: 1.1
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Example 2: Differientiate ab-initio w.r.t. “x"

(i) cos 2x (i) sin/x

(i) cot’ x

Solution: (i) Let y=cos2x, then y+Jy=cos2(x+6x)
and 5y:cos(2x+25x)—cos2x

= 2sin 2x+20x+2x sin 2x+ 2§x —2x = 2+Sin(2x 5x)sin ox
Now Q = 2|-Sil’l(2)€ 5x). sinox
ox ox
Thus Q = lim[ 2sin(%x 5x).sm 5)1
dx ox—0 5_x

= 2lim (sian 5x).lim Sinox
3x—0 x>0 Sx

-=( 2Sin—2p).1 2sin 2x(

5x-0  Sx
(i) Lety =#win~/x, then y+Oy=sinVx Ox

and oOy=sinx+0x — sin/x

Sin

zzco{x/x+5x+\/;j E\/x+5x—\/;}
2 2

As (\/x+5x+\/;)(x/x+§x— x):(x+5x)—x:§x,

<in \/x+5x—\/;
oy Jx+8x ++/x 2
So —=—=2cos )
ox 2 ox
(\/x+5x+\/;] . [\/x+5x—\/;}
2cos 5 sin 5

(\/x+5x +\/;)(\/x+5x —\/;)

(gimosin(2x + 5x) =sin2x and lim Sinox 1]:

version: 1.1
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n

COS[x/x+5x+\/;J ¢ (\/x+5x—\/;)
2 2

Jx+6x ++/x Jx+6x —x

2
Cosx/x+5x+\/; lim sin[ x+52x—\/;]

dy ) 2
Thus — =-Hm | _ 0

dx o0l fx+x++/x x+0x —x Jx+6x —Jx

2 2

cos\/;_i_\/; \/x+5x—\/;
dy _ 2 | cos Jx 5 — Owhen
d \/;JM/; | 2\/; ox—0

(iii) Let y = cot’x, then
y + 6y =cot’(x+6x)

Sy = cot’(x+6x)—cot’x = [cot (x+6x)+cot x] X [(ﬂet (x—6x) cot x]

sin(x + 6x) sinx

=[cot (x+6x)+cotx] .[COS(X +0x) CO”J

_[cot (x+5x)+cotx] y SinXCOS(x+5x)—cosxsin(x+5x)

sin(x+ 5x)sinx
Sy _[cot (x+3x)+cotx | —sindx sinxcos(x +6x)—cos xsin(x + 6x)
ox Sin(x+5x)sinx C Ox :sin(x—(x+5x))=Sin(—5x)=—sin5x

i Q:—lim co.t (x+5x)+(fotx.( 1)sin5x
5x>0 §x  ox-0(  sin (x+ 5x) sinx o

X
dy  cotx+cotx giziocot (x+6x)=cotx
Thus —=——"-/(1).1
dx Sinxsinx and lim sin(x+5x) =sinx
2 t Oox—0
—2cot x
=———.1=-2cotx co sec’ x
sin” x

version: 1.1
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Example 3: Differentiate sin’ x w.r.t. cos’ x

Solution: Let y=sin’x and u cos’x

Now ﬂ:_%sinzxcosx and ﬂ —2cosx( sinx)
dx dx
Thus Q:Q.@:(%inzxcosx).; ﬁ L
du dx du —2cos xsinx du dx
du
=——gsinx.
2

2.9 DERIVATIVES OF INVERSE
TRIGONOMETRIC FUNCTIONS

Here we want to prove that

dr . _ 1

1. E[smlx]: — xe(—l,l) or —l<x<l

2. i[(m—l)c]:— L xe(-1,1) or —1<x<I1
dx 1-x7 ,
d B 1

3. E[Tan lx}z L XER

4, i[Cosec_lx}:—;, xe[—l,1]',[—1,1]':(—00,—1)u(
dx | x|Vx? =1

5. i[Seclx}=—;, xe[-L 1], [-1,1] = (=0~ 1) U(
dx |x|Vx*—1 AR ’
Al o]

6. dx[Cot x]— . x€R

Proof of (1). Let y=Sin"'x ().

)

)
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Then x=Smg er x siny for y [ %%} (if)

Differentiating both sides of (ii) w.r.t. ‘x’, we get

1= %(sin y) = %(Sin y)% = cos y%

Proof of (2). Let y=Cos 'x (i)
Then x=€osy or x cosy for y [0, 7] (i)

Differentiating both sides of (ii) w.r.t. ‘x’, gives

Lot
dy 1
ey _ 0,
dx siny Jor ye( 7[)

B 1

= [ siny is positive for y e (072')]
\J1—cos” y

Thus i(Cos‘]x) =—
dx 1-x°

for 4 <« <
Proof of (3). Let y =Tan'x (i).

Then x=Tany or x=tamy for vy ( E,EJ (if)

Differentiating both sides of (ii) w.r.t. ‘x’, we have

version: 1.1
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d d dy , dy
l=—I(tany)=—-I(tany)—=sec” y—
dx( y) dx( y)dx ya’x
= & = —6—12— for v ( z,zj
dx  sec”y 22
= 1 _ for xeR
l+tan®y 1+x°
d 4 1
Thus E[Tan x} 261? for x R
Proof of (4). Let y=Cosec™ x (i)
Then x=CGoseey-or x cesecy for y [ %,%} {O} (ii)

[_ﬁ,ﬁ} —{0} is also written as {—%O} U [0%}

2 2

Differentiating both sides of (ii) w.r.t. ‘x’, we get

4 4 Y
= (cosec y) n (cosec y) I
_(_ Y
—( cosecycoty)dx
dy 1 T
2 - - Z Z|-fo
= dx cosec ycoty Jor ¥ E[ 2’2} { }

When ye(o,%j , cosecy and coty are positive.

As  cosecy=x,S0 x is positive in this case

and coty = \/coseczy—l = Jx*-1 forall x>1

d -1
Thus —( Cosec™ x ) =>——— for x 1
( )=

dx
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When ye (—%,Oj,cosec yandcot y arenegative

As cosecy =x, so x 1s negative in this case

and cot y =—Jcosec’ y—1=—/x> -1

-1

when x < -1

Thusi[Cosec_1 x] — (x 1)

)

d

—[cosec_l x} = —;
dx | x| \/ﬁ

Proof of (5). is left as an exercise
Proof of (6). is similar to that of (4)

Find Ll if
d.

Example 1:
X

y=xS8in _l(ﬁj ++a® +x’

a

Solution: Giventhat y =xSin™ (£] ++a® +x’

a

Differentiating w.r.t. x, we have

dy d . X 2 2_ d|: -—1x} d g/, 2\2
—=—1/|x8in —+~Na +x" |=—|xSin" —|+—(a" +x
dx dx[ a 1 dx a dx( )
1 d({x) 1 ad
—1.8in" X4 x — ) —a® X)) —la® X
a (XJZ dx\a) 2 Qa ) dxea )
1|
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1 1 1
Sin_1£+x —+ A—2x
a /1_ x> a 2a'-x° ( )
2
a

—1 =Sin™" al

X a 1
n e T ”
a a —x" d a —x a

Si

4(1+ y*
Example 2: If yzrtan(ZTan_lg),showthatﬂ M

dx 4 + x*

Solution: Let u=2 Tan_lg, then

d
y = tanu:>d—y = sec’u = l+tan*u=1+y"
u

and %:i(kﬂzn_lgj 2. ! ;i(ij 2 1 4

x  dx (sz dx\ 2 X2 2 4+
1+| = I+—
2
4(1+y?
Thus +2 B A2y 4 ( {)
dx du dx 4+ x 4+ x

1.  Differentiate the following trigonometric functions from the first principle,
(i) sin x (i)  tan3x (iii)  sin2x+cos2x (iv) cosx®

(V)  tan’x (Vi) tanx (vil) cos Jx

2. Differentiate the following w.r.t. the variable involved

(i) x’ secdx (i)  tan’ Osec’ 6
(iii) (sin2¢9—cos3¢9)2 (iv) cosvx ++/sinx

(=)

version: 1.1
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10.

1.

12.

Find 2 if
dx
(i) Y=XCosy (i) x=ysiny

Find the derivative w.r.t. x

. 1+x .. 14+ 2x
(i)  cos (i)  sin
1+2x 1+x

Differentiate

(i) sinx w.rt. cotx (i)  sin*xwrt. cos'x
dy
If tan y(1+tanx)=1 tan x,show that7: 1
X
dy 2
If y:\/tanx+\/tanx+\/tanx +...00,prove that—(2y I%d_ sec” x.
X
3 .3 dy
If x= acos 0, y=bsin” 0, show that ad—z btand 0
X
. dy. : :
Find d—lf X= a(cos t+ sin t), y= a(sm t—t cos t)
X
Differentiate w.r.t. x
: . 1
(i) Cos'X (i) Cor'Z (i) —sin'2
a a a X

(iv) Sin'V1-x
_ 2
(vii) COS_IG xz}

@ _y if L=
dx x X

x -1

If yztan(wTan_lf),shﬁwthai (1 xz)y1 p(l yz) 0

v) Sec‘1£x2+1] (vi) Cot_l(lzx

=)
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210 DERIVATIVE OF EXPONENTIAL FUNCTIONS:

A function f defined by

f(x)=a'

a>0,a#land x is any real number.
is called an exponential function

If a=e ,then y=a" becomes y=e¢".¢" is called the natural exponential function.

Now we find derivatives of ¢* and a* from the first principle:
1. Let y=e¢" then

X+0x X+0x X X _Ox X

y+oy=e""and oy=y+0y—y=e"" —e" =¢e".e" —e

ox _ ox _
Thus lim Q ==lim ex(e lj e . lim (e 1]
3x—>0 Sx 5x—0 ox Sx—0 ox

lim N
e =e¢
ox—0

h
& =2 1[Usmg lim & _ IJ

d_x h—0 h

or a(ex) =e

2. Let y =a" ,then

y+5y:ax+5x and 5y :ax+5x_ax:ax'aﬁx_ax:ax(aﬁx_l)

Dividing both sides by ox , we have

version: 1.1

2. Differentiation

elLearn.Punjab

h_
:ax.(lna)(Usmg lim a_~1 +og*, lnaJ

h—0 h

or i(ax) = ax.(ln a)

Example 1: Find % if:(q) y=e'" (i) y=a
X

Solution: (i)Let u=x>+1,then
" du d
y =€ (A) and Eza(x2+l)=2x

Differentiating both sides of (A) w.r.t. 'x', we have

(Using the chain rule)

Thusdy ot (2) ('—l—'u 52 lrémdﬂ 2xj
dx -
(i) Letu==/x Then y a" (4)
and @:i(xlﬂ):lx—l/z 1

N

Differentiating both sides of (A) w.r.t. ', gives

dx dx

@:i(au):d< )d_ii (ﬂ Q@j
dx dx du 7 dx Cdx du dx
—:%a In a)j— (Using%(ax) a* In aj
d | & " 1 - du 1
ThU.S E(af)=(a[lna).ﬁ = (u Xaﬂda ﬁ

|

=)
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_Ina e 1
2 Jx
Example 2: Differentiate y=a" w.r.t. x.

Solution: Here y =a"

xIlna
=e

Differentiating w.r.t. ‘x *, we have

Q:ema ,i(xln a)
dx dx
=" .(In a) ( e’ qt

== .(In a) ( e e ax)

2.11 DERIVATIVE OF THE LOGARITHMIC FUNCTION

Logarithmic Function:

If a>0 a#1 and x=a , then the function defind by

y =Y¥og’ (x O)
is called the logarithm of x to the base a.

The logarithmic functions log,” and log",, are called natural and common logarithms

respectively, y =log* is written as y=1In x.

We first find i(In x).
dx

Let y=Inx Then
y+6y=In(x+6x) and

5y=1n(x+§x)—lnx:(x+5xj=1n(l+

X

ox

X

)
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55)6 X

= li In (1 + ﬁ) = lln (1 + ﬁjax
X Ox X X X

Thus limﬁz lim lln(1+§jax :llim ln(1+ﬁj&

ox—0 5x ox—0| x X X 0x—0 X

Now 5y:i1n (l+ﬁj

D _L ol im (1 ﬁj‘?x

dx x O o X
X

( Q — 0 when 6x — Oj

X
lim 1
:llne { (1+2)- =e}
X z—>0
=—1=— =(log° 1
= (wlogs 1)
Now we find derivative of the general logarithmic function.
Let v=Ilog "~ then
y+5y:loga(x+5x) and

Sy =log, (x+dx)—log,” :log(x+§x):loga (1+&j
X

X
Q:Lloga (1+ﬁj:l.iloga(l+ﬁJ
ox Ox X X Ox X

= lloga (1 + ﬁj&
X

X

X

Thus & = lim lloga(l+ﬁj§x =llim loga(pr@}gx

dx ox—=>0| x X X 0x—0 X

lim x
1 ox \ox
=+log, | 5x 1 —
X — X
X 50

&)
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1 x N l_
_;loga (.éz_izg(l+z) —ej
d 1 1 1 1
or—|log*| =— .— ‘Hog ¢ = —
dx[ g“] x Ina ( 8a log" In a]

Example 1: Find%ify:logm(ax2 +bx+c)
x

Solution: Let u=ax*+bx+c Then

d 1 1
:Z u _—
acil :>du u Inl10
and ﬂ:i(ax +bx+c):a(2x)+b(l):2ax+b
dx dx

u Inl10) dx

dx du dx
1
- I(axz + bx+c) In10 (2ax b)
or %[bgw(axz +bx+c)] = 2ax+h

(ax’ +bx+c)In 10

Example 2: Differentiate In (x2 + 2x) w.rt.'x'.

Solution: Let  y=In(x"+2x), then

% = di[ln(x2 + Zx)J = ﬁ.di(x2 + 2x) (Using chain rule)
dx x> +2x) dx
1 2 1
B x*+2x .(2x " 2) - x(;:;x)
d 2(x+1
Thus —x[ln(x2 + 2x)] = xgx+ 2x)

version: 1.1
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212 LOGARITHMIC DIFFERENTIATION

Algebraic expressions consisting of product, quotient and powers can be often
simplified before differentiation by taking logarithm.

Example 1: Differentiate y=e’") w.r.t.'x"

Solution: Here y=¢'t" (i)

Taking logarithm of both sides of (i), we have

Inyzf(x).Ine

= f(x) (vIne=1)
Differentiating w.r.t x, we get
Ldy_
y dx / (x)
d (x ,
So d—ix:y fé(x) & f (x)

d

or a(ef(x))zef(x) x f'(x)

VXt +3

) . X
Find derivative of >
x +1

Example 2:

/ 2
Solution: Let y =2YT +3

Taking logarithm of both sides, we have

WX +3
Iny=In| ———

x +1

or In y=In x+%ln(x2+3)—ln(x2+l)

Differentiating both sides of (ii) w.r.t "x’,

5 len(xm) —1n(x2+1)

version: 1.1
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; J | 2.13 DERIVATIVE OF HYPERBOLIC FUNCTIONS
— 2 2
E[Iny] —E{Inx+51n(x +3)—In(x +1)} iy | N
L dy 1 . e functions defined by:
Y x 2 e e : :
y X _ X X
Sinhx:e ¢ ,xeR;coshxze re xeR
l X 2x
x x*+3 x*+1 . x  -x
tanh x = sinh x = ex e_x JXER
(x2+3 (x2+1)+x.x(x2+1)—2x.x(x2+3) coshx e +e
x(x?+3)(x" +1) are called hyperbolic functions.
Ayt 13 vt e —2xt — 62 3 %2 The reciprocals of these three functions are defined as:
- 2 +3)(x* +1 2 +3)(x* +1
x(x )(x ) x(x )(x ) cosech x= L xeR—{O}'
dy y(3—x2) xt+3 3— 2 sinhx e —e ™’ ’
Thus x(FH)(F 1) P+l w2 +3)(F +1) 1 2
X X X X sech x = = —,X€R
coshx e +e”
2 X —Xx
= 3-% - coth = ! :ex+e_x , xeR—{0}
X +3. x2+1) tanhx e —e
Derivatives of sin h x, cos h x and tan h x are found as explained below:
Example 3: Differentiate (Inx)" w.r.t. 'x'. J a1 1 1
_x(Smhx):E[E(e —e )}zi[e —e (—1)] =5(€ +e )=coshx
Solution: Let y=(Inx) (i)
Taking logarithm of both sides of (i), we have i(wsh x):i[l(ex +eX)} :l[ex P _(_1)] :l(ex —e*x):sinh x
dx dx| 2 2 2
Iny=|(Inx) | xIn(Inx)
[ } _— _d|e-er (ex+e_x)(ex+e_x)—(ex—e_x)(e"—e_x)
Differentiating w.r.t x, a[ ank x] Tdd e e (e +e_x)2
2x+ —2x+2_ 2x+ —2x_2
LDy (i) +x —— 4 (nx) _&te (e e ) 4 2
y dx Inx dx (e’“+e‘x) (ex+e—x)
11 2 Y
:In(Inx)+x.—.—:In(Inx)+— :( . _x) =sech’ x.
Inx x nx e +e
d—y:y{ln(ln x)+L } ~(In x) {In(ln x)+ 1 } The following results can easily be proved.
dx In x In x
version: 1.1 version: 1.1
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— (cos eh x) = coth xcosech x ; i (Sech x% tanh x sech x
dx dx
— (coth x) = —cosech® x.
dx
. . dy . )
Example 1: Find e if y=sinh2x
X

Solution: Let u=2x, then

y=sinhu :d—y:coshu
du
a -9 (222
dx dx
ThuSQ:ﬂ.ﬂ =coshu.@=[cosh (2x)].2=2cosh 2x
dx du dx dx

or i [Sinh 2x] =2cosh2x.
dx
Example 2: Find Qif y:tanh(xz)
dx

Solution: Let u =x*,then y=tanh u :j—y =sech’ u
u

du d
dE :5(x )=2x

Thus dy ﬂﬂ Sechzu.@:[sechz(xz)] 2x
dx du dx dx

or i[z‘anh sz = 2x sech® x*
dx

version: 1.1
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214 DERIVATIVES OF THE INVERSE

HYPERBOLIC FUNCTIONS:

The inverse hyperbolic functions are defined by:

y=sinh Se ifandif x sinhy ; x,y R

y= cosh™' x if amd onlyifx coshyowo,; x [b,o ),y [O, ]]
y= tanh™ x if andkonly if x etanhy ; x ( 1, 1),y R
y=coth™ x ifané&onlyifx eothy ; x [ 1, 1],,y R {O}
y=secd ' x if amd onky if x=sechy ;x (0, 1‘] y [O )

y=cosech”'x ifandonlyif x cosecky ;x R —{O} y R {O}
The following two equations can easily be derived:

(i) sinh™ x = In (x+m) (ii) cosh™ x= In()er M)

Proof of (i).
Let y=ainh™' x for x,y R, then

o vk W=

y e‘)’

x=sinhy=x=

= 2xe’ =e* —1
or e —2xe’—1=0

Solving the above equation for e* , we have

o = 2x+\/4x2 +4
x+2\/x +1

X+

As e’ is positivefor y € R, so we discard

x—x*+1
Thus e’ =x++/x" +1 :>y=]n(x+\/x2+1)

version: 1.1
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= sinh x=1In (x+\/x2 +1)
Proof of (ii)
Let y = cosh™ x for x e [1, ®), ye [O, €), then

e’ +e”’

x =cosh y= x= =e’ 2" +1=0 .. (I)

Solivng (I) gives, e’ = 5

e’ =x—+/x" —1 can be written as y =In (x \7[x2 1}

If x=1,then y=In (1-\I=T)=1n (1)=0 but

In (x —\Jx - 1) 1s negative for all x > 1, that is

for each x e (1,00), Ve (0,00),50 we discard this value of e”
Thus e’ =x + m which give y=1In (x + \/ﬁ) , that is
cosh™ x :In(x+ \/ﬁ ) .
Derivative of sinh™' x:

Let y=ainh x ; x,y R

Then x = sinh y

@—cosh :d_y_ L L1
dy 4 dx coshy Cdx  dx
dy
dy 1 1
or —= = > wcoshy O
dx coshy |1+ sinh® y ( )
Q::i (esinh_1 x) ! (x R)
dx dx 1+ x>

+/4x? - +24/x% —
2x £N4x 4:2x_22x I:xi\/ﬁ.

Derivative of cosh™' x:

Let y =cosh ox; € xoe[l ),y [O, )

Then x =cosh y

andﬁ:sinhy :>d—y: I = d_y 1
dy dx sinhy dx dx
dy

or ﬂ: ! ! ('.’sinhy> O,asy>0)

dx  sinhy - Jcosh® y—1

(x 1)
As cosh™ x=1In (x+ \/xz —1),50

i[cosh_l x} = ! 1+ 2 = 1 : =
dx x+\/x2—1 2\/x2—1 x+\/x2—1 x* -1 \/xz—l

Derivative of tanh ™ x:

Lety=tanh™ x; xe(-11), yeR

Then x =tanh y and @=S€Ch2:> v ;2 :d_y 1
dy dx sech” y dx dx
dy

d 1 1
d_i: 1 — tanh’ y: 1-x° ('.'Sech%y— L anh® y)

Thus i(l‘anh_l x) :/;2 ;. -1<x<lor |x| 1
dx 1-x

The following differentiation formulae can be easily proved.

d _
—x(coth 1x) :1—1x2 or _xz—

R |x| >1

version: 1.1

version: 1.1
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i(sechfl x): — ! ; 0 <« 4
X xV1—x

i(ceﬁvech_1 x): 91—;x 0

dx v+ x?

d 4 1
or—(cosech x)= ———— x & 30
dx( ) x| V1 + x? 10}
E le 1: ) @ IR
Xample 1: Fmdd if y=sinh (ax+b)
X
Solution: Let u=ax+5, then
y = sinh™u :>d—y N
dx 1+u®
Q_Q du 1 du

dx du dx 14y dx

d 1 du d
Thus — | sinh™ (ax + b) = .a ('.‘:— —(ax = b) a)
dx[ \/lJr(aerb)2 dx dx

Find @ ify:cosh_i(sec x) 0 x #n/2

Example 2:
dx

Solution: Let u=secx, then

=cosh™ u :ﬂ— !
g dx Ju® =1
andﬂ:i(sec x) =secx tanx
dx dx
Thusﬂ _ & du_ du

dx _du'dx_«/l,ﬂ_l dx

1 1
=——==(secx tanx )
\Jsec x tan x

d -
or g[cosh ! (secx)} = secx

(Ser tan X) sec X

version: 1.1
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i) f(x) =™
(iv) f(x):e_f:_l

(Vi)  f(x)= \/ln (ezx N e’zx)

2. Find & if

dx

(i) y=x Inx

(iv) y=x lnl
X

(Vi) y=in(9-x)

(X) y :xesinx
(xiii) y=(lnx)""

3. Find @ if

dx

(i) y=cosh2x

(i) y= taﬂh_lfsin:x)

(V) y= ln(tanh x)

NN

(i)

(V)

(viii)

1

f(x)zx3 e* (x;tO)
In (ex + e*x)

f(x)=In (\/ez" +e " )

(i)  y=xyn x

x* =1

x+1

(V)  y=n

(viii) y=e™" sin 2x

(xi) y=5&""
(xiv) y= sz—l();::l)
(x3 +1)

(i)  y= sinh3x

(iv) y=sinh™ (x3)

. o x
(Vi)  y=sinh (EJ

(i)  f(x)=e"(I+inx)

Vi) =S

e +e
X
(iii) y=1-
(i) y=in (x+\/x2+1)
(ix) y=e* (x3 +2x7 +1)
(xii) y= x+1)x

version: 1.1
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215  SUCCESSIVE DIFFERENTIATION
(OR HIGHER DERIVATIVES):

Sometimes it is useful to find the differential coefficient of a derived function. If we
denote f’ as the first derivative of f, then (f)"is the derivative of f“and is called the second
derivative of f.For convenience we write it as f”.

Similarly (f 7). the derivative of f ”, is called the third derivative of f and is written as f ”.

In general, for n >4, the nth derivative of fis written as 1.
Here we state different notations used for derivatives of higher orders..

1st derivative | 2nd derivative | 3rd derivative | nth derivative
y ’ y ” y V4 y n)
d d’y d’y d"y
dx dx’ dx’ dx”
Y Y, Y3 Ya
2 D D b
a d’f d’f a'f
dx dx2 dx3 dx"
Example 1: Find higher derivatives of the polynomial
f(x)=%x4 —%x3 +ix2 +2x+7

Solution: f'(x) :%(4)63) —%(3)62) +%(2x) +2 +O:%x3 —%xz +%x+2

1 2 1 1 5 1
f”(x)=§(3x )—E(ZX)+§(1)+O=x —x+E
f”’(x)=2x—1
fiv (x):2

All other higher derivatives are zero.

2. Differentiation
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version: 1.1

3
Example 2: Find Z’fif y=In (x+\/x2 +a2)
X

Solution: Give that y=1In (x+\/x2 +a2) (i)

Differentiating both sides of (i) w.r.t. ‘x*, we have

dy 1 i( )

x
dx x+j}x2+a2 dx

. 1 | 1x2x
x+\/x2 +a’ ' 2. x*+a*
_ 1 [\/x2+a2 +xJ

x+\/)c2+a2 2\/xz+a2

o dy 1 .
That is, - _\/m (i)

Differentiating (ii) w.r.t. ‘x’, we have

dy i[(x%raz%m} =+ %(xzx 012)73/2 2x

dx’ :dx

d2y
or 2 T - 372 (iii)

dx (x2 + az)

Differentiating (iii) w.r.t. ‘x", we get

1.(x2 +az)3/2 —x.;(x2 +a2)1/2.2x

d’y
& Fva)”]
(2+a) [(fra)-3¢] gy
(2 +a) (2ra)”
2 -

version: 1.1
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2
Example 3: Find Z J; if y +3ax’+x*=0
X
Solution: Given that y’ +3ax> +x’ =0 (i)

Differentiating both sides of (i) w.r.t. ‘x*, gives

d d
E[y3+3ax2+x3} =$(0) =0

dy dy
3" = +3a(2x)+3x* =0 =3 == (2 2
ydx a(x) X j?‘dx (axx)
2
SN S ()
dx y

Differentiating both sides of (ii) w.r.t. ‘x*, gives

2 2 Q
d’y :( l)i{Zax+x2_| (2a+2x)y_(2ax+x )(2ydx)

dx y° J _(y2 )2

) ’ 2ax + x*
2(a+x)y —(2ax+x ).2y>{—2j
Yy

4

Y

2[(a+x)y2 . (2ax+x2)(2ax+x2)}

y

4

Y
2[(a+x) ¥’ +(2ax+x2)1
Y.y
_ 2[(a+x)(—3ax2—x3)+x2(2a+x)2} (0:73: o’ x})

5

Yy
a+ x)(3a + x) + (4a2 +x?+ 4ax):|

2x*

[
yS
2x° [—(3a2 + 4dax + xz) +4a® +x* + 4ax]

y Yy

version: 1.1
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Example 1: If x=a(6 sin@%y a(l cosd). Then

dzy

2
X

show that »’ +a=0

Solution: Given that x = a(6+sind)
and y=a(l+cosb)
Differentiating (i) and (ii) w.r.t'6’, we get

dx

a’_@ = a(l+cos€)

and @ _ a(—sin@)
do

dy
Using P :ﬂ.ﬁz 40 e have
dx do dx  dx
de
—asinf —sin 6

_:a(1+cos 0) 1+cos6

That is, & = — S0
dx 1+ cosé@

Differentiating (v) w.r.t. ‘x’
d’y d [ sin@ d ( sin@ | do
dx®  dx 1+cos 6 dO\ 1+cos @ ) dx

cos 6(1+ cos @) —sin &(—sin ) do

(1+cos 6’)2 " dx
d’y  cos O+cos’ O+sin’0 do
> (1+cos 49)2 “dx
_ _1+cosd 1 [ L dx
(1+cos @)’ a(1+cos0) do

(i)

(iii)
(iv)

version: 1.1



2. Differentiation

elLearn.Punjab

. Lt y
a (1+cos 8)’ a(yjz (.'.1+C059:;j
a
_ Ll a_ a
a y
d2
or 2# —a =322 a =0
Example 5: Find the first four derivatives of cos (ax +5).

Solution: Let y=cos(ax+b5), then

3 = [cos (av+b)]= sin(ax b). 4 (ax )
— —sin(ax +b)x(a+0)=—asin (ax+b)
v, =—asin (@r+b)] = (~a) [cos (@ +5)x (a+0)]
= #cos(ax b)
- QZ%[COS (ax+b)]=(~a*)[~sin(ax+b)x(a+0)]

=a’ sin (ax +b)

y,=a’ di[sin (ax+ b) | a% [cos(axt b) Kk a= a* cos (ax+ b)
x

3
Example 6: If y =e ™ + thensshow that Z’); ay 0
x
H . —ax dy_ d —ax \ _ —ax d __—ax
Solution: As y=e™, so 5—5(6 )_e .a(—ax)—e ( a)
. dy _
Thatis —=-a et =
=y (e =)

version: 1.1
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dx| dx dx dx? dx
dy :
or =q I
72 y (1)

Differentiating (i) w.r.t. ‘x ‘ we get

ddzy_d 2 d3)’_ 2dJ’_2 3
Wl e e o) @

3

Thus f{x); +a’y=0

Example 7: If y=Sin"' >, then show that v, ﬁc(a2 x’ )
a

. .o X
Solution: y=sin"=, so
a

= — 1 —_

— &)

dx dx a )’ dx\ a
- %
2]

d d| .. X
J’1__y l:|

version: 1.1
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1.  Find y, if
(i) y=2x" =3x*+4x’ +x-2 (i) y:(2x+5)3/2 (iii) y:\/;+L
Jx
2. Find y, if
. . 2x+3
| =xl e i =1
() y=x.e (i) y n(3x+2j
3. Find y, if
(i) xX*+y'=d (i) x-y'=a (iii) x=acosh,y=asinb
(iv) x=at’, y=>bt* V) X+ +2gx+2f+c=0
4. Find y, if
(i) y =sin 3x (i)  y=cos’x (iii) yzln(x2—9)

5. If x=Sin 6,y = Sin mf, Shew thatfl x%)y2 =y, m'y 0

2

6. Ifyzexsirnx,sherwthatdf 2Q 2y 0
dx dx

d’y d
E ad—i (a2 bz)y 0

8. Ify :(C—os’1 x) —prove that (1 xz)y2 xy, 2 0

7. If y=e™ sin bx, shew that

2
9. Ify=acos(Inx)+bsin(Inx), prove that XZ%H%W:O,
X X

216  SERIES EXPANSIONS OF FUNCTIONS

A series of the form q, +ax+a,x’ +a,x’ +a,x* +.....+ax" +... is called a power series

expansion of a function f(x)where a,,4,,a,,...
We determine the coefficient «,,a,,qa,,....a,,..
successive derivatives of the power series and evaluating them at x=0. That is,

a,,.. are constants and x is a variable.
to specify power series by finding

version: 1.1
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f(x) = a,+ax+a,x’ +ax +axt +ax’ +... +ax" +.. f(O) =a,
f(x) = a, +2a,x +3a,x" +4a,x’ +S5ax" + ... +nax"'+... f (0) =q,
f(x) =2a, +6a,x +12a,x* +20a;x° + ...+ n(n—1)a,x"> +... f (0) =2aq,
f”'(x)z 6a, +24a,x +60a.x’ +.... " (()) = 6a,
fY(x)= 24a, +120a.x ........ r9(0)=24a,
So we have 4, = 1(0), 4,= £ (0).a, _S) () _ (o)

Thus substituting these values in the power series, we have

, (0 "(0 @ (0
f(x):f(0)+f(0)x+f2(! )x2+f3s )x3+f4§ )x4+....+ py

This expansion of f(x) is called the Maclaurin series expansion.
The above expansion is also named as Maclaurin’s Theorem and can be stated as:
If f(x) is expanded in ascending powers of x as an infinite series, then
g @)
£(0) 2, 10 o, /Y0

X +...+
2! 3/ 4/ n

S (O) X"+

F(x)=r(0)+7(0)x+

Note that a function fcan be expanded in the Maclaurin series if the function is defined
in the interval containing 0 and its derivatives exist at x=0.
The expansion is only valid if it is convergent.

1
1+ x

Example 1: in the Maclaurin series.

Expand r(x)=

Solution: fis defined at x=#6that is, £(0) 1. Now we find successive derivatives of f and
their values at x=0.

f(x)=(- 1)(1+x) and £ (0)=
S (x) =(=1)(-2)(1+x) " and f"(0 ) D12
S (x) =(=1)(-2) (-3)(1+x) "and f7(0) € H[3

()

version: 1.1
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S (x) =(-1)(-2) (-3)(=4)(1+x)"and /¥ (0) € B']4

Following the pattern, we can write ) (0)=(-1)"|n
Now substituting f(0)=1, 740)= 1£°(0) ( 1)’[2.

_ (et (O 2 S7O) o S0 L S(0)
f(x) —f(0)+f (O)x+ 2 x°+ B X+ Iﬂl X —...Tx
(n)
+f (O)x"+,...we have
|n
e (e ey By e DR
. =1+(-1)x+(-1) sz +(-1) |§x +(-1) Iﬁx ..+ n X"+
Thus, the Maclaurin series for IL is the geometric series with the first term 1 and
+ x

common ratio —x.

Note: Applying the formula s

l—x+x,—x;+...

Example 2: Find the Maclaurin series for sin x

Solution: Let f(x)=sinx.Then#(0) =in0 O.

f,(x):cosxandf'(O)ECOSOZI;f”Gx)z sinxand [

(0)

sin0 O,

S (x)==cosxand " (0) =—os 0 =—1;f(4)(x):—( —sin x) =-sin x

and (0)=sin (0)=0.
f(s) =(x) =cos x and f(S)(O)z cos 0= 1, f(6) (x}— sinx

ané f(6) (O) =0 ,'f(7) cos x and f(7) (0) 1
Putting these values in the formula

version: 1.1
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f(x)zf(0)+f'(0)x+T0x+ Dy L0 L

. 0 »
sinx=0 +.x —x —x —x —+Xx

2 B 1 [ 6 7

Example 3: Expand a* in the Maclaurin series.

Solution: Ler f(x)=a",then
J ()= bra, () @ (ma) S (x) @ (ina)
f(4)(x) ==a"(ln a)4, f(")(x) a’ (ln a)(n).
Putting x=0in f(x), £ (x), /" (x), £ (x), fD(x), ... f1(x), we get

f(O)zaO =1,f'(0):a°lna=ln a,f”(O):(ln a)z,f”'(O) (lna )3

f(4)(0) =£In a)4 AL (0) (lna)".
Substituting these values in the formula

f(x) :f(0)+ S r(o)x+f'é0) X%+ flé(O) x4 4%)6" +...,we have
a :1+(lna ).x+(lnlza)2 x2+(lnléa)3 X +m+—(lnlﬁa) x"

Note: If we put a = e in the above expansion, we get

xl x3 xn
+—+...+—+...

2 3 |n

Replacing x by 1, we have

e =l+x+

e=1+1+i+l+...+i

2 B

version: 1.1
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Example 4: Expand (1 + x)"in the Maclaurin series.

Solution: Let f(x)=(1+x)", then
f'()c)=n(1+)c)n_1 , S (x)=n(n-1) (1+x)n_2
/(%) =n(n—1)(n—2)(1+x)w3 ,f(4) (x)=n(n—-1)(n—2)(n —3)(l+x)"74
Putting x=0, we get
£(0) =(1+0) =1, £(0)=n(1+0)"" =n,
£7(0) =n(n-1)(1+0)"" =n(n-1)
£(0)=n(n-1)(n-2)(1+0)" =n(n—1)(n-2),
FP0)=n(n-1)(n-2)(n-3)(1+0)"" =n(n-1)(n-3)

Substituting these values in the formula

7(x) = /(0) 7 (0)x féo)-xz fﬁ(o)uﬁ ..., we have
(1+x)" 1 n+x n(nlg—l)%z n(n_lé(n_z)x3+..

217  TAILOR SERIES EXPANSIONS
OF FUNCTIONS:

If fis defined in the interval containing 'a’ and its derivatives of all orders exist at
x=a , then we can expand f(x) as

_ : / (a) . J (a) ;
f(x) = fla)+ f'(a)(x—a) + 2 (x—a) + B (x—a)
A C) YR A C) YR
2 e )

Let f(x) = a0+a1(x—a)+a2(x—a)2+a3 (x—a)3+a4 (x—a)4+...
+a,(x—a) +...

Obviously f(a)=a, (- puttingx=a , all other terms vanish )

version: 1.1
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f’(‘x)#'al 2a2—(x +a) 3613—(X -ﬁ)z 4a4_(x _a)3+“. nan_(x a‘}n—l
n-2

f”(x) =2a, + 6013(36—a)+12a4(x—a)2 +..+ n(n —l)an (x—a) +...
f"(x)=6a,+24a,(x—a)+....

Putting x=a , we get f'(a)=a,; f"(a)=2a, = a,= / I_ga);:f”’(a) 6a,
IO
3
()
Following the above pattern, we have fT(a)

Substituting the values of a,,q,,a,,q,,...., ,Wwe get

f(x) =f(a)+f’(a)(x—a)+f;(a)(x—a)2 ijL(a)(x—a)3 +..

2 3
(n)
+f (a)(x—a) +
|n
This expansion is the Taylor series for f at x=a . The expansionisonly valid if it is

convergent .
If a = 0, then the above expansion becomes

f(x):f(0)+f’(0)x+fl_§0)x2+flé(o)x3+...+ .
which is the Maclaurin series for fat x=a .
Replacing x by x+4 and a by x, the expansion in (A) can be written as

frx) e S s, )
2 h™ + B h+..+ P h'+... (B)

The expansions in (B) is termed as Taylor’'s Theorem and can be stated as: If x and 4

f(x+h)=f(x)+f’(x)h+

are two independent quantities and f(x+#) can be expanded in ascending power of % as

an infinite series, then
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f(x+h):f(x)+f'(x)h+

Example 1: Find the Taylor series expansion of In (1 + x) at x = 2.

Solution: Let f(x) =In(1+x),then f(2)=In (1+2)=In3
Finding he successive derivatives of In(1+x) and evaluating them at x = 2

f'(x):1+x and f(2) :ﬁ :é
(= B x) and f7(2) =—(1+2)‘2=_é

and f"(2) =2 . (1+2) =2—|27

7O = (D234 (1) B ad 10(2) £

f(x)=f(a)+f'(a).(x—a)+M(x—a)2+fm(a) (x—a)3+ ......

2 3
Now substituting the relative values, we have
1 2 3
In (1+x)=ln3+%(x—2)+_Eg(x—2)2+ZE7(x—2)3 +%(x—2)4+....
SN LSS Y E W CE
1.3 2.3 3.3 4.3
Example 2: Use the Taylor series expansion to find the value of sin 31°.

Solution: We takeg=30°=7%~

6
Let f(x) =sin x, then ﬁ(%) sin%
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Now taking the successive derivative of sin x and evaluating them at % , we have

, (r 7 3
X) =cos x and L lzcos= ="
/(%) f (6) cos6 5
: A 7T V4 -1
"(x) =—sin x and — |= sin— —
2r (- mz 3
o 7 PN
X)=-cos x and — |= - —
s ( ) / (6) QOS6 2
SO (x)=—(=sin x)=sin x and (zj _sin -1
6 6 2
Thus the Taylor series expansion at == is
1 S CI
. 1 3 T 2 T 2 T
sinx=—+—|x—— |[+—=|x—=| +—%=|x—=—| +
2 2 6) |2 6 13 6
1 3 7 1 7[)2 \/5( Y
=—t—|X——|-—|xXx——| ——|x——| +
2 2 6 22 6 2|3 6
For x =31-x %z(}l" 30°) =4’ 017455
sin 31° zl+£(.017455)—l(.017455)2 —ﬁ(.017455)3
2 2 4 12

~.5+.015116 -0.000076 =.5150

2 3
Example 3: Prove that " = ex{1+ PR }

2 3
Solution: Let f(x+4) =e"'sthen f(x) e ..(i)

By successive derivatives of (i) w.r.t ‘x’ we have
S '(x):e",f ’ (x)=e", f m(x)=e" etc.

By Taylor's Theorem we have
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2

P h) = () h 17 () () e s ()

12 3

Putting the relative values, we get

2 3
=" +h e +—e +—e +...

2 B
. h o n
=e [1+h+E+E+“}

Apply the Maclaurin series expansion to prove that:

. x2 .X3 .X4
| In(I+x)=x——+—-——+......
) (l4x) = x="rt o=
() 1 X2 X4 X6
i COS X =l ...
2 [4 |6
2 3
(i) VI+x =1+2- 42 4 .
2 8 16
x2 3
(iv) & =l4+x+—+—+......
2 3
2 3
(v) &+ IS M.
2 3
2. Show that:
2 h3
cos(x+h)=cosx—hsinx——cosx+-—sinx+......
(x+h) 2R

and evaluate cos 61°.

(n2)'#* (In2)'K°

3. Showthat 2*" =2"{1+(In2)h+ 2 +

3

218 GEOMETRICAL INTERPRETATION

OF A DERIVATIVE

Let AB be the arc of the graph of f defined by the equation y = f(x).

LetP(x,f(x)) and Q(x+5x.f(x+5x)) be two
neighbouring points on the arc AB where x,
x+oxeD,.

The line PQ is secant of the curve and it makes
/XSO with the positive direction of the x-axis. (See
the figure 2.21.1)

Drawing the ordinates PM,QON and

n-l!

» X

perpendicular PR to NQ, we have

RQ = NO-NR = NQ-MP = f(x+6x)— f(x)
and PR = MN = ON-OM = x+dx—x = Ox
Thus tan m ZXSQ = tan m ZRPQ

_RO _ f(x+5x)—f(x)
PR ox

A
B
Oix+dx, f{x+8x))
A e
Peeron R
ol /S M N
FIGURE 2.21.1

Revolving the secant line PQ about P towards P, some of its successive positions

PQ,,PQ,,PQ,,... are shown in the figure 2.21.2. Points Qi(i:1,2,3,...) are getting closer and
closer to the point Pand PR, i.e; ox, (i=1, 2, 3, ...) are approaching to zero.

In other words we can say that the
revolving secant line approaches the tangent
line PT as its limiting position at P while 6x
approaches zero, that is,

tan m £ XSQ —tanm LXTP whenox — 0

_ [
or f(x+55x) f(x) —tanm/ZXTP as 6x—>(0 —=+— T -
X
so lim f(x+5x)—f(x): tanmz XTP = FIGURE 2.21.2
ox—0 5x

version: 1.1
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or f’(x) =tanm LXTP

Thus the slope of the tangent line to the graph of fat (x, /(x)) is f'(x).

Example 1:

Solution: Let  f(x) = |x]
£(0)=10]=0 and,
£(0+6x)=0+65x|=| 5x|,
SO f(0+6x)-f(0) = |6x[-0
and f(0+5x)—f(0) _ |Ox|
ox ox
[ox]

Thus f’(O) = [lim

Sx—0 5)(;

Because |5x| =0x when 6x>0

and |6x| =—6x when 6x <0

so we consider one-sided limits

|5x| ox
Lim = Lim =1
Sx—0" X 5x—0" X
. ) —Ox
and Lim | | =Li — 1
Sx—0" X S5x—0 ox

Discuss the tangent line to the graph of the function | x| at x=0.

FIGURE 2.21.3

The right hand and left hand limits are not equal, therefore, the Lim |5+ does not

exist.

5x—0  Sx

This means that f’(0),the derivative of f at x=0 does not exist and there is no tangent

line to the graph of 7 and x =0
(see the figure 2.21.3).
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Example 2:
whose abscissa is 4.

Solution. Giventhat x*-y*-6y=0 (i)

Find the equations of the tangents to the curve x* - y> -6y =0 at the point

We first find the y-coordinates of the points at which the equations of the tangents are to

be found. Putting x=4 is (i) gives

_—6+36+64 6100 —6£10
2

16—y> -6y =0

or y > 3 ,that is ,
—6+10 4 —6-10 -16
= :—:2 = = = -_
> > or y 5 2 8
Thus the points are (4, 2) and (4, - 8).
Differentiating (i) w.r.t. ‘x" we have
22, Y W _ :>2d—y(y+3) =2x b __=
dx  dx dx dx y+3
The slope of the tangent to (i) at (4, 2) = =2i3=§ .
+

Therefore, the equation of the tangent to (i) at (4, 2) is

y=2 = %(x—4)

or Sy=4x-6

=5y—-10=4x-16

The slope of the tangent to (i) at (4, - 8) = 4 4

—-8+3 5
Therefore the equation of the tangent to (i) at (4, - 8) is

4

y=(-8)=1x-4)

Sy+40=—-4x+16 =4x+5y+24=0

=1y’ +6y—16 =0

version: 1.1
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219 INCREASING AND DECREASING
FUNCTIONS

Let f be defined on an interval (a, b) and let x,,x, €(a,b). Then
(i)  fisincreasing on the interval (a, b) if f(ix,) > f(x,) whenever x, > x,
(i)  fis decreasing on the interval (a, b) if f(x,) < fix,) whenever x, > x,

ST ™9
& Qe
\Qc' I : : @!‘bg

/

|
a X X b a x x b

fe)>f (x,) if ;> x, S GR)<f(a) if x> x,
We see that a differentiable function fis increasing on (a,b) if tangent lines to its graph
at all points (x, f(x)) where x €(a, b) have positive slopes, that is,
f’(x)>0forall xsuchthata<x<b

and f is decreasing on (a, b) if tangent lines to its graph at all points (x,f(x)) where

e(a,b), have negative slopes, thatis, f'(x)<0 for all x such that a<x<b
Now we state the above observation in the following theorem.

Theorem:
Let f be a differentiable function on the open interval (a,b). Then

(i) fisincreasingon(a,b)if f/'(x)>0 for each xe(a,b)
(ii) fis decreasingon (a,b)if f'(x)<0 for each xe(a,b)
Let f(x) =x*, then

F(0)-f(x)=x"—x"=(x,—x)(x, +x,)

version: 1.1
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f(x)=f(x)<0
= f(x)<f(x)

= f is decreasing on the interval (—o0,0)

(- x,—x >0and x, +x, <0)

If x,,x,€(0,00) and x, >x, , then
f(x)-f(x)>0
=1 (x,)>f(x)

= fis increasing on the interval (0, «)

(- x,—x, >0and x, +x, > 0)

Here f'(x)=2x and f (=) -#®forall x ( ,0), therefore,
fis decreasing on the interval (—,0)
Also  f'(x)>0 for all xe(0,x), so f is increasing on the interval
(0, ).
From the above theorem we can conclude that
1. f'(x)<0 = f isdecreasing at x,
2. f'(x)=0 = f is neither increasing nor decreasing at x,

3.  f(x)>0 = fisincreasing at x,

Now we illustrate the ideas discussed so far considering the function f defined as

f(x):4x—x2 0]
To draw the graph of f, we form a table of some ordered pairs which belongs to f
x —1 0 1 2 3 4 5
y=f(x)| -5 0 3 4 3 0 -5

version: 1.1
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The graph of fis shown in the figure 2.22.1.

+Y
(2,4)
AN
L — i TS T T 1 >
-3-2A 12 34 ﬁ X
(59'5}
('l!'S)
FIGURE 2.22.1

From the graph of f, it is obvious that y rises from 0 to 4 asx increases from 0 to 2 and
y falls from 4 to 0 as x increases from 2 to 4.

In other words, we can say that the function f defined as in (I) is increasing in the
interval 0<x<2 and is decreasing in the interval 2 < x < 4.

The slope of the tangent to the graph of f at any point in the interval 0<x <2, in which
the function f is increasing is positive because it makes an acute angle with the positive
direction of x-axis. (See the tangent line to the graph of fat (1, 3)).

But the slope of the tangent line to the graph of f at any pointin the interval
2<x<4 inwhich the function fis decreasing is negative as it makes an obtuse angle with the
positive direction of x-axis. (See the tangent line to the graph of f at (3, 3)).

As we know that the slope of the tangent line to the graph of f at (x,f(x)) is f'(x), so
the derivative of the function fi.e., f’(x), is positive in the interval in which fis increasing and
f'(x), is negative in the interval in which f is decreasing.

The function f under consideration is actually increasing at each x for which f"(x)>0.

version: 1.1
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l.e. 4-2x >0 = 2x>-4 =>x<2

Thus it is increasing in the interval (—x, 2). Similarly we can show that it is decreasing,
in the interval (2, ).

Now we give an analytical approach to the above discussion.

Let f be an increasing function in some interval in which it is differentiable. Let x and
x+0x be two, points in that interval such that x+6x > x.
As the function fis increasing in the interval, it conveys the fact that f(x + 6x) > f(x).

Consequently we have, f(x+d6x)—f(x)>0and (x+Jx)—x>0, thatis,
fix+dx)—fix)>0and x>0

f(x+5x)—f(x)
ox
The above difference quotient becomes one-sided limit

lim f(x+5x)—f(x)
5x—0* ox

As fis differentiable, so f’(x) exists and one sided limit must equal to f’(x).
Thus f(x)>0

or >0

Example 1: Determine the values of x for which f defined as f(x)=x*+2x-3 is
(i) increasing (ii) decreasing.
(iii) find the point where the function is neither increasing nor decreasing.

Solution: The table of some ordered pairs satisfying f(x)=x"+2x-3 is given below:
X -4 -3 -2 -1 0 1 2
y=fx) 5 0 -3 —4 -3 0 5
version: 1.1
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The graph of fis shown in the figure2.22.2.

f'(x)=2x+2 2 Y
(i)  The condition /' (x)>0 =2x+2 >0 -
(-4,5) 97 (2,5)
=2x > -2 4
which gives x>-1, so the function f defined as 5
f(x)=x*+2x-3 isincreasing in the interval ( —1,:). 9
1 .
(i)  And the condition f'(x)<0 =2x+2 < 0 T2 3 =X
=2x<-2
which gives x <-1, so the function f under
consideration in the example I is decreasing in the

interval (—oo,—l). FIGURE 2.22.2

(iii) The function is neither increasing nor decreasing where f'(x)=0, thatis,
2x+2=0 =>x=-1.

If x=—1thenf(~1)=(~1)" +2(~1)-3=-4. Thus f is neither increasing nor deceasing at
the point (-1, -4).
(\[e] =K Any point where f is neither increasing nor decreasing is called a stationary

point, provided that f* (x) = 0 at that point.

