Exercise 1.1

CALCULUS AND ANALYTIC GEOMETRY, MATHEMATICS 12

Fanrctior ard bimwits

Concept of Functions:

Historically, the term function was first used by German
mathematician Leibnitz (1646-1716) in 1673 to denote the dependence of one quantity on

another e.g. x

1) The area “A” of a square of side “x” is given by the formula A=x",

As area depends on its side x, so we say that A 1s a function ofx. x x
X

2) The area “A” ofa circular disc of radius “7” is given by the formula

A=+ As area depends on its radius 7, so we say that A is a function of 7.

3) The volume “V” of a sphere of radius “7” is given by the formula
4 . : .
V=§n’ r”. As volume V of a sphere depends on its radius 7, so we say that

V 1s a function of' 7.

The Swiss mathematician, Leonard Euler conceived the idea of denoting function
written as y=f(x) and read as y 1s equal to f of x. f(x) is called the value of f at x or image
of x under f.

The variable x 1s called independent variable and the variable y is called
dependent variable of /.

If x and y are real numbers then f'is called real valued function of real numbers.

Domain of the function:

If the independent variable of a function is restricted to lie
in some set, then this set 1s called the domain of the function e.g.
Domoff={0< x< 5}

Range of the function:

The set of all possible values of f{x) as x varies over the
domain of fis called the range of fe.g. y =100 — 4x”.
As x varies over the domain [0,5] the values of y =100 — 4x’ vary between y=0 (when
x=5) and y = 100 (when x=0)
Range of f= {0< y< 100}

Definition:
A function is a rule by which we relate two sets A and B (say) in such a

way that each element of A 1s assigned with one and only one element of B. For example

15 a function from A to B




2
its Domain = {1,2,3} and Range = {4,5}

|
|

In general:
A function f from a set “X’ to a set Y’ 1s a rule that assigns to each

element x in X one and only one element y in Y.(a unique element y in Y)

/
N

(f1s function from X to Y)

If an element “y, of Y is associated with an element “x, of X, then we write y=f (x) &read
as y” 1s equal to fof x. Here f(x) 1s called image of f at x or value of fat x .

Or ifa quantity y depends on a quantity x in such a way that each value of x determines
exactly one value of y. Then we say that y 1s a function of x.

The set x 1s called Domain of /. The set of corresponding elements y n y 1s called
Range of /. we say that y 1s a function of x.

Exercise 1.1

Ql.(a) Given that f{x) =x" — x
. A2)=(2)—-(2)=4+2=6

ii. f0)=(0)"-(0)=0
iii.  Are-1)=@-1Y—@x-1)=x"-2x+1-x+1=x"-3x+2

iv. fxX*H4)=("+4) - (FH) =x"+ 8+ 16 —x —4=x"+7x" + 12

(b) Given that f(x)=+/x+4
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Nf(-2)=v-2+4 =12

i) f(0)=0+4 =4 =2

i) f(x—1)=vx—1+4 =vJx+3

iv) f(x° +4)=\/x2 +4+4=\/)c2 +8

Q2.  Giventhat

i) f(x)=6x-9
fa+ ) =6(a+h)~9= 6a+ 69
f(la)=6a-9
Now 2l@th=f(a) _(6a+6h=9)-(6a-9)
h I

_6a+6h—-9-6a+9 6h B

h h
i) f(x)=sinx given

gt

fla+h)=sin(a+h) and  f(a)=sina
fla+h)— f(a) _ sin(a + h)—sina

Now
h h
2%:sin(a+h)—sina]
1] a+h+a] . (aJrh—aj 1 (Za-l—hj . (h]
= —| 2cos sin = —| 2cos sin| —
h| 2 2 h 2 2
1[ 2a hY . (h 2 hY . (h
=—|2cos| —+— [sin| — ||=—cos| a +— |sIn| —
h| 2 2 2 h 2 2
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iif) Given that f(x)=x +2x" -1
fla+h)y=(a+h)y +2(a+h)’~1=a’ +h’ +3ah(a+h)+2(a’ +2ah+h*) -1
=a’ + 1 +3a*h+3ah’ +2a* +4ah+2h* -1
flay=a’ +2a° -1
Now  f(a+h)— f(a)
@+ +3a’h+3ah’ +2a” +4ah+2h —1—(a’ +2a” - 1)
h