Example 2: Determine the intervals in which fis increasing or it is decreasing if

f(x)=x3—6x2 +9x _J_Y

Solution. f'(x)=3x>-12x+9 T

=3(x* - 4x+3) 1
:3(x—1)(x—3) ‘;{,' 1 'fﬂr B0) ;{'
f’(x) >0

=  x’—4x+3>0

= (x—l)(x—3)>0 4

version: 1.1
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(x—1) (x=3)>0"in the intervals (-« ,1) and (3,)
f'(x) <0 = (x-1)(x-3)<0
(x—l)(x—3)<0 if x >1 andx<3thatisl <x<3

2.20 RELATIVE EXTREMA

Let (c—5x,c+§x)ng o
ox is small positive number.

If f(c)=f(x) forall xe(c—3dx,c+6x) thenthefunction
fis said to have a relative maxima at x=c. \
Similarly if f(c)Sf(x) for all xe(c—5x,c+5x) , then
the function f has relative minima at x=c.
Both relative maximum and relative minimum are
called in general relative extrema.
The graph of a function is shown in the adjoining figure.
It has relative maxima at x=b and x=d. But at x=a and

x=c , it has relative minima.
Note that the relative maxima at x=d is not the highest point of the graph.

(domain of a function f), where

I O N O Y Y I

P

igl
X a b

2.21 CRITICAL VALUES AND
CRITICAL POINTS

If ¢ € Dffand f'(c)=00r f'(c) does notexist, then the number cis called a critical value
for f while the point (c. f(c)) on the graph of fis named as a critical point.

Note: There are functions which have extrema (maxima or minima) at the points
where their derivatives do not exist. For example, the derivatives of the function f and ¢
defined as.

version: 1.1
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S (x) =]
2-x x>0 e
and ¢(x) B 24+x x<0
do not exist at (0, 0) and (0, 2) respectively. :Jé" S ofesy ']:{:

But f has minima at (0, 0) and ¢ has maxima at
(0, 2). See the adjoining figures.
Those critical points on the graph of f at which

Yoty

f'(x)=0 are called stationary points of f.
Now we discuss relative maxima and relative
minima of the differentiable function f defined as:

y =f(x) =x -3x" +4 (1)

Graph of f is drawn with the help of some ordered pairs tabulated as below:
X | =32 -1 [=1/2] 0 | 1/2] 1 3/2 | 2 | 5/2] 3
Yy |[-49/8( 0 |[25/8| 4 |27/8| 2 |58 | 0 |7/8]| 4

Now differentiating (i) w.r.t. 'x’ we get
f’(x) =3x> —6x =3x (x—2)

f’(x)zO :>3x(x—2)=0

Now we consider an interval (-6x,6x) in the neighbourhood of x=0. Let 0-¢ is a

=x=0o0or x=2

point in the interval (—6x,0) We see that

S'(0-8)=3(-¢)(-s-2) (~f7(x) =3x(x-2)) R
=3¢(e+2)>0 (e>0,6+2>0) 7Y
(0.4)
Thatis f'(x) is positive for all xe(-6x,0).
Let 0+¢, is a point in the interval (0,5x), then we have 1.0 ]
-—— - —
£1(0+5)=3(¢) (£ -2) R I [ eo X
= 3¢42 &) 0(2-¢>0,6>0),thatis, [
f'(x) is negative for all xe(0,5x) 1.

version: 1.1
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We note that /'(x)>0 before x=0, /'(x) =0at x=<0and f (x) 0 after x=0.
The graph of f shows that it has relative maxima at x = 0.

Thus we conclude that a function has relative maxima at x=c if f'(x)>0, before
x=c f'(¢)=0 and f’(x)<0 after x=c.

Considering an interval (2 — 8x, 2 + 8x) in the neighbourhood of x = 2we find the values
of f'(2-€)and f'(2+¢e)when2-¢g€(2-6x,2)and 2 + g€ (2, 2 + dx)

f'(2-¢6)=3(2-¢)(2-¢-2) [ f'(x)=3x(x-2)]

-3(2-2)(-)

=-3¢(2-¢)<0 (e>0,2-£>0)
and f'(2+g)=3(2+g)(2+g—2)
=3¢(2+¢)>0 (" e>0,24+¢£>0)

We see that f'(x)<0 beforex=2, f'(x)=0 at x=2 and f'(x)>0afterx=2.

It is obvious from the graph that it has relative minima at x =2.

Thus we conclude that a function has relative minima at x=cif f'(x)<0 before
x=c,f'(x)=0atx;cand>f'(x)>0 after x=c.
First Derivative Rule:

Let f be differentiable in neighbourhood of c where f'(c)=0.

1. If f'(x) changes sign from positive to negative as x increases through ¢, then
f(c) the relative maxima of f.

2. If f'(x) changes sign from negative to positive as x increases through ¢, then

f(c) is the relative minima of f.

version: 1.1
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A stationary point is called a turning point if it is either a maximum point or Example 1: Examine the function defined as

a minimum point.

If f*(x) >0 before the pointx=a,f'(x)=0atx=0andf’(x)> 0 after x =0,

then f does not has a relative maxima. ,
See the graph of f (x) = x. In this case, we have =3(x —4r+3)=3(x-1)(x-3)

f'(x) =3x?, thatis,

f(x)=x’-6x*+9x for extreme values.
Solution: f’(x)=3x"—-12x+9

First Method
If x=1-& where ¢ is very very small positive number, then

f(0-g)=3(=¢) =3 >0

and f'(0+g): 3(5)2: 32 >0 et ; : e (x—l)(x—3)=(1—8—1)(1—8—3)=(—8)(—8—2)=8(2+8)>O that is,
The function fis increasing before x = 0 and also
it is increasing after x = 0.

Such a point of the function is called the

point of inflexion.

f'(x)>0before x=1. For x=1 ¢, we have
(x=1)(x=3)=(1+e-1)(1+e-3)=(&)(2+&)=—¢€(2-¢)<0
That iS,f’(x)<O after x=1
As f'(x)>0beforex=1, f'(x)=0=at x landf’'(x)<0afer x 1
Thus f has relative maxima at x=1and f(1)=-1-6+9=4.
e Let x=3-¢, then
Second Derivative Test: | ) (3 (3 (2 ) 0
We have noticed that the first derivative f'(x) of a function changes its sign from (x_ J(x=3)=(3-c-1)3-6-3)=(2-¢)(-¢) ==2(2-¢)<
» . . , , _ , _ That is f'(x) < 0 before x = 3.
positive to negative at the point where f has relative maxima, that is, f ' is a decreasing

function in the neighbouring interval containing the point where f has relative maxima Forx=3+e
5 5 sthep ' (x-1)(x=3)=3+&-1)B+e-3)=(2+¢&)€)>0

That is, f’(x) >0 after x =3.

Thus f"(x) is negative at the point where f has a relative maxima.

As f'(x)<Obefore x=3, f'(x)atx=3and f'(x)> 0 after x=3,
But f'(x) of a function f changes its sign from negative to positive at the point where f /(%) g f'(x)at /() . g
has relative minima, thatis, f'is an increasing function in the neighbouring interval containing Thus f has relative minima at x=3.and f(3)=3(3)" -12(3)+9=0
the point where f has relative minima. Second Method: f"'(x)=3(2x-4)=6(x-2)
: " : : - "(1)=6(1-2)=-6<0, therefore,
Thus f"(x) is positive at the point where f has relative minima. sr1)=6(1-2) <

Second Derivative Rule , _ ; 5
fhas relative maxima at x=1and f(1)=(1) -6(1)" +9(1)
=1-6+9=4

f"(3)=6(3-2) =6 > 0,therefore f has relative minima at x=3 and f(3)=27-54+27=0

Let f be differential function in a neighbourhood of c where f'(¢)=0.Then
1. fhas relative maxima at cif /"(¢)<0.
2. fhasrelative minima at cif f"(c)>0.
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Example 2: Examine the function defined as f(x)=1+x’ for extreme values

Solution: Giventhat f(x)=1+x’
Differentiating w.r.t. 'x’ we get f’(x)=3x
f(x)=0 =3x" =0 =x=0
f(x)=6x and /" (0)=6(0)=0
The second derivative does not help in determining the extreme values.
f1(0-¢)=3(0-¢) =3 >0
'(0+£)=3(0+¢&) =3 >0
As the first derivative does not change sign at x=0, therefore (0, 0) is a point
of inflexion.

2

Example 3: Discuss the function defined as f(x)=sinx+ 2\1/5 cos 2x for extreme values in
the interval (0, 27).

Solution: Given that f(x)=sinx+

! cos 2x
2\2

f’(x) =CoS X +ﬁ(—2sin 2x) =CoS X —%Sin 2x

1
=cosx ——(2sin x-€os x) cosx \/Esmxcosx
7 )

= cos x(l—x/zsinx)

Now f’(x) 0 :>cosx(1—\/§sinx)20

=cosx=0 = x=

-l;‘|>) w‘m
-l;|f\:,’ M|§,’

or l—ﬁsinx=0 :>sinx:L = x=
V2

Differentiating (i) w.r.t. ‘x’, we have
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f”(%)z sinx %(coséxéc 2 sinx 2cos2x
As f”(%):—sin%—ﬁcosn:—l—ﬁx(—l):\/5—1>0
and f”(%jz—sin%{—ﬁcos 37z=—(—1)—\/5(—1):1+\/§>0

Thus f(x) has minimum values for ngand x:%Z

As f”(%}: sin% \/Eeesg— \%—2\/5<0 % 0

and f”(%}: sin%Z \/Ecos%— \/LE—Z\/E<O % 0

Thus f(x) has minimum values for x:% and x:T”

1. Determine the intervals in which f is increasing or decreasing for the domain
mentioned in each case.

(i) f(x) = sin x ; xe(—ﬂ,ﬂ)
(i) f(x) = cos x ; xe %%}
(iii) f(x) =4—x’ ; xe —2,2)
(iv)  f(x)=x"+3x+2 ; xe(—4.1)

2.  Find the extreme values for the following functions defined as:

(i) f(x):l—x3 (i) f(x)zxz—x—Z
(iii) f(x) = 5x*—6x+2 (iv) f(x) = 3x*
(V) f(x) = 3x"—4x+5 (vi) f(x) =2x —2x*-36x+3

version: 1.1
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(vii) f(x) = x'—4x’ (viii) f(x) = (x—2)2(x—1)
(ix) f(x) = 5+43x—x

3. Find the maximum and minimum values of the function defined by the following
equation occurring in the interval [0,27]
f(x) = Sin X+ cos X.

4. Showthat y = Inx has maximum value at x=e.
X

5. Showthat y = x* has a minimum value at le.
e

Application of Maxima and Minima

Now we apply the concept of maxima and minima to the practical problems. We first
form the functional relation of the form y = f(x) from the given information and find the
maximum or minimum value of f as required. Here we solve some examples
relating to maxima and minima problems.

Example 1: Find two positive integers whose sum is 9 and the product of one with
the square of the other will be maximum.

Solution: Let x and 9-x be the two required positive integers such that
x(9-x)" will be maximum.,
Let  f(x) = x(9—x)2. Then
F1(x) =1.(9-x) +x.2(9-x)x(-1)
=(9-x)[9-x-2x]=(9—-x)(9-3x)=3(9-x)(3—x)
f'(x)=0=3(9-x)(3-x)=0 =x=9 or x=3
In this case x=9 is not possible because

9—x=9-9=0 which is not positive integer.

17(3)=3(1)(3=3) (9= 2)<(-)]=3[-3+ x-9-x

2. Differentiation elLearn.Punjab
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=3[2x-12]=6(x—6)

As  f"(3)=6(3-6)=6(-3)=-18 which is negative.

Thus f(x) gives the maximum value if x=3, so the other positive integer is 6 because
9-3=6.

Example 2: What are the dimensions of a box of a square base having largest
volume if the sum of one side of the base and its height is 12 cm.

Solution: Let the length of one side of the base (in cm) be x and the height of the box (in
cm) be h, then V=x’#
It is given that x+ A =12 =>h=12-x

Thus V=x*(12-x) and

cjl—V =2x(12-x)+x*(-1)=24x-3x> =3x(8 — x)
x

P _y = 3x(8-x)=0. In this case x cannot be zero,

dx
SO 8—x=0 = x=8&.

d’v

2

. =24 —6x which is negative for x=8
X

Thus Vis maximum if x =8(cm) and h=12 - 8 = 4(cm)

Example 3: The perimeter of a triangle is 20 centimetres. If one side is of length 8
centimetres, what are lengths of the other two sides for maximum area of the triangle?

Solution: Let the length of one unknown side (in cm) be x , then the length of the other
unknown side (in cm) will be 20-x-8=12-x .
Let y denote the square of the area of the triangle, then we have

20

y=10(10—8)(10—x)(10—12+x) (..-s=7=10 and area of the triangle \/s(s—a)(s—b)(s—c))

=10.2(10 - x)(x - 2) =20(—x" +12x - 20)
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% =20(—2x+12)=—40(x—06)
D_y
dx

2

As Z’ f is -ve,s0 x = 6 gives the maximum area of the triangle.
X

The length of other unknown side =12-6=6(cm)
Thus the lengths of the other two sides are 6 cm and 6 cm.

=x=6

Example 4: An open box of rectangular base is to be made from 24 cm by 45cm
cardboard by cutting out square sheets of equal size from each corner and bending the
sides. Find the dimensions of corner squares to obtain a box having largest possible
volume.

Solution: Let x (in cm) be the length of a side of each square sheet to be cut off from each
comer of the cardboard. Then the length and breadth of the resulting box (in cm) will be
45-2xand 24 -2x respectively. Obviously the height of the box (in cm) will be x. Thus the
volume V of the box (in cubic cm) will be given by

X

V =x(24-2x)(45-2x)=2x(12-x)(45-2x) x{) . ™Y x
=2x(540 - 69x + 2x°) !
|
dv 24 -2x
and E:z[l.(zﬁ —69x+540)+x(4x—69)] i
=2(6x" ~138x +540) g == - A5 DE it i >
X L) *
=12[ x* —23x+90 |=12(x=5)(x—18) x v

av

— =x=5 or x=18
dx

0 =12(x-5)(x-18)=0
= x=5[vif x=18, then 12-x=12—-18 =—6, that is,
V'is negative which is not possible]

dzy_
dx?

12(2x-23)

version: 1.1
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2

s negative for x=5 because 12(2x5-23)=12(-13)

2
X

Thus V will be maximum if the length of a side of the corner square to be cut off is 5 cm.

Example 5: Find the point on the graph of the curve y = 4 — x2 which is closest to
the point (3, 4).

Solution: Let / be distance between a point (x,y) on the curve y=4-x* and the point (3,

4). Then!=[(x-3)" +(y-4)’

:\/(x—3)2 +(4—x2—4)2

= (x—3)2+x4

( (x,y)is on the curve y =4 — xz)

Now we find x for which [ is minimum.

ﬂ: l1
dx 2.\/(x—3)2 +x*

[(2(x 3) 40)]

= %.2(2)63 +Xx— 3)

version: 1.1
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:%(ZX3 +x—3)

= %(x — 1)(2)(?2 +x— 3)

D _p :ykx—yxzﬁ+2x+3}4)::x—1=0 or 2x’+2x+3=0
dx [

=x=1 (w2 +2x+3=0)
[ is positive for 1 — & and 1+& where ¢ is very very small positive real number.

2
Also 2x* +2x+3=2 x2+x+l +§=2 x+l +§ is positive,for x =l —
4) 2 2 2
and x=1+¢

The sign of % depends on the factor x-1.
X

x— Tisnegativeforx=1-¢gbecausex—-1=1-¢ —-1=-¢ ... (i)
x— Tis positiveforx=1+ g¢becausex-1=1+¢ -1=¢ ... (ii)

From (i) and (ii), we conclude that % changes sign from —ve to +ve at x = 1.
X

Thus [ has a minimum value at x = 1.
Putting x=1iny=4-x>, we get the y-coordinate of the required point which

is 4—(1)" =3
Hence the required point on the curve is (1, 3).

1.  Find two positive integers whose sum is 30 and their product will be maximum.
Divide 20 into two parts so that the sum of their squares will be minimum.

3. Find two positive integers whose sum is 12 and the product of one with the square
of the other will be maximum.

4. The perimeter of a triangle is 16 centimetres. If one side is of length 6 cm, what are
length of the other sides for maximum area of the triangle?

5. Find the dimensions of a rectangle of largest area having perimeter 120 centimetres.

version: 1.1
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10.

1.

12.

Find the lengths of the sides of a variable rectangle having area 36cm’ when its
perimeter is minimum.

A box with a square base and open top is to have a volume of 4 cubic dm. Find the
dimensions of the box which will require the least material.

Find the dimensions of a rectangular garden having perimeter 80 metres if its area
is to be maximum.

An open tank of square base of side x and vertical sides is to be constructed to
contain a given quantity of water. Find the depth in terms of x if the expense of lining
the inside of the tank with lead will be least.

Find the dimensions of the rectangle of maximum area which fits inside the
semi-circle of radius 8 cm as shown in the figure.

Find the point on the curve y = x2— 1that is closest to the point (3, -1).

Find the point on the curve y = x>+ 1 that is closest to the point (18, 1).

version: 1.1
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3.1 INTRODUCTION

When the derived function (or differential coefficient) of a function is known, then
the aim to find the function itself can be achieved. The technique or method to find such
a function whose derivative is given involves the inverse process of differentiation, called
anti-derivation or integration. We use differentials of variables while applying method
of substitution in integrating process. Before the further study of anti-derivation, we first
discuss the differentials of variables.

Let f be a differentiable function in the interval a < x < b, defined as y = f(x), then
oy = f(x+0x) - f(x)

and lim szlim Jox+ox) = f) f'(x), that is
x

5x>0 5x  Sx—0 o

@ _
1o (x)

We know that before the limit is reached, % differs from f “ (x) by a very small real
number €. *

Let ?=f’(x)+€ where € is very small
X

or oy = f’(x)5x+8 ox (i)

The term f’(x)dx being more important than the term € 8x is called the differential of
the dependent variable y and is denoted by dy (or df)

Thus dy = f’(x)5x (i)

As dx = (x)'0x = (1)0x, so

the differential of x is denoted by dx and is defined by the relation dx = x.

The equation (ii) becomes

dy =f'(x) dx (iii)

Note. Instead of dy, we can write df, that is, df = f “ (x) dx where f‘(x) being coefficient of

differential is called differential coefficient.

The tangent line is drawn to

the graph of y = f(x) at P(x, flx) and v 1 Q(x + dx, f(x + 6x))
MP is the ordinate of P, that is, ! 3
MP = f(x). (see Fig. 3.1) P, (%)), A o K |2

Let 8x be small number, then the “\M___/_/yrl R —=
point N is located at x + dx'on the x-axis. : :
Let the vertical line through N cut the / | ax o
tangent line at T and the graph of fat Q. «~ 0 M N (x + &x) ‘,'E
Then the point Q is (x + 8x, f(x + 8x)), SO Figure : 3.1

dx =38x=PR
and dy=RQ=RT+TQ
RT
=tan @dx + TQ ( tango—ﬁj

where ¢ is the angle which the tangent PT makes with the positive direction of the x-axis.
or oy=f'(x)dx+TQ (.. tan @dx = f’(x))
= Jdy=dy+TQ
We see that 8y is the rise of f for a change 3x in x at x where as dy is the rise of the
tangent line at P corresponding to same change 6x in x.
The importance of the differential is obvious from the figure 3.1. As 6x approaches 0,
the value of dy gets closer and closer to that of 6y, so for small values of &x,
dy = dy
or dy = f’(x)dx [~ dy=f"(x)dx] (iv)
We know that 8y = flx + 6x) — f(x)
flx + 8x) = f(x) + dy
But o6y = dy, so
flx + 6x) = flx) +dy (V)
flx +8x) = flx) + f'(x)dx (vi)

version: 1.1
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Example: Find 5y and dy of the function defined as
f(x)=x?, whenx=2and dx=0.01

Solution: As f(x) = x?, so f’(x) = 2x
3y = flx + 8x) — flx) = (x + 3x)* — x?
= 2x 6x + (8x)? = 2x dx + (dx)?
Thus f(2 + 0.01) - fI2) = 2(2) (0.01) + (0.01)?
=0.04 + 0.0001 = 0.0401, that is
dy = 0.0401 when x =2 and 4x = dx = 0.01

Alsody =f"(x) dx

=2(2)x(0.01)=0.04 (" f’(x)=2x,x=2and dx=0.01)
Thus 8y — dy = 0.0401 — 0.04 = 0.0001.

(. dx =dx)

We explain the process in the following example.

d
Example: Using differentials find d_y when y_ Inx=Inc
X X

Solution: Finding differentials of both sides of the given equation, we get

d[l—lnx}:d[lnc]:o

X

using d(f + g) = df £ dg, we have

d[ﬂ—d(m@xo ﬁ[y.—l} Lav o

dx
Using d(fg) = fdg + gdf, we get

yd(l}rldy—ldx: 0

X X X

Yy X (—dexj + la’y —ldx =0= ldy = la’x + lzdx
x x x x x x

O

version: 1.1
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1 1 1
or —dy:{— %}Jx (xtva’x —(x+yjdx
X X X X x\ X

X
dy x+y ,
Th - = cdy = d
us y ; [ y=f (x) x]

Use of differentials for approximation is explained in the following examples.

Example 1:  Use differentials to approximate the value of \/17.

Solution: Let fix) = Vx
Then f(x + 8x) = Vx+dx

As the nearest perfect square root to 17 is 16, so we take x = 16
and éx=dx =1
Theny=f(16) = V16 =4
Using f(x + 8x) = f(x) + dy
~ flx) + f' (x) dx. we have

NI [.'.f,(x)zleﬁj

! 4+l
2x4 8

F16+1)~ f(16)+ :

S‘

~ 4 +

= 4.125

Hence /17 ~4.125

Example 2: Use differentials to approximate the value of /8.6

Solution: Let f(x)=3/x then

y+8y = f(x+6x) = Yx+dx = Yx+dx (- Ox==x) and f'(x) 12

version: 1.1
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As the nearest perfect cube root to 8.6 is 8, so we take x = 8 Solution: Let x be the side and V be the volume of the cube, then
and dx = 0.6, then V=x and dV = (3x?) dx
Taking x = 20 (cm) and dx = 0.12 (cm), we get
V=1[3(20)?] (0.12) =12 12)=144 i
£(8) = R =2 and £(8) = 1 _ 1 L, d [3(. O)](.O ) 00 x (O | ) (cubl.ccr.n) N |
3(8): 3x4 12 The error 144 cubic cm in volume calculation of a cube is either positive or negative.

so dy = f'(x)dx = éx(0.6) = 0.05

Using  f(x+6x) = f(x)+dy, we have
1. Find 8y and dy in the following cases:

f(8+0.6) = f(8)+0.05 (i) y=x2-1 when x changes from 3 to 3.02
=2 085 205 (i) y=x>+2 when x changes from 2 to 1.8
But using calculator, we find that /8.6 is approximately equal to 2.0488. (i) y=+x when x changes from 4 to 4.41
Example 3: Using differentials, find the approximate value of sin 46° 2.  Using differentials find % and Z—; in the following equations
Solution: Lety =sinx, then (i) =xy+x=4 (i) x*+2y2°=16
y + 8y = sin (x + 6x) = sin (x + dx) (6x = dx) (iii)  x*+y?=xy? (iv) xy—Inx=c
- 3.  Use differentials to approximate the values of
We takex=45°=Z and dx= 1° =0.01745 iy 17 (i) (31
J (iii) cos 29° (iv) sin619°
Hence dy = cos x dx ('.’a(sinx) = cosxj 4.  Find the approximate increase in the volume of a cube if the length of its each edge
changes from 5 to 5.02.
1 5.  Find the approximate increase in the area of a circular disc if its diameter is ?
~ (cos 45°)(0.01745) = ﬁ(o.oms)
< 0.7071 (0.01745) 3.2 INTEGRATION AS ANTI - DERIVATIVE
= 001934 (INVERSE OF DERIVATIVE)
Using f (x + dx) = f(x) + dy we have o . _ _ _
Sin (46%) ~ sin 45° + dy ~ 0.7071 + 0.01234 = 0.71944 In chapter 2, we have been finding the derived function (differential
~ 0.7194 coefficient) of a given function. Now we consider the reverse (or inverse) process

i.e. we find a function when its derivative is known. In other words we can say that if
¢'(x) = flx), then ¢(x) is called an anti-derivative or an integral of f(x). For example, an
anti-derivative of f(x) = 3x? is ¢(x) = x* because ¢'(x) = d_ (%) = 3x? = f(x).

X

Using calculator, we find sin 46° is approximately equal to 0.71934.

Example 4: The side of a cube is measured to be 20 cm with a maximum error of 12 cm
in its measurement. Find the maximum error in the calculated volume of the cube.

version: 1.1 version: 1.1
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The inverse process of differentiation i.e. the process of finding such a function whose
derivative is given is called anti-differentiation or integration.

While finding the derivatives of the expressions suchas x> +x, x*+x+5, x*+x-3
etc., we see that the derivative of each of them is 2x + 1, that is,

i(x2+x)=i(x2+x+5)=i(x2+x—3)=2x+’I
dx dx dx
Now if f(x) = 2x + 1 Q)

Then ¢(x) = x? + x

is not only anti-derivative of (i). But all anti-derivatives of flx) = 2x + 1 are included in
x? + x + cwhere cis the arbitrary constant which can be found if further information is given.

As c is not definite, so ¢(x) + ¢ is called the indefinite integral of f(x) , that is,

[r@de=a () +c (i)

In (ii), fix) is called integrand and c is named as the constant of integration.
The symbol _[ dx indicates that integrand is to be integrated w.r.t. x.

Note that di and ,[ dx are inverse operations of each other.
X

We give below a list of standard formulae for anti-derivatives which can be obtained
from the corresponding formulae for derivatives:
General Form Simple Form
In formulae 1-7 and 10-14,a=0

n+l n+l
MJrc,(n;t—l) [x"de=2
a(n+1) n+1

1. I(aerb)ndx: +c(n#-1)

2. Isin(ax+b)dx=—lcos(ax+b)+c [sinxdx= dosx c

a

3. Icos(ax—kb)dx:lsin(ax+b)+c [ cos xdx =sinx +c

a

4. fsecz(ax+b)dx=ltan(ax+b)+c [sec® xdx =tamrx c

a

3. Integration elLearn.Punjab
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5. Icosecz(ax+b)dx:—lcot(ax+b)+c [cosec® xdx = aotx c

a

6. Jsec(ax+b)tan(ax+b)dx:lsec(ax+b)+c fsecxtandeEFsecx c

a

7. fcosec(ax+b)cot(ax+b)dx = —lcosec(ax+b)+c Jcosecx cotx dx= cbsecx ¢

a

8. fe“+"dx=%xe’m”+c(/1¢0) Iexdx: e +c

9. Ialx+"dx=;.a’lx“’+ c.(a)O,a;tl,ﬂ;tO)
Alna

[a*dx =ﬁ.ax+ c.(a)O,a # 1)

Ildx:ln|x|+c,x¢ 0
X

1 .
10, jax+bdx—j(ax+b) dx

=lln|ax+b|+c,(ax+b * O)
a

11. ftan(ax + b)dx = lln|sec(ax + b)| +c

ftan xdx = ln|sec(x)| +c
a

—= lln|cos(ﬂifx b)| c = Z—n|cosx| c
a

12. fcot(ax + b)dx = lln|sin(ax + b)| +c

[cotxdx =In |Sinx| +c
a

13. fseC(ax—Fb)dx=lln|sec(ax+b)+tan(ax+b)|+c ['secxdx = ln|secx + tCIHX| +c

a

14.

fcosec(ax + b)dx = lln|cosec(ax + b) - cot(ax + b)| +c [cosecxdx = Z”|COS€CX - cotx| +c

a

These formulae can be verified by showing that the derivative of the right hand side of
each with respect to x is equal to the corresponding integrand.

Examples:

5+1 6
1. J.XS dx = al +c :x—+C i(lx6j :ld_x(x6):l'6x6_l :xs
5+1 6 dx\ 6 6 6

1 R d( -2 PN
2. ——dx= 2dx = v = |=-2—
ekl L o o )
2
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1 1 \/x +a’ +x 1
x 2 2 ) ( IJ _%_1 ‘73= 1 x+\/x2+a N \/)c2+a2
=——+c=——"—+c =-2|-——=[x? =x
T 2 =
2
3 J ! 4d,£c: (42x 3)4dx (di — ! U
(2x+3) ¥ 6(2x+3) L. The integral of the product of a constant and a function is equal to the product of the
(2643 ) (2x+3)" ) 1d ((2 3)_3) constant and the integral of the function.
= C=——"— C = e X
2(-4+1) —6 6 dx In symbols,
_ 1 . :_l(_3)(2x+3)31(2): 1 : jaf(x)dx:aff(x)dx where a is a constant.
6(2x+3) 6 (2x+3)
A f s s = sin2x 1 ) d(1 5 ) 1 d, ) II. Theintegral ofthesum (ordifference)oftwo functionsisequaltothe sum (or difference)
. COS 2Xax = 5 +C—5Sll’l xX+c . E ESZI’Z X —EE(SZH .X') Of their integrals.
In symbols,

—(cos 2x) X2 =cos2x

[[A() = £(x)]dx = [fi(x)dx £ [£(x)

5. [ sin3 xdx = —cos3x +c= —lcos3x +c ( i(—lc—f)sfixj = li(COS3)C)j
3 dx\ 3 3dx
6. [cosec’xdx= eotx c ( di(—cotx):—(—coseczx):coseczxj
x
7. chSxtanSxdx 4@ c ('.'i(secsxn:l(<sec=5xtan5x) 5 secS5xtan5x i
3 dx\ 3 3 Prove that: (i) I[f x) ] f1(x)dx —+—[f(x)9 c, (n=-1)

ax+b ax+b n-+
8. Ie"”bdxze +c (i(e ]:l(e”“bxa)ze”“bj (ii) I[f X ] f dx = lnf( ) (flx) > 0)

a dx\ a a

Ax Ax .
9. [3Fdx=—— e 2L (3o (m3)a) 3 Proof: d o

Aln3 dx\ Aln3 ) Aln3 (i) Slnced ()N =(n+ 1) [ftx)]" f (x)
X
d 1 1 1 . . e e n+l
10. d b ] b _ . bydefinition, J(n+1)| £(x)| f'(x)dx = | f(x
.[ax+ & Gﬂx ) ( dx(a n(ClX+ ) a ax+b 4= ax—+—bjj n+1 H:f ] f CE)C Jgf :|n+l c Ebytheorem 1)
—Lin(ax+5)+e(ax+5>0) |
a n+l
| or ([ f" (x)dx= L/ ()] where ¢ =1 (n 1)
1. [ dx:ln(x+\/x2+a2)+c ['.'i(ln(x+«/x2+az))= ! (1+ 1 X2xj n+l n+1
X +a’ dx x+\/x2+a2k 2\/x2+a2
version: 1.1 version: 1.1
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(ii) Slnce—[lnf(x)]—— f'(x)
f(x)

By definition, we have

o /e =) e () o)
or [[f@I"f" (x)dx=Inf(x)+c.
Thus we can prove that
(i) [war = 2 4o (n=-1)
. n+l
.. - "o (ax+b) . B
(i) .(ax+b) dx = Y +c (@#0,n=-1)

(iii) .ldx = In |x| + c

* X
. 1 1
(iv) dx = — In |ax+b| + ¢,
Yax+b a
Examples: Evaluate
() [(x+1)(x—3)dx (ii)
(i) [——=dx, (x>-2) (iv)
Sx+2
. dx .
(V) —_— x>0 (vi)
I x+1-+/x ( )
(vii) (3 = cos 2x dx, (cos 2x # —1)
1 + cos 2x
Solution:

(i) I(x+1)(x—3) dx = I(x2—2x—3) dx
=Ix2dx—2jx dx—3jl

3 2
X

=— -2 x——3.x+c
3 2

(a#0)

.xx/xz —1dx

1

rErey
- sinx + cos’x

dx, (x > O)

——dx
Y cos“x sinx

dx (By theoremsIand II)

n+l

+ ¢, and

( [x"dx = al
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n+l1

(i)

(iii)

(iv)

(V)

1 0+1
= §x3—x2—3x+c [1dx= x"=dx 1{— czj

J.x\/ﬁ dx :j()c2 —1);)6 dx
= 7] 5 S
SJEFr @ e (v 26w 7))

(If f(x)=x"—1.

:% 3 +c= (x +1)2+c
2
X x+2-2
fx+2dx=J ) dx, (x>-2)
:j(l—xizjdx = [dx=2[(x+2)".1 dx = x=21In(x+2)+c
! R X
AT Tk e
L@ 2r s et S )
[ (] () ds or - 2f'(x)}
=2Inf(x)+c = 2ln(\/;+1)+c
e 0

Rationalizing the denominator, we have

J‘ J‘ x+1+\/—
o AT

()

version: 1.1
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s
(x+1)2  x2 (x41)s + 25
= + o te=2(x+1)2 +2x2 e
3 3
2 2
. 3
. Sinx+cos™ x
(vi) j — dx
cos XSinx
3
sinx + COS X sinx cos X
Solution: | dx =+ ——|dx
COS Xsinx COS Xsinx cos XSinx

1 CcoS X
= I — + — dx
cos” x sinx
=Iseczx dx + Icotx dx

=tanx In |sin1—x| c

.. 3—cos2x
Vil ——dx, (cos2x#-1
(Vi) J.1+cos2x ( )
. — 2
Solution: j3 cos2x _ j + cos2x) dx I(L lj dx
1 + cos2x 1 + cos2x 1+cos2x

:Iz 4 dx — Ildx—stecxdx—Ildx
cos” x

= 2tanx —x + ¢

3. Integration
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version: 1.1

1.

(i)

(iii)

(V)

(vii)

(ix)

(xi)

2.

(i)

(iii)

(V)

(vii)

(ix)

(xi)

(xiii)

Evaluate the following indefinite integrals

o B 1
[(3x* —2x + 1) ax (ii) (\/} ﬁ] dx, (x>0)
x(\/; + 1) dx, (x>0) (iv) :(Zx + 3)E dx
[(Vx + 1)2 dr, (x>0)  (vi) (J} - %j dx, (x>0)
3’6& 2, (x>0)  (viil) @ dy, (v>0)
(1) )
J \/5 d@, (9>O) (X) T dx (x>0)
er 'i‘ex dx
e
Evaluate
- dx x +a>0 N (1 —
'\/x+a+\/x+b(x+b>0j () -1+x2dx

3

(x>0,a>0) (iv) _.(a - 2x)5 dx

' dx
Ix +a + Jx’

.(1 + ex)3 . )
———dx (vi) sin(a + b) x dx
. e )
(V1 — cos2x dx, (1 —cos2x>0) (viii) .(an)xl dx , (x>0)
. | ¥
[ sin’x dx (X) I dx, (_ 7 ey <£j
. 1+ cosx 2 2
5 ax + b dx (xii) jc0s3x sin2x dx
Yax® + 2bx + ¢

ccos2x — 1

dx, (1 + cos2x # 0) (xiv) |tan®x dx
1 + cos2x ( ) (xiv) J

(2)

version: 1.1
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3.3 INTEGRATION BY METHOD
OF SUBSTITUTION

Sometimes it is possible to convert an integral into a standard form or to an easy

integral by a suitable change of a variable. Now we evaluate jf(x) dx by the method of
substitution. Let x be a function of a variable t, that is,

if
x = §(t), then
x = ¢(t) and

[reode= fg@)p'@) dr

Now we explain the procedure with the help of some examples.

dx = ¢'(t) dt

Putting dx = ¢'(t) dt, we have

a dt
Example 1: Evaluate | —— at+b>0
P J’2\/a1‘+b ( )
Solution: Let at+b=u.Then
adt=du
dt du 1e 2
Thus a = = —|u?du
IZx/at+b jz& 2I
1l 1 1
2 2 2
_ 1w +c—lu—+c=u2+c:\/at+b+c
2 1 21 1
_ _|_1 _
2 2
X
Example2:  Evaluate | dx.
4+ x°

Solution: Put 4+ x?=t

=2xdx =dt or xdx = %dt, therefore

3. Integration
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version: 1.1

Example 3: Evaluate [xJx—adx, (x>a)
Solution: letx—a=t=>x=a+t

= dx=dt
Thus Ix X —a dx=j(a + t)\/; dt

1 3 1 3
:J'(aﬁ + tzj a’t:czj.z‘E dt + J‘t5 dt

3
= %(x - a)5(2a + 3x) +c

Example4:  Evaluate ICOt\/; dx, (x>0).
X
Solution: Put Vx =z,
1
then d(x) =dz ——=dx d
( X) A 2\/}7 X Z
1
or —dx = 2d
Jx §
cot\/; 1
thus ‘[T dx :{cot&.ﬁ dx Icotz.(2dz)

2'[ 210:; dz 2I(Sin Z)_l cosz dz

(z>0 asx>0)

==X cotz dz

= 2ln|sin Z| + ¢,

=P ln‘sin Jx ‘ c

3a—}

C

()

version: 1.1
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Example 5: Evaluate (i) Icosecxdx (i) Isec x dx

cosec x(cosecx - COtX) d
X

Solution: jcosecxdx = J
cosex x — cotx

Put cosec xcot x = t, then ( cosec xcot x  cosec’ x):dx dt

Oor cosec x (cosec X — cot x) dx = dt

cosec x cosec X — cotx 1
SO I )dx=j—dt:ln|t|+c
cosec X — cot x) t

Thus cosec x dx = ln|cosec X — cot x| + c [t = cosec x — cot x]

sec x(sec X + tan x)

(i) Isec xdv = I (sec X + tan x) g

Put sec x + tan x = t, then (secxtanx+seczx) dx = dt

or sec x(sec X + tan x) dx = dt

- Isec x(sec X tan x) de = J; di = In|t| Lo

(sec X tan x)

Thus jsec xdx=ln|sec X + tan x| + c (t = sec x + tan x)

Example 6: Evaluate _[cos3 x+/sin x dx,(sin x > 0).
1
Solution: Put «/sin x = t, thendt = .cos x | dx
[2\/sin X }

or 2t dt ==cos x dx [ \Ssin x t]
Putting «/sin x ==t and cos x dx 2t dt in the integral, we have,
Jcoszx\/sin xcos xdx = I(l - t4).t x 2t dt, ( cos’x = 1= sin*x 1 t4)

- zj(t2 - t6)dt=2jt2dt - 2]1‘6 dt

=2.—-2—+4c
3 7
3 7 3 7
= 2(Sinx)2 — 2(Sinx)2 +c = 2Sz'i12)c — %sinzx + c
3 7 3 7

version: 1.1

Example 7: Evaluate .[\/1 + sin x dx, (—%<x<§j
. . l — sin x V1 = sin’x
Solution: J.\/l + sin x dx = F«/ sin x. m Im dx
_ J‘ COS X
V1 — sinx
Put sin x = t, then cos x dx = dt, therefore
1
J1+sinx dx = .COS X dx= =1 0 2dt
‘[ J‘\/ —smx J‘ j( )
1 — ¢
= (1 ) +¢ = 21 — +c
- — 4+ 1{(-1
-5 +1)e
= 1 S Xx c
Example 8: Find J'—3 (x>0)
x ln 2x)
Solution: Put In 2x =t then
1 1
—2dx=dt or — dx=dt
2x X
1 1 R 7
Thus | —dv =[5 dt=[d = — +c
Zn 2x) X t -2
1 1
= - =5 + c = — + cC
2t (ln 2x)
Example 9: Find jaxzx dx, (a>0,a#1)
Solution: Put x*=¢, thenx dx = % dt

Thus _[axzx dx = J‘atx%dt

version: 1.1
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= —jat dt = — c = +c
2 2lna 2lna
Example 10:  Evaluate
(i) J‘;dx, (—a<x<a) (i) j;dx, (x>a or x<—a)
Ja'@ = x* wxl —a’
where a is positive.
Solution: (i) Let x=aSin 0, that is,
) T T
x =a Sin@ for — E<9<5’ then dx = a cos@ db
dx acos@ do
Thus | —— =
J.\/az — X '[\/cz2 — a*sin* 0

(i) Put x=aSecO

:jj‘ a cos@ do J-a cos@ do
a\/l — sin* 0
= [1do = 0 + ¢

_ S,-nl( j :

i.e., x=asecH

a cos@

(=

for O<<9<Z or £<0<7r.
2 2

Q

Sin 0)

Then dx=asecOtan 6 dd

dx
Thus .fx\/xz —

:j a sec@ tan@ d o

a secOa’sec’d — a°

:_J‘a sec@ tan@ d 0O

( \/a2(56026? 1)
= lJ‘la’@: l O + c :\/aztanzzatanﬁ)
a

a

a secl .a tan@

= l Secfl-if C. ( Sec¥ zj
a a a

3. Integration
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version: 1.1

3.4 SOME USEFUL SUBSTITUTIONS

We list below suitable substitutions for certain expressions to be integrated.

Expression Involving Suitable Substitution

(i) a’ — x* x =a sin 0

(ii) ¥ = g x = a sec 0

(iii) m X =a tan 6

(iv) +x+a (or\/x—a) x/m=t(orm:t)
(V) m X —a =a sin @

(vi) m X +a=a sec 0

Example 1. Evaluate j; dx (a>0)
Jat+ x?
. T T
Solution: Let x = g tan @ for _5<9<5' Then
dx =asec’0do
Thus
2
I—l dx = I ! x a sec’0dl = I asec 0 dY
Jat + x? \/a2 + a’tan® 0 a\/l + tan’ 0
_:Iaseczﬁ do Isecé’ 40
asec
0 0+ tan@
:jsec (secO +tan0) 0 In (sec® tan ) ¢
secO+tan@
2 2 2 2 2
= In (a—+x —)f—} *, ('.'seczﬁ E tn’0 E % g +2x e,
a a a a
/ 2 2 2 2
= n( @ X +§J c secd) YL TX assecdis
a a

=In (x + a® + xz) —Ina + ¢  positive-for <%< 0 Z]

@)

version: 1.1
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=In (x + \a* + xz) + c

wherec = ¢, — Ina

Note: x++a’+x* is always positive for real values of a.

Example2.  Evaluate | (x>0)

dx
V2x+x2

Solution:

j dx :J‘ dx
V2x+xt T (x+1) -1

[O<9<£}
2

sec O tan d@ _ jsec O tan dO

__ & =
\/(x+1)2—1 Jsec26 -1 tan 0
=+In (secH + tan@) +c¢c = 1In (x +1++2x xz) Te

Let x+1=sec d. Then

dx = sec @ tan 0 dO

Thus I

ZIseCQ do

Evaluate the following integrals:

_ 2

1 = 2. [—% _ 3 [«

Ja — x? x” +4x +13 4 +x
4. I ! dx 5. I ¢ dx

X Inx e’ + 3

2

6. LIREUEERPN ) jec_x dx

(x + 2bx + 0)5 tan x

dx 2
8. (a) Show that J. 5 > =1In (x + \Jx" —a ) + ¢
X" —a
(b) show that j\/az P de = Lsin't 2 Vai - x* + ¢
a a

3. Integration
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(=)

version: 1.1

Evaluate the following integrals:

dx 1 1+x
9. jm 10. j(l ) oy 11, | /1 — dx
¢ sin 6 - ax dx
12, [————do 13. J— 14. JJ7 ——
15 . cos X dx 16. [cos x (ln sin xj dx
" Jsinx In sin x o sin x
17. [ 18. . x
74 + 2x + x Ixt+ 2x7 + 5
. X 1 + 2
19. | {cos (\/; - EH X (ﬁ — I]dx 20. = dx
21, |- 2, 22. | dx
sin x + CoS x 1. 3
ESIH X + TCOS X
3.5 INTEGRATION BY PARTS
We know that for any two functions fand g.
d , '
— /(0 e®)] ="(x) g(x)  f(x)g()
o (W) =S [ e)] ) e
Integrating both the sides with respect to x, we get,
Jr) &) s = |4 (7 6(x))  7x) 80|
d '
o (g /() g(x)}] & [ f(x) glx) ds
version: 1.1
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=f(x) g(x) + ¢ - If ) dx (By Definition)

J.f X (x) g—(x) Ig x%) dx ¢ (1)
or If x)g ) (x) g(x) Ig X x dx (1)

A constant of integration is written, when jg(x) f'(x) dx is evaluated. The equation (i)

or (i)"is known as the formula for integration by parts.

If we put u = f(x) and dv=_g"(x)dx
then du =f"(x) dx and v = g(x).
The equation (i) and (i)’ can be written as
Iu dv =-uv Iv du ¢ (11)
ju dv = uv—J.v du (1)’
Example 1. Find [x cos x dx.
Solution: If  flx)=x and g' (x) = cos x,
then fllx)=1 and g(x) = sin x

Thus jx cos xdx = x sin x — j(sin x) (1) dx
= Xx sinx — (— cosx) + c

=+x sinx + coOs x ¢

Example2.  Find [x " dx
Solution: Let u=x and adv = e* dx,
then du=1.dx and V= e

Applying the formula for integration by parts, we have

Ixex dc = xe" Ie"x ldx=xe" e +c

Example 3. Evaluate [ x tan’ x dx
Solution: _[x tan® x dx = jx(seczx - 1) dx ( 1 +tan’x = seczx)
:—jx sec’ x dx _[ x dx (I)

Integrating the fist integral by parts on the right side of (I), we get

2
Ix tan” x dx = [x tan x —Itanx.ldx] — (% + CJ

= X tan x—dx+j simrx) dx= (fc— —c} —x tanx +Injcosx| ¢, -
cosx 2 2
x2
= x tan x+1n|cosx| -5 + ¢, wherec =c¢, — ¢
Example 4. Evaluate [x° In x dx
Solution: ij In x dx = j(ln x) x” dx
6 6
1
= (lnx)x— [ —@d =y - —Ixsdx
6 x
x° 1] x°
= —Inx - —-|— + ¢
6| 6
6 6
=X lmx 2 +c¢ wherec= &
6 36 6

Example 5. Evaluate Iln(x + VX’ )
Solution: Let f(x) = ln( + /X ) and g'(x) = 1. Then

f'(x) = L, El %(x2 l);_l.ij

x+\/x2+1

1 X
1 —_
+x7 + 1 ( NE lj

version: 1.1

version: 1.1
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1 VX' + 1+ x| 1 _
= = andg(x)—x
x + Ax* 41 Vx© o+ 1 x* 4+ 1

Using the formula jf(x) g'(x)dx = f(x) g(x)—jg(x)f’(x) dx, we get
Iln (x + x4 1).1dx = [In(x + vx* + 1)] x — J‘x.ﬁdx
Iln (x + X+ l)x — %j(xz + 1)_;(2x) dx
> 1 (x2 + 1);
:xln(x+m)— 5—|—1
2
=x In (x + \/x2+1) - Jx*+1+¢, wherec = %cl

G

Example 6. Evaluate Ixz. a e™ dx

Solution: If we put flx) = x? and g’ (x) = ae™ then

f'(x)=2x and 8(x) = e~
Using the formula If(x) g'(x) dx = f(x) g(x)—Jg(x)f’(x) dx, we get
Ixz Lax dx = x> e” —Ie”x.(2x) dx

2
= xe” — ZIxe“ dx

But jxeaxdxzx(e—j—j(e jxl.dx
a a
1 1 1 1 “
= — xe” ——Je“dx: —xe" — — {e j+Cl
a a a a a
2 ax 2 _ax 1 ax 1 ax
Thuijae dx=x"e" — 2| — xe” — e + ¢
a a
2 _ax ax 2 ax
=xe" — —xe" + <" + ¢ where ¢ = 2¢,
a a

version: 1.1
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Example 7. Find [e“cos bx dx.
Solution: Let f(x) = e* and g' (x) = cos bx
, . sin bx
then f'(x) ==a.e” and g(x) p
- . sin bx sin bx o
Thus Ie cos bx dxx=e I —>—— 1| (ae™) dx
b b
1 a
=—— e“sin bx —|e“sin bx dx I
p | M
Integrating J'e‘”‘ sin bx dx, by parts, we get
Ie"xsin bx dx = e” x (—COS bxj - I(—COS bx} X (ae™) dx + ¢
b b
= 1 e™ cos bx 2 je“" costbx dx ¢ (II)
b b
Putting the value of [esin bx dx in (I), we get
je‘”‘cos bx dx = 1 e™ sin bx — ﬁ[— le‘”‘ cos bx +— Ie“’“eos bx dx cl}
b bl b b
2
= —e“sin bx + % e“ cos bx — a_2 Ie”xcos bxdx — 2 e
b b b
2
or la—2 Ie”’“cos bx dx = 1 e“sin bx + % e“ cos bx — = C
b b b
ie. J.e’”‘ cos bx dx = b {41— e sinbx  “—e™cos bx} L 2 ¢
a’+b’ b b’ a+b> b
= 2eax ~ [b sin bx + a cos b¥]| + ¢, wherec = __ab ¢
2 1b b(a’+ )
If we put a=rcos6 and b =rsin6;
then o +b° =1 = r=+Ja’ + b’
b _ rsmb _ tanf = 6 = tan‘lé
a r cos@ a
version: 1.1
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and a cos bx + b sin bx =r cos 6 cos bx + rsin 6 sin bx

= r [cos bx cos 0 + sin bx sin 0] = r cos (bx — 0)

=++a> b’ cos (bx tanléj, = (49
a

The answer can be written as:

Ie“" cos bx dx = _ e™ cos(bx — tan~ léj + ¢

a’—b’ a
Example 8.

Evaluate _"\/a2 + x* dx

Solution:
2
X
= xJat+x* - I— dx
Jat +x*
/ a + x —
= X a2+x2 J‘

\/a +x
J.\/a +x°

—XCZ+X

2‘..\/az+x2a’)c=xx/2 2

dx

tan”~ 2)
a

J\/a2+x2.1dx=(\/a +x)x—j ;a +x)l.2xdx

2
dx + a—d
x J.[a2+x2 x
1
a + X +a2.jﬁdx

= xva® +x* + az[ln(x + a® + xz) + Cl:|

(See Example 1 Article 3.4)

2
X a a‘c
I\/az + x* dx = E\/a2 + X+ Eln(x + \/a2+x2) + ¢, where ¢ = —

2

Similarly integrals [va’ — x* dr and [Vx’ — @’ can be evaluated.

Example 9. Evaluate [sin'x dx.

Solution: jsin“x dx = Isinzx =sin’ x dx —jsinzx(l

cos’ x) dx

version: 1.1

:—J. sin’ x dx Isinz x cos’x dx

:_J‘M dx Jsinz x cos’ x dx D

Integrating [sin’x cos’x dx by parts, we have

) 2 .2
J.sm X COS xdx=Icos X sin” x cos x dx

(sin3 x) sin’ x x (= sinx)dx [+ If f(x)=cosxand
=-cosx| — j 3

g'(x) =sin® x cos x.
=L cos x sin’x %J.sin“x dx ... () + then f '(x)= sinx

and g(x) = sin’ s1r; x}

Putting the value of Isinzx cos>x dx in (I), we obtain,

J‘sin“x dx :—j 1 cos2x dx lcosx gin’ x lJ‘sin“x dx
2 2 3 3

1 1 . 1¢.
= —j—l dx —Icos 2x dx  — cosx sin’x —Ism“x dx
2 2 3 3

or (1 + l) Isin“x dx 1 X — l(wa € lcosx sin’ x
3 2 20 2 3

. 301 1 . 1 i
Ism“x dx = = | = x —— sin2x — —cosx $in°x ¢
4127 3 3
3 Sdnor leosxsin'y ¢ wheee S ¢
8 16 4 4
1 + sin x
Example 10. Evaluatej )
1 + cosx

Solution: IM "
1 + cosx

e"[1+2 sing cos;j
:—J‘ dx |: 2 X 1:|

< 1+cosx=1+2cos” —
2cos’ = 2

version: 1.1
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i (1 + si 1
ie. Ie ( sinx) dx :+Iex(— sec? = tan ﬁj dx
1 + cosx 2 2 2
1 , X X
=+— |e'sec”— dx e tan — dx I
2 j 2 -[ 2 @
But I(tan i} et dx = (tanf}.ex Iex(seczzj -1—1 dx ¢, (Integrating by parts)
2 2 2 2

i.e. jextan %dx = ex—tang % Iexseefg dx ¢ (ID)

Putting the value of Je" tan % dx in (I), we get

“(1 + si 1 1
J-e ( Slnx)dx:_J‘exseCZ‘_x'_ dx ex taﬁi _J.exseCZ_ﬁdx: cC exfjﬂllE C
1 + cosx 2 2 2 2 2 2

Example 11.  Show that Ie‘”‘[af(x) +f'(x)] dx = e¢" f(c) + c.

Solution:  [e“[af(x) + f'(x)] dx = [e".af(x)dx + [e". f'(x) dx ..()
In the second integral, let ¢(x) = e* and g'(x) = f"(x),

then o(x) = (") xa and g(x)=/(x)

S0 Jer fi(x) dx = e x f(x) = [f(x) x (ae™) dx + ¢
=" Hx) [Jae"f(¥dr ¢

thus [e“[af(x) +f'(x)] dx = [ae”f(x) dx + [ef'(x) dx + ¢

=[aef(x)dv + | e f(x) —[ae“f(x)dx + c|

= e (x) + c.
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1. Evaluate the following integrals by parts add a word representing all the
functions are defined.

(i) -.x sinx dx
(iv) :xz In x dx
(vii) :Tan_lx dx
(x) [x Tan'x dx

(xiii) [Sin~"x dx

(xv) [¢* sin x cos x dx

(xvii) [x cos®x dx

(xix) :(ln )c)2 dx

. -1
e x Sin" x
dx

(xxi)
J 1 _ x2

2. Evaluate the following integral.

(i) [ tan* x dx

(iv) [ tan® x secx dx

(vii) [ ¢** cos3x dx

3. Show that je‘”‘ sin bx dx

(i)
(V)
(viii)
(xi)
(Xiv)
(xvi)
(xviii)

(xx)

(ii)
(V)
(viii)

1

Nat + b?

In x dx

K]

x” In x dx

c

X~ sinx dx

[ 3 -1

x” Tan x dx

. .

x Sin~ x dx

X sin x cos x dx

x sin® x dx

sec’ x dx

x> dx

cosec’ x dx

4. Evaluate the following indefinite integrals.

(i) I\/az — x% dx
(iii) j V4 — 5% dx
(V) j Jx? + 4 dx

(if)
(iv)
(Vi)

.\/xz —a’ dx
.\/3 — 4x* dx

[ 2
x- e" dx

e” sin(bx + Tan'—

b) c

a

(iii)
(vi)
(ix)
(xii)

.(ln(tan x) sec’ x dx

[x In x dx
.x4 In x dx

x* Tan'x dx

X’ cosx dx

(iii) Iex sin2x cos x dx

(vi) J‘e’x sin2x dx

@)

version: 1.1
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5. Evaluate the following integrals.

. (1 } ) .

(i) je (x + In x] dx (i) Ie (cosx + sinx)dx
(iii) Ie“{a Sec™'x + T '—le - J dx (iv) Je3x[3 Sinsyinz—xcosx} dx
(V) J‘ezx[_ sinx + 2cosx] dx (vi) J‘(l x+exx)2 dx

-1
m Tan™ x

(vil) [e(cosx — sinx) dx (viii) j(eH—z) dx
X

. 2x ex(l + x)
(|X) J‘m dx (X) jm dx

. I — sinx ) .,
(xi) j(—l - cosx]e dx

3.5 INTEGRATION INVOLVING
PARTIAL FRACTIONS

If P(x), Q(x) are polynomial functions and the denominator Q(x)( # 0), in the rational
function %,can be factorized into linear and quadratic (irreducible) factors, then the rational
X

function is written as a sum of simpler rational functions, each of which can be integrated by
methods already known to us.

Here we will give examples of the following three cases when the denominator Q(x)
contains

Casel. Non-repeated linear factors.

Casell. Repeated and non-repeated linear factors.

Caselll. Linear and non-repeated irreducible quadratic factors or non repeated
irreducible quadratic factors.
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@)

-x + 6

Example 1: Evaluate dx, >2
P J‘2x2 - T7x + 6 o (x )
Solution: The denomicator 2x> - 7x+ 6 = (x — 2) (2x — 3),
-x + 6 A B
(x—Z)(2x—3) x — 2 2x — 3
or —X + 6 =A(2x - 3) + B(x — 2) which is true for all x

Putting x = 2, we get
-2+6=A4-3)+Bx0 =A=4

and Putting

or %:B(——j332—9

H —X + 6 d:(4 -9 )d
usj.(x—2)(2x—3) A | e Y K

:41n(x—2)—%1n(2x—3)+c, (x>2)

X = 9x? + 12x

Example 2:
P 2x2 = TIx + 6

Evaluate Iz dx,  (x>2)

Solution: After performing the division by the denominator, we get

3_ 2 _
J-2x2 9x +12xdx=j(x—l+ : X + 6 de
2x° — Tx + 6 2x° — Tx + 6

= [xdx = [ldv + [——dr + |

(x - 2)

:x?—x+4ln(x—2)— %(2)6—3)"'0: (x>2)

dx, (See the Example 1)
2x —

=)

version: 1.1
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. 2a
Example 3: Evaluate (i dx, > -1
P () Jo— g (x>a) :2[ln(x—1)—ln(x+l)]+3l:(x—ll} ¢
.. 2a B
(1) dx, (x<a _
jaz—xz ( ) :21n(x ij— 31+C
X + X —
Solution: (i) The denominator x> — a? = (x — a)(x + a),
2a 4 B e*(x* +1)
Let = + Example 5:  Evaluate [———/ dx
(x—a)(x+a) X — a X + a (x+1)
1 , . . w2
= P (Applying the method of partial fractions) Solution: Ie(x—+21) deJ.e" [1 2, 2 szx, (By Partial Fractions)
J‘ 2a J- 1 1 J. (x + l) (x + l) (x + 1)
Thus dx = ( - jdx= (x a)_l—.l dx + (x a)_1 dx «f 2
X —a x+a) X —a X +a e (x” +1 . e’ e’
(x = a)( ] :j(—lz)dxzjedx—zjx+ldx+2j lzdx (I)
=ln|x—a|—1n|x+a|+c=lnx a—i—c, (x>a) (x+) (x+)
T We integrate by parts the last integral on the right side of (I).
(i) Itis left as an exercise.
-1 -1
J.ex(x+1)_2dx =e". M — I(M) et dx
-1 -1
7 1 e’ _ e e’
Example 4: Evaluate I(x ) dx (x 1) or I(x Sy lx N—— Ix 1 dx D)
Solution: We write Using (II), (I) becomes
_ X 2 + 1 X X X
—E L a4 B, C j—e(x 2)dx=jexczx—2je d + 2] - —— + [Z—dx
(x—l)(x+1) x — 1 (x—l) x + 1 (x+1) x + 1 x + 1 x + 1
_ 2 N 3 _ 2 Applying the method _ (ex N c) _ s j e dr — 2e”* L J- e’ "
x — 1 (x — 1)2 x + 1 of Partial Fractions x + 1 x + 1 x + 1
Thus Tx — 1 _ 2 3 2 _ o 2e +c:xex+ex_26x+C:M+c_
I 2 dx—J‘ + 2 X x +1 x + 1 x +1
(x = 1) (x +1) x=1  (x-1) x + 1
=2[(x = 1) "1dx + 3[(x = 1) 1dx — 2 ) '.1d
.[(x ) Ldx I(x ) -Ldx I(x + 1) 1dr Example 6: Evaluatej T
-2+1 X -
:2ln(x—1)+3(x_—1)—2ln(x+l)+c (x>1) .
-2 + 1 Solution: The denominator x*—-1=(Xx-1)2+x+1),
version: 1.1 version: 1.1

©




3. Integration

elLearn.Punjab

3. Integration

elLearn.Punjab

Let 1 _ A N Bx + C
(x—l)(x2+x+1) x -1 x +x+1
1 (_;jx -2
= . ?i " + 2+ x+ 1, (Applying the method of partial fractions)
B B SN S
3 x -1 3 ¥ +x+1
1 1 1 1 2x + 4
Thus dx=1|| = . - — . —|d
(x—l)(x2+x+1)x'[(3 x — 1 6x2+x+1jx
:j(% 1_11'dx_ .. —22x+1 - l-%jdx
X 6 x +x +1 6 x +x +1
1 O 1 ¢/ 5 = 1 1
_gj‘(x—l) dx—gj.(x +x+1) (2x+1)dx 2.[( jz (\/gjz dx
X+—| + | —
2 2
x + !
1 1 ) I 1 4 9
—§1n|x—1|—gln(x +x+1)—5.—3Tan T C
2 2
1 1 5 1 af2x + 1
—§1n|x—1|—gln (X +x+1)—$Tan (Tj C
Note: x*+ x + 1 is positive for real values of x.
Example7:  Evaluate | 62x dx
x -1
Solution: Put x2 =t, then 2x dx = dt and
2x 1 1
dx = dt =
J.xé—lx jﬁ—l j(z—l)(t2+zf+1)
1 1 2 1 a2t + 1
= §1n|t - 1| - gln(t + ¢ + 1) - ﬁTan (—\/54—) C

(See the example 6)

2x° + 1

1 1 1 A 2x°
= g1n‘x2 — 1‘ - gln(x4 + X+ 1) - ﬁTanl(—\/gl—] c

Example 8: Evaluatef dx, x # 0,x # — 1
X

B Cx + D
x +x + 1

IL 2x + 1
x—ll X+ x+1

3 -3 1 2x + 1
Let dx= || — d.
© '[x(x—l)(x2+x+1)x '[(x+x—l+x2+x+ljx

= =3f(x) e + [(x = 1) odr + [(F x4 1) (20 4 1)

Solution: Let m

(By the method of partial fractions)

= —3In |x| + In |x = 1|+In (x2 +x+1) +c
= —3In |x|+ln|x—1|(x2+x+1)+c

= —3In |x| + In ‘x3 —1‘ + ¢

2
Example 9: Evaluate I(xz " i;():f;x o
Solution: We write
Let 2x* + 6x :AX+B+ Cx + D
(x2+1)(x2+2x+3) x* o+ 1 ¥+ 2x + 3
2x + 1 2x + 3 , . .
) - (Applying the method of partial fractions)
x + 1 X+ 2x + 3
2x* + 6x 2x + 1 2x + 3
dx = — dx
Thus J.(xz + 1)(x2 + 2x + 3) J.(xz +1 X+ 2x + 3)
2x 1 2x + 2 1
= dx + — dx — dx
JAx2+1 J.xz+1 Jsz+2x+3 J‘x2+2x+3

version: 1.1

version: 1.1
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= I(x2+1)_l(2x) dx + I 21

x +1

dx — j(x-l—2x+3)7l (2x+2) dx - j dx

= In (x2 + 1) + Tan'x — In (x2 + 2x + 3) — %Tan —\/El— c

Evaluate the following integrals.

1. [ 4
‘x° —x -6
. 2 p—
3. x2+ 3x 34dx
Sx +2x — 15
5. [—2 7Y &
71 — x — 6x
- 1
7. Jez - dx
x~ + S5x 4
. 3x2 — 12x + 11
9. d
G- ) x-2)@x-23)"
. 2
1. 5x*+ 9% + 6 dx
T+ - 1) (20 +3)
. 2
13. | 23; dx
(x—l) (x+1)
- x +4
15. | = 5 dx
x —3x" + 4
17 X0+ 22x7 + 14x — 17
| (x—3)(x+2)3
19. | al dx

. (x — 1)()c2 + 1)

10.

12.

14.

16.

18.

20.

5x + 8
. (x+3) (2x — 1)

. (a—b)x .
ot -0

2x
> 2dx
YxT —a

2% —3xF —x -7
2x* = 3x =2

¢ 2x — 1

’ x(x - 1)(x - 3)

- 4 + Tx

T(1+x)(2 + 3x)

[ ! > dx

T(x = 1)(x+1)

- X — 6x° +25

D]

~ x =2

’ (erl)(x2 + 1)

9x — 7

’ (x+3)(x2 +1)

dx

(a>b)

dx

dx

dx

3. Integration
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. 1 + 4x
21. d.
: (x - 3)()62 +4) *
23. c9x + 6 d
I -8
2
25, [ 2 X7 g
° (x+2) (x2 + x + 1)
- 4x + 1
27. d
’ (x2 +4)(x2 +4x + 5) g
- 2 J—
20, [2X =2 4

’ (x4 +x? + 1)

3x* +4x* +9x + 5

31. . (x2 +x + 1)(x2 + 2x + 3)

dx

22.

24.

26.

28.

30.

12 i
+ 8
2x* + 5x+3 dx
' (x — 1)2(x2 + 4)
3x + 1 d
. (4x2 + 1)(x2 - x + 1)
6a’ I
. (x2 -i-az)(x2 +4a2)
3x — 8

dx

'(x2 - x + 2)(x2+x + 2)

3.6 THE DEFINITE INTEGRALS

We have already discussed in section 3.2 about the indefinite integral that is, if ¢' (x) =

If(x) dx = ¢(x) + ¢, where cis an arbitrary constant

(if /(x)
+c] = [4(a)

dx = ¢(x) + ¢, then the integral of f from a to b is denoted by jf

dx (read as

= ¢(x))

+c]=¢(b) - ¢(a)

f(x), then
If [ f(x)
intergral from a to b of f of x, dx) and is evaluated as:
If(x) dx = I¢'(x) dx
= [¢(x) + o, = [4(0)

[/ (x) dx has a definite value ¢(b) -

®(a), so it is called the definite integral of f from a to b.

qi(b) — ¢(a) is denoted as [¢(x)]b or ¢(x)}b (read ¢(x) from a to b)

version: 1.1
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The interval [a, b] is called the range of integration while a and b are known as the
lower and upper limits respectively.

b
As ¢(b) — d(a) is a definite value, so the variable of integration x in If(x) dx can be
replaced by any other letter. @

o
—
\
—_
~
~—
Sy
I
—
\
—~
~
~
Y
~
I

#(b) ~ ¢(a)

Note: If the lower limit is a constant and the upper limit is a variable, then the integral is

x

a function of the upper limit, that is, If(t) dt = | ¢(1) [ = #(x) — ¢(a)

For Example, I Wdi=[r] = % - da

The relation ¢’ (x) = f(x) shows that f(x) gives the rate of change of ¢(x), so the total
change in ¢(x) from a to b as ¢(b) — ¢(a) shows the connection between anti-derivatives and

b
definite integral jf(x) dx .

About 300 B.C. and around this, mathematicians succeeded to find area of plane
region like triangle, rectangle, trapezium and regular polygons etc. but the area of the
complicated region bounded by the curves and the x-axis from x = g to x = b was a challenge
for mathematicians before the invention of integral calculus.

Now we give attention to the use of integration for evaluating areas. Suppose that a
function fis continuous on interval a < x < b and f(x) > 0. To determine the area under the
graph of f and above the x-axis from x = a to x = b, we follow the idea of Archimedes
(287-212 B.C.) for approximating the function by horizontal functions and the area under f

version: 1.1

by the sum of small rectangles.

3. Integration elLearn.Punjab
To explain the idea mentioned above, we first y
draw the graph of fdefined as: f(x) = %xz /

The graph of fis shown in the figure. We divide
the interval [1, 3] into four sub-intervals of equal length

3-1 1

As the subintervals are
[x, x,1, [x, x,), [, %51, [x5 x,], SO
x,=1,x,=15x,=2, x,=2.5,x,=3
In the figure MA = f(x,), NB = f(x,) and MN = &x, so it
is obvious that the area of the rectangle AMNC < the area of the shaded region AMNB < area
of the rectangle DMNB, that is,
flx,).0x < area of the shaded region AMNB < f(x,).5x

% % * * W
Let x,, x,, x;, x, be the mid point of four sub-
intervals mentioned above. /‘
Then the value of fat x, is f(x,), so the area of the /
rectangle FMNE = f(x,) ox /
(See the rectangle FMNE shown in the figure) /
/]
We observe that the area of the rectangle FMNE is £ B ?
, , A
approximately equal to the area of the region AMNB under |l c
the graph of f from x, to x,. W x
D- 5

Now we calculate the sum of areas of the rectangles shown in the figure, that is,

* *

£(x) x + f(x,) 6x + f(x,) 6x + f(x,) b+

_ {f(;) s (%) + (%) +f(;4)}5x

version: 1.1
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N | —

+ ? 1 + 2 1 + ? 1 + 2 1
(5 4 e 4o
2 2l 2 2l 2 2l 2 2
(1 + 1.5)2 (1.5 + 2)2 (2 + 2.5j2 (2.5 + 3)2
+ + +
2 2 2 2

(125)" + (175) + (225)" + (275) |

N

(1.5625 +3.0625 + 5.0625 + 7.5625)

Bl— A= B

= —(17.25) =4.3125

3 3PP
But jlxzdxz Lt o Lor =20 43
' 2 23] 6 6

1

If we go on increasing the number of intervals, then the sum of areas of small rectangles
approaches closer to the number 4.3.

*

If we divide the interval [1, 3] into n intervals and take x, the coordinate of any point
of the jthinterval and éx ,=x ,—x,_,,i=1,2, 3, .., n, then the sum of areas of n rectangles is

Zn:f(xijéx which tends to the number 4.3 when n = and each &x 0.
i=1

Thus lim »  f(x,) &x, =4.3 and we conclude that

n—>o0 i—1
Sx;—>0 1=

3

im /(%) Sx = jl x* dx.
éfx_ioo i=l 1 2

Thus the area above the x-axis and under the curve y = f(x) from a to b is the definite

integral I £(x) d.

version: 1.1
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Consider a function f which is continuous on the interval a < x < b and f(x) > 0.

The graph of fis shown in the figure.
We define the function A(x) as the area above the
x-axis and under the curve y = f(x) from a to x. Let &x
be a small positive number and x + 8x be any number
in the interval [a, b] such that a < x < x + dx.

Let P(x, f(x)) and Q(x + dx, flx + bx)) be two points
onthe graph of f. The ordinates PM and QN are drawn
and two rectangles PMNR, SMNQ are completed.

¥

According to above definition, the area above o

the x-axis and under the curve y = f(x) from a to x + x
is A(x + dx), so the change in area is
A(x + 8x) — A(x) which is shaded in the figure

H-i-[:‘),,lf[ + Ox)
s @ o
PR
y=R) gy
A
X X + ﬁx
i =
a M N b

Note that the function fis increasing in the interval [x, x + dx].
From the figure, it is obvious that area of the rectangle PMNR < A(x + 8x) — A(x) < area of

the rectangle SMNQ, i.e.,
f(x) 8x < A(x + 6x) — A(x) < flx + dx) dx
Dividing the inequality by dx, we have

A(x + 5x) — A(x)

f(x) < T <f(x + §x)
;iir%f(x) = f(x) and glig%f(x + 5x)

Since the limits of the extremes in (I) are equal, so

A(x + §x) — A(x)

ox
. A(x + 5x) — A(x) _
Thus lim 5 f(x).
or A’ (x) = flx)

D

= /(%)

>f(x) when 6x — 0.

that is, A(x) is an antiderivative of f, so jf(x) dx = A(x) + ¢

and j F()dx = [A(x)] = A(x) - A(a)

version: 1.1
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Since A(x) is defined as the area under the curve y = f(x) from a to x, so A(a) = 0

X

Thus A(x) = '[f(x) dx (D)

a

Putting x = b in the equation (I), gives

A(b) = j[f(x) dx

which shows that the area A of the region, above the x-axis and under the curve y = f (x) from
a to b is given by

b

_[f(x) dx, thatis, 4= _Tf(x) dx

£

If the graph of fis entirely below the x-axis, then the value of each f(x,) is negative and

each product f(x,) 6x,, is also negative, so in such a case, the definite integral is negative.
Thus the area, bounded in this case by the curve y = f(x), the x-axis and the lines

3. Integration elLearn.Punjab

b 1y
X =a,x =b 1s — If(x)dx.
) -nf2 r - .
For example, sin x is negative for - n <x <0 ' ' V4 | b
and is positive for 0 <x <. e 01 /2 "X
Therefore the area bounded by the x-axis . i
and graph of sin function from —r to = is given by
0 V4 - Vg b a
—J. sinx dx + Isinx dx = Isinx dx + Isinx dx { If(x) dx = If(x) dx
- 0 0 0 a b
= [-cosx]," + [-cosx] = —[COS(—ﬂ')—COSO] + [—(cosn—cosO)]
- {01 - [()-1] =2 e 2= s
version: 1.1

Jsinxds = [-ooss, == [eos &= cost ;)] = Fi= 41 )] 0

b
The Definite integral [ /(x) dx

gives the area under the curve y = flx) from x = a to x = b and the x-axis (proof is given
in the article 3.6.1)

(b) Fundamental Theorem of Calculus

If fis continuous on [a, b] and ¢’ (x) = f(x), that is,
®(x) is any anti-derivative of fon [a, b], then

[£(x) dx = ¢(b) - ¢(a)

Note that the difference ¢(b) — ¢(a) is independent of the choice of anti-derivative of the
function f.

(c) jf(x)dx:—jf(x)dx

(d) If(x)dx:j'ﬁ(x)derj-f(x)dx, a ¢ b

Proof of (c) and (d):
(c) If o' (x) =fx), thatis, if ¢ is an anti-derivative of f, then using the Fundamental Theorem
of Calculus, we get

i f(x) dx = ¢(b) - ¢(a)= —[4(a) - $(b)] = —j 7(x) dx

version: 1.1
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(d) If ¢’ (x) = fix), that is, if ¢(x) is an anti-derivative of f(x), then applying the Fundamental

Theorem of Calculus, we have _ ‘x_zT ) [X]f N 2[ln(x+1)]12

jf(x) dx =b #(c)  ¢(a)and ‘[f—(X) dc (b))  4(c) ) '(22)2 ) (12)2} S
Thus [ £ (x) dx + [ f(x) dx=¢(c) - ¢(a) +¢(b) - ¢(c) p .

a : b :2—5j—1+2[ln3—ln2]

= ¢(b) ~ #(c) = [f(x) dx ! 3

= — + 2In—
“ 2

Other properties of definite integrals can easily be proved by applying the Fundamental

B3 %
Theorem of Calculus. Example 2: Evaluate (i) Ix +2 ox + 1 dx (i) Isecx(secx+tanx) dx
Now we evaluate some definite integrals in the following examples. 0 X +9 0
s 2 2, Solution:
Example 1: Evaluate (i) _[(x3+3x2) dx (i) I YTk
’ x + 1 B3 3
! ! (0) J'x + 9x + 1 J X+ 9x 1 d
Solution: 0 X+ 9 0 X+ 9 x2 + 9
3 3 3 ( ) 1 ﬁ( 1 j
. 3 2 _ 3 2 dx = X + dx
(I)J;(x +3x)dx-J‘lxdx+J‘l3x dx '([(x 9 x2+9] .([ 2+ 9
- N B
T e (G ) ; ; d
=S G e o] e[
)\ ¥
- 1 X 1 1 X
81 1 81 — 1 - | [—Tan_1 —} dx=+Tan'= ¢
S AR SRR~ ) zl ) e
2
=20+28=48 V3 0\
= ( ) — ( ) + l(Tan'lﬁ - Tan'ng
X+ Xt -1+ 2 ? ? i i
(ii) J' dx = | —— dx
T ox +1 T x + 1 3 | 41 1
=|——-0|+ —|Tan —= — Tan 0
Lo 2 2 2 2 3 V3
= " + " dx = I x — 1+ " dx s ; .
AN X ! X+ :—+—(£— )=—+£.’Tan’l—:—andTanlO 0
2 2 2 2 3le6 2 3
= xdx—jldx+2j dx
1 1 T x + 1
version: 1.1 version: 1.1




3. Integration elLearn.Punjab

(i) secx(secx + tanx) dx = (seczx + secx tanx) dx

S |y
S |y

2
=+|sec” x dx secx tanx dx

ce—y |y

z T
4 4

= [tanx] —+ [secx]:r = (tan%— tanO} (sec% sec Oj

0 0

:(1—0)+(x/§—1):\/§

T
Example3:  Evaluate | LIS
v 1 — sinx
3 1 .
Solution: j 1_ dx=j ¥+ SInx , dx
+ 1 — sinx 2 (1 — sinx)(1 + sinx)
5 . 5 .
:I1+S_lll2xdx=jl+ilnxdx
y 1 — sin“x ,  Cos"Xx
: :
= J( ! S0 X j dx = I(seczx secxtanx) dx
0 COS X COS X 0
=2 (See the solution of example 2(ii))
2
Example 4: Evaluate _[(x + |x|) dx
-1

Solution: j(x + |x|) dx = I(x + |x|) dx + I(x + |x|) dx (by property (d))

K , = x o ifx %0
_I[x+(—x)]dx+£(x+(x)]dx [ . ifx>OJ

-1

version: 1.1
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0 2 2
=[0dx + [2x dx=0+2 [ xax
~1 0

0

N
Example 5: Evaluate |
0

Solution: Letf(x)=x>+9. Thenf’(x) =2x, so

> (2%)
3x o 2 31, "3
j = dx = j mdx + j(x 9) © (2x) dx

- 2@ e d

e e 3[f(x)]; +c = 3(x*+9)? + ¢

J7
3x

N 1 1 1
Thus _([\/m dx = {3(x2+ 9)2} = 3{(7 +9)" - (0 + 9)2}

0

={a®5—@f}

3(4 - 3) = 3

Sin™' x

V1 = x?

Example 6: Evaluate dcx, x=+ — 1,1

N\—A'—.N‘ﬁ‘

Solution: Let ¢=Sin"'x. Then x=sint¢ for —% <t < %

; ) T T
and dx= costdt= 1 — sin’t dt [ cos t is +ve for 5 <t < —}

2
=l — x* dt

version: 1.1
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1

or ——dx=dt (x #-1,1)
V1 = x°
if x=l, thenl =Sin t =t = Sin_llzz
2 2 2 6
and if x = @, then—3= Sin ¢ =t =Sin’1£ =
2 2 2
V3 W3
+ Sin'x 1
Thus ————dx= | (Sin”' x) . —— dx
'! VI - x? |
2

tdt = x = Sint Sin" x  ¢)

Il
1 olNt——wly R—t——

_ep zjz_(zjz _ 1z _ =
2. 23 6 219 36
6
_l47z2—7r2 _ 37 :72_2
2 36 72 24
s
Example7:  Evaluate [x cos.x dx
0
Solution: Applying the formula

[0 ¢ @dx = /@) ¢ () ~ [$ (0)f ' (x) dx, we have
Ix cosxdx = xsinx — I(sin x) (1) dx

=xsinx—[(-cosx)+c]
=xsinx+cosx+c wherec=-c,

.4

: G
Thus x cosx dx =[x sinx +cosx |

o t—a |

version: 1.1
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(E sin z + cos zj — (0sin0 + cos 0)
6 6 6

_r 1,3 —(0+1) = LA EI
6 2 2 12 2
Example 8: Evaluate j x In x dx
1
Solution: Applying the formula

[16) 9" () dv = f() $x) — [$x) /" (x) dv, we have
I(Inx)x dx =(nx). x_22 — J. [%J : 1 dx

X
2
= llenx— lIxa’x = lszn)e 1hx
2 2 2 2\ 2

e B 2 7€
Thus Ix Inx dx =— lx2 In x x_}
1 2 4

[l

N |
-

|

NN
N——

e’ 1
= — + J—
4 4

1 3 1
Example 9: If If(x) dx = 5, jf(x) = 3 and Jg(x) dx = 4, then

evaluate th e following definite integrals:

1

(@) [rex)ax (i) [[2/(x) + 3 g(x)] dx

-2

(i) j‘3f(x)dx - j‘Zg(x)dx

Q)
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Solution: (i)

j.f(x)dx =jf(x)dx +j.f(x)dx=5+3=8

(ii) j [2 f(x)+3g(x)] dx = j 2 F(x) dx + j 3 g(x) dx

2 j‘f(x)dx +3 _1[ g(x) dx

2(_5) + 34) =

10 +12 = 22

(iii) j3f(x) dx — jzg(x) dx =3 jf(x) dx — 2 jg(x) dx

—3><5—2><4— I5-8=17

Evaluate the following definite integrals.

2 1 0
1. (x> +1) dx 2. (x"” + 1) dx 3.
| J e
2 NA 5
4. jx/3—xdx 5. j 2t 1) dt 6. jxx 1 dx
) 2
2 ¥ 3 1 2 1 1
7 I > dx 8. j(x - —| dx 9. I£x+ VXt +x+1 dx
X"+ 2 ) X e 2
t dx ; f 1 3 1
10. | - 11. jcos t dt 12. j(“—] (1 - —2) dx
, X+ 9 z f X X
6
2 2 % 7; 4 T og
13. jlnx dx 14. I e —e dx 15. I cos ¢ ZsmH do
0 0 2cos~ 6
: : :
16. Icos3(9a’9 17. Icos20c0t20d9 18. Icos“tdt
0 % 0
version: 1.1

(=)

O | N

3
19.  [cos’0 sin 0 d0 20. [(1+cos® O)tan’0 do 21.
0
1 2
S | [x3 +2]
22. J|x—3| dx 23. ,[—2 dx 24.
-1 1/8 x§
3 4o T o
25, [ -2l g 26, [¥mx—1 27.
(x = D" + 1) , COs”" X
1 3x % CoS X
28. [—==_ 4 29. dx  30.
!x/4 "3 isinx(2+sinx) iy
6

sec 0
sin @ + cos @

do

O [y

=
[\S}

I
\9)

S

=
+
[

1

—F dx
1 + sin x

Sl [y ——

sin x
(1+cos x)(2 + cosx)

O 0 | N

3.7 APPLICATION OF DEFINITE INTEGRALS.

Here we shall give some examples involving area bounded by the curve and the x-axis.

Example 1. Find the area bounded by the curve y = 4 — x?
and the x-axis.

Solution: We first find the points where

the curve cuts the x-axis. Putting y = 0,
we have

4-x2=0=>x=1%2.

So the curve cuts the x-axis at (-2, 0) and (2, 0)

The area above the x-axis and under the curve y =4 — x?is
shown in the figure as shaded region..

Thus the required area = I(4—x )dx={4x——}

20 | (2,0)

=)
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Example 2.

Solution: Putting y = 0, we have
x>+ 3x>=0
=xx+3)=0=>x=0,x=-3

The curve cuts the x-axis at (-3, 0) and (0, 0) [
(see the figure).

0
Thus the required area = I(x3 + 3x%) dx
e

Example 3.

3 @) (4N Y
= (4(2) 3 ] (4( 2) 3 ]
(s-3) - (= +3)

3 3
e (g 2
-3 3 3

Find the area bounded by the curve y = x3 + 3x2and the x-axis.

A

b3

bl o LT O | g (O

3
3
o
il
3 b
T

¥ [ i i i i ] I

NEEAANSY: o r

S
3
s
-
L
o
=]
=

*
4
_ (0 G M.
_4+Oj (4 +(3)j

o (8- ) (3)-7

Find the area bounded by y = x(x? — 4) and the x-axis.

Solution: Putting y = 0, we have
XX*-4)=>x=0,x=22
The curve cuts the x-axis at (-2, 0), (0, 0) and (2, 0). The graph of fis shown in the figure and
we have to calculate the area of the shaded region.
fx) = x(x* - 4),

version: 1.1
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fix) = 0for-2 < x <0, that is, the area in the interval "‘}’
[-2, 0] is above the x-axis and is equal to 7

0

= I(x3 4x) éx =

'Tx(x2 - 4) dx -
4 2 0 T T T T —T>
RO e

(e ) (16 -
o [4 2(2)] 0 (4 8] (4-8) =4 4

vy

fix) < 0for 0 < x < 2, that is, the area in the interval [0, 2 ] is below the x-axis and is
2
x_4 2x2}
4 0
6
4

[ ) ¢

= -[4-8=-(4 =4
Thus the area of the shaded region=4+4 =38

, _
equal to - J.(x3— 4) dx =

0

[E—

Example 4: Find the area bounded by the curve f(x) = x3 — 2x2 + 1 and the x-axis in
the 1st quadrant.

Solution: Asf(1)=1-2+1=0,s0x-1isfactor of x> - 2x> + 1. By long division, we find that
x> —x—1lis also a factor of x3 —2x> + 1.
Solving x2 —x -1 =0, we get

1+J1+4 1+45

x: =

2 2

Thus the curve cuts the x-axis at x =1,

1++/5 1-+/5
and
2 2

version: 1.1

=)



3. Integration elLearn.Punjab 3. Integration elLearn.Punjab

The graph of the curve is shown in the A
adjoining figure and the required area is 1Y
shaded. | . I 1.  Find the area between the x-axis and the curve y = x2+ 1 fromx=1to x = 2.
The required area A will be 0.1 2. Find the area, above the x-axis and under the curve y =5 — x2 from x = -1 to x = 2.
L 3.  Findthe area below the curve y = 3+/x and above the x-axis between x = 1 and x = 4.
A= (- 2x"+ 1)dx -
) & .00 A | . o i
| SEENNCE " LI 4. Find the area bounded by cos function from x = D) to x= 5
4 3
I X . X 5. Find the area between the x-axis and the curve y = 4x — x2.
4 3 0 - 6. Determine the area bounded by the parabola y = x* + 2x — 3 and the x-axis.
(1 2 N lj _ 0 - 3-8+12 7 - 7. Find the area bounded by the curve y = x3 + 1, the x-axis and line x = 2.
4 3 - 12 12 : 8.  Find the area bounded by the curve y = x3 — 4x and the x-axis.
4 0. Find the area between the curve y = x(x — 1)(x + 1) and the x-axis.
vy 10. Find the area above the x-axis, bounded by the curve y? =3 —x from x=-1to x =2
Example 5: Find the area between the x-axis and the curve y>= 4 — x in the first

11. Find the area between the x-axis and the curve y =—cos lx fromx= rxtorx
quadrant from x =0 to x = 3. 2

12. Find the area between the x-axis and the curve y =sin 2xfromx=0to x = %

Solution: The branch of the curve above the x-axis is _ _ :
13. Find the area between the x-axis and the curve y = +2ax — x> when a > 0.

y =44 —x

The area to be determined is shaded in the adjoining figure.

3.8 DIFFERENTIAL EQUATIONS

3
Thus the required area = [4 — x dx A A
0 (x=0) --m 2 e An equation containing at least one derivative of a dependent, variable with respect to
Let4 —x =t (i), then —-dx =dt = dx=-dt ""‘“—*\ an independent variable such as
Puttingx=0and x=3(i). wegett=4and t=1 | \
1 l 1 l T d dx
Now the required area = |2 x (=dt) = —|t* dt 2
; ! ) ! (0-2) or Xdzy LA P (ii)
) ) dx dx
_ Jz; di = £ v is called a differential equation.
| 3/2|, Derivatives may be of first or higher orders. A differential equation containing only
2 0 2] 2 3 ) 14 . derivative of first order can be written in terms of differentials. So we can write the equation
= —‘t ‘ =—1(4¥ D= — ES %] — (square units) : 3 , .. : . . .
3 3 3 3 (i) as y dy + 2x dx = 0 but the equation (ii) cannot be written in terms of differentials.

version: 1.1 version: 1.1
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Order: The order of a differential equation is the order of the highest derivative in
the equation. As the order of the equation (i) is one so it is called a first order differential
equation. But equation (ii) contains the second order derivative and is called a second order
differential equation.

Consider the equation

y=Ax*+ 4 (iii)
where A is a real constant
Differentiating (iii) with respect to x gives

Y _ 2Ax (iv)
dx

From (iii) 4 = y_—24 so putting the value of A in (iv), we get
X

Q=2(y _2 jx
dx X
dy

= x — =2y — 8whichis free of constant A
dx (1.5)

dy
= 2y — x — =28 2,0
Y * dx *II ™ T |(1 |J*1-

Substituting the value of y and its derivative in X
(v), we see that it is satisfied, that is.
2(Ax?> + 4) — x(2Ax) = 2Ax> + 8 — 2Ax*=8
which shows that (iii) is asolution of (v)
Giving a particular value to A. say A = —1. we get
y=-x>+4

L1 a1 I 1 4 3

We see that (v) is satisfied if we put y = —x? + 4 and Y —-2X, soy =-x2+4is also a solution
of (v). dx
For different values of A, (iii) represents different parabolas with vertex at (0, 4) and the
axis along the y-axis. We have drawn two members of the family of parabolas.
y=Ax*+4 for A=-1,1

version: 1.1

All solutions obtained from (iii) by putting different values of A, are called particular
solutions of (v) while the solution (iii) itself is called the general solution of (v).

A solution of differential equation is a relation between the variables (not involving
derivatives) which satisfies the differential equation.

Here we shall solve differential equations of first order with variables separable in the
forms

@y _ S A g)
dc  g(y) dx  f(x)

Example 1: Solve the differential equation (x— 1) dx+ydy=0

Solution: Variables in the given equation are in separable form, so integrating either terms,
we have

I(x — Ddx + Iy dy = c,, where ¢, 1s a constant

2 2
or |2 —x|+ X = s which gives
2 2
Thus the required general solutionis x? + y> - 2x=c¢, where c=2c
Example 2: Solve differential equation
X2y + 1) @Y=y
dx
Solution: The given differential equation can be written as
x*(2y+1) P _ 1 (1)
dx
o ) dy 1 .
Dividing by x2, we have (2y + 1) RS (x #0) (i1)
X X

Multiplying both sides of (i) by dx, we get

2y + 1)(d—y dx] = L dx

2
dx X

version: 1.1
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or Ry + )dy= % dx ( @ dx = dyj
X

Integrating either side gives

[y + 1)dy=j% dx
! ( Ix_z dx :x_l +c]
¥ _

or y'+y= —— + ¢

Thus y*+ y=c - 1 is the general solution of the given differential equation.
X

Example 3: Solve the differential equation
1 dy
— L 2y =0 xz0,y>0
< dx y y

Solution: Multiplying the both sides of the given equation by 2 dx, gives
y

| |
— (@ dxj - 2xdx =0 er —dr 2xdx ( & dx dyj
y \dx y dx
Now integrating either side gives Iny = x> + ¢, where ¢, is a constant
ory = e " =¢", ¢
Thus y = ce* where e =c
is the required general solution of the given differential equation.
2
+
Example 4: Solve o _ - L
dx e

Solution: Separating the variables, we have

21 dy=%dx=exdx

v+ 1 e’
Now integrating either side gives

Tan'y=e<+c, where cis a constant,
or y=Tan (e*+ )

which is the general solution of the given differential equation.

version: 1.1

w
0< < —
Y=3

Example 5: Solve 2e*xtan y dx + (1 -eX)sec2ydy=0

or 7<y< 3—7[
2
Solution: Given that: 2extany dx+ (1 —e¥) sec?ydy=0 (i)
Dividing either term of (i) by tan y (1 — ), we get
2¢e" sec’ y

dx +
1 —¢€ tan y

dy=0

x 2
2e de 4 Secy

et — 1 tan'y
Integrating, we have

or dy=0

X

2
j—z( © )der'[(sec y]dyzcl (e" — 1>0)
e — 1 tan y

or =2In(e*-1)+In(tany)=c,
= In(e-1)?+In(tany)=1Inc,
or In[(ex—1)?tanyl=Inc
= (ex=1)?tany=c =

wherec, =Inc¢

tan y = c{ex— 1)
Example 6: Solve (siny +y cos y) dy =[x (2 Inx + 1)] dx

Solution: (siny+ycosy)dy=(2x1In x + x) dx (i)
or (l.siny+ycosy)dy=2xInx+x". l) dx
X
d : d  , d : .
= (—(y smy)] dy = (—(x Inx)) dx (*~—(y siny)=1.siny y cosy and
dy dx dy

4 (x> Inx)2x Inx +x°. l)
dx X

Integrating, we have

f(j—y (v sin y)) dy =+j(% (x* In X)) dx

version: 1.1
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= ysiny=x*Inx+c

Differential equations occur in numerous practical problems concerning to physical,
biological and social sciences etc.

Thearbitrary constantsinvolvinginthe solution of differentequationscanbe determined
by the given conditions. Such conditions are called initial value conditions.

The general solution of differential equation in variable separable form contains only
one variable. Here we shall consider those differential equations which have only one initial
value condition.

Note that the general solution of differential equation of order n contains n arbitrary
constants which can be determined by n initial value conditions.

Example 1: The slope of the tangent at any point of the curve is given by

% = 2x - 2, find the equation of the curve if y = 0 when x = 1.

Solution: Given that % =2x — 2 (1)
X

P
I-.".d

Equation (i)  can be written as
dy = (2x — 2) dx (i) (
Integrating either side of (ii) gives

[y =[@x-2)dx

or y=x2-2x+¢c (iii)

Applying the given condition, we have
0=(-1)-2-1+c=>c = -3

Thus (iii) becomes
y=x>-2x-3

which represents a parabola as shown in the

adjoining figure.

For ¢ =0, (iii) becomes y = x> — 2x.

The graph of y = x> — 2x is also shown in the figure.

[

Bi

ﬁ
b
"

B i
X'

version: 1.1

Note: The general solution represents a system of parabolas which are vertically above

(or below) each other.

Example 2: Solve % = %x2+ x -3, if y =0 when x = 2
Solution: Given that

Y = éx3 +x -3 (1)

dx

Separating variables, we have

dy = (% x4+ x - 3jdx (11)

Integrating either side of (ii) gives

[ay = ijz +ox - 3jdx

3(x3j x’
or y:——+7—3x+c

1, 1,
= = —x + —x"  —-3x +c 111
Yy =3 5 (iii)
Now applying the initial value condition, we have

1 1
0=~ + (4 -32) + ¢

= (=6-2-2=2
Thus (iii) becomes
y =lx3+lx2—3x+2
4 2
= 4y=x3+2x*-12x+8

Example 3: A particle is moving in a straight line and its acceleration is given by
a=2t-7,

(i) find v (velocity) in terms of t if v=10 m/sec, whent=0

(ii) find s (distance) in terms of t if s =0, when t = 0.

elLearn.Punjab
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Solution: Given that a = 2t — 7, that is

EIK =2t 7 = ('.’a @]
dt dt
= dv=(2t-7)dt
Integrating, we have
jdv = j(zt — 7) dt
= Vv=t-T7t+c, (1)
Applying the first initial value condition, we get
10=0-0+c, = «¢=10
The equation (1) becomes
v=t?—7t+ 10 which is the solution of (i)

Now & = 2 — 7t + 10 (-.-vzﬁj
dt dt
= ds=(t?-7t+10)dt (2)
Integrating both sides of (2), we get
jds = j(ﬂ — 7t + 10) dt

r 1
= s =—-T7— +10t + ¢ 3
3 > ) 3)

Applying the second initial value condition, gives
0=0-0+0+c, =, =0
. 1 3 7 2 . .o
Thus is s = Et — Et + 10¢ the solution of (ii)

Example 4: In a culture, bacteria increases at the rate proportional to the number
of bacteria present. If bacteria are 100 initially and are doubled in 2 hours, find the
number of bacteria present four hours later.

Solution: Let p be the number of bacteria present at time ¢, then

version: 1.1

or la’p:ka’t = Inp =kt + ¢

or p == (i) (where e ¢)

Applying the given condition, that is p = 100 when t = 0, we have
100 =ce®k=¢c (" e’=1)

Putting ¢ = 100, (i) becomes p = 100 ek (i)

p will be 200 when t = 2(hours), so (ii) gives
200=100e* = e*=2

1

or 2k =1In 2 :>k:51n2

Subsituting = — In2 in (i1), we get

1ln2[ ln %
p = 1@0e(2 ) ~100e 2"" 100e "V
1
» = 100 (27)
4

If ¢ =4 (hours), then p= 100 (22% 10& 4  400.

Example 5: A ball is thrown vertically upward with a velocity of 1470 cm/sec
Neglecting air resistance, find

(i) velocity of ball at any time t

(ii) distance traveled in any time t

(iii) maximum height attained by the ball.

Solution.
(i)  Letvbe the velocity of the ball at any time ¢, then by Newton’s law of motion, we have

dv
i - dt 1
r 8= v g (1)

or Idv = J— g dt (integrating either side of (1))

=-gt+c, (i)
Given that v= 1470 (cm/sec) when t =0, so

version: 1.1
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(i)

(iii)

1470=—g0)+c, = ¢, =1470
Thus (ii) becomes v =—gt + 1470 = 1470 — 980t (taking g = 980)
Let h be the height of the ball at any time ¢, then

4h _ 1470 — 980 ¢ ( v:ﬁj
dt dt

or dh=(1470-9801) dt

2

h=14707 — 980 = +¢, = 1470 — 490 + ¢, (ii)
2

h=0whent=0, sowe have
0=1470x0-490(0)*+c, = =0
Putting ¢, = 0 in (iii), we have
h=1470t-490¢
The maximum height will be attained when v =0, that is

1470 — 980 ¢ =0 = = =%(sec)

2
Thus the maximum height attained in (cms) =1470 x 6]—490 X (%)

=2205-1102.5=1102.5

Check that each of the following equations written against the differential
equation is its solution.

(i) x;{—y:1+y ' y=cx -1

X
. ]
i) v+ E 1=-0 ) 2y yp=c— =
(i1) (2y )dx yi+y .

(iii) yd——e2le , Y=+ 2x + ¢
x
(iv) %%—2y=0 , y:cex2
1
(V) % = ye% , y = tan (ex+ c)

version: 1.1

1.

13.

15.

17.

19.

20.

21.

22.

23.

Solve the following differential equations:

1 —
d—y:—y 3. yvdx + xdy =0 4, d_y= al
dx dx y
d—yzl,(y>0) 6. sinycosecxd—yzl 7. xdyty(x—-1)dx =0
dx x’ dx
2
x r 1 :>£.dy (x, O) 9 1o l(1+y2) 10 2x2y—y:x2—1
vy +1 vy dx x dx 2 dx
dy 2xy 2 2y 2 2
- + ——— =x 12. (¥ =) = +y° +xy° =
dx 2y + 1 ( 4 )dx 4
sec’ xtany dx + sec’ytanxdy = 0 14 (y —x§j = ( 24 d_yj
X X
1+cosxtanyd—y=0 16. y_xﬂz31+xﬂ
dx dx dx
secx + tan yﬂ =0 18. (e)C + e"") & =e e
dx dx

Find the general solution of the equation % — x = xy* Also find the particular solution
X
if y=1when x=0.

Solve the differential equation % = 2x given thatx =4 when t=0.

Solve the differential equation % + 2st = 0. Also find the particular solution if s = 4e,

when t = 0.

In, a culture, bacteria increases at the rate proportional to the number of bacteria
present. If bacteria are 200 initially and are doubled in 2 hours, find the number of
bacteria present four hours later.

A ball is thrown vertically upward with a velocity of 2450 cm/sec. Neglecting air
resistance, find

(i)  velocity of ball at any time t

(i)  distance traveled in any time t

(iii)  maximum height attained by the ball.

version: 1.1
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4.1 INTRODUCTION

Geometry is one of the most ancient branches of mathematics. The Greeks
systematically studied it about four centuries B.C. Most of the geometry taught in schools is
due to Euclid who expounded thirteen books on the subject (300 B.C.). A French philosopher
and m athematician Rene Descartes (1596-1650 A.D.) introduced algebraic methods in
geometry which gave birth to analytical geometry (or coordinate geometry). Our aim is to
present fundamentals of the subject in this book.

Coordinate System

Draw in a plane two mutually perpendicular
number lines x'x and y'y, one horizontal and the other
vertical. Let their point of intersection be O, to which we
call the origin and the real number 0 of both the lines is * ) 0
represented by O. The two lines are called the coordinate
axes. The horizontal line x'Ox is called the x-axis and the
vertical line y'Oy is called the y-axis.

As in the case of number line, we follow the
convention that all points on the y-axis above x'Ox 4
are associated with positive real numbers, those
below x'Ox with negative real numbers. Similarly, S
all points on the x-axis and lying on the right of O
will be positive and those on the left of O and lying
on the x-axis will be negative. | . - :
Suppose P is any point in the plane. Then P 0 R
can be located by using an ordered pair of real
numbers. Through P draw lines parallel to the
coordinates axes meeting x-axis at R and y-axis at S.

Let the directed distance OR =x and the directed distance OS = y.