:%[03 + B +3a*h+3ah’ +24° +dah+ 2k —1-a° —24° +1j

= l[}f +3a’h +3ah” +4ah +2h2] = ﬁ[hz +3a’ +3ah+4a +2h]
h h

=h>+3a’ +3ah+4a+2h=h" +3ah+2h+3a’ +4a=h" +(Ba+2)h+3a’ +4a
iv) Giventhat f(x)=cosx
50 f(a+h)=cos(a+h)
and  f(a)=cosa

fla+h)-f(a)
h

cos(a+h)—cosa 1 . (2a+h) . (h -2 . h) . (h
= =—| —2sin sin| — | |=——sin| a+— |sin| —
h h 2 2 h 2 2

Q3. (a) If “x” unit be the side of square.

Now

Then its perimeter P=x+x+x+x=4x  ................... (1)
A=Area=x.x=Xx" ... (2)

From (2) x= JA4 putting in (1)

P=444

P is expressed as Area

(b)  Letx units be the radius of circle

Then Area= A= x> ... (1)
Cirgumifersnee ='C= ZHE  cuwasssssssssssos 2)
From (2) x= < Putting in (1)
2
2 2 2

A =7 i =T € 5 :C_

2 4 4r

2

A= - Adreaisa Sfunctionof Circumference

(c) Let x unit be each side of cube.

The Volume of Cube =x.x.x=x" ..o (1) X
Areaofbase=A=x" .. (2)
From (2) x=+/4 Putting in (1)
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v=(af =
05.  f(x)=x"—ax’ +bx+1

If f(2)=-3 and
(2)’ —a(2)’ +h(2)+1=-3
8—4a+2b+1=-3
9—4a+2b=-3
12—4a+2b=0
Dividing by—2
—6+2a-b=0................ (1)
Solving (1) and (2)
2a— b—-6 =0
a+b =0
3a—-6 =0
2)=> b=-a =

and

06.  h(x)=40-10x"
(a) x =1lsec
h(1) =40-10(1)°
=30m

60m

() x=1.5sec
h(1.5)=40-10(1.5)°
=40-10(2.25)=40-22.5=17.5m

(¢) x=1.7sec
h(1.7)=40-10(1.7)*
=40-10(2.89)=40-289=11.1m

11) Does the stone strike the ground = ?

h(x)=0
40-10x" =0
~10x* =-40 = x’ =4

x=32
Stone strike the ground after 2 sec.

f(=)=0

(=1’ —a(=1)’ +(-)+1=0
—l-a-b+1=0

—a—-b=0

a+b=0 . (2)

Graphs of Function

Definition:
EFx#11—=FSc Part 2
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The graph of a function f1s the graph of the equation y = f(x). It consists
of the points in the Cartesian plane chose co-ordinates (x, y) are input - output pairs for /

Note that not every curve we draw in the graph of a function. A function f'can have only
one value f{x) for each x in its domain.

Vertical Line Test
No vertical line can intersect the graph of a function more than once. Thus, a circle
cannot be the graph of a function. Since some vertical lines intersect the circle Twice. If
‘a’ 1s the domain ofthe function £, then the vertical line x = a will intersect tl v
in the single point (a , f(a)).