The ordered pair (x, y) gives us enough information to locate the point P. Thus, with
every point Pin the plane, we can associate an ordered pair of real numbers (x, y) and we say

version: 1.1
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that P has coordinates (x, y). It may be noted that x and y are the directed distances of P from
the y-axis and the x-axis respectively. The reverse of this technique also provides method for
associating exactly one point in the plane with any ordered pair (x, y) of real numbers. This
method of pairing off in a one-to-one fashion the points in a plane with ordered pairs of real
numbers is called the two dimensional rectangular (or Cartesian) coordinate system.

If (x, y) are the coordinates of a point P, then the first member (component) of the
ordered pair is called the x—coordinate or abscissa of P and the second member of the
ordered pair is called the y-coordinate or ordinate of P. Note that abscissa is always first
element and the ordinate is second element in an ordered pair.

The coordinate axes divide the plane into four equal parts called quadrants. They are
defined as follows: v

Quadrant I: All points (x, y) with x>0,y >0 T ]| 1 1
Quadrant Il: Al points (x, y) with x < 0, y > 0 B EEE ][ n
Quadrant lll:  All points (x, y) with x <0, y <0 ! EIEEEEEEL
Quadrant IV:  All points (x, y) with x> 0, y <0 B
The point Pin the plane that corresponds to an ordered pair ENEENEEEE

(x, y) is called the graph of (x, y). M

Thus given a set of ordered pairs of real numbers, the graph of the set is the aggregate
of all points in the plane that correspond to ordered pairs of the set.

Challenge!

Write down the coordinates of the points
if not mentioned.

ii- Locate (0, -1), (2, 2), (-4, 7) and (-3, -3).

version: 1.1
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Let A (x,, y,) and B (x,, y,) be two points in the plane. We can find the Note that :

distance d:‘ﬂ‘ from the right triangle AQB by using the Pythagorean JGEESElaleiRie]g

theorem. We have mAB or ‘E‘
d=AB=AQ + 0B’ (1)
|40| = |RS|=|RO + OS] T | |
_:| OR 0S| el— |  E— —) I | Blx. w)
=] = RN =i
08|58 - 50| =[oM - 0N (sl [ [ [
:|y2 _J’1| I
Therefore, (1) takes the form R 0 q

d’ :(xz_xl)z +(y2 _yl)2

or aV=|AB|:\/(xz—xl)er(yz—yl)2 (2)

which is the formula for the distance d. The distance is always taken to be positive and
it is not a directed distance from A to B when A and B do not lie on the same horizontal or
vertical line.

If Aand B lie on a line parallel to one of the coordinate axes, then by the formula (2),
the distance AB is absolute value of the directed distance 4B.

The formula (2) shows that any of the two points can be taken as first point.

Example 1: Show that the points A (-1, 2), B (7, 5) and |
C (2, —6) are vertices of a right triangle. 1

Solution: Let a, b and ¢ denote the lengths of the sides BC,""—jt"
CA and AB respectively.
By the distance formula, we have

c:ABz\/(7—(—1))2+(5—2)2 =73
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a=BC=\(2-7) +(-6-5) =+46
b=CAd=\2-(~1) +(-6-2)" =T3

Clearly: a*=b>+c".

Therefore, ABC is a right triangle with right angle at A.

-

Example 2: The point C(-5, 3) is the centre of a circle and
P (7, -2) lies on the circle. What is the radius of the circle?

Solution: The radius of the circle is the distance from C to P.
By the distance formula, we have

™~ i
)’m.-z}

Radius = CP= \/(7 ~(=5)) +(-2-3)"

=144+25=13

Theorem: Let A (x,, y,) and B (x,, y,) be the two given points in a plane. The coordinates of
the point dividing the line segment AB in the ratio %, : k, are

(klxz +hx, ky,+ kzyl\J

ki+k, = k+k,

Proof: Let P(x,y) be the point that divides AB in the ratio &k,
From A, B and P draw perpendiculars to the x-axis as shown in the figure. Also draw
BC 1L AQ. Since LP is parallel to CA, in the triangle ACB, we have

kAP _CL_OM _x-x

k, PB LB MR x,—x
So, ko _x=x

k, x,—x

or  kx,—kx=kx-kx
or  (k +k,)x=kx,+k,x,

version: 1.1
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o=l kX,
k +k,

Similarly, by drawing perpendiculars from A, B and P to the y-axis and

or

proceeding as before, we can show that y :%
1+ 2

Note:
(i) If the directed distances AP and PB have the same sign, then their ratio is positive and P
is said to divide AB internally.
(ii) If the directed distances AP and PB have opposite signs i.e, P is beyond AB. then their
ratio is negative and P is said to divide AB externally.

AP K k,

——=—0r —L

BP k, k,
Proceeding as before, we can show in this case that

x::klxz_kle > ky, —k,y,
k—k, =~ k—k
Thus Pis said to divide the line segment ABin ratio k, : k, , internally or externally according
as P lies between AB or beyond AB.
(iii) If k =k =1:1, then P becomes midpoint of AB and coordinates of P are :

=W
2
(iv) The above theorem is valid in whichever quadrant A and B lie.

y

Example 1: Find the coordinates of the point that divides the join of A (-6, 3) and B (5,
-2)in the ratio 2 : 3.
(i) internally (i) externally

Solution: (i) Here k,=2,k,=3,x,= 6,x, 5.
By the formula, we have

(L2030 8, 2(2)H30)

2+3 5 2+3
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Coordinates of the required point are (?lj
(ii) Inthis case

2%x5— - -2)—
(22030 e y=2E2D736) 4
2-3 2-3
Thus the required point has coordinates (-28, 13)

Theorem:
The centroid of a A4BC is a point that divides each median in the ratio 2 : 1. Using this

show that medians of a triangle are concurrent.

Proof: Let the vertices of a AABC have coordinates as shown in the figure.

Alx;, »)

Midpoint of BC is D(xz ;x3 22 ;y3j.

Let G(},;) be the centroid of the A.
Then G divides AD in the ratio 2 : 1. Therefore F E

) X2+X3

_ +1.x,

X, + X, + X,
2+1 3
C

yl+);2+y3- {xI;B_}.l:} D {-1'3:}'1}

In the same way. we can show that coordinate of the point that divides BE and CF each

Similarly, y=

inthe ratio2: 1 are (x1+x‘;2+x3’yl+y32+y3j‘

Thus (x, y) lies on each median and so the medians of the A4BC are concurrent.

Theorem: Bisectors of angles of a triangle are concurrent.

Proof: Let the coordinates of the vertices of a triangle be as shown in the figure.
Suppose  |BC|=a,|CA|=b and |4B|=c
Let the bisector of £4 meet BC at D. Then D divides BC in the ratio ¢ : b. Therefore

version: 1.1
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coordinates of D are(cx3 +bx, @ +by2)

b+c = b+c
The bisector of ZB meets ACat 7 and I

divides AD in the ratio c:|BD|

A(x;, ¥5)

BD| ¢ IDC| b
Now == Or —

IDC| b |BD| ¢

DC|+|BD| b+c
or =

|BD| ¢
a b+c ac

" = BD D

O e P | B 22)

ac

Thus I divides AD in the ratio c: orintheratiob+c:a

Coordinates of I are

b+c

(b+db2:§%+ 1(b+dh€+;6+@q
a+b+c a+b+c

ie.,

ax, +bx, +cx; ay, +by, + cy3j

a+b+c a+b+c

The symmetry of these coordinates shows that the  bisector
of ZC will also pass through this point.

Thus the angle bisectors of a triangle are concurrent.
1. Describe the location in the plane o f the point P(x,y) for which

(i) x>0 (i) x>0and y>0 (iii) x=0

(iv) y=0 (V) x<0Oand y>0 (vi) X=y

(vii) |ﬂ:|ﬂ Wm)|ﬂ23 (ix) x>2and y=2

(X) xandy have opposite signs.

version: 1.1
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10.

Find in each of the following:

(i)  thedistance between the two given points

(i)  midpoint of the line segment joining the two points
(@ A1) B(-2,-4)

(b) A(-8,3)B(2-1)

(c) A(—ﬁ,—%}B(—sﬁ,S)
Which of the following points are at a distance of 15 units from the origin?

@ (VI76.7) () (10,-10) (© (1,15) (d) [%%j

Show that

(i)  the points A (O, 2), B(\/g,l) and C (0, -2) are vertices of a right triangle.
(i) the pointsA(3, 1), B(-2,-3) and C (2, 2) are vertices of an isosceles triangle.

(iii) thepointsA (5,2), B(-2,3), C(-3,-4) and D (4, -5) are vertices of a parallelogram.
Is the parallelogram a square?

The midpoints of the sides of a triangle are (1, -1), (-4, -3) and (-1, 1). Find coordinates

of the vertices of the triangle.

Find h such that the points A(\/g,—l), B (0, 2) and C (h, -2) are vertices of a right

triangle with right angle at the vertex A.

Find h such that A (-1, %), B(3, 2) and C (7, 3) are collinear.

The points A (-5, —=2) and B (5, —4) are ends of a diameter of a circle. Find the centre
and radius of the circle.

Find % such that the points A (%, 1), B(2, 7) and C (-6, —7) are vertices of a right triangle
with right angle at the vertex A.

A quadrilateral has the points A (9, 3), B (-7, 7), C (-3, =7) and D(5, -5) as its vertices.
Find the midpoints of its sides. Show that the figure formed by joining the midpoints
consecutively is a parallelogram.

version: 1.1
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1.

12.

13.

14.
15.

16.

17.

18.

Find # such that the quadrilateral with vertices A (-3, 0), B (1, -2), C(5, 0) and D (1, &)
is parallelogram. Is it a square?

If two vertices of an equilateral triangle are A (-3, 0) and B (3, 0), find the third
vertex. How many of these triangles are possible?

Find the points trisecting the join of A (-1, 4) and B (6, 2).

Find the point three-fifth of the way along the line segment from A (-5, 8) to B (5, 3).
Find the point P on the join of A (1, 4) and B (5, 6) that is twice as far from A as B is
from A and lies

(i) onthe same side of A as B does.

(i)  onthe opposite side of A as B does.

Find the point which is equidistant from the points A (5  3),
B (-2, 2) and C (4, 2). What is the radius of the circumcircle of the AABC?

The points (4, -2), (-2, 4) and (5, 5) are the vertices of a triangle. Find in-centre of
the triangle.

Find the points that divide the line segment joining A(x.y) and B(x,,y,) into
four equal parts.

4.2 TRANSLATION AND ROTATION OF AXES

Translation of Axes

O' (h, k) be any point in the plane. Through A s
O’ draw two mutually perpendicular lines },
OX, O such that OX is parallel to Ox. The i
new axes OX and O’ are called translation :
of the Ox—and Oy — axes through the point ¥
0’ In translation of axes, origin is shifted e
to another point in the plane but the axes

Let xy-coordinate system be given and P(x.3) or P(X, 1)

remain parallel to the old axes.

Let P be a point with coordinates (x,y) referred to xy-coordinate system and the axes

be translated through the point O'(h, k) and O’X, OY be the new axes. If P has coordinates
(X, V) referred to the new axes, then we need to find X, Yin terms of x, y.

version: 1.1
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Draw PM and O’ N perpendiculars to Ox.
From the figure, we have
OM =x,MP=y, ON =h, NO'=k=MM"

Now X=0M=NM =0OM —-OM —ON =x—-h
Similarly, Y=M'P = MP-MM'=y k
Thus the coordinates of P referred to XY-system are (x—h, y —k)
l.e. X=x-h
Y=y—-k

Moreover, x= X+h,+y=Y k.

Example 1:

point O’ (-3, 2). Find the coordinates of P referred to the new axes.

Solution. Here A= %k 2

Coordinates of P referred to the new axes are (X, Y) given by

X=-6-(-3)=-3 and Y=9-2=7
ThusP(X,Y) = P(-3,7).

Example 2:

The coordinates of a point P are (-6, 9). The axes are translated through the

The xy-coordinate axes are translated through the point O’ (4, 6). The

coordinates of the point P are (2, —3) referred to the new axes. Find the coordinates of P

referred to the original axes.

Solution: Here X=2,Y= 3,= 4,k 6.

Wehave x=X+h =4+2 =6
y=Y+k=-3+6=3
Thus required coordinates are P (6, 3).

e

G PIX. Y)
X Vi SE
: i \\ #
Rotation of Axes y K
Let xy-coordinate system be given. We rotate % _. v #,,,f" M
Oxand Oy about the origin through an angle N ,,,/"“
£ -
0(0<0<90°) so that the new axes are OX and N ‘\\q
: . . b &') ' )
OY as shown in the figure. Let a point P have P M
coordinates (x,y) referred to the xy-system of [
version: 1.1
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coordinates. Suppose P has coordinates (X, Y) referred to the XY-coordinate system. We have
to find X, Y in terms of the given coordinates x, y. Let a be measure of the angle that OP
makes with O.

From P, draw PM perpendicular to Ox and PM’ perpendicular to OX. Let |OP| =r, From the
right triangle oPMm', we have

M'P=Y =rsin(a-0)
Also from the AOPM, we have
X=rcosa, y=rsina
System of equations (1) may be re-written as:

OM':X:rcos(a—Q)}

(2)

X =+#cos o cosd rsinasin@}

Y=#sina cos@ rcosasinf

Substituting from (2) into the above equations, we have

X =xcos@+ ysin@
Y } (3)

Y =ycosd—x sinf

ie, (X,Y)=(xeosd ysind, xsind ycosd)
are the coordinates of P referred to the new axes OX and OY.

Example 3: The xy-coordinate axes are rotated about the origin through an angle of
300. If the xy-coordinates of a point are (5, 7), find its XY-coordinates, where OX and OY are
the axes obtained after rotation.

Solution. Let (X Y) be the coordinates of P referred to the XY-axes. Here 6 = 30°.
From equations (3) above, we have

X =5c0s830° +7sin30° and ¥ = 5sin30° 7cos30°

5V3 7 =5 T3

or X =——+ — =and Y
2 2 2 2

version: 1.1
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e, (XY

2

(sﬁw —5+7x/§j
2

are the required coordinates.

Example 4: The xy-axes are rotated about the origin through an angle of arctan g lying

in the first quadrant. The coordinates of a point P referred to the new axes OX and OY
are P (-1, —7). Find the coordinates of P referred to the xy-coordinate system.

Solution. Let P(x, y) be the coordinates of P referred to the xy-coordinate system.

Angle of rotation is given by arctan Hzg. Therefore, sinez%, cosﬁzé.

5

From equations (3) above, we have
X =xcos@+ysind and = xsinf ycosf

3 4 4 3
or —l==—x+—ypyand -7=——x+—
5 Sy 5 Sy

or 3x+4y+5 =0 and —-4x+3y+35=0
Solving these equations, we have

x vy _1
125 -125 25
Thus coordinates of P referred to the xy-system are (5, -5).

= x=5, y=-5

1. The two points P and O’ are given in xy-coordinate system. Find the XY-coordinates
of P reffered to the translated axes O’X and QY.

(i)  P(3,2); 0'(1,3) (i) P(-2,6); 0'(-3,2)

w 230 (-L])
2 2 2 2

()

(i) P(~6,-8); O'(—4,-6)

version: 1.1
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2. The xy-coordinate axes are translated through the point whose coordinates are Note: (i)  Iflis parallel to x-axis , then o = 0°
given in xy-coordinate system. The coordinates of P are given in the XY-coordinate (i)  If lis parallel to y-axis , then o = 90°
system. Find the coordinates of P in xy-coordinate system.

(i) P(8,10);0'(3 4 (i) P(-5,-3); 0(-2,6) Slope or gradient of a line: When we walk on

3 7 11 . an inclined plane, we cover horizontal distance

(iii) P(_Z’_EJ;O(Z’_E] (iv) P(4,-3);, 0°(-2 3) (run) as well as vertical distance (rise) at the same
time.

3. The xy-coordinate axes are rotated about the origin through the indicated angle. It is harder to climb a steeper inclined plane. The .
The new axes are OX and OY. Find the XY-coordinates of the point P with the given measure of steepness (ratio of rise to the run) is .
Xy-coordinates. termed as slope or gradient of the inclined path it
(i) P(53) 6=45° (i) P(3,-7); 0=30° and is denoted by m. ¥
(iii) P(11,-15); 6 =60° (iv) P(15,1O):¢9=arctanl mzﬁzlztana

3 run X

4. The xy-coordinate axes are rotated about the origin through the indicated angle and
the new axes are OX and OY.
Find the xy-coordinates of P with the given XY-coordinates.

In analytical geometry, slope or gradient m of a non-vertical straight line with « as its
inclination is defined by: m: tana

If / is horizontal its slope is zero and if [ is vertical then its slope is undefined.
(i) P(5,3): 6 =30° (ii) P(—7\/§, 5\/5); 0 = 45° If 0 <o <90° m is positive and if 90° < o < 180° then m is negative

43 EQUATIONS OF STRAIGHT LINES

If a non-vertical line [ with inclination «!

. . . o o . ¥y N
Inclination of a Line: The angle a(O <a <180 ) measured counterclockwise from passes through two pointsP(x,y,) and O(x,.y,) 3 O(x, )~
positive x-axis to a non-horizontal straight line [ is called the inclination of /. , then the slope or gradient m of I /:.;
P(% ¥ 1 >
¥ 1§ o — is ] .
;}: ! A A 3! is given by m=22"2 - tang 2 R
= —+ 1= o =2 noox X,
) o =0 I | o M 0 M B

Proof: Let m be the slope of the line /.

o =90°
m‘\ | ] . Draw perpendiculars PM and QM’on x-axis and a perpendicular PR on QM’
S § ) ==X - -
’/U/ of o 0 (e Then ZRPQ=a, mPR=x,—x and mOR=y, -y,
= ¥
- . . . . e 4
Observe that the angle o in the different positions of the line / is o 0° and 90° The slope or gradient of / is defined as: m = tan “_—xz_xl-
2 1
respectively.
version: 1.1 version: 1.1
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Case(i). WhenO< ¢« <§

In the right triangle PRQ, we have

m=tan o =222

X, =X

O(xy, ;)

Case (ii)) When %<a<7z :

In the right triangle PRQO

tan (7r—cz)=u [ A
X, — X, > X
or —tang=22"2
X=X
or tama=2"28  or m=22"N0
Xy =X Xy =X

Thus if P(x,,» )and Q(x,,y,) are two points on a line, then slope of PQ is given by:

V=W

: Y, — Y
(0 m#-2—L and m#
X, — X, X, — X,

(i) lis horizontal, iff m=0 (~.© o =09
(iii) lis vertical, iff m is not defined (*.© a =909
(iv) If slope of AB = slope of BC, then the points A, B and C are collinear.

version: 1.1
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Theorem: The two lines / and /, with respective Remember that:
slopes m, and m, are The symbol
(i) || stands for “parallel”.
(i)  paralleliff m =m, i)y} stands for “not parallel”.

(iii) L stands for “perpendicular”.

(i)  perpendicular iff m, _1
m2

or mm,+1=0

Example 1: Show that the points A(-3, 6), B(3, 2) and ((6, 0) are collinear.

Solution: We know that the points A, Band Care collinear if  FY IR o
the line AB and BC have the same slopes. Here Slope of Slope of AB = slope of AC
2-6 -4 4 0-2 -2

_2 and slope of BC=—=?

AB = = =—
3—(—3) 343 6 3 6-3

Slope of AB = Slope of BC
Thus A, B and C are collinear.

Example 2: Show that the triangle with vertices A (1, 1), B (4, 5) and C (12, -1) is a right

triangle.
Solution: Slope of 4B=m, :5__1:§
and Slope of BC =m, =5 _6_ 3
12-4 8 4

Since m,m, :(§]£%j= 1, therefore, AB L BC

So AABC is a right triangle.

version: 1.1
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y Y Y
‘ - F 1
% | >/
T Q}D __ __I" a—_-ﬂ
O . | o O| [ x-axis *
[l x - axis e a<0 or Ly -axis
or | LV-axis . | -

8] o
]| X - axis
or | 1y-axis

All the points on the line [ parallel to x-axis remain at a constant distance (say a) from
x-axis. Therefore, each point on the line has its distance from x-axis equal to g, which is its
y-coordinate (ordinate). So, all the points on this line satisfy the equation: y=a

(i) Ifa>0,thenthelinelis above the x-axis.
(i) Ifa<0,thenthelinelis below the x-axis.

(iii) Ifa=0, then the line I becomes the x-axis.
Thus the equation of x-axis isy =0

Intercepts:

« If a line intersects x-axis at (a, 0), then a is called
x-intercept of the line.

« If a line intersects y-axis at (0, b), then b is called
y-intercept of the line.

78] \‘ P

1.  Slope-Intercept form of Equation of a Straight Line: |
Theorem: Equation of a non-vertical straight line with slope m and y-intercept c is
given by:

y=mx+c

version: 1.1
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Proof: Let P (x, y) be an arbitrary point of the straight line / with slope m and y-intercept
c. As C(0, ¢)and P (x, y) lie on the line, so the slope of the line is:

m= 0 or y—c=mx and y=mx+c 4
¥
is an equation of /. i
The equation of the line for which C(0,¢)
c=0is /
y=mc e > ¢
In this case the line passes through the origin. _ «

Example 1: Find an equation of the straight line if
(@) itsslopeis 2 and y-interceptis 5

(b) itis perpendicular to a line with slope —6 and its y-intercept is %

Solution: (a) The slope and y-intercept of the line are respectively:
m=2 and c=5
Thus y=2x+5 (Slope-intercept form:y=mx+¢)
is the required equation.
(b) The slope of the given line is

m, =—6

1

The slope of the required line is: ms= .
m

The slope and y-intercept of the required line are respectively:

4

m= (slope of L line is—6) and CZE

1
6
1 4

ThUS 84 :g(ﬂf‘) EZ or 6y x 8
is the required equation.

2. Point-slope Form of Equation of a Straight Line:
Theorem: Equation of a non-vertical straight line / with slope m and passing through a

version: 1.1
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y—ylzm(x—xl)

Proof: Let P(x, y) be an arbitrary point of the straight line 3
with slope m and passing through Q(x,, y,). /
As Q(x,, y,) and P(x, y) both lie on the line, so the slope of ﬁv}
the line is e '
- P O] "
m="2 ylory—ylzm(x—xl) « 0

X
which is an equation of the straight line passing through x. , y, with slope m.
3. Symmetric Form of Equation of a Straight Line:

Y=
xX—X

We have =tana, Where « is the inclination of the line.

N _ VT

cosa Ssina - r(say)

or

This is called symmetric form of equation of the line.

Example 2: Write down an equation of the straight line passing through (5, 1) and
parallel to a line passing through the points (0,-1), (7, —15).

Solution: Let m be the slope of the required straight line, then

m :_157;(0_1) ("." Slopes of parallel lines are equal)
=-2
As the point (5, 1) lies on the required line having slope -2 so, by point-slope form of

equation of the straight line, we have

y—-(1)=-2(x-5)
or y=-2x+11
or 2x+y-11=0

is an equation of the required line.

4. Two-point Form of Equation of a Straight Line:

Theorem: Equation of a non-vertical straight line
passing through two points Q(x, , y,) and R(x, , y,) is

y=n=22=A(x—x)or y-y,=22"2(x-x,)

X, =X X, =X

v
=

Proof: Let P (x, y) be an arbitrary point of the line passing through Q (x, , y,) and

R(x,,y,). S0

Y=W" :y_yz :yz_yl
X=X X=X, X,—X

(P, Q and R are collinear points)

We take

YN _ =N
X=X = X,—X

or y—n =%(x—xl) the required equation of the line PQ.
27 M

or (yz_yl)x_(XZ_xl)y—l_(xlyZ_xzyl):()

x y 1
We may write this equation in determinant form as: |x, y, 1/=0
X, ¥l

Note: (i) Ifx, —x,then the slope becomes undefined. So, the line is vertical.

Vo= )
X, — X,

(x—x,) can be derived similarly.

() Y—=—W=

version: 1.1
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Example 3: Find an equation of line through the points (-2, 1) and (6, —-4).

Solution: Using two-points form of the equation of straight line, the required equation is

—4-1

y—1=6_(_2)[x—(—2)}

or y—lz?(x+2)or5x+8y+2=0
5. Intercept Form of Equation of a Straight Line:

Theorem: Equation of a line whose non-zero x and
y-intercepts are a and b respectively is

£+X=1
a b

Proof: Let P(x , y) be an arbitrary point of the line

whose non-zero x and y-intercepts are a and b respectively. > X
Obviously, the points A(a, 0) and B(0, b) lie on the required
line. So, by the two-point form of the equation of line,
we have
b-0 ,
y—0=0 (x—a) (P, A and B are collinear)
—da
or —ayzb(x—a)
or bx+ay=ab
or f+%:1 (dividing by ab)
a
Hence the result.
Example 4: Write down an equation of the line which cuts the x-axis at (2, 0) and y-axis

at (0, -4).

Solution: As 2 and —4 are respectively x and y-intercepts of the required line, so by
two-intercepts form of equation of a straight line, we have

il 21— er =2x vy 4 0
2 4

which is the required equation.

Example 5: Find an equation of the line through the point 5
P(2, 3) which forms an isosceles triangle with the coordinate
axes in the first quadrant. B(0, a)
P(2,3)

Solution: Let OAB be an isosceles triangle so
that the line AB passes through A = (a0, 0) and I =
B(0, a), where a is some positive real number. 0 i A(a,0)

Slope of 4B = g—O = —1. But AB passes through P (2, 3).

—a

Equation of the line through P(2, 3) with slope -1 is

y—3=—1(x—2) or x+y—-5=0

6. Normal Form of Equation of a Straight Line:

Theorem: An equation of a non-vertical straight line /, such that length of the perpendicular
from the origin to / is p and a is the inclination of this perpendicular, is

xXcosa + ysina =p

Proof: Let the line / meet the x-axis and y-axis at the A
points A and B respectively. Let P (x, y) be an arbitrary \ w«g\
point of AB and let OR be perpendicular to the line /. £
Then |OR|=p. i

From the right triangles ORA and ORB, we have, S ; p

| * X
cosa =2~ or 04=-L 0
04 cosa 7
and cos(90° — ) = P o OB= .p -
OB sinx

version: 1.1
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[..cos(90" — ) = sina)]
As OA and OB are the x and y-intercepts of the line AB, so equation of AB is

al + S

pl/cosa  p/sina
That is xcosa + ysina = p is the required equation.

(Two-intercept form)

Example 6: The length of perpendicular from the origin to a line is 5 units and the
inclination of this perpendicular is 120° Find the slope and y-intercept of the line.

Solution. Herep =5, a=120°

Equation of the line in normal form is

xc0s120” + ysin120° =5

= —lx+£y=5
27 2
= x=3y+10=0 (1)

. . . 10
To find the slope of the line, we re-write (1) as: y = X2
NG

which is slope-intercept form of the equation.

Here m—L and c—ﬂ
N N
Theorem: The linear equation ax+by+c¢=0 in two variables x and y represents a
straight line. A linear equation in two variables x and y is
ax+by+c=0 (1)

where a, b and c are constants and a and b are not simultaneously zero.

version: 1.1
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Proof: Here a and b cannot be both zero. So the following cases arise:

Case I: az0, b=0

In this case equation (1) takes the form: Remember that:

c The equation (I) represents
ax+c=0 or x=——
a a straight line and is called

the general equation of a

which is an equation of the straight line parallel to

straight line.

the y-axis at a directed distance ~£ from the y-axis.
a

Case ll: a=0, b#0
In this case equation (1) takes the form:

bx+c=0 or y:—g

which is an equation of the straight line parallel to x-axis at a directed distance _70
from the x-axis.

Caselll: a=0 , b#0

In this case equation (1) takes the form:

by=—ax—-c or ——x—E—mx+c
Y y b b

—a

. —C
5 and y-intercept 5

which is the slope-intercept form of the straight line with slope

Thus the equation ax+by+c¢=0, always represents a straight line.

Theorem: To transform the equation ax + by + ¢ = 0 in the standard form

1.  Slope-Intercept Form.
We have

version: 1.1
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-a ¢ —a —c
by=—ax—-c or y=—x—-—=mx+c, where m=—, c=—
b b b b

2. Point-Slope Form

We note from (1) above that slope o fthe line ax+by+c=0is _Ta A point on the

line is (_—COJ
a

Equation of the line becomes y :_TG(“EJ
a

which is in the point-slope form.

3. Symmetric Form

m=tang =—. sing=———, COS(

a b
b +a® +b° ’ +va® +b*

A pointon ax+by+c=0is (_—C,Oj
a

Equation in the symmetric form becomes

A

== r
b/t\Ja’*+b* al+Ja® +b*

is the required transformed equation. Sign of the radical to be properly chosen.

4, Two -Point Form

We choose two arbitrary points on ax+by+c=0. Two such points are

(_—C,Oj and (O%cj Equation of the line through these points is

a

-0 x+£ —a c
Y - a e,y 0 —I—(x —j
0+< _€_p b a

a

version: 1.1
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5. Intercept Form.

ﬂ+b—y =1 1ie al Yo
—-c - —c/a —cl/b
which is an equation in two intercepts form.

ax+by=—c or

6. Normal Form.
The equation: ax+by+c¢=0 (1)

can be written in the normal form as:

ax+by —c 2)
i\/az +b’ i\/a2 +b’

The sign of the radical to be such that the right hand side of (2) is positive.
Proof. We know that an equation of a line in normal form is
xcosa + ysina=p (3)

If (1) and (3) are identical, we must have

a b —c

cosa sina p

p _cosa _sina Jeos? a +sin’ a 1
—C a b t\a® +b’ ta® +b’
b

a .
Hence, CoSQ ==—————— and sina

+vVa’ + b’ +\a’ + b’

Substituting for cosa, sina and p into (3), we have

l.e.,

ax + by —C

+VJa’ +b° - +VJa’ +b°
Thus (1) can be reduced to the form (2) by dividing it by ++a’ +5>. The sign of the
radical to be chosen so that the right hand side of (2) is positive.

version: 1.1

@)



4. Introduction to Analytic Geometry elLearn.Punjab

Example 1: Transform the equation 5x — 12y + 39 = 0 into
(i)  Slope intercept form. (i)  Two-intercept form.
(iii)  Normal form. (iv) Point-slope form.
(v)  Two-point form. (vi) Symmetric form.
Solution:
. 5 39 5 . 39
[ We have 12y=%x 39 or=y —+x —zm —, y-intercept c=—
0 yEew sy g ot oY ST
(i)  S5x—-12%= 39 or —|5i Ly 1 or —+ L listhe required equation.
-39 39 -39/5 39/12

(i) 5x—12y= 39. Divide both sides by #v5°+12t= 13. Since R.H.S is to be
positive, we have to take negative sign.

Hence = 5—x3+112—3y:3 is the normal form of the equation.

(iv) A pointon the lineis (_?”OJ and its slope is %

Equation can be written as: y—0=%(x+?j

(v)  Another point on the line is (0%) Line through (_T”OJ and (O%) is

S

y-=0 5

_ 39 39
12 5

(vi) We have tanazi:m, sina:i,cosazg. A point of the line is ﬁ,o .
12 13 13 5

Equation of the line in symmetric form is

x+39/5 y-0

= = Sa
2/ s "W

version: 1.1
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Example 2: Sketch the line v
3x+2y+6=0. (1)

Solution: To sketch the graph of (1), we find two points on it.
If y=0, x=-2 andif x=0, y=-3. .
Thus x intercept =-2 AN

y intercept = -3 T
ThepointsA(-2,0),B(0,-3)areon(1).Plotthesepointsinthe
plane and draw the straight line through A and B. Itis the graph

of (1).
Example 3: Find the distance between the parallel lines
2x+y+2=0 (1)
and 6x+3y—8=0 (2)

Sketch the lines. Also find an equation of the line parallel to the given lines and lying midway
between them.

Solution: We first convert both the lines into normal form. (1) can be written as
2x+y=-2
Dividing both sides by —/4+1, we have

-2 -y 2

L2 3
NCARNAN o
which is normal form of (1). Normal form of (2) is
6x N 3y _ 8
Jas a5 as
, 2x y 8
i.e., + == 4
NMNRENS @
Length of the perpendicular from (0O, 0) to the line (1) is T [ From (3)]
Similarly, length of the perpendicular from (0, 0) to the line (2) is % [From (4)]

version: 1.1
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From the graphs of the lines it is clear that the lines are on
opposite sides of the origin, so the distance between them
equals the sum of the two perpendicular lengths.

2 8 14

NAENGEN

The line parallel to the given lines lying midway between
them is such that length of the perpendicular

i.e., Required distance =

from O to the line = 8 7 (or 7 2): !
3J5 35 35 J5) 35

y 1
= or 6x+3y=1
V535

Required line is = 2x

J5

+

Consider a non-vertical line /
[:ax+by+c=0
in the xy-plane. Obviously, each point of the plane is either above
the line or below the line or on the line.

-

Theorem: Let P(x,, y,) be a pointin the plane not lying on /
[ / 0 %
[:ax+by+c=0 (1)
then P lies
a) above the line (1) if ax, + by, +¢>0 4
: : 1P(x, »)
b) below the line (1) if ax, + by, +c<0 ‘\\Q(x”y’]i

Proof: We can suppose that b > 0 (first multiply the
equation by -1 if needed). Draw a perpendicular from P on
x-axis meeting the line at O(x,,)").

v

P(x;, ) \

Thus ax, +by'+c¢ =0 so that

0 \I o

elLearn.Punjab
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The point P(x,, ,) is above the line if y, >y’ that s

N _y'>0
e. y —(—%xl —%)>0

=  ax,+by,+c>0

Similarly P(x,, y,) is below the line if

_<0 e [__j
-y £ N bl b

or ax, +by, +c<0

The point P(x,, ) is on the line if

ax, + by, +c=

Corollary 1. The point P is above or below [ respectively if ax, + by, +c¢ and b have the
same sign or have opposite signs.
ax, + by, +c

Proof. If Pis above /,then y,—)'>0 ie, T>0

Thus ax, + by, + ¢ and b have the same sign.
Similarly, P is below [ if
ax, + by, +c

-y <0 ie., T<O

Thus ax, + by, + c and b have opposite signs.

Corollary 2. The point P(x,, y,) and the origin are
(i)  onthe same side of / according as ax, + by, + ¢ and ¢ have the same sign.
(i)  onthe opposite sides of / according as ax, + by, + ¢ and ¢ have opposite signs.

Proof. () The point P(x, ) and O (0,0) are on the same side of / if ax, +by, +c and
0.0 + b.0 + ¢ have the same sign.
(ii) Proofis left as an exercise

version: 1.1
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Example 1: Check whether the point (-2, 4) lies above or below the line
4x+5y-3=0 (1)

Solution: Here b =5 is positive. Also

4(-2)+5(4)-3=-8+20-3=9>0 (2)

The coefficient of y in (1) and the expression (2) have the same sign and so the point
(=2, 4) lies above (1).

Example 2: Check whether the origin and the point P (5, —8) lie on the same side or on
the opposite sides of the line:
3x+7y+15=0 (1)
Solution:
Here c=15
For P (5, —-8),
3(5)+7(-8)+15=-26<0 (2)
But c=15>0

¢ and the expression (2) have opposite signs. Thus O (0, 0) and P (5, —-8) are on the opposite
sides of (1).

Note: To check whether a point P(x, , y.) lies above or below the line

ax+by+c=0
we make the co-efficient of y positive by multiplying the equation by (-1) if needed.

44 TWO AND THREE STRAIGHT LINES

For any two distinct lines 1/, [,.
l:ax+by+c=0 and [, :a,x+b,y+c=0, 0one and only one of the

following holds: Recall that:
(I) 11 I lz (II) ll 1 12 (III) ll and lzare not related as (I) or (II) Two non_para||e| lines

intersect each other at
The slopes of /, and [, are m-= % m, —= one and only one point.
1

version: 1.1
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(i) Ll I, < slopeof [(m)= slope of [,(m,).

a a
- h__%
bl b2
a a
& ——L=—22 < ab,—ba,=0
bl bZ

(i) Lo mm=-1

= [—&](—&] =-1 < aa,+bb,=0
bl b2

(iii) If [, and [, are not related as in (i) and (ii), then there is no simple relation of the
above forms.

Let [:ax+by+c =0 (1

and L:ax+by+c,=0 (2)

be two non-parallel lines. Then ab, —ba, #0

Let P(x,,y,) be the point of intersection of /, and /,. Then

ax, +by +c =0 (3) Recall that:
a,x,+b,y, +c¢,=0 (4) Two non-parallel lines
Solving (3) and (4) simultaneously, we have intersect each other at
one and only one point.
X __ N _ 1
bc,-b,c, a,c,—ac, ab,—a,b,
_DeThG gy, BGTAG
ab, —a,b, a,b, —a,b,

is the required point of intersection.

Note: a.b,—-a,b,# 0,otherwise / || /,.

version: 1.1

=)



4. Introduction to Analytic Geometry elLearn.Punjab

Examples 1:  Find the point of intersection of the lines
Sx+7y=35 (i)
3x—7y=21 (i)

Solution: We note that the lines are not parallel and so they lREGE I ELS
must intersect at a point. Adding (i) and (ii), we have * If the lines are parallel,
then solution does not

exist (" ab, —a,b, =0)

8x =56 or x=7
Setting this value of x into (1), we find, y = 0.

* Before solving equations
Thus (7, 0) is the point of intersection of the two lines.  FfalEiale 01l B a0l R tar ¢

lines are not parallel.

Three non-parallel lines

Lrax+by+c =0 (1)
L:ax+by+c,=0 (2)
L:ax+by+c,=0 (3)
a b g
are concurrent iff a, b, ¢|=0

Proof: If the lines are concurrent then they have a common point of intersection
P(x,,»,) say.As [ [ 1,, so their point of intersection (x,y)is

::b1cz — by, @46~ 4,6

and y

ab, —a,b, ab, — a,b,
This point also lies on (3), so

a3(b1c2 — by, ]_i_b}(azcl _alczj_'_c3 ~0
albz o azbl albz o azbl

or  a,(bec,—be)+b(ac, —ac,)+c,(ab,—ab)=0

version: 1.1
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An easier way to write the above equation is in the following determinant form:
a, b G
a, b, ¢|=0
a, b, G

This is a necessary and sufficient condition of concurrency of the given three lines.

Example 1: Check whether the following lines are concurrent or not. If concurrent, find
the point of concurrency.

3x-4y-3=0 (1)

Sx+12y+1=0 (2)

302x+4y—-17=0 3)

Solution. The determinant of the coefficients of the given equations is
3 -4 =31 18 32 0
5 12 1|=|5 12 1| sby R +3R,
32 4 —17| [117 208 0| and R,+17R,

i 18 32
117 208
Thus the lines are concurrent.

The point of intersection of any two |lines is the required point
of concurrency. From (1) and (2), we have

‘ :—(208><18—117><32)=O

x oy 1
—4+36 -15-3 36+20
32 4 -18 -9. (4 -9
Xx=—=— and y=——=—i.e.| —-,—
56 7 56 28 7 28

is the point of intersection.

We can find a family of lines through the point of intersection of two non parallel lines

version: 1.1
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Do you remember?

Let /[:ax+by+c =0 (1)
An infinite number of

and L :ax+by+c,=0 (2)
For a non-zero real h, consider the equation

lines can pass through
a point

ax+by+c +h(ax+by+c,)=0 (3)
This, being a linear equation, represents a straight line. For different values of h, (3)
represents different lines. Thus (3) is a family of lines.

If (x,,»,) is any point lying on both (1) and (2), then it is their point of intersection. Since
(x,,y,) lies on both (1) and (2), we have
ax+by+c =0 +and+ axx by c, 0
From the above two equations, we note that (x,,y,) also lies on (3).

Thus (3) is the required family of lines through the point of intersection of (1) and (2).
Since h can assume an infinite number of values, (3) represents an infinite number of lines.

A particular line of the family (3) can be determined if one more condition is given.

Example 2: Find the family of lines through the point of intersection of the lines
3x-4y—-10=0 (1)
x+2y-10=0 (2)

Find the member of the family which is

(i)  parallel to a line with slope _?2

(i) perpendicularto theline /: 3x—4y+1=0.

Solution: (i) A family of lines through the point of intersection of equations (1) and (2) is
3x -4y —-10 +k (x+2y-10) = 0

or (B+k)x+(—4+2k)y+(-10-10k) = 0 (3)
L 3+k
S| f(3 by: m = —
ope m of (3) is given by: m a2k

This is slope of any member of the family (3).

If (3) is parallel to the line with slope —% then

version: 1.1
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3+k — __20r9 +3k = -8 + 4k i.e., k =17
— 4+ 2k 3

Substituting £ = 17 into (3), equation of the member of the family is
20x + 30y —180 = 0 i.e., 2x + 3y —-18 =0

(ii) Slope of 3x —4y +1 =0 (4)
.3 . . . 3+k 3
is =. Since (3) is to be perpendicular to (4), we have - x = = —1
4 - 442k 4

or9 + 3k = —-16 + 8k or k=5

Inserting this value of k into (3), we get 4x + 3y —30 = 0 which is required equation of

the line.

Theorem: Altitudes of a triangle are concurrent.

Proof. Let the coordinates of the vertices of AABC be as
shown in the figure.

Vo= Vs

Alx. »)

Thenslope of 5C =< =0 623 b Tk
Therefore slope of the altitude 4D = _hTh
Vo= Vs
Equation of the altitude AD is
X, — X, .
y -y = - =—=(x—-Xx) (Point-slope form)
Vo™ W
or x(xz—xg)+y(y2—y3)—x1(x2—x3)—y1(y2—y3)=O (1)
Equations of the altitudes BE and CF are respectively (by symmetry)
x(—x) +y (s=y) x5 -x) =y, (y3=») =0 (2)
and «x (5 =x) +y O —>) —x5x-x) -y, (»s—») =0 (3)
The three lines (1), (2) and (3) are concurrent if and only if
Xy = X3 V=Y =% (n=x) =y (V= y3)
D=| x—x V=¥, =X (x—x) -y, (»;—») |I1szero
X=X V1= -, (q—x) —y; ) —»,)
version: 1.1
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Adding 2nd and 3rd rows to the 15t row of the determihant, we have

0 0 0
X3 =X Y= N -x, (5—x) =y, (»,—y)|=0

X~ X Yi=W X3 (x1_x2) — Vs (y1_y2)
Thus the altitudes of a triangle are concurrent.

Theorem: Right bisectors of a triangle are concurrent.

A
Proof. Let 4 (x,y) , B(x,,y,) and C (x,,y,) be the vertices
of AABC F E

The midpoint D of BC has coordinates
B
(x2+x3 J’2+y3j . 2 ¢
2 72

Since the slope of BC is 22705 the slope of the right bisector DO of BCis - Loh

Xy — X5 Vo= Vs

Equation of the right bisector DO of BC is

y-2th o LTh (x —x2+x3j (Point-slope form)
2 V2= Vs 2
| 1
or X (x,=x) +y (¥, —3) —5 (yzz—y32) _E (xzz—x32) =0 (1)

By symmetry, equations of the other two right bisectors EO and FO are respectively:

X (x3_x1) Ty (y3_y1) _% (y32_y12) _% (x32—x12) =0 (2)

1 1
and x (xx,—=x) +y (V=) _5 (ylz_yzz) _E (x12_x22) =0 (3)

The lines (1), (2) and (3) will be concurrent if and only if

version: 1.1
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1 1
Xy = X3 Vo= W3 _5 (yzz_%z) _5 (xzz—x32)

1 1
Xy — X Y3 =N _E (y32 _y12) _5 (X32 _x12) =0

2

1 1
X=X n=-y, —-—=W _yzz) _E (x12 _x22)

2

Adding 2nd and 3rd rows to 1st row of the determinant, we have

0 0 0

1 1
X3 — X Y3 =N _E (y32 _Y12) _E (x32 _x12) =0

1 1
X=X V1= _5 (y12_y22) _5 (x12_x22)

Thus the right bisectors of a triangle are concurrent.

Note: If equations of sides of the triangle are given, then intersection of any two lines

gives a vertex of the triangle.

Theorem: The distance d from the point P(x,, y,) to the line /

[ax+by+c=0 (1)
o |ax1 + by, + c|
is given by d =
\/a2 +b° o
Proof: Llet [ be non-vertical and % el

non-horizontal line.
From P, draw
POR 1 Ox and PM 1 1.
Let the ordinate of Q be y, so that
coordinates of Q are (x,, y,). Since Q lies on
[, we have ax, +by, +¢c=0

version: 1.1
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—ax, —c¢

b
From the figure it is clear that ZMPQ = a = the
inclination of /.

or Yy, =

Now tana ==slope of / —741

)
Therefore, cosoz|:W
Thus |PM| =d =|PQ||cosa|= |y, - y,||cosq]
=y, - —ax, _C|. |b|
1 b | \/a2 +b°
:bel + ax, +c|. |b| |ax1 + by, +c|
b|Va® + b N

If / is horizontal, its equation is of the form y= —% and the distance from P(x,, y,) to [
is simply the difference of the y-values.

by, +c
b

ax, +c

Similarly, if the line is vertical and has equation: x==— then d
a

a

N If the point P(x,,y,) lies on I, then the distance d is zero, since (x,,y,) satisfies the

equationi.e., ax, + by, + ¢ = 0

The distance between two parallel lines is the distance from any point on one of the
lines to the other line.

Example: Find the distance between the parallel lines
[2x-5y+13=0 and
[,:2x-=5y+6=0

elLearn.Punjab
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Solution: First find any point on one of the lines, say /. If x=1 [K4EULEREE
lies on 7, then Check the answer by

y = 3 and the point (1,3) lies on it. The distance d from (1, 3) taking
to L, is (i) any other pointon [,
2
(i) any point of [ and

d:|2(12—5(3)+6| 2-15+6] 7

Je2r+st Va5 V29

The distance between the parallel lines is L.

J29

finding its distance from [

To find the area of a triangular region whose vertices are:;.  »
P(x;, 1), O(xy, »,) and  R(x;, ;). R

Draw perpendiculars PL , ON and RM on x-axis.
Area of the triangular region PQOR Q0
= Area of the trapezoidal region PLMR

+ Area of the trapezoidal region RMNQ
— Area of the trapezoidal region PLNQ.

.

&

e I

=l
e

- () () 3 ) ) () )
:%[(yl + 1) —x i (vt Y= x5 (v yo)(x— x))]

1
:5(x3y1 TNV, XN T XV XNV XNV, XNV X)) XY, T X, +X1y2)

Have you observed that:

1
= 5(x3y1 XV XNV XY, XN+ xlyZ)

Thus required area A is given by: { x o »n 1
{ A:Ex2 v, 1
A:E[xl(yz_%)"'xz()@_y1)+x3(y1_J’2)] X3 Vs

Corollary: If the points P,Q and R are collinear, then

version: 1.1
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Note: In numerical problems, if sign of the area is negative, then it is to be omitted.

Example 1: Find the area of the region bounded by the triangle with vertices (a,b + ¢),
(a,b-c)and(-a, ¢).
Solution: Required area A is

a b+c 1
Acll, poe 1 Trapezium:
2 v e 1 A quadrilateral having two parallel and two
non-parallel sides.
i a b+c 1 Area of trapezoidal region:
- :50 2c #H|,by R, R )
—a ¢ 1 > (sum of || sides) (distance between || sides)

:%[—20(41 +a)], expanding by the second row

=-2ca
Thus A= 2ca

Example 2: By considering the area of the region bounded by the triangle with vertices
A(1,4),B(2,-3)and C(3,-10)
check whether the three points are collinear or not.

Solution: Area A of the region bounded by the triangle ABC is

1 4 1 1 4 1
1 1

A=_f2 =3 1) =—Jl =7 0| by R,—R and R~ R
3 -10 1 3 -14 0

[1(-14 +14)], expanding by third column

]
D O~

Thus the points are collinear.
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1.  Find the slope and inclination o f the line joining the points:
i  2,4;6,11) () 3-2);@7) (i) (4,6);(4738)
Sketch each line in the plane.

2. In the triangle A (8, 6) B (-4, 2), C (-2, -6), find the slope of
(i) each side of the triangle
(ii) each median of the triangle
(iii) each altitude of the triangle.

3. By means of slopes, show that the following points lie on the same line:
(@) (-1,-3);(1,5);(2,9) (b)(4,-5);(7,5);(10,15)
() (-4,6);(3,8);(10,10) (d) (a, 2b): (¢, a + b); (2¢ - a, 20)

4. Find k so that the line joining A (7, 3); B (k, —6) and the line joining C (-4, 5) ; D (-6, 4)
are (i) parallel  (ii) perpendicular.

5. Using slopes, show that the triangle with its vertices A (6, 1), B(2, 7) and C (-6, -7) is a
right triangle.

6. The three points A (7, -1), B (-2, 2) and C (1, 4) are consecutive vertices of a
parallelogram. Find the fourth vertex.

7. The points A (-1, 2), B (3, -1) and C (6, 3) are consecutive vertices
of a rhombus. Find the fourth vertex and show that the diagonals of the rhombus
are perpendicular to each other.

8. Two pairs of points are given. Find whether the two lines determined by these points
are :

(i) parallel (i) perpendicular (iii) none.
@ (1,-2),(2,4)and (4, 1), (-8, 2)
(b) (-3,4),(6,2)and (4,5), (-2, -7)

9. Find an equation of

(@) the horizontal line through (7, -9)

(b) the vertical line through (-5, 3)

version: 1.1
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(c) theline bisecting the first and third quadrants. 18. A house was purchased for Rs.1 million in 1980. It is worth Rs. 4 million in 1996.
(d) the line bisecting the second and fourth quadrants. Assuming that the value increased by the same amount each year, find an equation
that gives the value of the house after t years of the date of purchase. What was its

10. Find an equation of the line value in 19907

(@)  through A (-6, 5) having slope 7 19. Plot the Celsius (C) and Fahrenheit (F) temperature scales on the horizontal axis
(b)  through (8, -3) having slope 0 and the vertical axis respectively. Draw the line joining the freezing point and the
(¢) through (-8, 5) having slope undefined boiling point of water. Find an equation giving F temperature in terms of C.

(d) through (-5, -3) and (9, -1)

(e) y-intercept: -7 and slope: -5 20. The average entry test score of engineering candidates was 592 in the year 1998

while the score was 564 in 2002. Assuming that the relationship between time and

(f)  x-intercept: -3 and y-intercept: 4 oo ,
score is linear, find the average score for 2006.