I i quaph of fnction = mul o graph @l Tonalion

Tvypes of Function

ALGEBRAIC FUNCTIONS

Those functions which are defined by algebraic expressions.
1) Polynomial Functions:

P(x)=a,x" +a, x"" +

............. +ax+a,Isa
Polynomial Function for all x where a,a,,a,....... a, are real numbers, and
exponents are non-negative integer . a, is called leading coefft of p(x) of degree n,

Where a, #0

= Degree of polynomial function is the max imum power of x in equation
P(x)=2x*-3x> +2x -1 degree =4
2) Linear Function: if the degree of polynomial fn is ‘1,_is called linear function

Jd.e. p(x)=ax+b

or = Degree of polynomial function is one.
f(xX)=ax+b a#0

y=5x+b
3) Identity Function: For any set X, a function I: X' — x ofthe form y = x or
Jf(x) = x. Domain and range of [ is x. Note. I (x)= ax +b be a linear fn 1fa=1,b=0 then
I(x)=x or y=x is called identity fn
4) Constant Function: or
C:X >y definedby| f: X - yIff(x)=c, (const)then fis

called constant fn
C(x)=a VxeXand aey

eg. C:R—>R €g y=>

C(x)=2o0r y=2 VxeR
Ex#11—=FSc Part?2




S) Rational Function:

R(x) = 2
O(x)
Both  P(x)and Q(x)are polynomial and Q(x) # 0

3x* +4x +1
eg. R(x)= o

Sx7+2x% +1
Domain of rational function 1s the set of all real numbers for which Q(x)= 0

6) Exponential Function:

A function in which the variable appears as

exponent (power) 1s called an exponential function.
i) y=a" ..xeR a>0
ii) yv=e .xeRand e=2.178

iif) y=2" or y=e"

are someexp onential functions.

7) Logarithmic Function:

If x=a” then y=log,~ x>0
a>0 a=#l

'a'is called thebaseof Logarithemic function
Then y=log,"
i) If base=10theny =log,,"
is called common Logarithmof x
ii) If base=e=2.718

is Logarithmic functionof base'a'

y= logex =lnx is called naturallog

8) Hyperbolic Function:
We define as

X e*x

i) v =sinh(x) = G_T Sine hyperbolic function or hyperbolic sine function

Dom ={x/x € R} and  Range={y/ye R}

ii) v =cosh(x) = . iscalled hyperboliccosine function = xeR, ye[l,o)
X _ —X : h h
iii) v =Tanhx = © ei o 2T iv) v =cothx = C(_)S al
e"+e” coshx sinh x
1 2
V) y=sechx = = — xeR
coshx e" +e”
2
Vi) » = cos echx = — = — Dom={x#0:xeR
smhx e"—¢e"
9) Inverse Hyperbolic Function; (Study in B.Sc level)

Ex#11-=FSc Part 2



i) y=sinh ' x = ln(x Fx’ o+ 1) for VxeR
if) y =cosh len(er\/x2 —1) for VxeR
iii) y:Tanh_lx:llni—i_x x#1 and ‘x|<1
—X
1 V1-x°
iv)  y=sech 'x=In| —+ al ] 0<x<l
E X
Ix+1
v =coth ' x=—"— x{>1
) d 2|%=1 ‘ |
_ r 1 V1+x?
Vi) y=cosech x=In| —+ x#0
x [
10) Trigonometric Function:
Functions Domain(x)
i)y =sinx All real numbers
T -0 < X+
ii)y =cosx All real numbers
" —00 < X <
iii) y =tanx xeR—(2k+l)%
keZ
iv) y =cotx xXeR-krm
keZ
T
V) y =secx xeR—(2k+1)5
keZ
Vi) y = cosecx x e R—(km)
keZ
11) Inverse Trigonometric Functions:
Function Dom(x)
y=sin"' x< x=siny -1<x<1
y=0c0s X< x=cosy -1<x<1

EFx#11—=FSc Part 2

and x>1

Range(y)
-1<y<l1

—-1<y<lI

= 'R'all real numbers

R—(-1,1)

or R—(-1<y<]l)
R—-(-1<y<l)

Range(y)

T T
eyl
2 Y 2

0<y<nm



iii)

Vi)

y=Tan'x < x =Tany xeR —%Sysg

oy —0< X<

y=Sec‘1x<:>x:secy xeR—(-1,1) yE[O,ﬂ:]—{%}
y=Cosec”' x <> x = cosecy xeR—(-1,1) ye[—g,g}_{o}
y=Cot'x &x=coty xeR O<y<m

12)  Explicit Function:

Ify is easily expressed in terms ofx, then y 1s called an
explicit function ofx.