(g) x-intercept: -9 and slope: -4

11. Find an equation of the perpendicular bisector of the segment joining the points 21. Convert each of the following equation into
A(3,5)and B(9, 8). (i) Slope intercept form (ii) two intercept form (iii) normal form
12. Find equations of the sides, altitudes and medians of the triangle whose vertices are (@) 2x-4y+11=0 (b) 4x+7y-2=0 () 15y -8x+13=0
A(=3,2),B(5 4)and C (3, -8). Also find the length of the perpendicular from (0, 0) to each line.

13. Find an equation of the line through (-4, —6) and perpendicular to a line having
22. In each of the following check whether the two lines are

slope _73 (i) parallel

. dicul
14. Find an equation of the line through (11, -5) and parallel to a line with slope -24. () perpendicular
(iii) neither parallel nor perpendicular

15. The points A (-1, 2), B (6, 3) and C (2, -4) are vertices of a triangle.

, o . ) ) . . (@ 2x+y-3=0 ; 4x+2y+5=0

Show that the line joining the midpoint D of AB and the midpoint E of AC is parallel
(b)  3y=2x+5 : 3% 2y & 0
to BCandDE:%BC. (@ 4y+2x-1=0 ; x-2y-7=0

(d) 4x—y+2=0- 3+ =H2x 3y 1 0

16. A milkman can sell 560 litres of milk at Rs. 12.50 per litre and 700 litres of milk at Rs.
() 12x+35y-7=0; 105x—36y+11=0

12.00 per litre. Assuming the graph of the sale price and the milk sold to be a straight

line, find the number of litres of milk that the milkman can sell at Rs. 12.25 per litre.
17. The population of Pakistan to the nearest million was 60 million in 1961 and

95 million in 1981. Using t as the number of years after 1961, find an equation of

23. Find the distance between the given parallel lines. Sketch the lines. Also find an
equation of the parallel line lying midway between them.

) , ) , _ _ _ (@) 3x-4y+3=0 ; 3x—4y+7=0
the line that gives the population in terms of t. Use this equation to find the D) 1254 5v_620 . 12r45ve130
population in (a) 1947 (b) 1997. (B) 12x+5y-6=0 ; 12x+5y+13=
() x+2y-5=0+ = 2x 4y 1
version: 1.1 version: 1.1
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24. Find an equation of the line through (-4, 7) and parallel to the line 2x—-7y+4=0.

25. Find an equation of the line through (5, —8) and perpendicular to the join of A (=15, -8),
B (10, 7).

26. Find equations of two parallel lines perpendicular to 2x—y+3=0 such that the
product of the x-and y-intercepts of each is 3.

27. One vertex of a parallelogram is (1, 4); the diagonals intersect at (2, 1) and the sides

have slopes 1 and _71 Find the other three vertices.

28. Find whether the given point lies above or below the given line
@ (5,8 ; 2x-3y+6=0
by (-7,6); 4x+3y-9=0

29. Check whether the given points are on the same or opposite sides of the given line.
(@ (0,0)and(-4,7) ; 6x—-7y+70=0
(b) (2,3)and (-2,3) ; 3x-5y+8=0

30. Find the distance from the point P(6, —1) to the line 6x — 4y + 9 = 0.

31. Find the area of the triangular region whose vertices are A (5, 3), B (-2, 2), C (4, 2).

32. The coordinates of three points are A(2, 3), B(-1, 1) and (4, -5). By computing the
area bounded by ABC check whether the points are collinear.

4.5. ANGLE BETWEEN TWO LINES

Let /, and I, be two intersecting lines, which meet at a point P. At the point P two
supplementary angles are formed by the lines /, and 1, .

Unless [, 1 [, one of the two angles is acute. The angle from / to [, is the angle 6
through which / is rotated anti-clockwise about the point P so that it coincides with /,

In the figure below @4 is angle of intersection of the two lines and it is measured from
I, to [, in counterclockwise direction, y is also angle of intersection but it is measured from
[, to I .

With this convention for angle of intersection, it is clear that the inclination of a line is

the angle measured in the counterclockwise direction from the positive x-axis to the line,
and it tallies with the earlier definition of the inclination of a line.

Theorem: Let / and /, be two non-vertical lines such that they are not perpendicular
to each other. If m, and m,are the slopes of / and /, respectively: the angle ¢ from [ to /, is
given by;

m, —m
tan @ = —=2 1

1+mm,

Proof: From the figure, we have

=a,+0

a2
or 0=a,—-q

tana, —tana m, —m
tanfd = tan(a, — ;) = 2 L= =1
1+ tang, tana, 1+ mm,

Corollary 1. 7 || 7, if and only if m, =m,

m, —m
& tand=0 ———
1+ mm,
S o my=m

Corollary 2. [ 1 [, iff 1+mm,=0

e e
an=s- =

m
& tanf=—2
1+mm,

These two results have already been stated in 4.3.1.

Example 1: Find the angle from the line with slope %7 to the line with slope %

Solution: Here m, =§,ml :_?7. If 6 is measure of the required angle, then

version: 1.1
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Thus 6=135° "

Example 2:  Find the angles of the triangle 4| |
whose vertices are

A(-5,4),B(-2,-1), C(7,-5)

Solution: Letthe slopes of the sides AB, BC and CA
be denoted by m_, m_, m, respectively. Then |

441 -5 541 4 5-4 3

m,. = =—,m, = =—,m,= = —
-5+2 3 7+2 9 7+5 4|
Now angle A is measured from AB to AC.

m, —m ;3+§ 11
tan =24 3 — or mld 22.2°

L+ mm, (—3J(—5j 27
+ JE— -
4 )\ 3

The angle B is measured from BC to BA

-5 4
m.—m ER) -33
tanB=—e e 3 9 _ _ or m|B=144.9

L+mm, (—5)(—4) 47
C a + - -
309

The angle Cis measured from CA to CB.
4 3
m,—m 9 4 11
tan A= —+—"> = =5 m|C =12.9°

R
9 )\ 4

version: 1.1
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It is easy to solve two or three simultaneous linear equations by elementary methods.
If the number of equations and variables become large, the solution of the equations by
ordinary method becomes very difficult. In such a case, given equations are written in matrix
form and solved.

One Linear Equation:
A linear equation

l:ax+by+c=0 (1)
in two variables x and y has its matrix form as:

[ax + by] = [—c]

or [a b]m:[_c]

or AX=C
where  4=[a b], X:m and C =[c]
y

A System of Two Linear Equations:

A system of two linear equations

[:ax+by+c=0
1 1 1 } (2)

[:a,x+b,y+c=0

in two variables x and y can be written in matrix form as:
ax+by -
| a,x+b,y - —C,

S V] M ®
a, b ||y -G

or =C

version: 1.1
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a, b X —C
where A= , X and C=

a, b, Y —C,
Equations (2) have a solution iff det 4#0.

A System of Three Linear Equations:
A system of three linear equations

[rax+by+c =0
L:a,x+b,y+c,=0 (5)
L:ayx+by+c,=0

in two variables y and y takes the matrix form as
ax+by+c, 0
a,x+by+c, =0
ax+by+c, | [0

or a, b, ¢ |ly|=|0

If the matrix
a b ¢
a, b, «¢,|issingular, then the lines (5)are concurrent
a, b, ¢, | andso the system (5) has a unique solution.

Example 1: Express the system
3x+4y-7=0
2x-5y+8=0
x+y-3=0
in matrix form and check whether the three lines are concurrent

Solution. The matrix form of the system is

version: 1.1

4. Introduction to Analytic Geometry elLearn.Punjab

3 4 -7 |x 0
-5 8 |ly|=|0
| =31 0
Coefficient matrix of the system is
3 4 -7 0O 1 2
A=|2 5 8| anddet 4 |0 7 14 by R —3R,
11 -3 Lol =3 g R 2R,

and det A=1(14+14)=28 = 0
As A is non-singular, so the lines are not concurrent.

Example 2: Find a system of linear equations corresponding to the matrix form

0
=0 (1)
0

N = W

2
5
7

B~ L =
—_ e =

Are the lines represented by the system concurrent?

Solution: Multiplying the matrices on the L.H.S. of (1), we have

x+2y+5 0
3x+5y+1 |=[0 (2)
4x+7y+6| |0
By using the definition of equality of two matrices, we have from (2),
x+2y+5=0 |
3x+5y+1=0
4x+7y+6=0]

as the required system of equations. The coefficient matrix A of the system is such that
I 2 50 2 5
det A=3 5 1|=|0 -1 —-14/=0
4 7 6/ 10 -1-14

Thus the lines of the system are concurrent.

Q)

version: 1.1
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9. Find the coordinates of the vertices of the triangle formed by the lines

x-2y—-6=0; 3x-y+3=0; 2x+y—-4=0
1. Find the point of intersection of the lines Also find measures of the angles of the triangle.
(i) x-2y+1=0- +and 2x y 2 O 10. Find the angle measured from the line /, to the line /, where
(i)  3x+y+12=0+ and= x 2y 1 O
(i) x+4y-12=0— and= x 3y 3 0 @ Joining(2, 7) and (7. 10)
2.  Find an equation of the line through I, : Joining(1, 1) and (-5, 3)
(i)  the point (2, -9) and the intersection of the lines b) I,: Joining (3,—1) and (5,7)
2x+5y—-8=0—- and = 3x 4y 6 O [,: Joining (2,4) ( )

(i) the intersection of the lines , _
Also find the acute angle in each case.
x—y—-4=0+ +and 7x y 20 0 and

(a) parallel (b)  perpendicular © I,: Joining (1,—7) and (6, —4)
. C
to the line 6x+y-14=0 ,: Joining (—1,2) and (—-6,—1)

(iii) through the intersection of the lines x+2y+3=0, 3x+4y+7=0 and making I+ Joining (~9,~1) and (3,-5)
1° >

equal intercepts on the axes. (d) I -Joining (2.7) and (—6.—7
3. Find an equation of the line through the intersection of 2 Joining (2,7) and (= )
16x—-10y-33=0;12x-14y-29=0 and the intersection of 11. Find the interior angles of the triangle whose vertices are
X—y+4=0 : X—7y+2=0 (@ A(211), B(-6,-3), (4, -9)
4. Find the condition that the lines y=mx+c;y=mx+c, and y=myx+c, are (b) A6, 1), B(Q 7),C-6, -7)
concurrent. (© A -5), B(-4,-3),(-1,5)

5. Determine the value of p such that the lines 2x -3y -1 =0,
3x—-y—-5=0and 3x +4y + 8 =0 meet at a point.

6. Show thatthelines4x -3y -8=0,3x-4y-6=0and x-y -2 =0 are concurrent
and the third-line bisects the angle formed by the first two lines.

(d) A(2,8), B (-5, 4), C(4, -9)
12. Find the interior angles of the quadrilateral whose vertices are A (5, 2), B (-2, 3),
C (-3, -4)and D (4, -5)

7. The vertices of a triangle are A (-2, 3), B(-4, 1) and C (3, 5). Find coordinates of the 13.  Show that the points
(i)  centroid (i)  orthocentre A(0,0),B(2,1),C(3,3),D(1,2) are the vertices of a rhombus.
(iii) circumcentre of the triangle Find its interior angles.
Are these three points collinear? 14. Find the area of the region bounded by the triangle whose sides are
8. Check whether the lines Tx—y—10=0; 10x+y-14=0; 3x+2y+3=0
4x-3y-8=0; 3x-4y-6=0; x—y-2=0 15. The vertices of a triangle are A(-2, 3), B(-4, 1) and ((3, 5). Find the centre of the
are concurrent. If so, find the point where they meet circumcircle of the triangle.
version: 1.1 version: 1.1
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16. Express the given system of equations in matrix form. Find in each case whether
the lines are concurrent.

(@ x+3y-2=0; 2x—y+4=0; x—11y+14=0
(b) 2x+3y+4=0;, x-2y-3=0; 3x+y-8=0
() 3x—-4y-2=0; x+2y—-4=0; 3x-2y+5=0.
17. Find a system of linear equations corresponding to the given matrix form. Check
whether the lines represented by the system are concurrent.

10 —1[x] Jo 11 27«7 Jo
@ |2 o0 1|yl=l0 by (2 4 -3|yl=l0
0 -1 6|1 3 6 -5|11] |0

4.6 HOMOGENEOUS EQUATION OF THE
SECOND DEGREE IN TWO VARIABLES

We have already seen that if a graph is a straight line, then its equation is a linear
equation in the variables x and y. Conversely, the graph of any linear equation in xand y is a
straight line.

Suppose we have two straight lines represented by
ax+by+c =0 (1)
and a,x+b,y+c,=0 (2)
Multiplying equations (1) and (2), we have
(ax+by+c¢)(ax+by+c,)=0 (3)
It is a second degree equation in x and y.
Equation (3) is called joint equation of the pair of lines (1) and (2). On the other hand,
given an equation of the second degree in x and y, say
ax’ +2hxy +by* +2gx+2fy+c=0 4)
where a #0, represents equations of a pair of lines if (4) can be resolved into two linear

factors. In this section, we shall study special joint equations of pairs of lines which pass
through the origin.

version: 1.1
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Let y=m,x and y =m,x be two lines passing through the origin. Their joint equation is:
(y—mlx)(y—mzx)zo
2

or v’ =(m, +m,)xy +mm,x* =0 (5)
Equation (5) is a special type of a second degree homogeneous equation.

Let f(x,y):0 (1)
be any equation in the variables x and y. Equation (1) is called a homogeneous equation
of degree n (a positive integer) if

fkxky)=k"f(x,y)
for some real number k.

For example, in equation (5) above if we replace x and y by kx and ky respectively, we
have

k2y? —k*(m +my)xy + k’mm,x* =0
or k’ [yz —(m, + mz)xy+mlm2x2]: 0 =e., sz(x,y) 0
Thus (5) is a homogeneous equation of degree 2.

ax’ +2hxy +by* =0
A general second degree homogeneous equation can be written as:

ax’ +2hxy + by’ =0
provided a, h and b are not simultaneously zero.

Theorem: Every homogenous second degree equation
ax’ +2hxy + by’ =0 (1)
represents a pair of lines through the origin. The lines are
(i)  real and distinct, if *>ab (i) real and coincident, if # ab

(iii) imaginary, if h> <ab

version: 1.1
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Proof: Multiplying (1) by b and re-arranging the terms, we have

b*y* +2bhxy + abx* =0
or  b’y*+2bhxy+h’x* —h’x> +abx’ =0

or (by+hx)2—x2(h2—ab)20

or (by+hx+xxlh2—ab)(by+hx—xxlh2—ab):O

Thus (1) represents a pair of lines whose equations are:
by+x(h+x/h2 —ab):() 2)
and by+x(h—\/h2 —ab):O (3)

Clearly, the lines (2) and (3) are

(i) real and distinct if 2> >ab. (ii) real and coincident, if 4> =ab.

(iii) imaginary, if »* <ab.

It is interesting to note that even in case the lines are imaginary, they intersect in a real
point viz (0, 0) since this point lies on their joint equation (1).

Example: Find an equation of each of the lines represented by

20x° +17xy —24y° =0

Solution. The equation may be written as

2
24(1j —17(1}20 ~0
X X

Yy _17£+4289+1920 17£47 4 -5
* 3

48 48 "8
= —ix and —_—Sx
=3 =g
= 4x-3y=0 and 5x+8y=0

4. Introduction to Analytic Geometry elLearn.Punjab

Solution. Here a=L k=

version: 1.1

ax’ +2hxy+by* =0 (1)
We have already seen that the lines represented by (1) are

by+x(h+x/h2 —ab):O 2)
and by+x(h—\/h2 —ab)=0 (3)
Now slopes of (2) and (3) are respectively given by:

—(h+\/h2—ab) —(h—\/h2—ab)

ml ==
b b

—2h and mm, 4

, and m,

Therefore, m+m, =

If 6 is measure of the angle between the lines (2) and (3), then

41 _4a

tang="1"" _ \/(211 +m, )2 — dmym, B2 b 2Nh*—ab
1+ mm, 1+ mm, 1+4 a+b
b

The two lines are parallel, if #=0, so that tan#=0 which implies h*—ab=0, which
is the condition for the lines to be coincident.

If the lines are orthogonal, then #=90°, so that tan@ is not defined. This implies
a + b = 0. Hence the condition for (1) to represent a pair of orthogonal (perpendicular)
lines is that sum of the coefficients of x> and y? is 0.

Example 1: Find measure of the angle between the lines represented by

X —xy—6y"=0

Lo o6
2

version: 1.1
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If 6 is measure of the angle between the given lines, then

1

i —ab gt
tan@ = =
a+b -5

Acute angle between the lines =180° - § = 180° - 135° = 45°

=-1 = 0=13%

Example2: Find a joint equation of the straight lines through the origin perpendicular
to the lines represented by

X +xy—6y"=0 (1)

Solution: (1) may be written as

(x—2y)(x+3y)=0
Thus the lines represented by (1) are

x—2y=0 (2)

and x+3y=0 (3)
The line through (0, 0) and perpendicular to (2) is

y= 2x or +y 2x 0 4)

Similarly, the line through (0, 0) and perpendicular to (3) is

y=3x— or= y 3x 0 (5)

Joint equation of the lines (4) and (5) is

(y+2x)(y—3x):O or Y —xy—6x"=0

Find the lines represented by each of the following and also find measure of the,
angle between them (Problems 1-6):

1. 10x> —=23xy—-5y" =0
2. 3x° +7xy +2y> =0
3. 9x* +24xy +16y° =0

4. 2x% +3xy—5y" =0

version: 1.1
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5. 6x> —19xy +15* =0

6. x> +2xyseca+y* =0

7. Find a joint equation of the lines through the origin and perpendicular to
the lines:
x> =2xy tana—y*> =0

8. Find a joint equation of the lines through the origin and perpendicular to the
lines:

ax’ +2hxy +by* =0

9. Find the area of the region bounded by:
10x> —xy—21y°=0and x+y+1=0

version: 1.1
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5.1 INTRODUCTION

Many real life problems involve linear inequalities. Here we shall consider those
problems (relating to trade, industry and agriculture etc.) which involve systems of linear
inequalities in two variables. Linear inequalities in such problems are used to prescribe
limitations or restrictions on allocation of available resources (material, capital, machine
capacities, labour hours, land etc.). In this chapter, our main goal will be to optimize
(maximize or minimize) a quantity under consideration subject to certain restrictions.

The method under our discussion is called the linear programming method and it
involves solutions of certain linear inequalities.

5.2 LINEAR INEQUALITIES

Inequalities are expressed by the following four symbols;

> (greater than); < (less than); > (greater than or equal to); < (less than or equal to)

For example (ax<b (ilax+b=c (iiiax+by>c (iv) ax + by < c are
inequalities. Inequalities (i) and (ii) are in one variable while inequalities (iii) and (iv) are in
two variables.

The following operations will not affect the order (or sense) of inequality while changing
it to simpler equivalent form:

(i)  Adding or subtracting a constant to each side of it.

(i)  Multiplying or dividing each side of it by a positive constant.

Note that the order (or sense) of an inequality is changed by multiplying or dividing its
each side by a negative constant.

Now for revision we consider inequality, x < % (A)

All real numbers < % are in the solution set of (A).
Thus the interval (— o0, %j or —oo<x< % is the solution set of the

inequality (A) which is shown in the figure 5.21

3/2

4 —

5 4 3 2 1 0 1 2 3 4 5 Fig. 5.21
We conclude that the solution set of an inequality consists of all solutions of the
inequality.

Generally a linear inequality in two variables x and y can be one of the following forms:

ax+ by <c; ax + by >c; ax+ by <c; ax+ by > ¢

where g, b, c are constants and g, b are not both zero.

We know that the graph of linear equation of the form
ax + by = cis a line which divides the plane into two disjoint regions as stated below:

(1) The set of ordered pairs (x, ¥) such that ax + by < ¢

(2) The set of ordered pairs (x, y) such that ax + by > ¢

The regions (1) and (2) are «called half planes and the line
ax + by = cis called the boundary of each half plane.

Note that a vertical line divides the plane into left and right half planes while a non-
vertical line divides the plane into upper and lower half planes.

A solution of a linear inequality in x and y is an ordered pair of numbers which satisfies
the inequality.

For example, the ordered pair (1, 1) is a solution of the inequality x + 2y < 6 because
1+ 2(1) =3 <6 which is true.

There are infinitely many ordered pairs that satisfy the inequality x + 2y < 6, so its graph
will be a half plane.

Note that the linear equation ax + by = ¢ is called “associated or corresponding
equation” of each of the above mentioned inequalities.

Procedure for Graphing a linear Inequality in two Variables

(i)  The corresponding equation of the inequality is first graphed by using ‘dashes’ if the
inequality involves the symbols > or <and a solid line is drawn if the inequality involves
the symbols > or <.

(i) A test point (not on the graph of the corresponding equation) is chosen which
determines that the half plane is on which side of the boundary line.
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Example 1. Graph the inequality x + 2y < 6.
Solution. The associated equation of the inequality
x+2y<6 (i)
is x+2y=6 (ii)

Note: 2 All points on the line (ii) and above the line (ii)
satisfy the inequality x + 2y > 6 .... (v). This means that
the solution set of the inequality (v) consists of all points
above the line (ii) and all points on the lines (ii). The graph

The line (ii) intersects the x-axis and y-axis at (6, 0) and
(0. 3) respectively. As no point of the line (ii) is a solution x’

of the inequality (v) is partially shown as shaded region
in figure 5.22(d)

of the inequality (i), so the graph of the line (ii) is shown by 1 % Note:3 that the graphs of
using dashes. We take O(0, 0) as a test point because it is x+2y <6and x+ 2y > 6 are closed half planes. Fig, 5.22(d)
not on the line (ii). Fig. 5.22(a)
. . . . . Y;
Substituting x = 0, y = 0 in the expression x + 2y gives Example 2. Graph the following linear inequalities in 4
0-2(0)=0<6, so the point (0, 0) satisfies the inequality (i). 4. xy-plane; 4 v
Any other point below the line (ii) satisfies the : () 2x=-3 () y<?2 4
. . . . . . . * = -
mequaﬁty (i), that .'S all po.lnts n t.he half plane containing P, i : Solution. The inequality (i) in xy-plane is considered as " @
the point (0, 0) satisfy the inequality (i). Teted T3, 2x + 0y > — 3 and its solution set consists of all point (x, y) 4 A
Thus the graph of the solution set of inequality (i) is the a O
region on the origin-side of the line (ii), that is, the regiond.f- L . = *x suchthatx,y € Rand x > - 3 ; """"" 5-: """"" %
below the line (ii). A portion of the open halfplane below * YA The corresbonding e uaztion of the inequality (i) is
the line (ii) is shown as shaded region in figure 5.22(a) 9y = g & €4 ) . y
All points above the dashed line satisfy the T o
i equalit le e Y i) ! Y Fig. 5.22(b) which a vertical line (parallel to the y-axis) and its FESENIY ]
9 y : 4 L a graph is drawn in figure 5.23(a). ‘v’
A portion of the open half plane above the line (ii) is The graph of the inequality 2x > -3 is the open half J
shown by shading in figure 5.22(b) blane to the right of the line (1) {
Thus the graph of 2x > -3 is the closed half-plane to
Note: 1. The graph of the inequality x + 2y < 6 ..(iv) . the right Of the line (1.)' . o : g
includes the graph of the line (ii), so the open half-plane (i)~ The ass_ouated equation of the inequality (if) is < . g
below the line (ii) including the graph of the line (ii) is the e 2h zontal line (baral I(tZ)th sandise . LD -
graph of the inequality (iv). A portion of the graph of the Wr ICh I§a h0 lz;) .na f.l er pe; <233eb 0|-| re X;EXIS al t.'; ] e
nequality (i) is shown by shading in figure =.22(0 feizf tlhsesin:e);vuallityyliuzei}s the <(3p)eni1ae;f pI:nseobuelfw :
Fie. 5230 the boundaryliney=2.Thusthe graph of y <2 consists Fig. 523(b) ]
, of the boundary line and the open half plane below it. L.
Y
version: 1.1 version: 1.1
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Note that the intersection of graphs of 2x > -3 and ; : >
y <2 is partially shown in the adjoining figure 5.23(c). ‘ ::'r: :

v Fig. 5.23(c)

5.3 REGION BOUNDED BY 20R 3
SIMULTANEOUS INEQUALITIES

The graph of a system of inequalities consists of the set of all ordered pairs (x, y) in the
xy-plane which simultaneously satisfy all the inequalities in the system. Find the graph of
such a system, we draw the graph of each inequality in the system on the same coordinate
axes and then take intersection of all the graphs. The common region so obtained is called
the solution region for the system of inequalities.

Example 1: Graph the system of inequalities
x—2y<6
2x+y > 2

Solution.

The graph of the line x — 2y = 6 is drawn by joining
the point (6, 0) and (0, —-3). The point (0,0) satisfy the .
inequality x — 2y < 6 because 0 — 2(0) = 0 < 6. Thus the™ "
graph of x — 2y < 6 is the upper half-plane including
the graph of the line x — 2y = 6. The closed half-plane is
partially shown by shading in figure 5.31(a).

Fig. 5.31(a)

We draw the graph of the line 2x + y = 2 joining
the points (1, 0) and (0, 2). The point (0, 0) does not
satisfy the inequality 2x + y > 2 because 2(0) + 0 = 0
# 2. Thus the graph of the inequality 2x + y > 2 is the
closed half-plane not on the origin-side of the line »
2x +y=2.

Fig. 5.31(b}

Thus the closed half-plane is shown partially as a
shaded region in figure 5.31(b). The solution region of
the given system of inequalities is the intersection of
the graphs indicated in figures 5.31(a) and 5.31(b) and is+
shown as shaded region in figure 5.31(c). |

The intersection point (2, — 2) can be found by
solving the equations x — 2y =6 and 2x + y = 2.

Fig. 5.31{c)

¥

Note that the line x — 2y =6 and 2x + y = 2 divide the

............

four (bounded) regions are displayed in the adjoining~
figure.
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Example 2. Graph the solution region for the following system of inequalities:
x—2) <6, 2x+y>2, x+2y>10

Solution: The graph of the inequalities x — 2y < 6 and
2x + y > 2 have already drawn in figure 5.31(a) and
5.31(b) and their intersection is partially shown as a
shaded region in figure 5.31(c) of the example 1 Art 577
(5.3). Following the procedure of the example 1 of Art c‘_’____
(5.3) the graph of the inequality x + 2y < 10 is shown
partially in the figure 5.32(a).

The intersection of three graphs is the required
solution region which is the shaded triangular region
PQR (including its sides) shown partially in the figure
5.32(b).

Now we define a corner point of a solution region.

Fig. 5.32(b)

DEFINITION:
A point of a solution region where two of its boundary lines intersect, is called a
corner point or vertex of the solution region.

Such points play a useful role while solving linear programming problems. In example
2, the following three corner points are obtained by corresponding equations (of linear
inequalities given in the example 2) in pairs.

Corresponding lines of inequalities: Corner Points

Xx-2y=6, 2x+y=2 P2, -2)
x-2y=6, x+2y=10 Q(8, 1)
2x+y=2, x+2y=10 R(-2, 6)

version: 1.1

Example 3. Graph the following systems of inequalities.

(i) 2x+y=>2 (i) 2x+y=>2 (ifi) 2x+y>2
x+2y <10 x+2y <10 x+2y <10
y=0 x>0 x>0, y>0

Solution:

(i)  The corresponding equations of the inequalities
2x+y > 2 and x+2y <10 are
2x+y=2 () and x+2y=10 (I1)

For the partial graph of 2x + y > 2 see figure 5.31(b) of the example 1 and the graph of
the inequality x + 2y < 10 is partially shown in figure 5.32(a) of the example 2.

The solution region of the inequalities
2x+y > 2 and x + 2y < 10 is the intersection of their
individual graphs. The common region of the graphs
of inequalities is partially shown as a shaded region in x’
figure 5.33(a).

Fig. 5.33(a)
'3
1Y
The graph of y > 0 is the upper half plane i
including the graph of the corresponding line y = 0 | "
(the x-axis) of the linear inequality y > 0. The graph of S s e
y = 0is partially displayed in figure 5.33(b). : ]
Fig. 5.33(b)
v,
version: 1.1
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The solution region of the system of
inequalities in (i) is the intersection of the graphs
shown in figure 5.33(a) and 5.33(b). This solution
region is displayed in figure 5.33(c).

Fig. 5.33(c)

¥

(ii)  See figure 5.33(a) for the graphs of the inequalities 2x +y > 2 and x + 2y < 10.

The graph of x > 0 consists of the open
half-plane to the right of the corresponding line
x = 0 (y-axis) of the inequality x > 0 and its graph.
See figure 5.34(a).

Thus the solution region of the inequalities in
(ii) is partially shown in figure 5.34(b). This region
is the intersection of graphs in figure 5.33(a) and
5.34(a).

r
4

Fig. 5.34(a)

-2, B) {0, 5)

Fig. 5.34(b)

version: 1.1

(iii)

are drawn in the solution of (i) and (ii). The solution
region in this case, is shown as shaded region ABCD
in figure 5.34. (c).

The graphs of the system of inequalities in (iii)
Di0.2}

Fig. 5.34(c)

Graph the solution set of each of the following linear inequality in xy-plane:

(i) 2x+y<6 (i) 3x+7y =21 (i) 3x-2y=6
(iv) 5x-4y <20 (v) 2x+1=0 (vi) 3y-4<0
Indicate the solution set of the following systems of linear inequalities
by shading:
(i) 2x-3y<6 (i) x+y=5 (i) 3x+7y = 21

2x+3y <12 —y+x<1 x—y <2
(iv) 4x-3y <12 (v) 3x+7y=21

3

x > - 5 y<4
Indicate the solution region of the following systems of linear inequalities
by shading:
(i) 2x-3y<6 (i) x+y<5 (i) x+y=5

2x+3y <12 y—-2x<2 x—y=1

y=0 x>0 y=0
(iv) 3x+7y <21 (v) 3x+7y <21 (vi) 3x+7y <21

x—y <2 x—y<2 2x -y =>-3

x>0 y=0 x>0

version: 1.1
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4. Graph the solution region of the following system of linear inequalities and It is the polygonal region ABCDE (including its sides)
find the corner points in each case. as shown in the figure 5.51.
(i) 2x-3y<6 (i) x+y<5 (i) 3x+7y <21
2x+ 3y <12 —2x+y <2 2x -y < -3 Such a region (which is restricted to the first
x>0 y=0 y=>0 quadrant) is referred to as a feasible region for the set
(iv) 3x+2y>6 (v) 5x+7y<35 (vi) 5x+7y <35 of given constraints. Each point of the feasible region
x+3y<6 —x+3y <3 x—2y<2 is called a feasible solution of the system of linear”
y=>0 x>0 x>0 inequalities (or for the set of a given constraints). A set
5. Graph the solution region of the following system of linear inequalities consisting of all the feasible solutions of the system of -
by shading. linear inequalities is called a feasible solution set. 4
(i) 3x-4y<12 (i) 3x-4y<12 (i) 2x+y<4
3x+2y >3 x+2y< 6 2x -3y =12 Example 1. Graph the feasible region and find the corner points for the following
x+2y<9 x+y=>1 x+2y<6 system of inequalities (or subject to the following constraints).
(iv) 2x+y <10 (v) 2x+3y <18 (vi) 3x-2y=3 x-y<3
x+ty<7 2x+y <10 x+4y <12 x+2y<6 , x>0, y=0
—2x+ty<4 —2xty <2 3x+ty <12
Solution: The associated equations for the inequalities
5.4 PROBLEM CONSTRAINTS x-y<3 () and x+2y=<6 (i)
are x—-y=3 (1) and x+2y=6 (2)
In the beginning we described that linear inequalities prescribe limitations and As the point (3, 0) and (0, -3) are on the line (1),
restrictions on allocation of available sources. While tackling a certain problem from every so the graph of x — y = 3 is drawn by joining the points
day life each linear inequality concerning the problem is named as problem constraint. (3, 0) and (0, -3) by solid line.
The system of linear inequalities involved in the problem concerned are called problem Similarly line (2) is graphed by joining the points
constraints. The variables used in the system of linear inequalities relating to the problems (6, 0) and (O, 3) by solid line. For x =0 and y = 0, we
of every day life are non-negative and are called non-negative constraints. These non- have;
negative constraints play an important role for taking decision. So these variables are called
decision variables. 0-0=0<3and0+2(0)=0<6,
55 Feasible solution set so both the ciosed half-planes are on the origin —

sides of the lines (1) and (2). The intersection of these
closed half-planes is partially displayed as shaded
region in figure 5.52(a).

We see that solution region of the inequalities in example 2 of Art 5.3 is not within the
first quadrant. If the nonnegative constraints x > 0 and y > 0 are included with the system of
inequalities given in the example 2, then the solution region is restricted to the first quadrant.

version: 1.1 version: 1.1

(2) ()




5. Linear Inequalities and Linear Programming

elLearn.Punjab

5. Linear Inequalities and Linear Programming

For the graph of y > 0, see figure 5.33(b)
of the example 3 of art 5.3.

The intersection of graphs shown in
figures 5.52(a)and 5.33(b) is partially graphed
as shaded region in figure 5.52(b).

The graph of x > 0 is drawn in figure
5.34(a). The intersection of the graphs shown
in figures 5.52(a) and 5.34(a) is graphed in
figure 5.52(c).

Finally the graph of the given system
of linear inequalities is displayed in figure
5.52(d) which is the feasible region for the
given system of linear inequalities. The
points (0, 0), (3, 0), (4, 1) and (0, 3) are corner
points of the feasible region.

Fig. 5.5

Fig. 5.52(c)

7 Fig. 5.52(d)

elLearn.Punjab

version: 1.1

Example 2. A manufacturer wants to make two types of concrete. Each bag of Agrade
concrete contains 8 kilograms of gravel (small pebbles with coarse sand) and 4 kilograms of
cementwhile each bag of B-grade concrete contains 12 kilograms of gravel and two kilograms
of cement. If there are 1920 kilograms of gravel and 480 kilograms of cement, then graph
the feasible region under the given restrictions and find corner points of the feasible region.

Solution: Let x be the number of bags of A-grade concrete produced and y denote the
number of bags of B-grade concrete produced, then 8x kilograms of gravel will be used
for A-grade concrete and 12y kilograms of gravel will be required for B-grade concretes so
8x + 12y should not exceed 1920, that is,
8x+ 12y <1920
Similarly, the linear constraint for cement will be
4x + 2y < 480
Now we have to graph the feasible region for the
linear constraints
8x+ 12y <1920
4dx+2y <480, x>0, y=0

#

Taking the one unit along x-axis and y-axis ?
equal to 40 we draw the graph of the feasible region
required. Fig. 5.53(a)

The shaded region of figure 5.53(a) shows the
graph of 8x + 12y < 1920 including the nonnegative ¥
constraintsx>0andy >0

In the figure 5.53(b), the graph of 4x + 2y < 480
including the non-negative constraints x > 0 and y > 0#——————— —— >
is displayed as shaded region. \

X

Fig. 5.53(b)

version: 1.1
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\‘
The intersection of these two graphs is shown as \ ' s

shaded region in figure 5.53(c), which is the feasible

region for the given linear constraints. b

The point (0, 0), (120, 0), (60, 120) and (0, 160) are 3
the corner points of the feasible region.

Fig. 5.53(c)

Example 3. Graph the feasible regions subject to the following constraints.

(@) 2x-3y<6 (b) 2x-3y <6
2x+y > 2 2x+y > 2
x>0,y>0

Solution: The graph of 2x — 3y < 6 is the
closed half-plane on the origin side of
2x — 3y = 6. The portion of the graph of
system 2x — 3y < 6,

x>0, y=0
is shown as shaded region in figure 5.54(a).

x+2y<8, x>0,y>0

y=0

¢

X

d{ LI LI L) L] L) LI L] L] L] LI
g

L] L] L] L] L L] L] :b
(3, 0) x

Fig. 5.54(a)

version: 1.1
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The graph of 2x + y > 2 is the closed half-plane
not on the origin side of 2x + y = 2. The portion of
the graph of the system 2x +y > 2,

x=>0,y=>0
is displayed as shaded region in figure 5.54(b).

The graph of the system
2x—3y<6,2x+y <2,
x>0, y=0

is the intersection of the graphs shown in
figures 5.54(a)and 5.54(b)and itis partially displayed
in figure 5.54(c) as shaded region.

(b) The graph of systemx+2y<8,x>0,y>0is
a triangular region indicated in figure 5.45(d).
Thus the graph of the system
2x-3y <6
2x+ty>2

x+2y<8 x=>0,y=0

Fig. 5.54(b)

Fig. 5.54(c)

Fig. 5.54(d)

version: 1.1
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is the intersection of the graphs shown in figures
5.54(c) and 5.54(d). It is the shaded region indicated
in the figure 5.54(e).

Note: The corner points of feasible region
the set of constraints in (a) are (1, 0), (3, 0) and R e
(0, 2) while the corner points of the feasible

(367, 10/7)

region for the set of constraints in (b) are (1, 0),

(3, 0) (% gj (0, 4) and (0, 2) Fig. 5.54(¢)

We see that the feasible solution regions in example 3(a) and 3(b) are of different types.
The feasible region in example 3(a) is unbounded as it cannot be enclosed in any circle how
large it may be while the feasible region in example 3(b) can easily be enclosed within a
circle, so it is bounded. If the line segment obtained by joining any two points of a region lies
entirely within the region, then the region is called convex.

Both the feasible regions of example 3(a)
and 3(b) are convex but the regions such
as shown in the adjoining figures are not
convex.

1. Graph the feasible region of the following system of linear inequalities and
find the corner points in each case.

(i) 2x-3y<6 (i) x+y<5 (i) x+y<5
2x+3y <12 —2y+y<2 —2x+y =2
x=>0,y=0 x=>0,y=0 x>0

(iv) 3x+7y <21 (v) 3x+2y>6 (vi) 5x+7y <35
x—y<3 x+ty<4 x—2y<4
x>0, y=0 x>0, y=0 x>0, y=0

2. Graph the feasible region of the following system of linear inequalities and
find the corner points in each case.
(i) 2x+y<10 (i) 2x+3y<18 (i) 2x+3y<18

x+4y <12 2x+y <10 x+4y <12
x+2y<10 x+4y <12 3x+y <12
x>=0,y=>0 x=0,y=>0 x=>0,y=>0
(iv) x+2y<14 (v) x+3y=<15 (vi) 2x+y <20
3x+4y <36 2x+y <12 8x+15y <120
2x+y <10 dx + 3y < 24 x+y <11
x>0, y=0 x=0,y= 0 x>0, y=0

5.6 LINEAR PROGRAMMING

A function which is to be maximized or minimized is called an objective function.
Note that there are infinitely many feasible solutions in the feasible region. The feasible
solution which maximizes or minimizes the objective function is called the optimal solution.
The theorem of linear programming states that the maximum and minimum values of the
objective function occur at corner points of the feasible region.

Procedure for determining optimal solution:

(i)  Graph the solution set of linear inequality constraints to determine feasible region.
(i)  Find the corner points of the feasible region.

(iii) Evaluate the objective function at each corner point to find the optimal solution.

Example 1. Find the maximum and minimum values of
the function defined as:

flx, y)=2x+ 3y subject to the constraints;

x—-y <2 x+ty<4 2x-y<6, x>0

Solution. The graphs of x — y < 2 is the closed half plane on X
the origin side of x — y = 2 and the graph of x + y < 4 is the
closed half-plane not on the origin side of x + y = 4. The graph
of the system

x—-y<2,x+ty=4

version: 1.1
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including the non-negative constraints x > 0 is
partially displayed as shaded region in the figure 5.61.
The graph of 2x — y < 6 consists of the graph of the line
2x—y =6 and the half plane on the origin side of the line
2x — y=6. A portion of the solution region of the given
system of inequalities is shaded in the figure 5.62.

We see that feasible region is unbounded upwards -
and its corner points are A(0, 4), B(3, 1) and C(4, 2). x
Note that the point at which the lines x + y = 4 and
2x — y = 6 intersect is not a corner point of the feasible
region.

It is obvious that the expression 2x + 3y does not
posses a maximum value in the feasible region because
its value can be made larger than any number by
increasing x and y. We calculate the values of f at the
corner points to find its minimum value:

f(0, 4) = 200+3 x4 = 12
f3,1) = 2x3+3x1 = 6+3=9
f(4,2) = 2x4+3x2 = 8+6=14

Thus the minimum value of 2x + 3y is 9 at the corner point (3, 1).

Note: If fix,y)=2x+2y,thenf(0,4)=2x0+2x4=8,f(3,1)=2x3+2x1=6+2=8

andf(4,2)=2x4+2x2=8+4=12.Theminimumvalue of 2x+ 2y isthe same attwo corner points
(0, 4) and (3, 1).
We observe that the minimum value of 2x + 2y at each point of the line segment AB is

8 as:
f(x,_)/)ZZX+2(4—X) ( x+y:4:>y:4_x)
=2x+8-2x=8
Example 2. Find the minimum and maximum values of f and ¢ defined as:

flx, y) = 4x + 5y, o (x, y) = 4x + 6y
under the constraints
2x-3y <6 2x+y>2 2x+3y <12 x>0, y>0

Solution. The graphsof2x-3y <6, 2x + y > 2, are displayed in the example 3 of
Art. 5.5. Joining the points (6. 0) and (0, 4), we obtain the graph of the line 2x + 3y = 12. As
2(0) + 3(0) = 0 < 12, so the graph of 2x + 3y < 12 is the half plane below the line 2x + 3y = 12.
Thus the graph of 2x + 3y < 12 consists of the graph of the line 2x + 3y = 12 and the half plane
below the line 2x + 3y =12. The solution region of 2x—3y < 6,2x+y > 2and 2x+ 3y < 12 isthe
triangular region PQR shown in figure 5.63. The non-negative constraints x > 0,
y =0 indicated the first quadrant. Thus the feasible region satisfying all the constrains is
shaded in the figure 5.63 and its corner points are (1, 0) (0, 2), (0, 4),

@ , 1) and (3, 0).

We find values of f at the corner points.
Corner
point

fix, y) = 4x + 5y

(1,00 |f(1,0)=4x1+50=4

0,2) |f(0,2)=4x0+5.2=10

0,4) |[f(0,4)=4x0+54=20
f(

(9/2,1) 9/2,1)=4x9/2+5.1=23
3,0) [f(3,0)=4x3+50x0=12 i
From the above table, it follows that the minimum value of f is 4 at the corner point

(1, 0) and maximum value of fis 23 at the corner point 8 , lj. The values of ¢ at the corner
points are given below in tabular form.

Corner point d(x, y) =4x + 5y
(1, 0) $(1,0)=41+6.0=4
(0, 2) $(0,2)=40+6.2=12
(0, 4) $(0,4)=4.0+6.4=24
(972, 1) $(9/2,1)=4.9/2+6.1=24
(3, 0) $(3,00=4x3+6.0=12
The minimum value of ¢ is 4 at the point (1, 0) and maximum value of ¢ is 24 at the

corner points (0, 4) and (% , lj. As observed in the above example, it follows that the

function ¢ has maximum value at all the points of the line segment between the points

version: 1.1
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9
(0, 4) and (5 ) lj.

Note 1. Some times it may happen that each point of constraint line gives the optimal
value of the objective function.

Note 2. For different value of k, the equation 4x + 5y = k represents lines parallel to the
line 4x + 5y = 0. For a certain admissible value of k, the intersection of 4x + 5y = k with the
feasible region gives feasible solutions for which the profit is k.

5.7 LINEAR PROGRAMMING PROBLEMS

Convert a linear programming problem to a mathematical form by using variables,
then follow the procedure given in Art 5.6.

Example 1: A farmer possesses 100 canals of land and wants to grow corn and wheat.
Cultivation of corn requires 3 hours per canal while cultivation of wheat requires 2 hours per
canal. Working hours cannot exceed 240. If he gets a profit of Rs. 20 per canal for corn and
Rs. 15/- per canal for wheat, how many canals of each he should cultivate to maximize his
profit?

Solution: Suppose that he cultivates x canals of corn
and y canals of wheat. Then constraints can be written
as:

x+y <100

3x+ 2y < 240

Non-negative constraints are x > 0, y > 0. Let P(x, ¥) x’
be the profit function, then
P(x, y) = 20x + 15y
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Now the problem is to maximize the profit function P under the given constraints.
Graphing the inequalities, we obtain the feasible region which is shaded in the figure 5.71.
Solving the equations x + y = 100 and 3x + 2y = 240 gives x = 240 — 2(x + y) = 240 — 200 = 40
and y = 100 — 40 = 60, that is; their point of intersection is (40, 60). The corner points of the
feasible region are (0, 0),(0, 100), (40, 60) and (80, 0).

Now we find the values of P at the corner points.
Corner point P(x, y) = 20x + 15y
(0, 0) P(0,0)=20x0+15x0=0
(0, 100) P(0, 100)=20x 0+ 15x 100 = 1500
(40, 60) P(40, 60) =20x 40+ 15x 60 =1700
(80, 0) P(80,0)=20x 80+ 15 x 0 = 1600

From the above table, it follows that the maximum profitis Rs. 1700 at the corner point
(40, 60). Thus the farmer will get the maximum profit if he cultivates 40 canals of corn and
60 canals of wheat.

Exam ple 2. A factory produces bicycles and motorcycles by using two machines A and
B. Machine A has at most 120 hours available and machine B has a maximum of 144 hours
available. Manufacturing a bicycle requires 5 hours in machine A and 4 hours in machine B
while manufacturing of a motorcycle requires 4 hours in machine A and 8 hours in machine
B. If he gets profit of Rs. 40 per bicycle and profit of Rs. 50 per motorcycle, how many bicycles
and motorcycles should be manufactured to get maximum profit?

Solution: Let the number of bicycles to be
manufactured be x and the number of motor cycles to Py
be manufactured be y. SN

Then the time required to use machine A for x

1
"1ll'l'll'l'llll

bicycles and y motorcycles is 5x + 4y (hours) and the time x’ i
required to use machine Bfor x bicycles and y motorcycles
in 4x + 8y (hours). Thus the problem constraints are ‘“%
S5x+4y <120

And 4x + 8y < 144 L .

- 2x+4y <72, R

Fig. 5.72
version: 1.1
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Since the numbers of articles to be produced cannot be negative, sox > 0, y > 0.

Let P(x, y) be the profit function, then P(x, y) = 40x + 50y.

Now the problem is to maximize P subject to the constraints:

5x+4y <120
2x+4y <72 ; x=0,y>0

Solving 5x + 4y = 120 and 2x + 4y = 72, gives 3x = 48 = x = 16 and
4y=72-2x=72-32=40=y=10.

Thus their point of intersection is (16, 10). Graphing the linear inequality constraints,
the feasible region obtained is depicted in the figure 5.72 by shading. The corner points of
the feasible region are (0, 0), (0, 18), (16, 10) and (24, 0).

Now we find the values of P at the comer points.
Corner point P(x, y) = 40x + 50y
(0, 0) P(0,0)=40x0+50x0=0
(0, 18) P(0, 18)=40x 0+ 50x 18 =900
(16, 10) P(16,10)=40x16+50x10=1140
(24, 0) P(24,0) =40 x 24 + 50 x 0 = 960

From the above table, it follows, that the maximum profit is Rs. 1140 at the corner
point (16, 10). Manufacturer gets the maximum profit if he manufactures 16 bicycles and 10
motorcycles.

1.  Maximize f(x, y) = 2x + 5y
subject to the constraints
2y—-x<8§; x—-y <4, x 0=0;, y=0
2. Maximize flx,y)=x+ 3y
subject to the constraints
2x+5y <30, 5x+4y<20, x=0; y=0
3. Maximize z = 2x + 3y; subject to the constraints:

3x+4y <12, 2x+y<4 dx—-y <4, x>0, y>0
4. Minimize z = 2x + y: subject to the constraints:
x+ty=3; /x+5y <35 x>0 y=0

5. Linear Inequalities and Linear Programming elLearn.Punjab
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Maximize the function defined as; f(x, y) = 2x + 3y subject to the constraints:

2x+y <8 x+2y <14 x> 0; y=0
Minimize z = 3x + y; subject to the constraints:

3x+5y>=15 x+6y=>9; x=0; y=0
Each unit of food X costs Rs. 25 and contains 2 units of protein and 4 units of iron
while each unit of food Y costs Rs. 30 and contains 3 units of protein and 2 unit of iron.
Each animal must receive at least 12 units of protein and 16 units of iron each day.
How many units of each food should be fed to each animal at the smallest
possible cost?
A dealer wishes to purchase a number of fans and sewing machines. He has only
Rs. 5760 to invest and has space atmost for 20 items. A fan costs him Rs. 360 and
a sewing machine costs Rs. 240. His expectation is that the can sell a fan at a profit
of Rs. 22 and a sewing machine at a profit of Rs. 18. Assuming that he can sell all the
items that he can buy, how should he invest his money in order to maximize his profit?
A machine can produce product A by using 2 units of chemical and 1 unit of a
compound or can produce product B by using 1 unit of chemical and 2 units of the
compound. Only 800 units of chemical and 1000 units of the compound are available.
The profits per unit of A and B are Rs. 30 and Rs. 20 respectively, maximize the
profit function.
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6.1 INTRODUCTION

Conic sections or simply conics, are the curves obtained by cutting a (double)
right circular cone by a plane. Let RS be a line through the centre C of a given circle and
perpendicular to its plane. Let A be a fixed point on RS. All lines through A and points on the
circle generate a right circular cone. The lines are called rulings or generators of the cone.
The surface generated consists of two parts, called nappes, meeting at the fixed point A,
called the vertex or apex of the cone. The line RS is called axis of the cone.

If the cone is cut by a plane perpendicular to the axis of the cone, then the section is a
circle.

The size of the circle depends on how near the plane is to the vertex of the cone. If the
plane passes through the vertex A, the intersection is just a single point or a point circle. If
the cutting plane is slightly tilted and cuts only one nappe of the cone, the resulting section
is an ellipse. If the intersecting plane is parallel to a generator of the cone, but intersects
its one nappe only, the curve of intersection is a parabola. If the cutting plane is parallel
to the axis of the cone and intersects both of its nappes, then the curve of intersection is a
hyperbola.

The Greek mathematicians Apollonius’ (260-200 B.C.) and Pappus (early fourth
century) discovered many intersecting properties of the conic sections. They used the
methods of Euclidean geometry to study conics. We shall not study conics from the point
of view stated above, but rather approach them with the more powerful tools of analytic

The theory of conics plays animportant role in modern space mechanics, occeangraphy
and many other branches of science and technology.
We first study the properties of a Circle. Other conics will be taken up later.