=y=f(x) eg y=x+x+1 etc

13)  Implicit Function:

If x and y are so mixed up and y cannot be expressed in
term of the independent variable x, Then y 1s called an implicit function of x. It can be
written as. fix,y)=20
e.g. : ol Xy + y2 =2 glc,

14)  Parametric Function:

For a function y =f(x) 1f both x& y are expressed in
another variable say ‘t’ or @ which is called a parameter of the given curve.
Such as:

1) x =ar’ Parametric parabola
y = 2at
. . . 2
X =acost Parametric equation of circle y-4a
y=asint

x2+y2:a2

x=acos@ Parametric equation of Ellipse ¥
y=bsin0 —
L i

x>y T
—t5=1 -
a b
x=asecH Parametric equation of hyperbola

s, A =
y=btanf _ ‘\.,h e )
2 y2 J ‘~.\4_\
— 7 =1
a- b
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Exercise 1.1

Q7.  Parabola — YT Y. » (1)
L (@)
y=2al e, (i)
Toeliminating't' from(ii) t= ZL putting (i)
a
2 2 2
X = Cl(lj — xX=aq y—2 p— X = y_
2a 4a 4a
= y' =4dax whichis sameas (1)
whichis equation of parabola.
ir) x=acos@, y=bsinb
= L 086 (@) and % =smn6.............. (70) Toeliminating 0 from (i) and (i)
a
Squaring and adding (i) and (ii)
2 2
(f] + [y—J =1 represent a Ellipse
a b
iii) x=asec, y=>btan0
Y o secO (7) L. tan@...................(770)
a b
Squaring and Subtracting (i) and (ii)
- 2 y 2 e yz ¥2 yz
| -|=| =sec’0—tan’ @ =~ —2——2:1+tan29—tan26 = ——=1
a b a- b a- b
o, ¥

Which 1s equation of hyperbola

08. (i) sinh 2x = 2smh x cosh x

% —x X —X 2% ~2x 2x —2%
R.H.SzZSinhxcoshx:2[e ze J(e J;e ):2{6 ¢ J:e ¢

=sinh2x=L.H.S
ii) sec’ hx =1—tan” hx

x —Xx 2% —2x
R.H.S.:l—tanf’-hle—[e ¢ J:I—[e re ZJ

e +e”

e e +2-eF—e 7 +2 4 1

2% | g 2% 5 .\ . .\
e +e - (e+e) (e+eé)
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1
= - —sech’x=LH.SS
cosh™ x

iii)y  coseh’x =coth® x—1
e +e” Jz r (ex +e " )2 —(e" —e” )2 ~ (e‘“ +e ™+ 2) —(ez" +e X — 2)

(ex_eﬂc)2 (ex_efx)2

il R P, P | 4 1 1

RHS =coth’x—1=
e —e”

=cosech2x =L.H.S

) (e=e7) () (e ~sinh x

9.  f(xX)=x"+x

replace x by — x

f(=x)= (—x)3 +(—x)=—x" —x= —[x3 +x} =—f(x)
=" f(x) =X’ +x isodd function

ii) f(x):(x+2)2

replace xby — x

S/ (=x) :(—x+2)2 #+f(x)

f(x) = (x - 2)2 is neither even nor odd

iy f(x)=xJx+5

replace xby — x

f(—x) _ (—x) /(—x)z L5 —[x 2 +5] - —f(x) f(x)isodd Sfunction.

x—1

iv) f(x) =

replace x by — x

f(=x)=

x+1

—x—1 —(X+1) Cx+1
x4+l —(x—l) Cx—1

#: if(x)

f (x)z's neither even nor odd function.

V) f(x) =X +6

replace x by — x

f(=x)=(~x) +6= [(_xﬁ +6=x1 +6=f(x)

f (x)z‘s aneven function.

Fx#11—=FScPart 2



_X‘I + f(x)
ox—1 # 21x)

f(x) 1s ncither even nor odd function.
V)  fx) =x"+6
flx) = (—x)"" +6
= (%) + 6
= ()6
= x"*+6
= f(x)
f(x) is an even function.
X3 - X
~vi)  fx) = 7

) = E0 X

X +1
—(x’ = x)
T ox+1
= —fx)
f(x) is an odd function.
Composition of Functions:
Let f be a function from set X to set Y and g be a function from set Y to set Z.
The composition of fand g 1s a function, denoted by gof, from X to Z and 1s defined by.
(goh(x) = g(f(x)) = glix)forallxe X
Inverse of a Function:
Let f be one-one function from X onto Y. The inverse function of f, denoted by
f ', is a function from Y onto X and is defined by.
x = f'(y), ¥ye Yifandonlyify=f(x), ¥ xe X

EXERCISE 1.2

Q.1  The real valued functions f and g are defined below. Find
(a)  fog(x) (b) gof(x) (¢) fof (x) (d) gog(x)

(i) fix) = 2x+1 ; g(x) = xil , x # 1




i) 10 = x+1 ;5 g = , X # 0
_ 1 A = (x4 132
(iii) f(x) = [ x # 1 3 gx) = (x+1)
Wx=1
(iv) f(x) = 3x*-2x? g(x) = ,—; , x # 0
‘\-J'
Solution:
3
(i) f(x) = 2x+1 ; g(x) = k_1 o X # 1
(a)  fog(x)= flg(x))
(3
N ftx— I_,]
3
- 2| ]jJ +1
6
x— 1 2
6+x—1
Cox—1
X+5
— Ans
x—1
(b)  gof(x) = g(f(x))
= g2x+1)
_ 3  _ 3 .
Toaxbl-1 2% Ans.
(c) fof(x) = f(f(x))
= f(2x+1)
= 22x+1)+1
= 4x+2+1
= 4x+3 Ans.
(d)  gog(x)= glg(x))
3 ]
a (DLX ‘]/
3
B 3
-1




3
3-(x-1)
x—1
Ix-=1)
3-x+1
C3x-1)
T 4-x

(ii) f(x) =Jx+1 ; gx) = ;12 , x # 0
(a)  fog(x) = f(g(x))

Ans.

Ans.

(b)  gof(x) = g(f(x))

= (\/ﬁ)z = Y Ans.

(c) fof(x) = f(f(x))

(d)  gog(x)= g(g(x))

1 _1_
= QY- 17X Ans.
O
1
(iii) f(x)=m pox = 15 gx) = (*+1)°

(a)  fog(x) = flg(x))
fl(x*+1)%)
|

e+ 1) -1




1
N T
1 1

- = — Ans.
K +2)  xfe+2 ns

(b)  gofix) = g(fix))

e
g
=iy

2

:[ X ) Ans.
x—1

(c)  fof(x) = f(f(x))

=

1
[
| \(x—l_]
1 I =T
\/1— X — | l-fx-1 '
x =1
(d)  gog(x)= g(g(:c)) i
= g((x"+1))

= He&e+ D)7 1P
= [+ D*+17  Ans.

(iv) f(x) =3x"-2x" ; g(x) = ﬁ , X # 0
f(g(x))

A
-

(a)  fog(x)



= — 3 Ans.