The set of all points in the plane that are equally distant from a fixed point is called a
circle. The fixed point is called the centre of the circle and the distance from the center of
the circle to any point on the circle is called the radius of the circle.

If C(h,k) is centre of a circle, rits radius and P(x, y) any point on the circle, then the circle,
denoted S(C; r) in set notation is

S(Cir)=4P(x.y){CP| r|
By the distance formula, we get

[CP|=J(x—h) +(y—k) =~
or (x—h)2+(y—k)2=r2 (1
is an equation of the circle in standard form.
If the centre of the circle is the origin, then (1) reduces to
X2+ 2 =r2 (2)
If r=0, the circle is called a point circle which consists A
of the centre only.
Let P(x, y) be any point on the circle (2) and let the P(x,y)
inclination of OP be 6 as shown in the figure. It is clear that

x=rcos6 7]
. } 3) > x
y=rsint

The point P(r cos6, r sin 0) lies on (2) for all values of
0. Equations (3) are called parametric equations of the

circle (2).

Example 1: Write an equation of the circle with centre (-3, 5) and radius 7.
Solution: Required equation is

version: 1.1
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(x+3)2+(y-5¢=7°
or x*+y?+6x—-10y-15=0

Theorem: The equation
X2 +y?+2gx+2fy+c=0 (1)
represents a circle g, f and ¢ being constants.
Equation (1) can be written as:

(X +28x +g2) + (V*+ 2fy + f) =g+ f— ¢

or  [x=(-g)] +[y-(-N] =(m)2

which is standard form of an equation of a circle with centre (-g, - f) and radius

Jg'+fi-c.

The equation (1) is called general form of an equation of a circle.

Note:
1. (1)is a second degree equation in which coefficient of each of x> and y? is 1.

2. (1) contains no term involving the product xy.

Thus a second degree equation in which coefficients of x?and y? are equal and there is
no product term xy represents a circle.

If three non-collinear points through which a circle passes are known, then we can find
the three constants f, gand cin (1).

Example 2: Show that the equation:
5x>+5y2+24x+ 36y +10=0
represents a circle. Also find its centre and radius.
Solution: The given equation can be written as:

x2+y2+%x+?y+220
which is an equation of a circle in the general form. Here
12 18

:—, :—’C:2
8= =

version: 1.1
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Thus centre of the circle = (—g,—f') = (_12 —_18)

55
Radius of the circle=+/g” + f* —c = %+%—2
_ (418 _ /418

25 5

The general equation of a circle x? + y? + 2gx + 2fy + ¢ = 0 contains three independent
constants g, f and ¢, which can be found if the equation satisfies three given conditions. We
discuss different cases in the following paragraphs.

1.  ACircle Passing Through Three Non-collincar Points.
If three non-collinear points, through which a circle passes, are known, then we can
find the three independent constants f, g and ¢ occurring in the general equation of a circle.

Example 3: Find an equation of the circle which passes through the points A(5,10), B(6,9)
and C(-2,3).

Solution: Suppose equation of the required circle is
X2+ y2+2gx+2fy+c=0 (1)
Since the three given points lie on the circle, they all satisfy (1). Substituting the three
points into (1), we get
25+100+10g+20f+c=0

= 10g+20f+c+125=0 (2)
36 +81+12g+18f+c+117=0
= 12g+18f+c+117=0 (3)
4+9-4g+6f+c=0

~4g+6f+c+13=0 (4)

Now we solve the equations (2), (3) and (4).
Subtracting (3) from (2), we have
—28+2f+8=0

version: 1.1
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or g-f-4=0 (5) 3. A circle passing through two points and equation of tangent at one of these
Subtracting (4) from (2), we have. points is known.
14g+14f+112=0 (6)
or g+f+8=0 Example 5: Find an equation of the circle passing through the point (-2, -5) and touching
From (5) and (6), we have, the line 3x + 4y — 24 = 0 at the point (4, 3).
f=-6and g=-2.
Inserting the values of fand g into (2), we getc =15 Solution: Let the circle be
Thus equation of the circleis: x? +y>—4x - 12y + 15=0 X2+y2+2gx+2fy+c=0 (1)
The points (-2, -5) and (4, 3) lie on it. Therefore
2. Acircle passing through two points and having its centre on a given line. —4g - 10f+c+29=0 (2)
8g+6f+c+25=0 (3)
Example 4: Find an equation of the circle having the join of A (x,, y,) and B (x,, y,) as a The line
diameter. 3x+4y—-24=0 (4)
P (59) Touches the circle at (4, 3).
Solution: Since AB is a diameter of the circle, its A line through (4, 3) and perpendicular to (4) is
midpoint is the centre of the circle. The radius of the S 4
circle is known and standard form of an equation of the y-3 =§(X—4) or 4x—3y—-7=0
circle may be easily written. However, a more elegant 4 B (%, 5,)

This line being a normal through (4, 3) passes through the centre (-g, —f) of the

flx1*}-|] C
circle (1). Therefore

procedure is to make use of the plane geometry. |
P(x, y) is any point on the circle, then m£APB = 90°

— + _ 7=
Thus the lines AP and BP are perpendicular to each 4g+3f-7=0 (5)
other From (2) — (3), we get
| _12g-16f+4=0
YN Y=Y or 3g+4f-1=0 (6)
opeet A xx e Slopeol 7 X=X Solving (5) and (6), we have g = -1, f = 1. Inserting these values of g and finto (3),

we find ¢ = -23. Equation of the required circle is

By the condition of perpendicularity of two lines, we get X+ - 2X+2y—23=0

Y=nh Y= _
X—X X—X,

or (x—x)(x-x)+y-y)y-y,)=0
This is required equation of the circle.

4. Acircle passing through two points and touching a given line.

Example 6: Find an equation of the circle passing through the points A(1, 2) and B(1, -2)
and touching the line x + 2y + 5= 0.

Solution: Let O(h, k) be the centre of the required circle. Then

version: 1.1 version: 1.1
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@\ = ‘@‘ = radius of the circle.
e, (h=1P+k-2%=h-1)2+(k+2)>
or 8k=0 i.e.,, k=0
Hence @\:@\
=J(h=1) +4
Now length of perpendicular from (h, k) i.e., (h, 0) to the line
x + 2y + 5 =0 equals the radius of the circle and is given by

|7 +5]
J5
Therefore, |hj§5| = @\ =J(h-1) +4

(h+5)2

or =(h-1) +4 or 4n*-20h=0  ie, h=0,5

Thus centres of the two circles are at (0, 0) and (5, 0).

Radius of the first circle =\/§ : Radius of the second circle :\/%
Equations of the circles are

x>+y?=5 and (x-=52+y>=20
ie., xX*+y*=5 and x*+y?-10x+5=0
1.  Ineach of the following, find an equation of the circle with

(@) centre at (5, -2) and radius 4

(b) centre at (\/5,—3\/5) and radius 22
(c) ends of a diameter at (-3, 2) and (5, —6).

version: 1.1

2. Find the centre and radius of the circle with the given equation
(@ x2+y’+12x-10y=0
(b) 5x2+5y2+14x+12y-10=0
() x*+y’—-6x+4y+13=0
(d) 4x2+4y>-8x+12y-25=0
3.  Write an equation of the circle that passes through the given points
(@) A4, 5),B(-4,-3), C(8,-3)
(b) A(-7,7),B(5,-1), C(10, 0)
()  A(a, 0), B(O, b), C(O, 0)
(d) A(5, 6), B(-3, 2), C(3, -4)
4. Ineach of the following, find an equation of the circle passing through
(@) A(3,-1),B(0, 1) and having centre at 4x -3y -3 =0
(b) A(-3, 1) with radius 2 and centreat 2x -3y +3=0
() A(5,1) and tangent to the line 2x —y— 10 = 0 at B(3, -4)
(d) A(1,4), B(-1, 8) and tangent to the linex+3y—-3=0
5. Find an equation of a circle of radius a and lying in the second quadrant such that it
is tangent to both the axes.
6. Show thatthe lines 3x -2y =0and 2x + 3y — 13 = 0 are tangents to the circle
x*+y?+6x—-4y=0
7. Show that the circles
x>+ y?+2x—-2y—7=0and x? + y? - 6x + 4y + 9 = 0 touch externally.
8. Show that the circles
x>+ y?+2x—-8=0and x? + y>— 6x + 6y — 46 = 0 touch internally.
9. Find equations of the circles of radius 2 and tangent to the line
x-y-4=0 at A(1, -3).

6.2 TANGENTS AND NORMALS

A tangent to a curve is a line that touches the curve without cutting through it.
We know that for any curve whose equation is given by y = f(x) or f(x, y) = 0, the derivative

dx is slope of the tangent at any point P(x, y) to the curve. The equation of the tangent to

the curve can easily be written by the pointslope formula. The normal to the curve at P is
the line through P perpendicular to the tangent to the curve at P. This method can be very

O
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conveniently employed to find equations of tangent and normal to the circle
X>+y*+ 2gx + 2fy + ¢ = 0 at the point P(x,, y.).
Here fix, y)=x>+y>+2gx+ 2fy+c=0 (1)
Differentiating (1) w.r.t. x, we get
dy xX+g

2x+2yﬂ+2g+2fﬂ:() or =
dx dx dx v+ f

Q:‘ __% T8 _ Slope of the tangent at (x, , y,)
(% J’l)

dx v+f
Equation of the Tangent at P is given by

X tg
———(x—Xx
y1+f( )
or y(yl+f)—y12—y1f:—x(x1+g)+x12+x1g

or xxl+yyl+gx+fj/:x12+y12+gx1+fj/1

Y=y = (Point-slope form)

or xxl+yy1+gx+fy+gx1+ﬁ/1+c:xlz+y12+gx1+fyl+gx1+ﬁ/1+c
(adding gx, + fy, + c to both sides)

or xx, *+yy, +8x+x)+fly+y)+c=0
since (x,, y,) lieson (1) and so

X+ yl+2gx + 2/, +c=0

Thus [ex, + yy, + g8lx + x,) + fly + y,) + ¢ = 0], is the required equation of the tangent.
To find an equation of the normal at P, we note that slope of the normal is

n+/f
X +g

(negative reciprocal of slope of the tangent)

Equation of the normal at P(x, y.) is

+
y—%:u(x—xl)
X +g
or -y, )x, +8) = (x—x), + /. |is an equation of the normal at (x, y.).

version: 1.1

Theorem: The point P(x,, y,) lies outside, on or inside the circle
x>+ y*+ 2gx + 2fy + ¢ = 0 according as

2 2 >
X +y +2gx,+2f, +c 2}0

Proof. Radius r of the given circle is

r=4g+f —c.

The point P(x, y,) lies outside, on or inside the circle, according as:

>
m|CP|: r
4

i.e., according as: \/(x1+g)2+(yl+f)2 %}\/g2+f2—c
or accordingas: x’+2gx+g +y +f+2f %}g2+f2—c

or accordingas: x’+y°+2gx +2fy+c %}0

Example 1: Determine whether the point P(-5, 6) lies outside, on or inside the circle:
xX+y’+4x-6y—-12=0

Solution: Putting x = -5 and y = 6 in the left hand member of the equation of the circle,
we get
25+36-20-36-12=-7<0
Thus the point P(-5, 6) lies inside the circle.
Theorem: The line y = mx + c intersects the circle x> + y? = g2
in at the most two points.
Proof: It is known from plane geometry that a line can meet a
circle in at the most two points.
To prove it analytically, we note that the coordinates of the
points where the line

y=mx-+c (1)
intersects the circle
X +yr=0? (2)

are the simultaneous solutions of the equations (1) and (2).

()
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Substituting the value of y from equation (1) into equation (2), we get
X2+ (mx+c)P=0°

or xX(1+m?»)+2mex+c2-a*>=0 (3)

This being quadratic in x, gives two values of x say x, and x,. Thus the line intersects
the circle in at the most two points. For nature of the points we examine the discriminant
of (3).

The discriminant of (3) is (2mc)? — 4(1 + m?) (c? — a?)

=4m>c? - 41 + m?)(c? - a?)
=4m?c? - 4m?c? - 4(c? - a? — a’m?)
=4 [-c?+ a1 + m?)]

These points are

(i) Real and distinct, if a*(1 +m?) -c>>0

(i) Real and coincidentif a%(1 + m?) -c2=0

(iii)  Imaginary if a’(1 +m?) —c><0

Condition that the line may be a tangent to the circle.

The line (1) is tangent to the circle (2) if it meets the circle in one point.

e, if =021 +m?ort= aJl m’

is the condition for (1) to be a tangent to (2).

Example 2: Find the co-ordinates of the points of intersection of the line 2x + y =5 and
the circle x> + y2 + 2x — 9 = 0. Also find the length of the intercepted chord.

Solution: From 2x + y =5, we have
y=(5-2x).
Inserting this value of y into the equation of the circle, we get
x>+ (5-2x)?+2x-9=0
or 5x*-18x+16=0

x_18i\/324—320_ 18+2 ) 8
10 10 5

When x=2,y=5-4="1

When x:§,y:5—E
5 5

?
5
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9

Thus the points of intersection are P(2,1) and Q( J
Length of the chord intercepted

1EX CORCRER R

Theorem: Two tangents can be drawn to a circle from any point P(x,, y,). The tangents
are real and distinct, coincident or imaginary according as the point lies outside, on or inside
the circle.

W | oo
W | O

Proof: Let an equation of the circle be x* + y? = @2
We have already seen that the line

y=mx+a\l+m’

is a tangent to the given circle for all values of m. If it passes through the point
P(x,, y,).then

y, =mx, +aN1+m’
or (y,—mx)=a*1+m?
or m’(x’—a’)-2mxy +y’ —a’=0
This being quadratic in m, gives two values of m and so there are two tangents from

P(x., y,) to the circle. These tangents are real and distinct, coincident or imaginary according
as the roots of (2) are real and distinct, coincident or imaginary

i.e., accordingas x’y’-(x’-a*)(y’—a’) 2}0

or x’a’+y’a’+ad %}O or x’+y’-a %}O

i.e., according as the point P(x,, y,) lies outside, on or inside the circle x> + y*>—a* =0
Example 3: Write equations of two tangents from (2, 3) to the circle x> + y? = 9.

Solution. Any tangent to the circle is

y=mx+3J1+m’

If it passes through (2, 3), then

version: 1.1
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3=2m+3V1+m’ (1)
or (3-2m)*=9(1 + m?
or 9-12m+4m?=9+9m?

or Sm*+12m=0 i.e., m=0,_?12

Inserting these values of m into (1), we have equations of the tangents from (2,3) to

the circle as :
For m=0:y=0.x+3+1+0

or y=3

-12 -12 / 144 -12 39
For m= Ly = x+3,1+— =—x+—
5 5 25 5 5

or 5y+12x-39=0.

Example 4: Write equations of the tangents to the circle
xX*+y’—4x+6y+9=0 (1)
at the points on the circle whose ordinate is —2.

Solution: Substituting y = -2 into (1), we get
x>—-4x+1 =0

+ —
:4_\/;6 4 5
The points on the circle with ordinate -2 are

(2++/3,-2),(2-+/3,-2)

Equations of the tangents to (1) at these points are

2+3)x=2y-2(x+2+3)+3(y=2)+9=0
and  (2-3)x-2y-2(x+2-3)+3(y-2)+9=0
e, Bx+y-2Y3-1=0

and —Bx+y+2/3-1=0

or X

6. Conic Sections elLearn.Punjab

Example 5: Find a joint equation to the pair of tangents drawn from (5, 0) to the circle:
x>+y?=9 (M

Solution: Let P(h,k) be any point on either of the two tangents drawn from A(5,0) to the
given circle (1). Equation of PA is

y—0=k_0(x—5) or kx—(h—5)y—5k=0 (2)
Since (2) is tan_gent to the circle (1), the perpendicular distance of (2) from the centre of the
circle equals the radius of the circle.

|54
JE> +(h=5)
or 25k =9[k* +(h—5)*] or 16k*>-=9(h—5)" =0
Thus (h,k) lies on
Ox—5)-16y*=0 3)
But (h,k) is any point of either of the two tangents.
Hence (3) is the joint equations of the two tangents.

=3

1.e.,

Let P(x,, y,) be a point outside the circle
X2+ y2+2gx+2fy+c=0 (1)

We know that two real and distinct tangents can be drawn to the circle from an external
point P. If the points of contact of these tangents with the circle are S and T, then each of
the length PS and PT is called length of the tangent or tangential distance from P to the
circle (1).

The centre of the circle has coordinates
(-8, —f). Join PO and OT. From the right triangle OPT

Plx,m)

version: 1.1

we have,
length of the tangent = ‘ﬁ‘ =\ OP*> - OT"?
=+ )+ + /) (g + /1 ~0)
version: 1.1

(2)



6. Conic Sections elLearn.Punjab

6. Conic Sections elLearn.Punjab

= %7+ 3+ 288 + 2 + e 2)
It is easy to see that length of the second tangent PS also equals (2).

Example 6: Find the length of the tangent from the point P(-5, 10) to the circle
5x2+ 52+ 14x+12y-10=0

Solution: Equation of the given circle in standard form is
x2+y2+%x+%y—2=0 (2)

Square of the length of the tangent from P(-5,10) to the circle (1) is obtained by
substituting -5 for x and 10 for y in the left hand member of (1)

Required length  =+/(=5)* + (10)* =14+ 24 -2 = /133

Example 7: Write equations of the tangent lines to the circle x> + y2 + 4x + 2y = 0
drawn from P(-1,2). Also find the tangential distance.

Solution: An equation of the line through P(-1,2) having slope m is
y—-2=mx+1) or mx-y+m+2=0. (1)
Centre of the circle is C(-2,-).
Radius = V4 +1=+/5
If (1) is tangent to the circle, then its distance from the centre of the circle equals the
radius of the circle. Therefore

|—2m+1+m+2|:\/§
\/m2+1

or (-m+3)>=5(m?+1)
or 4d4m?*+6m-4=0o0r2m*+3m-2=0

_3E\orle 3xs 1

4 4 )
Equations of the tangents are from equation (1)

version: 1.1

For m=-2:-2x-y=0 or 2x+y=0

%zO or x—2y+5=0

Tangential distance = V1+4—-4+4 = J5

x—y+
5 Y

Example 8: Tangents are drawn from (-3,4) to the circle x> + y? = 21. Find an equation
of the line joining the points of contact (The line is called the chord of contact).

Solution: Let the points of contact of the two tangents be P(x., y,) and Q(x,, y.,)
An equation of the tangent at P is

xx, +yy, =21 (1)
An equation of the tangent at Q is

XX, +yy, =21 (2)
Since (1) and (2) pass through (-3 ,4), so

—3x, +4y, = 21 (3)
and -3x, +4y, =21 (4)

(3) and (4) show that both the points P(x,, y.), Q(x,, y,) lie on -3x + 4y = 21 and so it is
the required equation of the chord of contact.

1.  Write down equations of the tangent and normal to the circle
(i) x>+y?>=25at(4,3)and at (5 cos 6, 5 sin 0)

(i)  3x*+3y*+5x-13y+2=0 at (1,?]

2.  Write down equations of the tangent and normal to the circle
4x* + 4> —16x+ 24y - 117 =0
at the points on the circle whose abscissa is —4.
3. Check the position of the point (5, 6) with respect to the circle
(i) x*2+y?=81 (i) 2x2+2y2+12x-8y+1=0
4. Find the length of the tangent drawn from the point (-5, 4) to the circle
5x2+ 52— 10x+ 15y - 131 =0

()

version: 1.1
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5. Find the length of the chord cut off from the line 2x + 3y = 13 by the circle
x>+ y?=26
6. Find the coordinates of the points of intersection of the line x + 2y = 6 with the circle:
X*+y?-2x-2y-39=0
7. Find equations of the tangents to the circle x2 + y2 =2
(i) paralleltothelinex-2y+1=0
(i) perpendicularto theline 3x+ 2y =6
8. Find equations of the tangents drawn from
(i) (0,5 tox2+y?=16
(i) (1,2)tox?+y?+4x+2y=0
(i) (7,-2)to (x+ 12+ (y—2)2=26
Also find the points of contact
9.  Find an equation of the chord of contact of the tangents drawn from (4, 5) to the circle
2>+ 22 -8x+12y+21=0

6.3 ANALYTIC PROOFS OF IMPORTANT
PROPERTIES OF A CIRCLE

Aline segmentwhose end points lie on a circle is called a chord of the circle. Adiameter
of a circle is a chord containing the centre of the circle.

Theorem: Length of a diameter of the circle x> + y? = a? is 2a.

Proof: Let AOB be a diameter of the circle

X2+ )2 =02 (1)
0(0,0) is center of (1).
Let the coordinates of A be (x,, y.). ALE 3 AU, 5
Equation of AOB is

y="tx (2)

X
Substituting the value of y from (2) into (1), we have
version: 1.1

2 WV 2 2 2,2 2y 2.2
XT+=x"=a" or x(x +y’)=ax
X
2.2 2.2 2 2 2
or ax =ax Cox " +y =x)
1.e., x=xx

If x=ux, then y=y, ( y= &.XJ
xl

Similarly when x=-x, then y=-y,
Thus B has coordinates (-x, , —,).

Length of diameter AB = \/ (x, + )cl)2 +(y, + y1)2
:\/4(x12 +y12) :\/4612 =2a

Theorem 2: Perpendicular dropped from the centre of a circle on a chord bisects the
chord.
Proof: Let x? + y2 = @? be a circle, in which AB is a chord with I

end points A(x, , y,), B(x, , y,) on the circle and OM is perpendicular

from the centre to the chord. We need to show that OM bisects A(x.,)
the chord AB. _
(} L
— M
Slop of AB=22"21
Xy =X
B{x. 1)
Slop of perpendicular to AB = —pa) %76 m (say)
Vo= =N
So equation of OM with slope m and point O(0,0) on it, is given by
(x1 _xz) ;
—-0=—"1—"2-(x-0) (point - slope form)
(yz _yl)
or y=[xl_x2jx (1)
Vo= 0
version: 1.1
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(1) is the equation of the perpendicular OM from centre to the chord. We will show that it
bisects the chord i.e., intersection of OM and AB is the midpoint of AB.
Equation of AB is
y—y=t—2(x—x) )
XX
The foot of the perpendicular OM is the point of intersection of (1) and (2). Inserting the
value of y from (1) into (2), we have

X, — X —
M Th Xx—y = =W (x-x,)
V=W X=X,
or x()ﬁ_yz+x1_x2}:x1(y1_yz)_yl
X=X, N =0 X — X,

2 2 2 2
x[y1 +y, =23y, + X +X, —2x1x2] X XY,
(x,—x,) (V= ¥,) X=X,
2 2 2
or  x(2a —2xx, =2y,3,) =X, =X, V,V, — X, 0V, X, V5

or 2x(a2 — XX, _y1y2) :xz(a2 _x12) _y1y2(x1 +x2) +x1(a2 —xi)

or

= az(x1 +xz)_x1x2(x1 +x2) _ylyz(xl +x2)

= (x5, +x,) (a2 = XX, = W Y,)
(The points (x, , y,) and (x, , y,) lie on the circle)

or X tX
2
Putting x:M into (1), we get
y::(xl —x,) (¥ +x,) xlz _xi
Yo =N 2 203, —n)
'x2 +y2 _az 7]
2 2 =
or _ =N _(yz_yl)(y2+y1) 12 12 5
- 2(y, — - 2(y, — X, +y,=da
=) (=) G
Nt TN TN EN T

or
2

So, (xl 5 pd ;yzj is the point of intersection of OM and AB which is the midpoint of AB.

Theorem 3:
The perpendicular bisector of any chord of a circle passes through the centre of the
circle.

Proof: Let x> + y* = a* be a circle and A(x, , y,),
B(x, , y,) be the end points of a chord of this circle. Let M be the mid point of AB, i.e.

M(xf"xz yl"')ﬁj
2 72

The slop of AB = Y=
X, — X,

The slope of perpendicular bisector of AB is

_(xz_le
Yo =N

So, equation of perpendicular bisector in point-slope form, is

y_y1+y2: (xz_)ﬁ](x x1+x2) 1)
2 Yo =N 2

We check whether the centre (0,0) of the circle lies on (1) or not

0_y1+y2 :_(xz_x1)[0_x1+x2j

2 =0 2
+ X, +X
or _(Mj(yz _y1):(x2 _xl)(l—z)
2 2
2 2 2 2 2 2 2 2
or —(,—»)=x,—x Oor X +y =X+,
or 0*=0? which is true

Hence the perpendicular bisector of any chord passes through the centre of the circle.

Theorem 4:
The line joining the centre of a circle to the midpoint of a chord is perpendicular to the
chord.

Proof: Let A(x, , y,), B(x,, y,) be the end points of any chord the circle x> + y* = a*. O(0, 0)

version: 1.1

2
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is centre of the circle and M(X‘ ;xz,yl ),

j is the midpoint of

AB. Join the centre O with the mid point M. We need to show A
that OM is perpendicular to AB i.e., product of slopes of AB and
OMis —1.
Wt N —0
Slope of AB =m, =" h, Slope of OM  m, o Y2 TN
X =X Nt o ntXx B
2
. + 2_ 2
. mlm2=y2 N Vo ylzyé y12 (1)
X, =X, X, tX X, — X
As A and B lie on the circle, so
2 2 2 2 2 2
X +y, =a and x,+y,=a
Their subtraction gives x’ —x; + y. — y. =0
or y, -y =x —x =—(x, —x) (2)
Putting this value in (1), we get
(&, =)
mim, = =3—— 1
(xz _xl)
So OM is perpendicular to AB.
Theorem 5: Congruent chords of a circle are equidistant from the centre.
Proof:  Letx?+)?=02be the circle in which AB and CD are i)
two congruent chords i.e., |4B|=|CD| and the coordinates of
A, B, Cand D be as in the figure. Also let OM and ON be the
perpendicular distances of the chords from the centre (0, 0)t%.»)
of the circle.
We know from Theorem 2that Mand Narethe midpoints U:}J Lite iy
of AB and CD respectively.
version: 1.1
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2 2 2 2 2 2
|OM|2:(%_OJ +(%_O\J :yl +y2 +xl +XZ+2x1x2+2y1y2
2 2 2 2
:(xl + )+ (x5 + ) +2xx,+ 20y,

4
a’+a’+2xx, +2
= 41 2 TN, (. 4 and B lie on the circle.)
2
|OM|2 _ 2a° +2xx, +2y,y,
4
2
_a x5+ 0, (1)
2

a’ + XXy + V34
) (2)

We know that |AB|2 = |CD|2 ("~ chords are congruent)

Similarly [ON[" =

2 2 2 2
or (xz_xl) +(y2_y1) :(x4_x3) +(y4_y3)
2 2 2 2 2 2 2 2
OF X, +X, + Y, + ¥ =2XX, =20y, =X, +X; =2X30, + y, + V3 =23y,
or a’+a’ —2X%, =2y, ¥, = a’+a’ =2xx, = 2y,y, (- xl2 + yl2 =a’ etc)
or 2a’ —2xx, =2y, y, = 24" - 2x,x, —2y,y,
O X\ X) + WV, =X3X, + )3V, (3)

or |0M|2 = |ON|2

Challenge!

State and prove the
converse of this Theorem.

Theorem 6: Show that measure of the central angle of a
minor arc is double the measure of the angle subtended in the
corresponding major arc.

Proof: Let the circle be x* + y? = a2, 0,
A(a cose, , a sing,) and B(a cose, , a sind,) be end points of a ﬂ/ >y
minor arc AB. Let P (a cos6, a sinf) be a point on the major arc.

Central angle subtended by the minor arcABis ZAOB=6,-6..

We need to show mZAPB = %(62 -6)

version: 1.1
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2(:056H_6)1sin‘9_6)1
m, =slope of AP a(sinf—sin6) 2 2
a(cos@—cosb) 5. 0+t0 . 00
2
(9+91 (7[ 9+6’1j
= cot — tan| — =
2 2 2
Similarly, (by symmetry)
m, =slope=of BP +tan (” 9+9)
ol 5450wl 32
m,—m 2
tan /APB = —2—"1 =
an 1+m1m2 | (7[ 0) (72' 0+0j
+ tan ) E+

(7[ 0+6, r« 9+(9j (
=tan| —+ -——=
2 2 2 2

Hence mZAPB = %(92 -0)

Theorem 7. An angle in a semi-circle is a right angle.

Proof: Let x> + y? = a* be a circle, with centre O. Let AOB be any diameter of the circle and
P(x,, y,) be any point on the circle. P
We have to show that m£APB= 90°.
Suppose the coordinates of A are (x,, y,).
Then B has coordinates
(—x,,—y,). (Theorem 1) B . A(x, )

Slope of AP = RARb . m,, say

X=X
Slope of BP = Ntr =m,, say Challenge!
X, + X,

State and prove the
converse of this Theorem.

version: 1.1
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2 2
Vi =W
Y- (1)

Since A(x,, y,) and P(x,, y,) lie on the circle, we have

mm, =

2 2 2 2 2 2
Xty =a = x=a —Yy (2)

2 2 2 2 2 2
X, +)y,=a = X,=a —),

Substituting the values of x’ and x; from (2) into (1), we get

2 2 2 2
Y =W — i =W ——1
2 2 2 2 2 2
(a _yl)_(a _yz) _(yl _yz)
Thus AP L BP and so mZAPB =90’

mm, =

Theorem 8: The tangent to a circle at any point of the circle is perpendicular to the
radial segment at that point.

Proof: Let PT be the tangent to the circle x* + y*> = a* at any point P(x,, y,) lying on it.
We have to show that the radial segment OP L PT.
Differentiating x* + y? = 0%, we have

2x+2y.Q=O:}Q: il
dx dx y
Slope of the tangent at P = & —— [2
x|, »
Slope of OP:—yl_O:& a
x—-0 x
Product of slopes of OP and PT S P R < 'T
yox P
Thus OP L PT.

version: 1.1
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Theorem 9: The perpendicular at the outer end of a radial segment is tangent to the
circle.

Proof: Let PT be the perpendicular to the outer end of the radial segment OP of the circle
x>+ y? =0 We have to show that PT is tangent to the circle at P. Suppose the coordinates of
Pare (x,, y,).
Since PT is perpendicular to OP so
-1 -1 —x
slope of OP _Z 71
X

Slope of PT =

Equation of PT i1s y—y, = _—xl(x —X,)
N
2 2
or yy,—y = —xx +x
or yy +Xx, =y +x =a (. P lies on the circle)
or yy, +Xxx —a’=0
Distance of PT from O (centre of the circle)
2

yK0)+XK0Y—a1 01 a i i
— =~- =— a (radius of the circle)
NESRN

Thus PT is tangent to the circle at P(x, , y.).

2

1.  Prove that normal lines of a circle pass through the centre of the circle.

2. Prove that the straight line drawn from the centre of a circle perpendicular to a
tangent passes through the point of tangency.

3. Prove that the mid point of the hypotenuse of a right triangle is the circumcentre of
the triangle.

4. Prove that the perpendicular dropped from a point of a circle on a diameter is a mean
proportional between the segments into which it divides the diameter.

In the following pages we shall study the remaining three conics.
Let L be a fixed line in a plane and F be a fixed point not on the line L.

version: 1.1
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Suppose |PM| denotes the distance of a point P(x, y) from the line L. The set of all points
P in the plane such that
|PF|
|Pu|
is called a conic section.
(i) If e = 1, then the conic is a parabola.
(i) If0<e<1,thenthe conicisan ellipse.
(iii) Ife>1, then the conicis a hyperbola.
The fixed line L is called a directrix and the fixed point Fis called a focus of the conic.
The number e is called the eccentricity of the conic.

=e. (apositive constant)

6.4 PARABOLA

We have already stated that a conic section is a parabola ife = 1.
We shall first derive an equation of a parabola in the standard form and study its
important properties.
If we take the focus of the parabola as F (g, 0), a > 0 and its directrix as line L whose
equation is x = —a, then its equation becomes very simple.
Let P(x, y) be a point on the parabola. So, by definition

|PF|

=+. or |PF| |PM|
|PM|

Now |PM|=x+a (M)
F 1 P'(\I.]

and |PF|=\/(X—CZ)2 +(y—0)2 M
Substituting into (1), we get

> X
J(x—a)  +y =x+a z 0 F(a,0)
or (x—a)eryzz(xwLa)2 \

or v =(x+a) —(x—a)’ =4ax or y =4ax (2)
which is standard equation of the parabola.

version: 1.1
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Definitions
(i)  The line through the focus and perpendicular to the directrix is called axis of the
parabola. In case of (2), the axisis y = 0.
(ii)  The point where the axis meets the parabola is called vertex of the parabola. Clearly
the equation (2) has vertex A(0,0). The line through A and perpendicular to the axis
of the parabola has equation x = 0. It meets the parabola at coincident points and so
it is a tangent to the curve at A.
(iii) A line joining two distinct points on a parabola is called a chord of the parabola.
A chord passing through the focus of a parabola is called a focal chord of the
parabola. The focal chord perpendicular to the axis of the parabola (1) is called
latusrectum of the parabola. It has an equation x = g and it intersects the curve at
the points where
y2 =44 or y=12a

Thus coordinates of the end points L and L' of the latusrectum are
L(a,2a) and L'(a,—2a).

The length of the latusrectum is |LL'|=4a.

(iv) The point (at?, 2at) lies on the parabola y? = 4ax for any real t.

x=at> , y=2at
are called parametric equations of the parabola y?= 4ax.

Let F(h,k) be the focus and the line Ix+my+n=0 be the directrix of a parabola. An
equation of the parabola can be derived by the definition of the parabola . Let P(x, y) be a
point on the parabola. Length of the perpendicular PM from P(x, y) to the directix is given by;

|PM| _ |lx+ my + n|
NP +m’
N 5 ) (lx+my+n)2
By definition, (x—h)"+ (y—k) = 2 2
[ +m

is an equation of the required parabola.
A second degree equation of the form
ax>+ by’ +2gx+ 2fy+c=0

with either a = 0 or b = 0 but not both zero, represents a parabola. The equation can be
analyzed by completing the square.

There are other choices for the focus and directrix which also give standard equations
of parabolas.
(i)  If the focus lies on the y—axis with coordinates F0,a) and directrix of the parabola is
y =—a, then equation of the parabola is
x> =4ay (3)
The equation can be derived by difinition.
(i)  If the focus is A0, —a) and directrix is the line y = a, then equation of the parabola is
x> =-4ay 4)
Opening of the parabola is upward in case of (3) and downward in case of (4). Both the
curves are symmetric with respect to the y-axis.
The graphs of (3) and (4) are shown below.

}
- A

- F (0, a)

4+ F(0, -a)

@)

(iii) If the focus of the parabola is A(—a, 0), and its directrix is the line x = g, then equation
of the parabola is

y2 = -4ax 1

The curve is symmetric with respect to the x-axis

and lies in the second and third quadrants only. Opening of F(-a, 0) o

the parabola is to the left as shown in the figure

Y
=

version: 1.1
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y? = 4ax

We note that corresponding to each positive value of x there are two equal and opposite
values of y. Thus the curve is symmetric with respect to the x—axis.

The curve passes through the origin and x = 0 is tangent
to the curve at (0,0). If x is negative, then y? is negative
and so y is imaginary. Thus no portion of the curve lies
on the left of the y—axis. As x increases, y also increases

A ¥ /
f.

numerically so that the curve extends to infinity and
lies in the first and fourth quadrants. Opening of the
parabola is to the right of y—axis.

Sketching graphs of other standard parabolas is
similar and is left as an exercise.

Summary of Standard Parabolas

Graph

AN

Example 1:

Solution. We compare the given equation

Analyze the parabola x> = —16y and draw its graph.

Sr.No. 1 2 3 4
Equation y? = 4ax y? =—4ax x> =4ay x> = -4ay
Focus (a, 0) (—a, 0) (0, a) (0, —a)
Directrix X=-0a X=a y=-a y=a
Vertex (0,0) (0,0) (0,0) (0,0)
Axis y=0 y=0 x=0 x=0
Latusrectum X=a =—a y=a y=-a
¥
R

with x2 = —4ay

version: 1.1
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Here 4da0=16 or a=4. YA
The focus of the parabola lies on the y-axis and its
opening is downward. Coordinates of the focus = (0, —4).

Equation of its axis isx =0

Length of the latusrectum is 16 and y = 0 is tangent to
the parabola at its vertex. The shape of the curve is as shown
in the figure.

Example 2.
3x-4y+5=0.

=0, —4)

Find an equation of the parabola whose focus is F (-3, 4) and directrix is

Solution: Let P(x , y) be a point on the parabola. Lentgh of the perpendicular [PM| from

P(x, y) to the directrix 3x -4y +5=0 s

P 3Bx—4y+5|
V3 +(—4)
By definition, |PF|=tPM|  or  |PF[ |PM[
_(Bx—dy+5)

or (x+3) +(y—4) =

25
or 25(x* +6x+ 9+ y?2 -8y + 16) = 9x> + 16y + 25 — 24xy + 30x — 40y
or 16x%?+24xy + 9y*+ 120x — 160y +600 =0
is an equation of the required parabola.
Example 3. Analyze the parabola
x>—4x-3y+13=0
and sketch its graph.

Solution. The given equation may be written as

X>—4x+4=3y-9 (1
or (x—2)2=3(-3)
Let x-2=X , y-3=Y (2)
The equation (2) becomes X? = 3Y (3)

@)
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which is a parabola whose focus lies on X =0 and whose directix is YZT
Thus coordinates of the focus of (3) are

_ » E 3
X =0, Y:—3
4
F(3/15/4)
. 3
1.e., x—2=0- =and y 3 Z A(23) y=0id
o xe2ylS e
b 4 > ¥
_ 0 x=2
Thus coordinates of the focus of the parabola r

15
(1) are (2,;)

Axisof (3)isX=0 or x—2=0is the axis of (1).
Veitex of (3) has coordinates
X=0,Y=0
or x-2=0,y-3=0
i.e.,, x=2,y=3are coordinates of the vertex of (1).
Equation of the directrix of (3) is

Y = v re. y—3= _73 or y :% 1s an equation of the directrix of (1).

Magnitude of the latusrectum of the parabola (3) and also of (1) is 3.
The graph of (1) can easily be sketched and is as shown in the above figure.

Theorem: The point of a parabola which is closest to the focus is the vertex of the
parabola. y
Proof: Let the parabola be Pey)
x>=4ay,a>0
with focus at A0, a) and P(x, y) be any point on the F(0.0)
parabola. -

|PF| =X +(y—-a) A(0,0)

:\/4ay+(y—a)2
=y+a

elLearn.Punjab

version: 1.1
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Since y can take up only non-negative values, |PF| is minimum when y = 0. Thus P
coincides with A so that of all points on the parabola, its vertex A is closest to the focus.

Example 4. A comet has a parabolic orbit with the sun at the focus. When the comet is
100 million km from the sun, the line joining the sun and the comet makes an angle of 60°
with the axis of the parabola. How close will the comet get to the sun?

Solution. Let the sun S be the origin . If the vertex of the parabola has coordinates (-a,0)
then directrix of the parabola is

x=-2a, (a>0)
if the comet is at P(x, y), then M
by definition |PS| = |PM|
e, x2+y?=(x+2a)
or y?=4ax + 4a?is orbit of the comet
Now |PS|:\/)cz+y2 7
=x + 2a =100,000,000

The comet is closest to the sun when it is at A.
Now X = PS cos 60°

|PS|  x+2a
2 2
x+2a:2 or x+2a >
|x| 1 2a
100,000,000
2a
or a=25,000,000

Thus the comet is closest to the sun when it is 25,000,000 km from the sun.

[x|=

or

x| |:2a| 2a)

or 2

Reflecting Property of the parabola.

A frequently used property of a parabola is its reflecting property. If a light source is
placed at the focus of a parabolic reflecting surface then a light ray travelling from Fto a point
P on the parabola will be reflected in the direction PR parallel to the axis of the parabola.

The designs of searchlights, reflecting telescopes and microwave antenas are based

on reflecting property of the parabola.
version: 1.1
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Suspension bridge. The main cables are of parabolic shape.
The total weight of the bridge is uniformly distributed
along its length if the shape of the cables is parabolic.
Cables in any other shape will not carry the weight evenly.

Another application of the parabola is in a

Example 6. A suspension bridge with weight uniformly distributed along the length has
two towers of 100 m height above the road surface and are 400 m apart. The cables are
parabolic in shape and are tangent to road surface at the centre of the bridge. Find the
height of the cables at a point 100 m from the centre.

Solution. The parabola formed by the P cables p(-200,100) 0(200,100)

has A(0, 0) as vertex and focus on the y-axis.
An equation of this parabola is x? = 4ay.

SO

The point Q(200,100) lies on the parabola and

4 (0,0
(200)? =4a x 100
or a=100
Thus an equation of the parabola is
x? = 400y. (1)

To find the height of the cables when x = 100, we have from (1)
(100)? = 400y

or y=25

Thus required height =25 m

Find the focus, vertex and directrix of the parabola. Sketch its graph.

(i) y*=8x (i) x*=-16y (iiiy x*>=5y

(iv) y>=-12x v) x2=4(y-1) (vi) y?=-8(x-23)
(vii) x=1)y=8(y+2) (viii) y=6x%-1

(ix) x+8—y?+2y=0 (X) x2-4x-8y+4=0

elLearn.Punjab

Write an equation of the parabola with given elements.

(i) Focus (-3, 1) ; directrix x =3

(i)  Focus (2, 5); directrix y =1

(iii) Focus (-3, 1); directrixx—-2y—-3=0

(iv) Focus (1, 2); vertex (3, 2)

(v) Focus (-1, 0); vertex (-1, 2)

(vi) Directrix x =-2; Focus (2, 2)

(vii) Directrixy =3, vertex (2, 2)

(viii) Directrix y = 1, length of latusrectum is 8. Opens downward.
(ix) Axisy =0, through (2, 1)and (11, -2)

(X)  Axis parallal to y—axis, the points (0, 3), (3, 4) and (4, 11) lie on the graph.

Find an equation of the parabola having its focus at the origon and directrix, parallel
to the (i) x—axis (i) y—axis.

Show that an equation of the parabola with focus at (acosa, asina) and directrix
xcosa+ysina+a=0is
(xsina — ycosa)? = 4a(xcosa + ysina)

Show that the ordinate at any point P of the parabola is a mean proportional
between the length of the latus rectum and the abscissa of P.

A comet has a parabolic orbit with the earth at the focus. When the comet is 150,000
km from the earth, the line joining the comet and the earth makes an angle of 30°
with the axis of the parabola. How close will the comet come to the earth?

Find an equation of the parabola formed by the cables of a suspension bridge
whose span is a m and the vertical height of the supporting towers is b m.

A parabolic arch has a 100 m base and height 25 m. Find the height of the arch at
the point 30 m from the centre of the base.

Show that tangent at any point P of a parabola makes equal angles with the line
PF and the line through P parallel to the axis of the parabola, F being focus.
(These angles are called respectively angle of incidence and angle of reflection).

version: 1.1
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6.5 ELLIPSE AND ITS ELEMENTS

We have already stated that a conic section is an ellipse if e < 1.

Let 0 <e <1 and F be a fixed point and L be a fixed line not containing F. Let P(x, y) be
a point in the plane and |PM| be the perpendicular distance of P from L.
The set of all points P such that

PF

—|=e

PM

is called an ellipse.

The number e is eccentricity of the ellipse, Fa focus and L a directrix.

Let A(—¢, 0) be the focus and line x:_—f be the directix of an ellipse with eccentricity e,
e

(0 <e<1). Let P(x, y) be any point on the ellipse and suppose that |PM| is the perpendicular
distance of P from the directrix. Then

|PM|=x+:—2

The condition |PF|=e|PM| takes the analytic form
"

M P(x.y)

"l

2 22 C ?
(x+c) +y =e )c+e—2

¢ Fl-c, )

2 2
2 2 2 2.2 c 2 2 2 2
or x +2cx+c +y =ex +2cx+e—2 or x@d ey )= ?(—} e)

version: 1.1

X )
or —+—5——-=1 1
a az(l—ez) ()
If we write b%? = a? (1 — e?), then (1) takes the form
2 2

Xy
?'f‘b—zzl (2)

which is an equation of the ellipse in the standard form.

Moreover, eccertricity of the ellipse is e=<,
We have b? =0a? (1 —e?) “
(i)  From the relation b? =a? (1 — e?), we note that b <a

(i) Since we set £:a, the focus F has coordinates (-ae, 0) and equation of the
e

. . a
directrix is x=—.

Q

(iii) If we take the point (ae, 0) as focus and the line x=2 as directrix, it can be
e

seen easily that we again obtain equation (2). Thus the ellipse (2) has two foci

(—ae, 0) and (ae, 0) and two directrices x= J_r%.
(iv) The point (acos6, bsind) lies on (2) for all real 6. x = acos6, y = bsind are
called parametric equations of the ellipse (2).
(v) Ifin(2), b=athen it becomes
X2+ )2 =P
which is a circle. In this case b? = g%(1 — e?) = 0> and so e = 0. Thus circle is a special case
of an ellipse with eccenctricty 0 and foci tending to the centre.

Definitions: Let F" and F be two foci of the ellipse
X2 y2
?'Fb—zzl (1)

version: 1.1
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B'(0, b)

,rf’""r-_-_“_-“h"‘\j

L
=t 2 yz
F'(=c, 0) F'(e,|0) e = t2o=1
Al{=a, 1) A(a, 0) . a b
7z \ (0, 0) / z' Since only even powers of both x and y occur in (1), the curve is symmetric with respect
L

& i o Let an equation of the ellipse be

to both the axes.

S U ¢ From (1), we note that

B0, -h)

2 2
x—2£1 and y—2£1

(i)  The midpoint C of FF' is called the centre of the ellipse. In case of (1) coordinates of a b

C are (0,0). ie., x*<a’and y* <b’
(i) The intersection of (1) with the line joining the foci are obtained by setting y = 0 or —a<x<a  and —b<y<b

into (1). These are the points A'(-a, 0) and A(a, 0). The points A and A" are called Thus all points of the ellipse lie on or within the rectangle (2). The curve meets the

vertices of the ellipse. x-axis at A(-a, 0) and A’(a, 0) and it meets the y-axis at B(0,-b), B’(0, b). The graph of the ellipse
(i) The line segment AA' = 2a is called the major axis of the ellipse. The line through can easily be drawn as shown in the following figure.

¥

(0, b)
Y400, )

the centre of (1) and perpendicular to themajor axis has its equation as x = 0. It
meets (1) at points B’ (0, b) and B (0,—-b). The line segment BB'=2b is called the
minor axis of the ellipse and B, B are some-times called thecovertices of the
ellipse. Since b? = a*(1 — e?) and e < 1, the length of the major axis is greater than
the length of the minor axis. (See figure)

(iv)  Foci of an ellipse always lie on the major axis.

(v) Each of the focal chords LFL' and NF'N’' perpendicular to the major axis of an

A(=a, 0) Ala, 0y

- X

Bib, O) B(0,-h)
ellipse is called a latusrectum of the ellipse. Thus there are two laterarecta of an @)
b2 (11)
ellipse. It is an easy exercise to find that length of each latusrectum is —
{See problem 5}. “
. A . . . . A0, —a
(vi) If the foci lie on the y—axis with coordinates (0,—ae) and (0,ae), then equation of the The graph of the eIIiF;se}
ellipse is
2 2 X Y 1 b
Z+X =1 a>b PR
b a

The reader is urged to derive this equation. can be sketched as in the case of (1). Its shape is shown in above figure (ii).

version: 1.1 version: 1.1
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Summary of standard Ellipses

Note: In each ellipse
Length of major axis = 2a, Length of minor axis = 2b

2

V4

, Foci lie on the major axis

Length of Latusrectum =

. x2 y2 x2 y2
Equation ?+b_2:1’a>b ?+?=l,a>b
c’=a*-b? c’=a*-b?
Foci (xc, 0) (0, +0)
Directrices x=i% y :iiz
e e
Major axis y=0 x=0
Vertices (xa, 0) (0, +a)
Convertices (0, +b) (xb, 0)
Centre (0, 0) (0, 0)
Eccentricity e=S<1 e=<<1
a a
>
s
T

Graph AKB ; y

version: 1.1

Example 1. Find an equation of the ellipse having centre at (0,0), focus at (0,-3) and one
vertex at (0,4). Sketch its graph. )
[
A(0,~4)
Solution. The second vertex has coordinates (0, —4).
Length of the semi-major axis is
a=4 T F(O)3)
Also c=3
From b2=a?- ¢, we have B(=7, 0) B(N1.0
b>’=16-9=7 c
b=~/7 which is length of
the semi-minor axis. + F(0/-3)
Since the foci lie on the y-axis;
equation of the ellipse is (0, —4)
e
16 7
The graph is as shown above.
Example 2. Analyze the equation
4x* + 9y? = 36
and sketch its graph.
Solution: The given equation may be written as
¥y
2 2 4
L A B(0, 2)
9 4
which is standard form of an ellipse.
rd form of an ellip » ﬁ m
Semi-major axis a =3 4 (=3,0) , , i
Semi-minor axis b = 2 C (0, 0) A'(3.0)
From b?=a*-c*, we have
c2=b*-0°=9-4=5 B (0,-2)
or c=+5
Foci: F(—/5,0), F'(/5,0); Vertices: A(-3,0),4'(3,0)
version: 1.1
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Covertices: B(0,-2),B'(0,2); Eccentricity = E:TS.
a
2
Directrices: x:iiziﬁzii; Length of latusrectum = 267 _4
ez 59 \/g a 3
The graph is as shown above.
Example 3. Show that the equation
Ox>—18x+4y>+8y—-23=0 (1)
represents an ellipse. Find its elements and sketch its graph.
Solution: We complete the squares in (1) and it becomes
(Ox2-18x+9)+(4y2+8y+4)-36=0
or Ox -1y +4(y+1)=36
2 2
or LU D, (2)
4 9
Ifwesetx—1=Xy+1=Yinto (2), it becomes
X v
PR ©)
which is an ellipse with major axis along X = 0 i.e., along the line, x — 1 =0

(i.e. a line parallel to the y-axis)
Semi-major axis =3, Semi-minor axis = 2

c=\9-4=45, Eccentricity = — £
Centreof (2)isX=0,Y=0
or x-1,y=-1ie.,(1,-1)is centre of (1)
The foci of (2) are

X=0,Y=+/5
e, x-1=0,y+1=4/5
i.e, (1,—1++5) and (1,—1—+/5) are foci of (1).

version: 1.1
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Vertices of (2) are 1 A'(-1,2)
X=0,Y=43 1.e., x 5y =F %
or (1,-4)and(1,2) / Lo
are the vertices of (1). 5 e ¥
Covertices of (2) are g ( 1){3,—11
X=22,Y=0 (=1,-1)
e, x-1=+2,y+1=0 \
or (-1,-1) and (3,-1)
are the covertices of (1).
The graph of (1) is as shown.
Example 4. An arch in the form of half an ellipse is 40 m wide and 15 m high at the

centre. Find the height of the arch at a distance of 10 m from its centre.

Solution: Letthe x-axis be along the base of the arch and the y-axis pass through its centre.
An equation of the ellipse representing the arch is

2 2
2"—02+1y?=1 (1)
Let the height of an arch at a distance of 10 m from the centre be y. Then the points
(10, y) lies on (1)
For x =10, we have B(10, 15)

P10, y)
2

Vo1 [V

157 4 2
so that y= #

15\/5 ’ ! ’ !
Required height =~ =m. A(-20, 0) C A’(20, 0)
version: 1.1
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1.  Find an equation of the ellipse with given data and sketch its graph:
(i) Foci (+3,0) and minor axis of length 10
(i)  Foci(0,-1) and (0,-5) and major axis of length 6.

(iii) Foci (—3\/5,0) and vertices (+6,0)
(iv) Vertices (-1,1), (5,1); foci (4,1) and (0,1)

(v)  Foci (++/5,0) and passing through the point (%\/gj

(vi) Vertices (0O, £5), eccentricity %

(vii) Centre (0,0), focus (0, —3), vertex (0,4)

(viii) Centre (2, 2), major axis parallel to y-axis and of length 8 units, minor axis
parallel to x-axis and of length 6 units.

(ix) Centre (0, 0), symmetric with respect to both the axes and passing through
the points (2, 3) and (6, 1).

(x)  Centre (0, 0), major axis horizontal, the points (3, 1), (4, 0) lie on the graph.

2. Find the «centre, foci, eccentricity, vertices and directrices of the
ellipse, whose equation is given:
(i) x>+4y°=16 (i) 9x>+y*=18

2 2
(i) 25x +9y2 = 225 (iv) (2’:1) L 1+62) -1

(v) x2+16x+4y>—16y+76=0
(vi) 25x%+4y?—250x - 16y +541=0
3. Let a be a positive number and 0 < ¢ < a. Let F(—¢, 0) and F’(c, 0) be two given points.
Prove that the locus of points P(x, y) such that
|PF|+|PF’|=2a, is an ellipse.
4. Use problem 3 to find equation of the ellipse as locus of points P(x, y) such that the
sum of the distances from P to the points (0, 0) and (1, 1) is 2.
5. Prove that the lactusrectum of the ellipse.

x2 2 2b2
Lo 2

2
a a

S
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version: 1.1

6.6

The major axis of an ellipse in standard form lies along the x-axis and has length
42 . The distance between the foci equals the length of the minor axis. Write an
equation of the ellipse.

An astroid has elliptic orbit with the sun at one focus. Its distance from the sun
ranges from 17 million miles to 183 million miles. Write an equation of the orbit
of the astroid.

An arch in the shape of a semi-ellipse is 90m wide at the base and 30m high at the

centre. At what distance from the centre is the arch 202 m high?

The moon orbits the earth in an elliptic path with earth at one focus. The major and
minor axes of the orbit are 768,806 km and 767,746 km respectively. Find the
greatest and least distances (in Astronomy called the apogee and perigee
respectively) of the moon from the earth.

HYPERBOLA AND ITS ELEMENTS

We have already stated that a conic section is a hyperbola if e > 1. Let e > 1 and F be

a fixed point and L be a line not containing F. Also let P(x, y) be a point in the plane and

|PM| be the perpendicular distance of P from L.

The set of all points P(x, y) such that

PF
|———|=e>1 (1)
[PM|
is called a hyperbola.
F and L are respectively focus and directrix of the hyperbola e is the eccentricity.

Let Fc, 0) be the focus with ¢ > 0 and x=- be the directrix of the hyperbola.

2
e

Also let P(x, y) be a point on the hyperbola, then by definition

|PF| _
Py

version: 1.1
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2
i.e.(x—c)2+y2:ez(x—£) or x> 2cx cF y= Xt

2
e

1

or x(&-1)-y'=c’ (1——2] :é(e2 ~1) (2)
e) e

Let usseta = 5, so that (2) becomes

(@ -)-y'-a’(e-1)=0- or ==

or

N

where

2

e
2 2

oy
a’ a*(e’-1)

2 2
oL (3)

b
b>=a%e*-1)=c>-0a®> " c=ae

(3) is standard equation of the hyperbola.

It is clear that the curve is symmetric with respect to both the axes.
If we take the point (-¢, 0) as focus

and the line x=—% as directrix, then it

is easy to see that the set of all points

P(x, y) such that

2
e

Fi{-¢. 0

FPlx,¥)

r
o

&

Fe. 0)

|PF|=e|PM|

is hyperbola with (3) as its equation.
Thus a hyperbola has two foci and two

directrices.

If the foci lie on the y-axis, then roles of x and y are interchanged in (3) and the equation
of the hyperbola becomes

S

2

=1.

S| =

Definition: The hyperbola

[§S)

QN| =

[\S)

=1 (1)

%<

meets the x-axis at points with y = 0 and x = +a. The points A(-a, 0 and A'(a, 0) are called
vertices of the hyperbola. The line segament AA" = 2a is called the transverse (or focal)
axis of the hyperbola (3). The equation (3) does not meet the y-axis in real points. However
the line segment joining the points B(0, —b) and B'(0, b) is called the conjugate axis of
the hyperbola. The midpoint (0,0) of AA" is called the centre of the hyperbola.

In case of hyperbola (3), we have

b? = a’(e?— 1) = ¢? — a2 The eccentricity e=S51
a

so that, unlike the ellipse, we may haveb>a or b<a orb=a

2 2
(i)  The point (a sec 6, b tan 0) lies on the hyperbola X——Z—z

5 =1 for all real values of 6.
a

The equations x=a sec®, y=btan 0 are called parametric equations of the hyperbola.

. b
(iii) Since y=+—/x*—a’ ,when |x| ,sothatx® &> 3, we have

a

r= b x ie. x—z—y—zzo (2)
a a b

The lines (2) do not meet the curve but distance of any point on the curve from any of
the two lines approaches zero. Such lines are called asymptotes of a curve. Joint equation
of the asymptotes of (3) is obtained by writing 0 instead of 1 on the right hand side of the
standard form (3). Asymptotes are very helpful in graphing a hyperbola.

The ellipse and hyperbola are called central conics because each has a centre of

symmetry.

Xy (1)
a2

The curve is symmetric with respect to both the axes. We rewrite (1) as

y2 x* 2 b’ 2 2

b—zz? 1 or -y & a’)

+y= 2 2
or ty= —\/x" a (2)

version: 1.1
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If |x| <a, thenyisimaginary so that no portion of the curve lies between —a < x < a. For

xZa,y:é\/xZ—a2 Séx

a a

so that points on the curve lie below the corresponding points on the line y:éx in
first quadrant. ¢

Y= 2\/%2 a’ _—bx if>x a

a a
and in this case the points on the curve lie above the line y :_—bx in fourth quadrant.
If x < a, then by similar arguments, y

y:é\/xz_az lies below the corresponding point
a

on y=_—bx in second quadrant.
a

If y:__b\/xz—az, then points on the curve lie g g 5
a

Fic.) N

above the correspondent point on yzéx in
a

third quadrant. Thus there are two branches of

the curve. Moreover, from (2) we see that as |x| - «,
to infinity

y| — o0 so that the two branches extend

Summary of Standard Hyperbolas

. x2 y2 y2 X2
Equation ——-==1 ——-—=1
9 a b a b’
Foci (¢, 0) (0, £0)
Directrices X=i% y =J—r%
e e
Transverse axis y=0 x=0
Vertices (xa, 0) (0, xa)
. e c C
Eccentricity e=—>1 e=—>1
a a

Centre (0, 0) (0, 0)
P
Graph “\ ] g [/ - T

Example 1. Find an equation of the hyperbola whose foci are (£4, 0) and vertices (£2, 0).

Sketch its graph.

Solution: The centre of the hyperbola is the origin
and the transverse axis is along the x-axis. Here
c=4anda=2sothatb’=c-0*°=16-4=12.
Therefore, the equation is

Y

'I.'=‘uﬁ.1'

2 2
X )

=1.
4 12
The graph of the curve is as shown.

Example 2. Discuss and sketch the graph of the equation
25x% — 16y? = 400 (M
Solution: The given equation is

2 2 2 2

Y1 —or= x_2 y—z
16 25 4 5
which is an equation of the hyperbola with
transverse axis along the x-axis.

Here a=4,b=5

From b?=c*-a*, we have
> =34 or c=+/34
Foci of the hyperbola are: (++/34,0)
Vertices: (+4, 0)
Ends of the conjugate axes are the points (0, £5)

version: 1.1
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Wewritex—1=X,y+1=Yin (2), to have

Eccentricity: e:E:@ X r
a 4 1—2—?=1 3)
The curve is below the lines = gx . ix so that it is a hyperbola ywth cehtre at X = O,. Y =0 i.e., the cent-re of (1) is (.1, -1).
a 4 The transverse axis of (3)isY=0i.e, y+ 1 =0 is the transverse axis of (1). Vertices of
which are its asymptotes. The sketch of the curve is as shown. (3)are:X=4+1,y=0
ie. x-1=x1,y+1=0 or (0,-1)and (2, -1)
Example 3. Find the eccentricity, the coordinates of the vertices and foci of the Here g =1 and b = 2 so that, we have ¢ =va? + 5 =5
asymptotes of the hyperbola "
y2 x2 EJP
E_EZI (1) Eccentricity 6252\/5 \ o //
i —> X
Also sketch its graph. Foci of (3) are: & = <5.7 0 \\ /
- _ A (0,-1) P
Solution. The transverse axis of (1) lies along the y-axis. Coordinates of the vertices are €. x=1 V5 and # 1 )

(0,14).
Here a =4, b =7 so that from ¢ = g% + b?, we get
2=16+49 or c=+65
Foci are: (0,+65)
Ends of the conjugate axis are (7, 0) A(0,4)

ie. (1++/5,-1) and (1-+/5,-1) %-n
are foci of (1). |

NS
- > X Equations of the directrices of (3) are: X LT L
e 65 C(0.0) q N
Eccentricity = — = e A'(0,—4)
a 1 1 1
_ _ or x—-1l=4— or x=1+—4 and x=1-—&4
x=x7,y=14 5 J5 NG

The graph of the curve is as shown. The sketch of the curve is as shown.

Example 4. Discuss and sketch the graph of the equation
4x>-8x—-y>-2y—-1=0 (1)
1.  Find an equation of the hyperbola with the given data. Sketch the graph of each.
Solution: Completing the squares in x and y in the given equation, we have (i)  Centre (0, 0), focus (6, 0), vertex (4, 0)
4> -2x+1)—(y*+2y+1)=4 (i)  Foci (5, 0), vertex (3, 0)
or Ak-1y-(+1)y=4 (iii) Foci (2+5v2,-7), length of the transverse axis 10.
or (x—1)* (vt 1)? » o) (iv) Foci (0, +6), e = 2.

1? 2? (v)  Foci (0, £9), directrices y = +4

version: 1.1 version: 1.1
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(vi) Centre (2, 2), horizontal transverse axis of length 6 and eccentricity e = 2

(vii) Vertices (2, +3), (0, 5) lies on the curve.

(viii) Foci (5, -2), (5,4) and one vertex (5, 3)

Find the centre, foci, eccentricity, vertices and equations of directrices of each of
the following;:

. s o N x_z_y_zz
(i) x*-y*=9 (ii) 7o 1
y_z_x_zz . » o ) _
(iii) P 1 (iv) 1 x =1
(V) (X—1)2 _ (y_1)2 =1 (V|) (y+2)2 _ (x_z)z =1
2 9 9 16

(Vi) 9x* —12x—y" -2y +2=0 (viii) 4" +12y—x"+4x+1=0

(ix) x*—y*+8x—2y-10=0 (X) 9x*—yp*-36x—6y+18=0

Let 0 < a <cand F’ (- 0), Ac, 0) be two fixed points. Show that the set of points
P(x, y) such that

Xy

2 2 2
a c —a

|PF|—|PE’

= 2a, is the hyperbola

(F, F" are foci of the hyperbola)
Using Problem 3, find an equation of the hyperbola with foci (-5, -5) and (5, 5),
vertices (-3v/2,-3v/2) and (3v2,3v/2).
For any point on a hyperbola the difference of its distances from the points (2, 2) and
(10, 2) is 6. Find an equation of the hyperbola.
Two listening posts hear the sound of an enemy gun. The difference in time is one
second. If the listening posts are 1400 feet apart, write an equation of the hyperbola
passing through the position of the enemy gum. (Sound travels at 1080 ft/sec).

TANGENTS AND NORMALS

We have already seen in the geometrical interpretation of the derivative

of a curve y = f(x) or flx, y) = 0 that % represents the slope of the tangent line to
X

the curve at the point (x, y). In order to find an equation of the tangent to a given

version: 1.1

(=)

conic at some point on the conic, we shall first find the slope of the tangent at the given

point by calculating % from the equation of the conic at that point and then using the
X

point — slope form of a line, it will be quite simple to write an equation of the tangent.
Since the normal to a curve at a point on the curve is perpendicular to the tangent through
the point of tangency, its equation can be easily written.

Example 1.
(i)

(i)

(iii)

Solution: (i).

Find equations of the tangent and normal to

y? =4ax (1)
x2 y2
?'f‘b—z:l (2)
x2 y2
P ©)

at the point (x,, y,).

Differentiating (1) w.r.t.  x, we get

or d_y 2a

2 y@ =4a
dx dx

ﬂ} _2a Slope of the tangent at (x,, y,)
dx oy W

Equation of the tangent to (1) at (x,, y,) is

2
Y=n =—a(x—x1) or yy, — ¥, =2ax—2ax, or yy, —2ax=y’-2ax

Adding —2ax, to both sides of the above equation, we obtain

w, =2a(x+x) =y} —4ax,

Since (x,, ,) liesony’ =4ax, so y’ —4ax, =0
Thus equation of the required tangent is

Slope of the normal = 5

Yy, =2a(x +x.).

N
a

(negative reciprocal of slope of the tangent)

=)

version: 1.1



6. Conic Sections

elLearn.Punjab

6. Conic Sections

elLearn.Punjab

Equation of the normal is

Y=N :__yl(x_xl)
2a
x2 yZ
1 —+5=1
) a b
Differentiating the above equation, w.r.t. x, we have

2
x dy o Y bx

a’> b’ dx dx a’y
or d_y} _—b —b* X
dx (x1,01) Cl Y

Equation of the tangent to (2), at (x,, y,) is

-b?

X

Yy=—"Tn=—" _l(x_xl)

34

woyn o —xx x x, oy x Y
e
Since (x,, y,) lie on (2) so, —2 y—z—l

a b
yy1:1

Hence an equation of the tangent to (2) at (x,, y,) is —-+ e
a’

2

axn
.
1
Equation of the normal at (x, y,) is

Slope of the normal at (x,, y,) 1s

2

ay
-W=—7x—-x
Y=y b2x1( 1)

or bxy-bxy=dyx-daxy or ayx-bxy=xy(a-b)
Dividing both sides of the above equation by x, y,, we get

a’x b’y
————=<=4a"-b", as an equation of the normal.

X M
(iii) Proceeding as in (ii), it is easy to see that equations of the tangent and normal

yy a’x b’y :
L+-=-l=1 and ——+——=a’+b’, respectively.

a b X N

Remarks
An equation of the tangent at the point (x,, y,) of any conic can be written by making
replacements in the equation of the conic as under:

2
Replace X XX,

¥ W,

Example 1. Write equations of the tangent and normal to the parabola x? = 16y at the
point whose abscissa is 8.

Solution: Since x=8lies onthe parabola, substituting this value of x into the given equation,
we find
64=16y or y=4
Thus we have to find equations of tangent and normal at (8, 4).
Slope of the tangent to the parabola at (8, 4) is 1. An equation of the tangent the
parabola at (8, 4) is

y—-4=x-8
or x-y-4=0
Slope of the normal at (8, 4) is —1. Therefore, equation of the normal at the given
pointis
y—-4=—(x-28)
or x+y-12=0
Example 2. Write equations of the tangent and normal to the conic %2+%2:1 at the

point (§,1j.
3

version: 1.1

to (3) at (x,, y,) are
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Solution: The given equation is
Ox2+8y?-72=0 (1)
Differentiating (1) w.r.t. x, we have

This is slope of the tangent to (1) at @,1).

Equation of the tangent at this point is

y—1=—3.(x—§j:—3x+8 or 3x+y—-9=0.

The normal at (%1) has the slope %
Equation of the normal is
y—lzl(x—gj or 3y—3:x—§ or 3x-9y+1=0
Theorem: To show that a straight line cuts a conic, in general, in two points and to find the

condition that the line be a tangent to the conic.
Let a line y = mx + ¢ cut the conics

() y=4ax (i) §+§=1 (i) S-L=1
a b a b
We shall discuss each case separately.
(i) The points of intersection of
y=mx+c (1)
and y? = dax (2)

are obtained by solving (1) and (2) simultaneously for x and y. Inserting the value of
y from (1) into (2), we get
(mx + ¢)? = 4ax
or m?x>+ (2mc—-4a)x +c>=0 (3)
which being a quadratic in x gives two values of x. These values are the x coordinates of
the common points of (1) and (2). Setting these values in (1), we obtain the corresponding

version: 1.1
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ordinates of the points of intersection. Thus the line (1) cuts the parabola (2) in two points.
In order that (1) is a tangent to (2), the points of intersection of a line and the parabola must
be conicident. In this case, the roots of (3) should be real and equal.
This means that the discriminant of (3) is zero. Thus

4(mc - 2a)> —4m*c>*=0 i.e.,, —-4mca+4a°=0

or c=2 is. the required condition for (1) to be a tangent to (2). Hence
m

a .
y=mx+—, IS a tangent to y? = 4ax for all nonzero values of m.
m

(i)  To determine the points of intersection of

y=mx+c (M
2 2
and %+§:1 2)

we solve (1) and (2) simultaneously. Putting the wvalue of y from
(1) into (2), we have

2 2

%_I_ (mxb—izr c) _
or (a°m? + b?)x?* + 2mca?x + a*c> — a’b?> =0 (3)
which is a quardratic in x and it gives the abscissas of the two points where (1) and (2)
intersect. The corresponding values of y are obtained by setting the values of x
obtained from (3) into (1). Thus (1) and (2) intersect in two points. Now (1) is a
tangent to (2) if the point of intersection is a single point.
This requires (3) to have equal roots. Hence (1) is a tangent to (2) if

(2mca?)? — 4(a’m? + b?)(a*c?> — a*b?) = 0

1

i.e., m?c?a? — (a°m? + b?)(c? - b?) =0
or m2c?a? — a’m?c? + a’m?b? — b*c> + b* =0
or > =a’m> + b?

or c= V[azmz b’

Putting the value of cinto (1), we have

y=mx ~a¥m® b’

which are tangents to (2) for all non-zero values of m.

version: 1.1
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(iii)  We replace b? by —b? in (ii) and the line y = mx + c is a tangent to

2 2
Thus y=#x +a*wm’ b* are tangents to the hyperbola: x—z—g—zzl for all non-zero
values of m. ¢

Example 4. Find an equation of the tangent to the parabola y? = —6x which is parallel
to the line 2x + y + 1 = 0. Also find the point of tangency.

Solution: Slope of the required tangentis m =-2

In the parabola y? = —6x (1)
_6_3
)
Equation of the tangent is
y:mx+i :—2x+E
m 4
e, 8x+4y-3=0 (2)

—8x+3

Inserting the value of y from (2) viz y = into (1), we have

(—8x+3)2:_6x
4

or 64x?—-48x+ 9 =-96«x or 64x*+48x+9=0

or (Bx+3)=0 e, x=—
Putting this value of x into (2), we get

3
8 =2 |+3
B (8j+ 3
Y 4 2

The point of tangency is (?%)

Example 5. Find equations of the tangents to the ellipse
x2 2
I (1)
128 18

which are parallel to the line 3x + 8y + 1 = 0. Also find the points of contact.

Solution: The slope of the required tangents is %3 Equations of the tangents are

2
y:_—3xi 128.(—§j F18 =Sx+6
8 8 8

Thus the two tangents are
3x+8y+48=0 (2)
and 3x+8y-48=0 (3)
We solve (1) and (3) simultaneously to find the point of contact. Inserting the value of
y from (3) into (1), we get

3 2
2 (8“6) 2 9 36—
+ =1 or +64 2 =1
128 18 128 18
2 2 2
x_+x_+ —zzl— o = *r X I 0
128 128 4 6 4

2
or @—lj —0 ie, x=8  andso %3x 6 3

Thus (8, 3) is the point of tangency of (3).
It can be seen in a similar manner that point of contact of (2) is (-8, -3).

Example 6. Show that the product of the distances from the foci to any tangent to the
hyperbola
.7C2 y2
paa M
is constant.

Solution: The line

y=#x ~Nawm® b’ (2)

version: 1.1
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is a tangent to (1).
Foci of (1) are F(—c, 0) and F'(c, 0).
Distance of F(—c, 0) from (2) is
—em+Na*m® = b*
V1+m?
Distance of F'(c, 0) from (2) is
cm+Na‘m® —b*
V1+m?
2.2

2 2.2 2.2 2 2
-b —cm‘ ‘am —c"+a —cm

d, =

d, =

22
‘am 2 2 2
d xd,= as b” =c” —a

1+m’ 1+m’
a* ¢
a —c¢C
=c2-0% since c>a
=C2

which is constant.

Intersection of Two Coincs
Suppose we are given two conics

2

-1 (1)

S =

%<

and y?=4ax (2)

To find the points common to both (1) and (2), we need to solve (1) and (2)
simultaneously. It is known from algebra, that the simultaneous solution set of two
equations of the second degree consists of four points. Thus two conics will always intersect
in four points. These points may be all real and distinct, two real and two imaginary or all
imaginary. Two or more points may also coincide. Two conics are said to touch each other if
they intersect in two or more coincident points.

6. Conic Sections elLearn.Punjab
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Example 7. Find the points of intersection of the ellipse

2

52 yz X y2
——+——=1 —(1)= andthehyperbola — =— 1 (2)
1377413

A A 7 14

Also sketch the graph of the two conics.

Solution: The two equations may be written as
3x2+4y?=43 (1) and 2x*-y?=14 (2)
Multiplying (2) by 4 and adding the result to (1), we get

11x2 =99 or X =13

Setting x =3 into (2), we have 18 —y?=14 ory = 2

Thus (3, 2)and (3, -2) are two points of intersection y

of the two conics .
Putting x = -3 into (2), we get (=3.2) (3.2)

y=42
Therefore (-3, 2) and (-3, -2) are also points of g X
intersection of (1) and (2). The four points of intersection
. . (-3,-2) (3,-2)
are as shown in the figure.
Example 8. Find the points of intersection of the conics
y=1+x° (1)

and y=1+4x-x? (2)

Also draw the graph of the conics.
Solution. From (1), we have

= Jy 1
Inserting these values of x into (2), we get
y=lx4y-1-(y-1)

or 2y-2=%4Jy-1 or (y-1)* = 4(y-1)

or y-1Ny-1-4)=0

Therefore, y=15

When y=1,x=0

When y=5x=412
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But (-2,5) does not satisfy (2).
Thus (0,1) and (2,5) are

intersections of (1) and (2). y = 1 + x? is a parabola
with  vertex at (0,1) and opening upward,
y =1+ 4x — x> may be written as y — 5 = —(x — 2)?> which
is a parabola with vertex. (2,5) and opening downward

(0.1)
of
Example 9. Find equations of the common tangents to the two conics
2 2 2 2
Tl o+ oad Ly
16 25 25 9

the

points of

(2,5)

Solution. The tangents with slope m, to the two conics are respectively given by

y=mmx 16m> 25

and

y=tmx ~25m° 9

For a tangent to be common, we must have

16m?+25=25m>+9

or O9m =16 or

Using these values of m, equations of the four common tangents are:

B= %Lx\/4_81

m=x1—

3

1.  Find equations of the tangent and normal to each of the following at the indicated

point:

(i) y*=4dax at  (at? 2at)

" x>y ,

(ii) _2+b_2:1 at  (acos 9, bsin )
a

xt oy

(iii) _Z_b_ZZI at  (asecO, btano0)
a

version: 1.1

2.  Write equation of the tangent to the given conic at the indicated point
(i)  3x2=-16y at the points whose ordinate is -3.
(i)  3x2—7y?=20 at the points where y = -1.
(iii) 3x2—7y*+ 2x -y —48 =0 at the point where x = 4.
3. Find equations of the tangents to each of the following through the given point:
(i) x2+y?=25 through (7 ,-1)
(i) y*=12x through (1, 4)
(i) x2—-2y2=2 through (1, -2)
4. Find equations of the normals to the parabola y? = 8x which are parallel to the line
2x + 3y =10.
5. Find equations of the tangents to the ellipse x—2+y2 =1 which are parallel to the line
2x—-4y+5=0. 4
6. Find equations of the tangents to the conic 9x? — 4y? = 36 parallel to 5x -2y + 7 = 0.
7. Find equations of the common tangents to the given conics
(i) x>=80y and x*+y*>=81
(i) y*=16x and x*=2y
8.  Find the points of intersection of the given conics

2 2 2 2

(i) T A and XY
18 8 3 3
(i) x>+y*=8 and x2—yr=1
(i) 3x2—-4y?2=12 and 3y2-2x2=7
(iv) 3x2+5y2=60 and Ox2+y*=124
(V) 4x2+y*=16 and X+y?+y+8=0

6.8 TRANSLATION AND ROTATION OF AXES

Translation of Axes

In  order to facilitate the investigation of properties of a curve
with a given equation, it is sometimes necessary to shift the origin
O(0, 0) to some other point O’ (h, k). The axes O'X, O'Y drawn through O’ remain parallel to
the original axes Ox and Oy. The process is called translation of axes.

version: 1.1
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We have already obtained in Chapter 4 v Y Example 2: By transforming the equation
formulas showing relationships between the | | U x*+4y’—-4x+8y+4=0 (1)
two sets of coordinates of a point referred to P(X.Y) referred to a new origin and axes remaining parallel to the original axes, the first degree
the two sets of coordinate axes. terms are removed. Find the coordinates of the new origin and the transformed equation.
Recall that if a point P has coordinates (x, ) s
y) referred to the xy-system and has coordinates Solution. Let the coordinates of the new origin be (h, k). Equations of transformation are
(X, Y) referred to the translated axes OX, O'Y x=X+h y=Y+k
through O'(h, k), then - Substituting these values of x, y into (1), we get
(0, 0) X+hP+4(Y+k?-4X+h)+8(Y+k+4=0
or X+4Y?+X(2h-4)+Y(8k+8)+h*+4k>—4h+8k+4=0 (2)
(h, k) is to be so chosen that first degree terms are removed from the transformed
x:X”’} (1) equation.
y=Y+k Therefore, 2h—4=0and 8k + 8 =0 giving h =2 and k=-1. New origin is 0" (2, -1).
These are called equations of transformation. Putting h = 2, k = -1 into (2), the transformed equation is X2 + 4Y> -4 = Q.

From (1), we have
Rotation of Axes

sz—h} 2) To find equations for a rotation of axes about the origin through an angle 6(0 < 6 < 90°).
Y=y—k (origin remaining unaltered).

Let the axes be rotated about the origin v
through an angle 6. The new axes OX, OY are as A
shown in the figure.

Let P be any point in the plane with
coordinates P(x, y) referred to the xy-system and
P(X, Y) referred to the XY-system. In either system
the distance r between P and O is the same.

(1) and (2) will be used to transform an equation in one system into the other system.
The axes Ox and Oy are referred to as the original (or old) axes and O'X, O'Y are called
the translated axes (or new axes).

Example 1: Transform the equation x?+6x-8y+17=0 (1)
referred to O'(-3, 1) as origin, axes remaining parallel to the old axes.

. , , Draw PM 1 Ox and PQ L OX. Let a be the
Solution. Equations of transformation are e : ,
= X_3 inclination of OP with OX. From the figure, we have
y=Y+1 .
X=0Q=rcosa,Y=QP=rsin 1
Substituting these values of x, y into (1), we have L cQos(e X )Ot r gn o )oc (1)
= ), = o
(X—3P2+6(X-3)-8(Y+1)+17=0 Y
or X -6X+9+6X-18-8Y-8+17=0 x =#cosfcosa rsinfsina
or X2-8Y=0is the required transformed equation. or = rsin@cosa + rcos@sina} (2)
version: 1.1 version: 1.1
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Substituting the values of r cos a, r sin a from (1) into (2), we get

x=Xcos@—-Ysin@
y=Xsiné+ ycosl

as the required equations of transformation for a rotation of axes through an angle 6.

Example 3: Find an equation of 5x> - 6xy + 5¥2 - 8 = 0 with
respect to new axes obtained by rotation of axes about the origin through an angle of 135°.

Solution. Here 6 = 135. Equations of transformation are

-X Y -l
x=Xcosl35° —Ysinl135° = = X+Y
NN RN A
X Y 1
x=Xsin135°+Ycosl135' = —— = X-Y
N RN A

Substituting these expressions for x, y into the given equation, we have

2 2
5(_X+Yj _6( X+Y X—Y}FS(X—YJ 2—0

V2 22 V2

or %(X2 +2XY +Y7)+3(X° —Y2)+§(X2 —2XY+Y*)-8=0

or 8X*+2Y°-8=0 or 4X2+VYy?=4
is the required transformed equation.

Example 4: Find the angle through which the axes be rotated about the origin so that

the product term XY is removed from the transformed equation of 5x?+2+/3xy + 7x> =16 =0.
Also find the transformed equation.

Solution. Let the axes be rotated through an angle 6. Equations of transformation are
x=XcosO-Ysino ; y=Xsin@+Ycoso
Substituting into the given equation, we get

5(Xcos@ — Ysin0)*+2+/3 (Xcos @ — YsinO)(XsinO+Ycos )
+7(Xsin6+ycos6)-16=0 (1)

Since this equation is to be free from the product term XY, the coefficient of XY
is zero, i.e. —10sinfcosO+2+/3(cos0 — sin’@)+14sinOcosd = 0
or  2sin26+2+/3c0s 26 =0

23

or tan 20 = T: tan 120° or 06=60°

Thus axes be rotated through an angle of 60° so that XY term is removed from
the transformed equation.
Setting 6 = 60° into (1), the transformed equation is (after simplification)
8X?+4Y?-16=0 or 2X*°+Y?-4=0

1. Find an equation of each of the following with respect to new parallel axes obtained

by shifting the origin to the indicated point:
(i) x*+16y-16 =0, 0’(0, 1)
(i) 4x*+y>+16x-10y+37 =0, 0'(2,5)
(i) 9x*+4x2+18x-16y—-11 =0, 0'(-1,2)
(iv) x2—y?+4x+8y—11 =0, 0'(-2,4)
(V) 9x*-4y*’+36x+8y—-4 =0, 0'(2,1)

2. Find coordinates of the new origin (axes remaining parallel) so that first degree
terms are removed from the transformed equation of each of the following. Also find
the transformed equation:

(i) 3x2-2y2+24x+12y+24=0
(i) 25x2+9y2+50x—-36y—-164=0
(iii) x*2—y?—6x+2y+7=0

3. In each of the following, find an equation referred to the new axes obtained by
rotation of axes about the origin through the given angle:
(i) xy=1, 0 =459°
(i) 7x*-8xy+y>*-9=0, 6=arctan2

(i) 9x" +12xy+4y* —x—y=0, H:arctan§

(iv) x2—2xy+y2—2\/5x—2\/§y+220, 0 =45°

version: 1.1
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4.  Find measure of the angle through which the axes be rotated so that the product
term XYis removed from the transformed equation. Also find the transformed equation:
(i) 2x*2+6xy+10y2-11 =0 (i) xy+4x-3y-10=0
(iii) 5x2—6xy +5y*-8 =0

6.9 THE GENERAL EQUATION OF
SECOND DEGREE

Standard equations of conic sections, namely circle, parabola, ellipse and hyperbola
have already been studied in the previous sections. Now we shall take up the general equation
of second degree viz.

Ax>+By’+Gx+Fy+C=0 (1)

The nature of the curve represented by (1) can be determined by examining the
coefficients A, B in the above equation. The following cases arise:

(i) If A=B=0,equation (1) may be written as

G F C
XY +—x+—y+—=0
Y 1 Ay

AxX* +9)+Gx+Fy+C=0 or y

2 2
which represents a circle with centre at(—i,—ij and radius\/ >+ . g
24 24 44~ 44 A

(i) |If A = B and both are of the same sign, then we have
(Ax?+ Gx)+ By’ + Fy)+C=0

2 2 2 2
or  Alx+8x4 G2 +B y2+£y+ il Sl
A 44 B 4

= + —
B*| 44 4B
2 2 2 2
or A()Hij +B(y+ FJ :G +F -C (2)
24 2B 44 4B

If we write X4=x —|GE,Y y i, then (2) can be written as
44 2B

2 2 2 2
AX2+BY2:G—+F——C=K(say) or — = = ! =
44 4B (JK/4)* (JK/B)

which is standard equation of an ellipse in XY-coordinate system.
(iii) If A= B and both have opposite signs (say A is positive and B is negative),

6. Conic Sections
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we can write (1) as

2 2 2 2
or A(x2+%x+4(;2j—B'(y2—£y+ F } G _F —C=M (say)

B 4B” | 44 4B

2 2
or A[x+£j —B'(y— Fj =M
24 2B’

or AX?-B'Y*=M, wheretX =x

X? Y?

(Jwra) (w75
and this is standard equation of a hyperbola in XY-coordinates system.
(iv) IfA=0o0rB=0 (both cannot be zero since in that case the equation (1)
reduces to a linear equation). Assume A= 0 and B = 0.
The equation (1) becomes Ax> + Gx+ Fy+ C=0

2 2
or 4l x+Sxs G2 :_Fy_C+G_
A 44 44

2 2
or A()H—gj =-F y+£— G
24 F 44F
c G

or AX’=-FY, whereX:x+£, Y=y+—-
24 F  44F

which is standard equation of a parabola in XY-coordinates system.

We summarize these results as under:

Let an equation of second degree be of the form Ax? + By? + Gx + fy + C= 0.
It represents:

(i) acircleifA=B=0

(i) anellipse if A= B and both are of the same sign

(iii) ahyperbolaif A= B and both are of opposite signs

(iv) aparabolaif either A=0orB=0.

The most general equation of the second degree

version: 1.1
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ax? + 2hxy + by? + 2gx + 2fy + c=0 (1)
represents a conic. The quantity h?> — ab is called the discriminant of (1). Nature of the conic
can be determined by the discriminant as follows. (1) represents:
(i) anellipseoracircleifh?—ab<0
(ii) aparabolaifh?—ab=0
(ifi) a hyperbolaif h>—ab>0
The equation (1) can be transformed to the form
AX?+ BY?+2GX+2Fy+C=0 (2)
if the axes are rotated about the origin through an angle 6, (0 <6 < 90°) where 6 is given by

2h
a—-b
If a=b ora=0=b, then the axes are to be rotated through an angle of 45°.
Equations of transformation (as already found) are

tan 26 =

x:Xcosﬁ—YsinH} 3)
y=Xsinf+Ycosf

Substitution of these values of x, y into (1) will result in an equation of the form (2) in
which product term XY will be missing. Nature of the conic (2) has already been discussed in
the last article.

Solving equations (3) for X, Y we find

X =xcos@+ ysin@
g } (4)

Y= xsinf ycosd
These equations will be useful in numerical problems.

Note: Under certain conditions equation (1) may not represent any conic. In such a case
we say (1) represents a degenerate conic.
One such degenerate conic is a pair of straight lines represented by (1) if

h g
h b [ |=0.
f c

(%
S

The proofs of the above observations are beyond our scope and are omitted.

version: 1.1

Discuss the conic 7x* —6+/3xy +13y* =16 =0 (1)
and find its elements.

Example 1:

Solution. In order to remove the term involving xy, the angle through which axes be

rotated is given by

tan26 = ;6—\5 = \/5 °or 6=30

Equations of transformation are

x=Xcos30°-Ysin30°= \/§)§_y
X +3Y @
y= Xsin30°+ ¥ cos 30° =+T

Substituting these expressions in to the equation (1), we get

7{\6);_1/)2 —6\/5[\B)g_YJEXZﬁY}H{X“EYT ~16

2

which simplifies to

4X*+16Y° =16 + o= v T 1 (3)

This is an ellipse.
Solving equations (2) for Xand Y, (or as already found in (4) of 7.7.1, we have

::x/§x+y % —x+\/§y
2 2
Centre of the ellipse (3)isX=0,Y=0
ie., 3x+y=0- + and= x 3y 0

giving x=0,y=0.Thus centre of (1) is (0, 0)
Length of the major axis = 4, length of minor axis = 2

Vertices of (3) are: X=%2,Y=0
le., \/§x2+y = 2 and L—;@ 0

Q,

version: 1.1
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Solving these equations for x, y, we have
(3, 1),(—/3,-1), as vertices of (1).

Ends of the minor axisare X=0and Y= 1 ie., ﬁ%ﬂé
equations, we get l,i and | -+, V3
22 272

as ends of the minor axis of (1).
Equation of the major axis: Y =0, e, —x+3y=0
Equation of the minor axis: X = 0, e, Bx+y=0
Example 2: Analyze the conic xy = 4 and write its elements.
Solution: Equation of the conicis

xy—-4=0 (M

d —x+\/§y
2

=+1. Solving these

Here a = 0 = b, so we rotate the axes through an angle of 45° Equations of

transformation are

x =X cos45°—Ysin45° :ﬂ

V2 2)
y=Xsin45°—-Y cos45°= Xy

V2

Substituting into (1), we have

[

or X°-Y?=8
2 2
£or

which is a hyperbola.
Solving equations (2) for X, Y, we have

- 7 y XtV
V27 V2
Centre of the hyperbola (3) is

X=0,Y=0
. xX+y —X+y
lL.e., ———=9, and 0
V2 V2
or x=0, y=0isthecentreof (1)
Equation of the focal axis: Y=0ie. y=x

Equation of the conjugate axis: X=0i.e. y=-x.
Eccentricity = /2
Fociof(3: X = 2v2.2 # 0

or x+y=i4\/§
and —x+y=0

Solving the above equations for x, y, we have the foci of (1) as (2+/2,2+v2) and (-2v2,-22)
Vertices of (3): X = 242, Y 0

l.e., - +22 and =« + 9

V2

Solving these equations, we have the foci of (1) as

(24/2,242) and (-24/2,-22)

Verticesof 3): X= 22, Y 0

uhP A +242 and  —x+y =0

Solving these equations, we have

(2, 2), (-2, -2) as vertices of (1).
Asymptotes of the hyperbola (3) are given by X2 - Y2=0
or X-Y=0 and X+Y=0

X+y  —x+y _ X+y o —x+y _
=0 and =0
V2 V2 V2 2

i.,e, x=0 and y=0 areequations of the asymptotes of (1).

i.e.,

Example 3: By a rotation of axes, eliminate the xy-term in the equation
Ox>+12xy +4y>+ 2x -3y =0 (1
|dentify the conic and find its elements.

()

version: 1.1
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Solution: Herea=9,b=4,2h=12. The angle 6 through which axes be rotated to given by

tan 20 :i = 12
9-4 5
2tan @ 12
or ———=—
l1-tan“ @ 5
or 5tano = 6 — 6tan? 0

or 6tan’0+5tan6-6=0

—5+25+144 —5+13

12 12

tan@ =

23
3’2

Since 0 lies in the first quadrant, tan@:—% is not admissible.

2 2 3
tanfd =—= si’ —, cost! —
3 J13 J13
Equations of transformation become
3 2
x=Xcos@—Ysinf = X - Y
NEMNE o
2 3
=Xsind+Ycosf = X+ Y
g NENN TN
Substituting these expressions for x and y into (1), we get
9 2 12 4 2
3X-2Y)y +—BX-2V)3X +3Y)+—(2X +3Y
(\/ﬁ)z( ) 13( X ) 13)( )

2 3
+——(3X -2Y)———(2X +3Y)=0
3¢ TR )

NE
or %(9)(2 —12XY +9Y?) +%(6X2 +5XY —-6Y7)

+%(4X2 +12XY —9Y*) =13V =0

§+2+E X+ —@+@+ﬁ XY
13 13 13 13 13 13

36 72 36).,
+| ———+— |V =13V =0
(13 13 13) Vi3

6. Conic Sections

elLearn.Punjab

1

or 13X*-13Y=0 wor X —Y
J13

which is a parabola.
Solving equation (2) for X, Y, we have X = 3)i/+_2y Y = _2\713)}
Elements of the parabola are: 13 13
Focus: X =0 Y—L

' ’ 413
, 3x+2y —2x+3y 1
l.e., =% and

J13 JI3 413

: , | 3.

Solving these equations, we have x = 5—6,); 5 i.e., Fecus

Vertex X=0, Y=0
ie., x=0, y=0 e, (0,0)
Axis X=0 e, 3x+2y=0

. 2 .
x-Intercept = — 5, y-1ntercept =%.

Example 4:
equation of each line.

Solution: Herea=2,b=0,h:—;:,g %,f 1, c
> L1 3
¢ h g 2 2
h b | = ;— 0 1
g f c
2 1 2
2
:l —1+é +1 —2+§
2 2 4

2.

ie., 3x+2y=0and-2x+3y=0

Show that 2x> — xy + 5x — 2y + 2 = 0 represents a pair of lines. Also find an

version: 1.1
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_3.3)
4 4
The given equation represents a degenerate conic which is a pair of lines. The given
equation is

22+ x(5-y)+(-2y+2)=0

x:y—Si\/(y—S)z—S(—2y+2)

4
y=5%4y* =10y +25+16y-16
- 4
_y=5+t(y+3)

or

Equations of the lines are2x-y+1=0and x+2 =0.

Tangent
Find an equation of the tangent to the conic
ax? + 2hxy + by + 2gx + 2fy+c=0 (1)
at the point (x,, y,)
Differentiating (1) w.r.t. X, we have
2ax+2hy+2hxd—y+2byﬂ+2g+2fQ:O
dx dx dx
or @:_ax+hy+g
dx hx+by+ f
or

Q} _axthy+g
dx ) hx, +by, + f

Equation of the tangent at (x, y,) is

ax,+hy, +g
— :——x,
Y=N0 hx1+byl+f( 1 y1)

or (x—x)(ax; +hy, + )+ (y = y)(hx, + by, + f) =0
or  axx,+hxy, +gx++hxy+byy+ fy

version: 1.1
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=ax,” +2hx,y, + gx, + by’ + f,
Adding gx, + fy, + ¢ to both sides of the above equation and regrouping the terms,
we have
axx, + h(xy, +yx,) + byy, +gx+x )+ fly+y,) +c¢
= =ax +2hxy, +by’ +2gx, +2f, +c¢
=0
since the point (x, y,) lies on (1).
Hence an equation of the tangent to (1) at (x, y,) is
axx, + h(xy, +yx,) + byy, +gx +x) +fly +y,)+c=0

Note: An equation of the tangent to the general equation of the second degree at the
point (x,, y,) may be obtained by replacing

X2 by  xx,

¥ W,

Xy, + X,
2X X+X,
% Yty
in the equation of the conic.

Example 5: Find an equation of the tangent to the conic x2 — xy + y> — 2 = 0 at the point
whose ordinate is v/2.

Solution: Putting y=+/2 into the given equation, we have
X —2x=0
x(x=+2)=0 x=0,2
The two points on the conic are (0,2) and (v2,42).
Tangent at (O,x/i) is

O.x—%(x.x/z+0.y)+\/§y—2:0

or  x-2y+242=0
Tangent at (\/5,\/5) is

version: 1.1
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\/Ex—%(\/ix+ﬁy)+\/§y—2=0
or \/§x+\/§y—4=0

1. By a rotation of axes, eliminate the xy-term in each of the following equations.
|dentify the conic and find its elements:
(i) 4x*—4xy+y*-6=0
(i) x*—2xy+y*-8x—-8y=0
(i) ¥ +2x+ 1 +242-242y+2=0
(iv) x*+xy+y’-4=0
(v)  7x*—=63xp+131°=16=0
(Vi) 4dx?—4dxy+7y*+12x+6y—-9=0
(vii) xy—4x-2y=0
(Viii) x> +4xy—22-6=0
(iX) x*—4dxy—-2y*+10x+4y=0

2. Show that (i)  10xy+8x—-15y-12=0 and
(i) 6x*+xy—y*-21x-8y+9=0
each represents a pair of straight lines and find an equation of each line.

3. Find an equation of the tangent to each of the given conics at the indicated point.
(i) 3x*-7y*+2x-y-48=0 at  (4,1)
(i) x*+5xy—-4y>+4=0 at  y=-1
(i) x*+4xy—3y?-5x-9y+6=0 at  x=3.

version: 1.1
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7.1 INTRODUCTION

In physics, mathematics and engineering, we encounter with two important quantities,
known as “Scalars and Vectors”.

A scalar quantity, or simply a scalar, is one that possesses only magnitude. It can
be specified by a number alongwith unit. In Physics, the quantities like mass, time, density,
temperature, length, volume, speed and work are examples of scalars.

A vector quantity, or simply a vector, is one that possesses
both magnitude and direction. In Physics, the quantities like displacement, velocity,
acceleration, weight, force, momentum, electric and magnetic fields are examples of vectors.

In this section, we introduce vectors and their fundamental operations we begin with
a geometric interpretation of vector in the plane and in space.

{a) (b) (c)

Geometrically, a vector is represented by a directed line segment 4B with A its initial
point and B its terminal point. It is often found convenient to denote a vector by an arrow
and is written either as 4B or as a boldface symbol like v or in underlined form v.

(i)  The magnitude or length or norm of a vector 4B or v, is its absolute value and is

written as [4B] or simply AB or |y.
(ii) A unit vector is defined as a vector whose magnitude is unity. Unit vector of vector

i<

v is written as v (read as v hat) and is defined by v=

<

(iii)  If terminal point B of a vector |,4_B] coincides with its initial point A, then magnitude

AB =0 and @ =0, which is called zero or null vector.
(iv) Two vectors are said to be negative of each other if they have same magnitude but
opposite direction.

If Ezy, then QZ——BZ—X

and ‘ﬂ‘ E ‘—E‘

We use the word scalar to mean a real number. Multiplication of a vector v by a scalar
'k’ is a vector whose magnitude is k times that of v. It is denoted by kv .
(i) If k is +ve, then v and kv are in the same direction.
(i) Ifkis—ve, then v and kv are in the opposite direction
B D
(a) Equal vectors
Two vectors 4B and are said to be equal, if D
they have the same magnitude and same direction

e AB
.., [4B|=|cD)
A
(b) Parallel vectors
Two vectors are parallel if and only if they are non-zero
scalar multiple of each other, (see figure). 1B

Addition of two vectors is explained by the following two laws:

(i) Triangle Law of Addition

version: 1.1
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If two vectors u and v are represented by
the two sides AB and BC of a triangle such
that the terminal point of u coincide with
the initial point of v, then the third side AC of
the triangle gives vector sum u + v, that is

AB+BC=AC = u+v=AC

(ii) Parallelogram Law of Addition
If two vectors u and v are represented by two adjacent
sides AB and AC of a parallelogram as shown in the ‘?\
figure, then diagonal AD give the sum or resultant 4B
of 4B and AC , thatis

AD=AB+ AC=u+v

Note: This law was used by Aristotle to describe the combined action of two forces.

(b) Subtraction of two vectors
The difference of two vectors 4B and AC is defined by

AB—AC = AB+(~AC)

u-v=u+(-v)

|
|
=l
|
i
e

(b)

In figure, this difference is interpreted as the main diagonal of the parallelogram with
sides 4B and —AC. We can also interpret the same vector difference as the third side
of a triangle with sides 4B and AC. In this second interpretation, the vector difference

AB - AC = CB points the terminal point of the vector from which we are subtracting the
second vector.

7. Vectors elLearn.Punjab
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O

The vector, whose initial point is the origin O and whose ==
terminal point is P, is called the position vector of the point P
and is written as OP.

The position vectors of the points A and B relative to the

=Y

origin O are defined by O4=4 and OB =b respectively.
In the figure, by triangle law of addition,
OA+ AB = OB
a+AB=b

—_—

= AB=b a

Let R be the set of real numbers. The Cartesian plane is defined to be the R? = {(x, y) : x,
¥ € R}

An element (x, ¥) € R? represents a point P(x, y) which ¥
is uniquely determined by its coordinate x and y. Given a P(x,y)
vector u in the plane, there exists a unique point
P(x, y) in the plane such that the vector OP is equal to u 1
(see figure). So we can use rectangular coordinates (x, y) for P to
associate a unique ordered pair [x, y] to vector u.

We define addition and scalar multiplication in R? by: O

(i)  Addition: Forany two vectors u=fx,y] and v [x’,)'], we have
g+y:[x,y]+[x',y'] :[x+x',y+y']
(i)  Scalar Multiplication: Foru =[x, y] and a € R, we have
ou = alx, y] = [ox, ay]
Definition: The set of all ordered pairs [x, y] of real numbers, together with the rules of
addition and scalar multiplication, is called the set of vectors in R2.

version: 1.1
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For the vector u = [x, y], x and y are called the components of u.

Note: The vector [x, y]is an ordered pair of numbers, not a point (x, y) in the plane.

(a) Negative of a Vector
In scalar multiplication (ii), if o = -1 and u = [x, y] then
ou = (=1) [x, y] = [-x, -y]
which is denoted by —u and is called the additive inverse of u or negative vector of u.

(b) Difference of two Vectors
We defineu—vasu+ (-v)
If
u-v

:%x,y] and v [x’,y'], then
u+(-v
[ey]+ ==y ]=[x=x.y -]

noIs

(c) Zero Vector
Clearly u + (-u) =[x, y]1 + [-x, ¥]1 =[x —x, y — y1 = [0,0] = Q.
0=10,0] is called the Zero (Null) vector.

(d) Equal Vectors
Two vectors u =[x, y] and v =[x, y '] of R? are said to be equal if and only if they have the
same components. That is,
[x, y1=[x",ylifandonlyifx=x"andy =y’
and we writeu =y

(e) Position Vector

For any point P(x, y) in R?, a vector u = [x, y] is represented by a directed line segment
OP, whose initial point is at origin. Such vectors are called position vectors because
they provide a unique correspondence between the points (positions) and vectors.

y

7. Vectors elLearn.Punjab

(f) Magnitude of a Vector 1
For any vector u =[x, y] in R?, we define the magnitude or norm P(x,y)
or length of the vector as of the point P(x, y) from the origin O R |y
Magnitude of OP = ‘@‘ | Xy p X Zo
version: 1.1

)

Let v be a vector in the plane or in space and let ¢ be a real number, then
(i) |v>0, and |[v|=0 ifandonlyify=20

(i) Jey|=

d

Proof: (i) We write vector vin component form as v = [x, y], then

v|=+/x*+»* >0 for all xand y.

Further [y|=4/x*+)* =0 ifand only ifx=0,y =0
In this casey=1[0,0]1=0

(i) |cy| = |cx,cy| = \/(cx)2 +(cy)2 = \/cizwlxz +y° = |c||y|

We introduce two special vectors, 4
i=[1,0], j=[0,1] in R?

As magnitude of i=+/1"+0° =1 AOR)

magnitude of j=+0*+1° =1

o) . (1, 0)

i

So iand; are called unit vectors along x-axis, and along y-axis respectively. Using the
definition of addition and scalar multiplication, the vector [x, y] can be written as

u=[x,y] = [x,0]+[0,y]

= x[1,0] +y[0,1] :
- S , P(x,y)

Thus each vector [x, y] in R? can be uniquely represented by

Xi+yj. 5 vJj

In terms of unit vector i and j, the sum u + v of two vectors — - > x
u=Fx,y] and y [x',)'] is written as 0 L
g+y:[x+x',y+y']
:(x+x')g’+(y+y')l
version: 1.1
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A vector u is called a unit vector, if |u|=
Now we find a unit vector u in the direction of any other given vector ».
We can do by the use of property (ii) of magnitude of vector, as follows:

1

i

=—h|=1
Izl||

1
the vector v _HV 1s the required unit vector
v

It points in the same direction as v, because it is a positive scalar multiple of v.

Example 1:

Forv=1[1,-3]and w=[2,5]

(i) v+w=[1,-31+[25]1=[1+2,-3+5]=[3,2]
(i) 4dv+2w=1[4,-12]1+[4,10] =[8,-2]

(iii) v-w=[1,-31-1[251=1[-2, 3 -5] =[-1,-8]
(iv) »- z=[|—1 -3 +3]=[0,0] =

v) M=W=v1+9=\/ﬁ

Example 2: Find the unit vector in the same direction as the vector v = [3, —4].
Solution: v=[3,-4]=3i-4;
b =y/37 +(—4)? =425 =5
Now U= |1—| V= ; [3,—4] (u is unit vector in the direction of v)
v
_[i -4
55
2 2
Verification: |u|= ER I L
5 5 25 25
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Example 3: Find a unit vector in the direction of the vector
()  v=2i+6/ (i) v=[-2,4]
Solution: (i) v=2i+6j
v|=4(2) \/4+3
v 6 3

A unit vector in the direction of v =

(i) v=[-2, 4]:—2i+4j

=2 - J4+16 =20

-1
A unit vector in the direction of v == i —=j —=i
Izl J20° 20t 5 JE

Example 4: If ABCD is a parallelogram such that the points A, B and C are respectively
(-2, -3), (1,4) and (0, -5). Find the coordinates of D.

Solution: Suppose the coordinates of D are (x, y) D C
As ABCD is a parallelogram

AB=DC and 4B| DC

A

—  AB=DC
(1+2)i+(4+3)j=0-x)i+(-5-y)j > 5
= 3i+7j =-xi+(-5-)) 4

Equating horizontal and vertical components, we have
—X=3 = x=-3

and S5-y=7 = y=-12

Hence coordinates of D are (-3, 12).

Let A and B be two points whose position vectors (p.v.) are a and b respectively. If a
point P divides AB in the ratio p : g, then the position vector of P is given by

version: 1.1
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qa+ pb

p+q
Proof: Given g and b are position vectors of the points A and B respectively. Let r be
the position vector of the point P which divides the line segment AB in the ratio p : g. That is

mﬁ:mﬁ:p:q

K:

So &:E
mPB g

= 4{P)- ()

Thus q(ﬁ) = p(ITB)

= q(r—-a)=pk-r)
=  qr—qa=pb-pr
=  pr+qr=gqa+pb
= r(p+q)=qa+pb
- quwpl_?

qg+p

Corollary: If P is the mid point of AB, thenp:q=1:1

- a+b
. positive vector of P=r =——=

Let us now use the concepts of vectors discussed so far in proving Geometrical
Theorems. A few examples are being solved here to illustrate the method.

Example 5: If a and b be the p.vs of A and B respectively w.r.t. origin O, and C be a point

a+b

on 4B such that OC = , then show that Cis the mid-point of AB.

_—

Solution: Od=a , OB=b and O—C;zé(gﬂ_?)

version: 1.1
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Now 20C=a+b
= OC+0C=04+O0B
= OC-04=0B-0C
= OC+AO=0B+CO
= 40+0C=CO+OB
AC=CB
Thus mAC = mCB 0

= (Cis equidistant from A and B, but A, B, C are collinear.
Hence Cis the mid point of AB.

Example 6: Use vectors, to prove that the diagonals of a parallelogram bisect each
other.

Solution: Let the vertices of the parallelogram be A, B, C and D (see figure)
Since AC = AB+ AD, the vector from A to the mid point of diagonal AC is

v=1(4B+4D)
2
Since DB = AB - AD, the vector from A to the mid point of diagonal DB is

D c

w= 4D +~(4B - 4D)
2
— ]l — 1 —
=AD+—AB—-—AD
2 2

:%(E+ﬂ))

P
=y 4 B

Since v=w, these mid points of the diagonals AC and DB are the same.
Thus the diagonals of a parallelogram bisect each other.

version: 1.1
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1.  Write the vector PQ in the form Xi+yj.

() P(2,3) Q(6, -2) (i) P(0,5), Q(-1, -6)
2. Find the magnitude of the vector u:
(i) u=2i-7j (i) wu=i+j (i) u=1[3,-4]
3. Ifu=2i-7j, v=i-6j and w=-i+j .Findthe following vectors:
i) u+v-w (i) 2u-3v+dw (i) —ussviiw
20 27 27

4. Find the sum of the vectors 4B and CD, given the four points A(1, -1), B2 ,0 ),
C(-1, 3) and D(-2, 2).

5. Find the vector from the point A to the origin where 25:41—21 and B is the point

(-2, 5).

6.  Find a unit vector in the direction of the vector given below:
. y 1. 3 NEIE
I =2i—] i =—i+— i = —i —j
(i) v=2i-j (if) v=_i+—J (i) v S L7l

7. If A, B and C are respectively the points (2, —4), (4, 0) and (1, 6). Use vector method
to find the coordinates of the point D if:
(i)  ABCDis a parallelogram (i) ADBCis a parallelogram

8. If B, C and D are respectively (4, 1), (-2, 3) and (-8, 0). Use vector method to find
the coordinates of the point:
(i) AIfABCD is a parallelogram. (ii) Eif AEBD is a parallelogram.

9. If Ois the origin and OP= 4B, find the point P when A and B are (-3, 7) and (1, 0)
respectively.

10. Use vectors, to show that ABCD is a parallelogram, when the points A, B, C and D
are respectively (0, 0), (a, 0), (b, ¢) and (b — g, ¢).

11. If 4AB=CD, find the coordinates of the point A when points B, C, D are (1, 2), (-2, 5),
(4, 11) respectively.

12. Find the position vectors of the point of division of the line segments joining the
following pair of points, in the given ratio:
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(2)

(i)  Point C with position vector 2i-3; and point D with position vector 3i+2; in
theratio4:3

(i)  Point Ewith position vector 5; and point Fwith position vector 4i+ j inratio 2:5

13. Prove that the line segment joining the mid points of two sides of a triangle is
parallel to the third side and half as long.
14. Prove that the line segments joining the mid points of the sides of a quadrilateral
taken in order form a parallelogram.
7.2 INTRODUCTION OF VECTOR IN SPACE
A
In space, a rectangular coordinate system is constructed %
using three mutually orthogonal (perpendicular) axes, which 4
have orgin as their common point of intersection. When ,/
sketching figures, we follow the convention that the positive y' = = = === - > v

x-axis points towards the reader, the positive y-axis to the
right and the positive z-axis points upwards.

hand rule. If fingers of the right hand, pointing in the direction
of positive x-axis, are curled toward the positive y-axis,
then the thumb will point in the direction of positive z-axis,
perpendicular to the xy-plane. The broken lines in the figure
represent the negative axes.

These axis are also labeled in accordance with the right

right hand rule
g Pla,b,c)
A point P in space has three coordinates, one along I T
x-axis, the second along y-axis and the third along z-axis. If the :.
distances along x-axis, y-axis and z-axis respectively are a, b, b
and ¢, then the point P is written with a unique triple of real 5 : ~ .
numbers as P = (a, b, ¢) (see figure). | <%
A
version: 1.1
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The set R ={(x, ¥, 2) : X, ¥, Z € R} is called the
3-dimensional space. An element (x, y, z) of R® represents
a point P(x, y, z), which is uniquely determined by its
coordinates x, y and z. Given a vector u in space, there
exists a unique point P(x, y, z) in space such that the
vector OP is equal to u (see figure).

Now each element (x, y, z) € P?is associated to 7 >y
a unique ordered triple [x, y, z], which represents the
vector u = OP =[x, y, Z].
We define addition and scalar multiplication in R3
by:
(i)  Addition: For any two vectorsu =[x, y, zZ1and v=[x,)",Z'], we have
u+v= [x,y,z]+ [x',y',z'] :[x+x',y+y',z+ Z']
(i)  Scalar Multiplication: Foru=1[x,y,z and a € R, we have
ol =alx, y, z] = [ox, ay, aZ]
Definition: The set of all ordered triples [x, y, z] of real numbers, together with the rules

of addition and scalar multiplication, is called the set of vectors in R3.
For the vector u =[x, y, ], x, y and z are called the components of u.
The definition of vectors in R states that vector addition and scalar multiplication are
to be carried out for vectors in space just as for vectors in the plane. So we define in R
a) The negative of the vector u=[x;y,z] as —u=(-1)u=[-x,—y,—z]
b) The  difference  of two  vectors v=R'.)',z'| and w [x",)",2"] as
v-w=y+(-w)=[x'-x"y -y~ 2]
c) The zero vector as 0 =[0,0,0]
d) Equality of two vectors y=[x5).Z] and w [x".)".2"] by v w if and only
xX'=x",y'=y" and z'=Z".
e) Position Vector
For any point P(x, y, z) in R%, a vector u = [x, y, z] is represented by a directed line
segment OP, whose initial point is at origin. Such vectors are called position vectors
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in R3.

f) Magnitude of a vector: We define the magnitude or norm or length of a vector u
in space by the distance of the point P(x, y, z) from the origin O.

‘&5‘ =lu|=yx*+y’+2°

Example 1: For the vectors, v =1[2,1,3] and w = [-1,4,0], we have the following
i) v+w=[2-1,1+4,3+0]=11,5,3]
(i) v-w=[2+11-4,3-0]=[3,-3, 3]
(i) 2w =2[-1,4,0]1=[-2, 8, 0]

= J(4) +(=7) +(3) =\16+49+9 =74

(iv)  |v—2u=[[2+2,1-83-0]=

[4,-7.3]

Vectors, both in the plane and in space, have the following properties:

Let u, v and w be vectors in the plane or in space and let a, b € R, then they have the
following properties

() u+tv=v+u

(i) (U+rV+w=u+({+w

(i) u+r(-Nu=u-u=0

(iv) oa(v+w)=av+aw (Distributive Property)

(v) a(bu) = (ab)u (Scalar Multiplication)
Proof: Each statement is proved by writing the vector/vectors in component form in
R? / R® and using the properties of real numbers. We give the proofs of properties (i) and (ii)
as follows.
(i)  Since for any two real numbers g and b

a+b=b+a, it follows, that
for any two vectors u =[x, y] and v=[x",)'] in R?, we have

(Commutative Property)
(Associative Property)
(Inverse for vector addition)

u+y=[x,y]+[x"+ )]
=[x+x,y+)]
=[x"+x,' + y]
=[x, »1+[x, ]
=v+u
So addition of vectors in R? is commutative

version: 1.1
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(ii)  Since for any three real numbers a, b, c,
(a+b)+c=a+(b+0) , it follows that

for any three vectors, u=[x,y], y=<{x',»"] and w [x".)"] in R*, we have If OP and OP, are the position vectors of the points
(u+v)+w=[x+x,y+y1+[x",)"]
=[(x+x)+x",(y+y)+)"]

oD Py(%y, 5,2,)
Pl(xlsylazl) and Pz(xzayzazz)

=[x+ (x"+x"),y+ (' + "] The vector PP, is given by
— + I+ /4 I+ n

Lyl 4ty RP, =OF, =OF =[x, =X, ¥, = ¥,2, = 7]
=u+@+w)

.. Distance between B, and P, = ‘PIP2

So addition of vectors in R? is associative
The proofs of the other parts are left as an exercise for the students.

= \/(xz_xl)2 + (yz_y1)2 + (22_21)2
This is called distance formula between two points P, and P, in R,

As in plane, similarly we introduce three special 3 Example 2: If u=2i+3/+k, v=4i+6;+2k and w=-6i-9j -3k, then
vectors (@) Find
i=[1,0,0], j=[0,1,0] and k =[0,0,1] in R*. () u+2v (i) |Ju-v-w
As magnitude of i =+ +0°+0° =1 (b) Show thatu, v, and w are parallel to each other.
magnitude of j =+0"+1°+0° =1 >V Solution: (a)
B () u+2v=2i+3j+k+2(4i+6)+2k)
=2i+3j+k+8i+12j+4k
=10i+15/ + 5k
and magnitude of k =v0°+0°+1°=1So0i,j and k are called unit vectors along (i) u—v—w= (2£J_r3j+k)—(4£+6j+2k)—(—6i—9j—3@

x-axis, along y-axis and along z-axis respectively. Gsing the definition of addition and scalar

multiplication, the vector [x, y, z] can be written as = Q2-4+0)i+(3-6+9)j+(1-2+3)k

u=[x,y.z]  =[x,0,0]+[0,y,0]+[0,0,z] = 4i+6j+2k
= x{1,0,0]+ »[0,1,0] + z[0,0,,1] (b) y=4i+6)+2k=2(2i+3j+k)
=xi+yj+zk v=2u
: - : S — uandy are parallel vectors, and have same direction
Thus each vector [x, y, z] in R® can be uniquely represented by xi+ yj+ zk.
. o — Again w=—6i—9j-3k
In terms of unit vector i, j and k,, the sum u + v of two vectors =
- ror 1 : :_3(2l+3.]+k)
g:%x,y,z] and v [x,y ,z] 1s written as 3 =
L w=-3u
uty=x+x,y+yz+7] —  uand w are parallel vectors and have opposite direction.
=(x+x)i+(y+y)j+(z+2)k Hence u, v and w are parallel to each other.
version: 1.1 version: 1.1
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Let r = ﬁ:xz+yl+zk be a non-zero vector, let a, f and
y denote the angles formed between r and the unit coordinate

vectorsi, j and k respectively.

such that .
0<a<nm€, O0Lp<rm, and O0<y<r, R
(i) theangles «, B, y are called the direction angles and v’)
(i)  thenumberscosa, cosBandcosyare called directions’
cosines of the vector r. z
cjr (0,0,2)
Important Result:
Prove that cos? o + cos? § + cos2y =1 ; Aeyz)
5 s
0 ,f"ﬁ -
Solution: sk B
/o (0,,0)
Let zz[x,y,z]:xz+yl+zk P ’
{x,0,0)

r|=yx*+ )y +2* =r x

then ﬁ :F,l,i} is the unit vector in the direction of the vector r=0P.
r rrr

It can be visualized that the triangle OAP is a right triangle with ZA = 90°.

Therefore in right triangle OAP,

04  x ..
cosay = — = —, similarly
OP r

z
cosff = Z, cosy = —
r r

Z
,, COs 8 = 2 and cosy = — are called
r

r

The numbers cosa =

N | =

the direction cosines of OP.

2 2 2 2
z X+ +z r

2 2
X Y
St 2 2 2

2
r r

cos’a +cos’ B+cos’ y =

~
~N
N

version: 1.1
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1. LetA=(2,5),B=(-1,1)and C=(2,-6). Find
(i) 4B (i) 24B-CB (i) 2CB-2C4
2. letu=i+2j-k, v=3i-2j+2k, w=>5i— j+3k.Find the indicated vector or number.
() w+2vew (i) u-3w (i) Py+ ]
3. Find the magnitude of the vector v and write the direction cosines of v.
() v=2i+3j+4k (i) v=i-j-k (i) v=4i-5;
4.  Find a, so that i+ (a +1)/+2k/=3.
5.  Find a unit vector in the direction of y=i+2/ k.
6. Ifa=3i—j—4k, b=-2i-4j-3k and c=i+2j—k.
Find a unit vector paraIIeI_to 3a—2b+4c. -
7. Find a vector whose
()  magnitude is 4 and is parallel to 2/ -3, + 6k
(i)  magnitudeis 2 and is parallel to —i+ j +k
8. If u=2i+3j+4k,, v=-i+3j-k and w=i+6/j+zk represent the sides of a triangle.
Find the value of z.
9. The position vectors of the points A, B, Cand D are 2i— j+k, 3i+j,
2i+4j—2k and —i—2j+k respectively. Show that 4B is parallel
to CD. )
10. We say that two vectors v and w in space are parallel if there is a scalar ¢ such that

v = cw. The vectors point in the same direction if ¢ > 0, and the vectors point in the
opposite directionif c<0

(@)  Find two vectors of length 2 parallel to the vector v=2i -4, +4k.

(b) Find the constant a so that the vectors v=i-3j+4k and w=ai+9,;-12k are
parallel.

(c)  Find a vector of length 5 in the direction opposite that of y=i-2,+3k.
(d) Find a and b so that the vectors 3i— j+4k and ai+b, -2k are parallel.

version: 1.1
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11. Find the direction cosines for the given vector:
(i) v=3i—j+2k (i) 6i-2j+k
(i) PO, whereP=%2, 1, 5)and QO (L, 3, 1).

12. Which of the following triples can be the direction angles of a single vector:
(i)  45° 459 6Q° (i)  30° 45° 6Q° (iii)  45° 60°, 6Q°

7.3 THE SCALAR PRODUCT OF TWO VECTORS

We shall now consider products of two vectors that originated in the study of Physics
and Engineering. The concept of angle between two vectors is expressed in terms of a scalar
product of two vectors.

Definition 1:
Let two non-zero vectors u and v, in the plane or in space, have same initial point. The

dot product of u and vy, written as w.v, is defined by

uy = |g| |y| cosd

u
u
0 3]
> 3 € e >
v v

where 0 is the angle betweenyandvand 0<6<mnx
Definition 2:

o

=
=

(@) Ifu=ai &j=and v a,i b,j.

are two non-zero vectors in the plane. The dot product u.v is defined by
uy=0,0,+b.b,

(b) Ifu=ai+hj+ck and v=a,i+b,j+c,k.

are two non-zero vectors in space. The dot product u.v is defined by

uy = aa,+bb, +cpc,

Note: The dot product is also referred to the scalar product or the inner product.

By Applying the definition of dot product to unit vectors i, j, k, we have,

(a) g’.g'==|g'||g'| cos 0" 1 (b) ll::k”l‘ cos 90° 0
jof =i cos0” 1 jdk==]j{lk| cos 90" 0
kk ==[k||k| cos 0" 1 ki==|k|li| cos 90" 0
© uy= [ufy] coso A

= [Yljuf coso
=  uy=vu
k
'
, , O}— > y
Dot product of two vectors is commutative. J
i
X
Definition: Two non-zero vectors u and v are perpendicular if and only if u.y = 0.

Since angle between y and v is % and cos%:O

Note: As0.b =0, for every vector b. So the zero vector is regarded to be perpendicular
to every vector.

Let u, v and w be vectors and let ¢ be a real number, then

version: 1.1
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(i) wyv=vu (commutative property)
(i) u.(w+w)=uv+uw (distributive property)
(iv) (cu)v=cuyy), (cis scalar)
The proofs of the properties are left as an exercise for the students.
Let wu = qi+bj+ckandy = a,i+b,j+c,k

be two non-zero vectors.
From distributive Law we can write:

uy = (a1l.+b1l+clk)-(azl.+bzl+Czk)

= aa,(ii) + albz(ll) + a,c,(i.k)

+ha,(ji) + bb,(j.j) + be,(jk) *
+aa, (ki) + ¢b(k.j) + ¢c,(kk) ij=J.

= uy = aa,+bb, +cgc,
Hence the dot product of two vectors is the sum of the product of their corresponding
components.
Equivalence of two definitions of dot product of two vectors has been proved in
the following example.

Example 1:

YW=XX, + ),

(ii) If v and w are two non-zero vectors in the plane, then

VATES |y| |v_v| cos@

where 0 is the angle betweenvand wand 0 < 6 < =.

Proof:

() Ifv=I[x,y,] and w = [x,, y,] are two vectors in the plane, then

Let v and w determine the sides of a triangle then the third side, opposite to the

angle 6, has length |v—w| (by triangle law of addition of vectors)

By law of cosines,
o=l =+ [ -2y [wfeose (1)
if  v=fx,»] and w [x,,y,], then

X_"_VZ[)Q — XN _yZ]
So equation (1) becomes:

2 2 2 2 2 2
17 % 1~V T 1 2 2 | T4y | W
|x x| +|y y| ‘x +y ‘+‘x +y ‘ 2|v| |w|cos:9
=2x%, =2y, = 2|y| |v_v|cos9

= XX + Y, = |X| |V_V| cosf =y.w

Example 2: If u=3i-j-2k and v=i+2j—k, then
uy=(=3)1)+(=D(2)+(=2)(-1) =3

Example 3: If u=2i-4;+5k and v=-4i-3; -4k, then
uy=2)(4)+(=H(=3)+G)(=4) =0

— u and v are perpendicular

The angle between two vectors u and v is determined from the definition of dot

product, that is

(a) g.y:|g|$z_|c699, where 0 @ «

. cosf) =22
o
(b) u=ai+bhj+ck and v=a,i+b,j+c,k, then

uyv=aa,+bb, +cc,
|g| = \/a12 +b’+¢’ and |y| = \/a22 +b7 +c)’

u

cosf) = ——

I<

I
<

(=)

version: 1.1
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cosd — a,a, +bb, +cc,
\/“12 + b12 + 012 \/az2 + b22 + 022
Corollaries:

(i) If 6 =0 or &, the vectors u and v are collinear.

(i) If@z%, cosd=0 = uy=0.

The vectors u and v are perpendicular or orthogonal.

Example 4: Find the angle between the vectors

u=2i—j+k and v=-i+j

Solution: u.v=(2i—j+k).(-i+ j+0k)
=)D+ (DO +M0) =-3
lu|=]2i— j+ K| =@ + (=D’ + (1) =6

and |y =|-i+j+0k/=/(-D* +(1)" +(0)" =2

Now cosf = 5=
Juf-]4
= cosf = S ﬁ
J6+2 2
L 0=>2
6
Example 5: Find a scalar a so that the vectors

2i+aj+5k and 3i+ j+ak are perpendicular.

Solution:
Let u=2i+aj+5k and v=3i+j+ak

It is given that u and v are perpendicular

7. Vectors
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~u.v=0

version: 1.1

= (2i+aj+5k) . Gi+j+ak )=0

= 6+a+5a=0
a= 1

Example 6:
Show that the vectors 2i—j+k, i—-3j-5k and 3i-4;-4k form the sides of a right
triangle.
Solution:
Let AB=2i—j+k and BC=i-3;j-5k "
Now AB+BC=Q2i—j+k)+(i—3j—5k)
=3i—4j—4k=AC (third side)
. AB, BC and AC form a triangle ABC.
Further we prove that AABC is a right triangle
AB . BC = (2i-j+k).(i-3j-5k)
=)D+ (=D(=3)+D(=3) B
=2+3-5 > B
=0
. AB 1 BC
Hence AABC s a right triangle.
In many physical applications, it is required to know
“how much” of a vector is applied along a given direction.
For this purpose we find the projection of one vector
along the other vector.
Let @:g and @:y
Let & be the angle between them, such that R
0<6=<m > 4
version: 1.1
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Draw BM 1 OA.Then OM is called the projection of v along u.

Now OL = cosd, that is,
OB
W:‘ﬁ‘cosﬁ = |y|cos(9 (1)
By definition, cosf == ()
ullv
From (1) and (2), OM =||.-==-
ullv
. Projection of v along u = Lr
a
Similarly, projection of u along v = %
v

Example 7: Show that the components of a vector are the projections of that vector
along i, j and k respectively.

Solution: Let y=ai+bj+ck , then

Projection of v along i = ﬁ =(ai+bj+ck)i=a
i J
o N :
Projection of v along j = ﬁ =(ai+bj+ck).j=>b
= i J J
. v.k _ .
Projection of v along k = ﬁ =(ai+bj+ck)k=c

Hence components a, b and ¢ of vector v=ai+b,+ck are projections of vector v along
i, j and k respectively.

Example 8: Prove that in any triangle ABC

(i) a’°=b*+c>—-2bccosA
(i) a=bcosC+ccosB

(Cosine Law)
(Projection Law)

version: 1.1
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Solution: Let the vectors g, b and ¢ be along the sides BC, CA and AB of the triangle ABC as
shown in the figure.

a+b+c=0
= a=-(b+0
Now a.a = (b + ¢).(b + ¢)
= =bb+bc+chb+cc

= 0’°=b*+2b.c+ (
=  0°=b%+ c?*+ 2bc.cos(n — A)
s a’>=b%+c?>-2bccosA
(i) a+b+c=0
= a=-b-¢
Take dot product with a

a.a=-a.b-a.c

=—ab cos(rn — C) — ac cos(rn — B)

a?> =ab cos C +ac CosB

= a=bcos C+cCosB

| S~
1
I8
| S~
p—

Example 9: Prove that: cos(a. — B) = cos a cos B + sin a sin B

Solution: Let O4 and OB be the unit vectors in the xy-plane making angles a and B
with the positive x-axis.
So that ZAOB=a - y

A
Now @:cosag#sinal T
and 5§:cosﬂg’+sinﬂl B

o—p
. OA.OB = (cosai+sina j).(cos fi+sin )

= ‘aHO—B‘COS(a—,B)zcosacosﬂ+sinasinﬁ 0 > X

" cos(a — f)=cosacos f+sinasin ( ‘@‘ = ‘@‘ = 1)

version: 1.1
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1.  Find the cosine of the angle 6 between u and v:
()  wu=3i+j-k v=2i-j+k (i) u=i-3j+4k, v=4i—j+3k

(i) u=[ 3=5],v [6, -2] (V) u=[2, 3, F,v [2 4, 1]
2.  Calculate the projection of g along b and projection of b along a when:
() a=i keb j k (i) a=3i+j-k,b==-2i-j+k

3.  Find areal number o so that the vectors u and v are perpe_ndicular.
() u=2ai+j-k, v=itaj+4k
(i) u=ai+2aj+3k, v=itaj+3k
4. Find the number z so that the triangle with vertices A(1, -1, 0), B(-2, 2, 1) and C(0, 2, z)

is a right triangle with right angle at C.
5. Ifyis avector for which
vi=0, vj=0, vk=0, find y.
6. () Show thatthevectors 3i-2;+k, i—3;+5k and 2i+ j—4k form aright angle.
(ii) Show that the set of points P =(1,3,2), Q = (4,1,4) and P = (6,5,5) form a right triangle.
7 Show that mid point of hypotenuse a right triangle is equidistant from its vertices.
8. Prove that perpendicular bisectors of the sides of a triangle are concurrent.
9 Prove that the altitudes of a triangle are concurrent.
10. Prove that the angle in a semi circle is a right angle.
11. Prove that cos(a + ) = cos a cos B —sin a sin
12. Prove thatin any triangle ABC.
(i) b=ccosA+acosC (i) c=acosB+bcosA
(iii) b?>=c*+0a*°-2cacosB (iv) c¢?>=0a°+b?-2abcosC

7.4 THE CROSS PRODUCT OR VECTOR
PRODUCT OF TWO VECTORS

The vector product of two vectors is widely used in Physics, particularly, Mechanics and
Electricity. It Is only defined for vectors in space.

Let u and v be two non-zero vectors. The cross or vector product of u and v, written as
u X v, is defined by

version: 1.1
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uxy = (juf sin0) i

where 0 is the angle between the vectors, such that 0 < 6 < n and 7z is a “unit vector
perpendicular to the plane of u and v with direction given by the right hand rule.

right hand

Figure (a) Figure (b)

¥ vxu

Right hand rule
(i)  Ifthefingers of the right hand point along the vector 4 and then curl towards the
vector v, then the thumb will give the direction of 7 which is u x v. It is shown in the figure (a).
(i)  Infigure (b), the right hand rule shows the direction of v X u.

(a) By applying the definition of cross product to unit vectors i, j and k, we have:

(@)  ixi=|ilsin0" A=0

Jxj=jl|jlsin0" 2=0 A
kx k =|k||k|sin0° 2=0

(b) gxl=|g|\l\sin90° k=k
Jxk=|j]k|sin90" i=i k

kxi=[k|ifsin90" j = g~ -
(©)  uxv=lu||y| sind i=[vu| sin(-0) i=~|vllu| sind 7 / -
= UXY=—VXU

(d)  wxu=|ulju[sin0° 2=0

version: 1.1



7. Vectors

elLearn.Punjab

Note: The cross product of i, j and k£ are written in the cyclic pattern. The
given figure is helpful in remembering this pattern.

|5

The cross product possesses the following properties:
1) uxy=0 if u=0 or y=0
(i)  uxy=-vyxu

(111) UX(V+W)=uxv+uxw (Distributive property)
(iv)  ux(ky)=(ku)xy=k(uxy),
(v)  uxu=0

The proofs of these properties are left as an
the students.

k 1s scalar

Let u=aji+bj+ck and v=a,i+b,j+ck, then
QXX:(all."‘bll"'clk)x(azl."'bzl"'czk)

=a,a,(ix0)+ab,(ix j)+ac,(ixk) (by distributive property)

thay(jx D) +bby(jx )b, (jxk) | ixj=k==jx

+¢,a,(kx i) +cb,(kx j)+cc,(kxk) ixi=jxj=kxk=0
= albzk—alczl—bla2k+blczg'+ clazl—clbzg'
= uxy=(be, —¢b)i—(ac, —ca,)j+(ab, —ba))k (1)

The expansion of 3 x 3 determinant

exercise for

elLearn.Punjab
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ik
a, b ¢|=(bc,—cb)i—(ac, —ca, )l +(ab, —ba,)k
a, b, ¢

The terms on R.H.S of equation (i) are the same as the terms in the expansion of the above

determinant
k

¢ (i1)

h 6

]

S I~

Hence uxy=|q,
a,

S

which is known as determinant formula for u x v.

Note: The expression on R.H.S. of equation (ii) is not an actual determinant, since its entries
are not all scalars. It is simply a way of remembering the complicated expression on R.H.S.

of equation (i).

If u and v are parallel vectors, ( 6 =6 sik0)”  0), then

UXy = |g| |1_)| sind n
uxy =0 or yxu =0
And if uxv=0. then

either sin@=0 or |g|:0 or |y|:()

(i) If sind=0 = #=0" or 180", which shows that the vectors u and v are parallel.

(i) Ifu=0ory=0, then since the zero vector has no specific direction, we adopt the
convention that the zero vector is parallel to every vector.

Note: Zero vector is both parallel and perpendicular to every vector. This apparent
contradiction will cause no trouble, since the angle between two vectors is never applied

when one of them is zero vector.

Example 1: Find a vector perpendicular to each of the vectors

a=2i+j+k and b=4i+2j-k

version: 1.1

version: 1.1
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Solution: A vector perpendicular to both the vectorsagand bisaxb

i J k
axb=2 -1 1|=-i+6j+8k
4 2 -1

Verification:
aaxb=Q2i+ j+k).(-i+6j+8k) =(2)(=1)+(=D(6)+(1)(&)=0
and  baxb=(4i+2j-k).(-i+6j+8k) =(4)(=1)+(2)(6) +(-1)(8)=0
Hence a x b is perpendicular to both the vectors g and b.

Example 2: If a=4i+3j+k and b=2i-j+2k. Find a unit vector perpendicular to
both g and b. Also find the sine of the angle between the vectors a and b.

[

LoJ
Solution: axb=|4 3 =7i-6j 10k
2

1
-1 2

and  |axb|=+/(7)* +(=6)> +(10)* = /185

axb

A unit vector n perpendicularto a and b = | 5
axo

1
=——(7i-6/—10k
85(‘ /108

N

Now |a|=+/(4) +(3)° +(1)* =26
b =2 + (=1 +(2) =3

If 6 is the angle between g and b, then |ax b|=|d||| sind

. axb /185
= sinf = =
laxb| 3426

Example 3: Prove that sin(a + ) = sin a cos B +cos a sin B

Proof: Let O4 and OB be unit vectors in the xy-plane making angles o and —p with the

So that ZAOB = a+f vy
Now@:cosag#sinal t
and OB = cos(—P)i+sin(—f)j ’
=cosfi—sinfj .
@X@:(Cosﬁg—sinﬂl)x(cosag’+sinal) 9, {—I—ﬁ » X
i J k
= ‘@H@‘sin(og + Rk =|cosf - si_n,B 0 B
cosa sing 0

=  sin(a+ f)k = (sinacosf +cosasin f)k
sin(a + ) = sinacosf +cosasin

Example 4: In any triangle ABC, prove that

a b c

— = = (Law of Sines)
simd sinB sinC

Proof: Suppose vectors g, b and ¢ are along the sides BC, CA and AB respectively of the

triangle ABC.
a+b+c=0
=  b+c=-a (1)
Take cross product with ¢
bxc + ¢x¢c = —axc¢
bxc =c¢xa (. ¢xe = 0)
= [bxd = exd

b|c| sin(z - A) =—|c||a| sin(z B)

version: 1.1

positive x-axis respectively

B >
a C
=  bcesinA=casinB = bsinA=asinB -B
a b .

= 11

sin4 sinB (1)
similarly by taking cross product of (i) with b, we have

version: 1.1
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a c ...
- il
sin4 sinC (i11)

a b ¢
sind sinB sinC

From (i1) and (ii1), we get

If u and v are two non-zero vectors and 6 is the angle between
u and y, then [u| and |v| represent the lengths of the adjacent sides of a parallelogram, (see

figure)
We know that:
Area of parallelogram = base x height

= (base) (h) = |z||z| sin@

.. Area of parallelogram = |u x |

From figure it is clear that - 2

<
s
-

Area of triangle = %(Area of parallelogram) &

1= 4

Area of triangle :% |g y|

where u and v are vectors along two adjacent sides of the triangle.

Example 5: Find the area of the triangle with vertices
A(1,-1,1),B22,1,-1)and C(-1, 1, 2)
Also find a unit vector perpendicular to the plane ABC.

Solution: AB=(2-Di+(1+1)j+(-1-Dk=i+2j-2k
AC=(-1-Di+(1+1D)j+(2-Dk=-2i+2j+k

elLearn.Punjab

version: 1.1
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Now ABxAC=[l 2 -2/=Q+4)i-(1-4)j+Q2+4)k=6i+3j+6k
2 2 1

The area of the parallelogram with adjacent sides 4B and AC is given by
[ABx AC|=|6i+3/ +6k|=/36+9+36 =/81 = 9

Area of triangle = 1 ‘E x E“ - 1‘61 +3j+ 6@‘ _9
2 2 = 2

A unit vector L to the plane ABC =%:l(61+3j+6&)21(21+j+2k)
ABx AC| 9 - 3 =
Example 6: Find area of the parallelogram whose vertices are P(0, 0, 0), Q(-1, 2, 4),

R(2,-1,4)and 5(1, 1, 8).

Solution: Area of parallelogram = |z><£|
where u and v are two adjacent sides of the parallelogram

FQ:(—1—0)£+(—2—0)Z+(4—0)k=—i+21+4k
and ﬁ:(2—0);’+(—1—0)Z+(4—0)k=2£'—l+4k

i

Now POxPR=|-1
2 -1

J
2 =(8+4)i—(~4-8)j +(1-4)k

i S Ca

Be careful!:
Not all pairs of vertices give a
side e.g. PS is notaside, itis

=297 diagonal since PO+ PR =PS

Area of parallelogram = ‘FQ X ﬁ‘ = ‘12;' +12) - 3&‘

=144 +144+9

Example7: If u=2i—j+k and v=4i+2j-k, find by determinant formula

(i) uxXu (i) uxy (i) vXu

©

version: 1.1
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Solution: u=2i-j+k and v=4it 2/ k
By determinant formula
i J  k
uxu=02= =1 1| 0 ( Two rows are same)
2 -1 1
i J  k
uxy=12 -1 11 =12)i (2 4)) H4 )k =+ +6)] 8k
4 2 -1 B B
i j k
vxu=4 2 -l=(2- Di- (4+2)j+ 4- Hk=i— 6j— 8k
2 -1 1

Compute the cross product a x b and b x a. Check your answer by showing that each
a and b is perpendiculartoax b and b x a.

() a=2i+j-k , b=i-j+k (ii)

a=i-j=, b i J
(i) a=3i-2j+k , b=i+j (V) a=—4i+j-2k , b=2i+j+k
Find a unit vector perpendicular to the plane containing a and b. Also find sine of the

angle between them.

() a=2i-6j-3k , b=4i+3j-k (i) a=-i-
(i) a=2i-2j+4k , b=—-i+;-2k (V) a=i I
Find the area of the triangle, determined by the point P, Q and R.
(i)  P0,0,0);: 0,3, 2); R(-1 1, 4)

i) PQ, -1, -1); 02,0, -1); R0, 2, 1)

find the area of parallelogram, whose vertices are:

(i) A0, 0,0); B(, 2,3); C2, -1, 1); D@3, 1, 4)

(i) A, 2, -1); B4, 2, -3); C(6, -5,2): DO, -5, 0)

(i)  A(-1 1, 1); B(-1, 2,2); C(=3, 4, -5); D(-3, 5, -4)

—k , b=2i-3j+4k

T

= j=, b i

~.

version: 1.1

5.

0 0 NG

~
o1

(a)
(b)

Which vectors, if any, are perpendicular or parallel
()  wu=Si-j+k; v=/j-5k ; w=-15i+3,-3k

(i) u=i+2j—k ; v=—i+j+k ; w=—"i-mj+2k
/ J 2 LTS

Prove that: axb+o+bx(c+a)+cx(@+b)=0
Ifa+b+c=0,thenprovethataxb=bxc=cxa

Prove that: sin(a. — B) = sin o cos B + cos a sin B.

Ifax b=0anda.b=0,what conclusion can be drawn about g or b?

SCALAR TRIPLE PRODUCT OF VECTORS

There are two types of triple product of vectors:

Scalar Triple Product: (uxv).w or wu.(vxw)

Vector Triple product: u x (vx w)

In this section we shall study the scalar triple product only

Definition

Now

Let u=ai+bj+ck,v=a,i+b,j+c,k and w=a,i+b,j+c,k

be three vectors B B

The scalar triple product of vectors u, v and w is defined by
u.(vxw) or v.(w x u) or w.(u x v)

The scalar triple product u.(v x w) is written as
u(vxw)=[uvwl

Let u=ai+bj+ck,v=ai+b j+ck and w=a,i+b,j+ck

<
X
I=
I
N
[\
S I~
ReRE

L
w
S
H

version: 1.1
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= vxw=(b,c; —byc,)i —(a,¢; —asc, )l +(a,b; — ab,)k

u.(vxw)=a,(b,c; —byc,) —b(a,c; —ae,) + ¢ (a,b; — asb,)
a b, G

= uwxw)=la, b, ¢

a, b, ¢

which is called the determinant formula for scalar triple product of u, v and w in

component form.

a b, G
Now wu.(vxw)=la, b,

a, by ¢

.| Interchanging R, and R,

=la, b, c¢;| Interchanging R, and R,

=la, b, /| Interchanging R, and R,
a, b ¢
v(wxu)=w.(uxy)

Hence u.(yxw) =v.(wxu)=w.(uxy)

elLearn.Punjab

version: 1.1

7. Vectors

elLearn.Punjab

Note: (i)

The value of the triple scalar product depends upon the cycle order of the

vectors, but is independent of the position of the dot and cross. So the dot and cross, may
be interchanged without altering the value i.e;

(i)  (uxy).w=u.@xw)=[u v w]
(vxw).u=y.(wxu)=[v wu]
(wxu).v=w.(uxy)=[w u y]
(iii)
(iv)

The value of the product changes if the order is non-cyclic.
u.v.w and u x (v.w) are meaningless.

The triple scalar product (U x V).w u
represents the volume of the parallelepiped
having u, v and w as its conterminous edges.

As it is seen from the formula that:

(uxv).w=|ux v|[wcosd

Mg
height =] msﬂi

Hence () |uxy| = area of the parallelogram < - -
with two adjacent sides, u and v. =lu x|
(i) [w|cosé =height of the parallelepiped

(ux v).w=|uxv||w|cos @ = (Area of parallelogram)(height)

= Volume of the parallelepiped
Similarly, by taking the base plane formed by v and w, we have

The volume of the parallelepiped = (v x w).u
And by taking the base plane formed by w and u, we have

The volume of the parallelepiped = (w x u).v
So, we have: (U x V).w = (v X w).u = (W X u).v

Volume of the tetrahedron ABCD

= % (AABC) (height of D above the place 4ABC)

version: 1.1
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11
255 |2><‘_’| (h)

:% (Area of parallelogram with AB and AC as adjacent sides) (%)
A

= %(V olume of the parallelepiped with u, v, w as edges)

Thus Volume = %(gxy).v_v = é[g 1 w]

Properties of triple scalar Product:

1. If u, v and w are coplanar, then the volume of the parallelepiped so formed is zero
i.e; the vectors u, v, ware coplanar < (uxv).w=0
2.  If any two vectors of triple scalar product are equal, then its value is zero i.e;

[uuw]=[uvy]=0

Example 1:  Find the volume of the parallelepiped determined by

u=i+2j-k,v=i—j+3k, w=i-7j-4k

I 2 -1
Solution: Volume of the parallelepiped =uvyxw=|l -2 3
1 -7 -4

= Volume=1@8+21)-2(-4-3)-1(-7+2)

=29+ 14 +5=48

Example 2: Prove that four points
A(-3,5,-4), B(-1,1,1), C(-1, 2, 2) and D(-3, 4, -5) are coplaner.

Solution: AB=(-1+3)i+(1-5)j+(1+4)k =2i—4j+5k
AC=(-1+3)i+(2-5)j+Q2+4)k =2i-3j+6k

AD=(3-3)i+(4=5)j+(-5+4k =0i-j-k=-j~k

Volume of the parallelepiped formed by 4B, AC and 4D is

2 -4 5
[ZEI&?ZB]:z —3 6|=2(3+6)+4(=2—-0)+5(-2-0)
0 -1 -1
=18-8-10=0

As the volume is zero, so the points A, B, C and D are coplaner.

Example 3: Find the volume of the tetrahedron whose vertices are
A(2,1,8),B(3,2,9), C2,1,4)and D(3, 3, 0)

Solution: AB=(3-2)i+(2-1);+(O-8)k =i+,+k
AC=(2-2)i+(1-1)j+(4-8)k =0i-0;-4k
AD=(3-2)i+(3-1)j+(0-8)k =i+2;-8k

Volume of the tetrahedron = %[ZE AC A_ﬁ]

11 bl 1 4 2

==0 0 -4/==[42-D]====

6 6[( ) 6 3
1 2 -8

Example 4: Find the value of o, so that @i+ j, i+ j+3k and 2i+ j-2kare coplaner.

Solution: Let u= ai+j , v=i+,j+3k and w=2i+ -2k
Triple scalar product

a 1 0
[uyw]=l 1 3|=a(-2-3)-1(-2-6)+0(1-2)
2 1 -2
=-5a+8

The vectors will be coplaner if -5¢+8=0 = « :g

version: 1.1
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Example 5: Prove that the points whose position vectors are A(—6i+3;+2k),
B(3i-2j+4k), C(5i+7j+3k), D(-13i+17 j - k) are coplaner. )
Solution:  Let O be the origin.
OA=—6i+3j+2k ; OB=3i-2j+4k
OC=5i+7j+3k ; OD=r 13i-17] k
AB=0B—-0A4=3i-2j+4k)—(=6i+3 + 2k)
:91—51_+2k )
AC=0C-0A4=5i+7j+3k)—(—6i + 3 +2k)
=11g'+42+k .
AD=0D—O0A=(-13i+17j - k) — (~6i +3 + 2k)

=-Ti+14j -3k
9 -5 2
Now AB.(ACxAD)=[11 4 1
-7 14 -3

=9(—12—14) +5(=33+7) + 2(154 + 28)
= 234 180 364 0

" E,Z,’,ﬂ) are coplaner
— The points A, B, Cand D are coplaner.

(a) Work done.

If a constant force F, applied to a body, acts at an
angle 0 to the direction of motion, then the work done
by F is defined to be the product of the component of
Fin the direction of the displacement and the distance
that the body moves.

7. Vectors elLearn.Punjab

In figure, a constant force F acting on a body, displaces it from A to B.
Work done = (component of F along AB) (displacement)

={F cosO)(AB) F .AB

Example 6: Find the work done by a constant force £ =2i+4 , ifits points of application
to a body moves it from A(1, 1) to B(4, 6).
(Assume that |F| is measured in Newton and |d| in meters.)

Solution: The constant force F=2i+4;,
The displacement of the body = d = 4B
—(4-1)i+(6-1)j =3i+5j

work done=F.d
*(20 4+ G 5))
=(2)3)+ (4 (5) =26nt.m

Example 7: The constant forces 2i+5;+6k and -i+2j+k act on a body, which is
displaced from position P(4,-3,-2) to Q(6,1,-3). Find the total work done.

Solution: Total force = (2i+5, +6k)+ (=i +2; +k)
= F=i+3j+5k
The displacement of the body =FQ:(6—4)1+(1+3)Z+(—3+2)@
= d=2i+4j-k
work done=F.d
=(+3/+5k) . (2i+4)-k)
—24+12-5 =9nt.m

version: 1.1
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(b) Moment of Force

Let a force F (PO) act at a point P as shown in the figure,
then moment of F about O. o
= product of force F and perpendicular ON. n
=tPQ)ON)(1n)  (PO)OP)sin0 . n

:EﬁxFQ =rxF

Example 8: Find the moment about the point M(-2 , 4, —6) of the force represented by
AB, where coordinates of points Aand B are (1, 2, -3) and (3, -4, 2) respectively.

Solution: AB=(3—-1)i+(-4-2)j+(2+3)k=2i—6+5k
MA=(1+2)i+(2-4)j+(-3+6)k=3i-2,+3k

Moment of 4B about (-2, 4,—6)=K><E=mxﬁ

i j k
=3 -2 3
2 -6 5

=(-10+18)i — (15— 6) +(~18+4)k
=8i -9, —14k

Magnitude of the moment = \/ (8)> +(-9)” +(-14)" =+/341

1.  Find the volume of the parallelepiped for which the given vectors are three edges.

(1) u=3i+2k; v # 2] % w =5 #k
(i) u=i-4j-k; v=i—j-2k; w=2i-3j+k
()  u=i-2j-3k; v=2-j-k; w=j+k

7. Vectors elLearn.Punjab
2. Verify that
a.bxc = b.cxa = c.axb

10.

1.

12.

13.

14.

15.

if Q:3£—l+5k, Q:4g+3l—2@, and g=21'+51+k

Prove that the vectors i -2 +3k, -2i+3j-4k and i-3j+5k are coplanar
Find the constant a such that the vectors are coplanar.

(i) i—j+k, i-2j-3k and 3i-aj+5k

(i) i-2aj-k, i—j+2k and ai-j+k

(a) Find the value of:

() 2ix2jk (i) 3jkxi (i) [kij] (V) [iik]

(b) Prove that g.(yxv_v)+\_z.(v_vxg)+v_v.(gxy):3 u.(vxw)

Find volume of the Tetrahedron with the vertices

i (0,12, G210, (1,2, 1) and (5,5, 6)

i) (2,18, (3,5209), (2, 1,4) and (3,3, 10).

Find the work done, if the point at which the constant force £ =4i+3;+5k is applied
to an object, moves from P(3,1,-2) to P,(2,4,6).

A particle, acted by constant forces 4i+;-3k and 3i—j—k, is displaced from
A(1,2,3)to B(5, 4, 1). Find the work done. B

A particle is displaced from the point A(5, -5, —7) to the point B(6, 2, —2) under the
action of constant forces defined by 10i — j +11k, 4i+5;+9k and —2i+ j —9k. Show that
the total work done by the forces is 102 units.

A force of magnitude 6 units acting parallel to 2i-2j+k displaces, the point of
application from (1, 2, 3) to (5, 3, 7). Find the work done. -

A force F=3i+2j—4k is applied at the point (1, -1, 2). Find the moment of the force
about the point (_2, -1, 3).

A force F =4i-3k, passes through the point A(2,-2,5). Find the moment of £ about
the point B(1,-3,1).

Give a force F =2i+ j—3k acting at a point A(1, -2, 1). Find the moment of £ about the
point B2, 0, -2).

Find the moment about A(1, 1, 1) of each of the concurrent forces i-2j, 3i+2/-k,
5j +2k, where P(2,0,1) is their point of concurrency.

Aforce F = Ti+4j-3k is applied at P(1,-2,3). Find its moment about the point Q(2,1,1).

version: 1.1
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