(b)  gof(x) = g(f(x))
= g(3x*-2x)
2

- A3x* = 2x°

2 2

-

- AX3x0-2) T 3x-2 e
(c)  fof(x) = f(f(x))

= f(3x* - 2x%)

= 33x" —2x)*'—203x* - 2x%)*  Auns.
(d)  gog(x)= g(g(x))

-4
2

- 2A)

= 2\/§

= m Ans.

Q.2  For the real valued function, f defined below, find:
@ X
(b)  £7'(=1) and verify f(f '(x)) = £~ (f(x)) = x
(i) f(x) = =2x + 8 (Lahore Board 2007,2009) (i) f(x) = X +7

(i)  f(x) = (~x +9)° (iv) f(x)=2“x_+]1 x> 1




Solution:

(i)
(a)

(b)

f(x) = —2x+8
Since y = f(x)
=x = fly)
Now,
fix) = -2x+8
y = —-2x+8
2x = 8-y
_ 8-y
X7 2
1, . 8-
O
Replacing y by x
f_l(x)‘Z 8 ; X
Replacing y by x.
8 —x
Loy —
f (X) - 2
Put, x = -1

§—(-1) 8+1 9
2 T~ 2 "2
.
(' ) = f( ZX)
8 —x

=‘2( 2 j”‘

= -8+x+8
= X
F(fx)= ' (2x+8)
8- (-2x+8)
- 2
8+2x—8
2

2x

f (f"(x)) =f (f{‘x)) =X Hence proved.



(i) f(x) = 3x'+7
(a) Since vy = f(x)
= X

Now

filx) = 3x*+7

y = 3 +7

3 = y-7

- _ %7

o=

£ () = (
Replacing y by x

o= (2
(b) Put x = -1

fl1)=| -

(') - f{[

f1(fx)) =f"'3x+7)



3x°)3
(3P
1
= (x)} = x
f (f_'(x)) =f! (f{x)) =x  Hence proved.
i) fx) = (x+9)’
(a) Since y = f(x)
X

= f'(y
Now
fix) = (~x+9)
y = (-x+9)°
1
y = —X+9
1
X = 9-y?
Replacing y by x
1
f_](x) = 9_x3
(b) Put x = -1
1
=1 = 9-(1)
1
f(f'x) = fO-x)

1

= [-O-x)+9P
1

= (-9+x+9)

l 3
- (X3) =X
' (tx) = £ ((x+9))
1

= 9-[(-x+9)°P

=9 (-x+9)
= 9+x-9
= X

f (f"(x)) =f (f{x_)) =x  Hence proved.



(iv) f(x)
(a) Since y
X
Now
flx) =
y -
y(x—1)
yX-—y
yX — 2X
x(y —2)
X
f(y)
Replacing y by x
f'(x)
(b) Put x
1)
£ (')

x>1

2x+ 1)+ (x—2)
Xx—2
x+1—-(x-2)
X—2




£ (f(x))

2x +2+x-2
Xx+1l—-x+2

3x

- [2x+ ]j
x—1

2x +1

+1

x—1

+
2x l_2

x—1
2x+1+x—1
x—1
2x +1-2(x—1)

x—1
3x
+1-2x+2

2x
3x
3

f (f"(x)) =f-! (f[x)) =X Hence proved.

= X

Q.3  Without finding the inverse, state the domain and range of {'.
i) fx) =x+2 i) f(x) = 4 x4
1
(iii) f(x) = 3 X* -3 (iv) f(x) =(x-5),x25
Solution:
(i) f(x) = x+2
Domain of f(x) = [-2, )
Range of f(x) = [0, +=)
Domain of f '(x) = Range of f(x) = [0, +o0)
Range of £(x) = Domain of f(x) = [-2, +0)
. Lo x—1
(ii) t(x)—x_4,x¢4
Domain of f(x) = R - {4}
Range of f(x) = R—- {1}
Domain of f '(x) = Range of f(x) = R- {1}
Range of f'(x) = Domainof f(x) = R- {4}



(iii) f(x) = <+3 JX#=3
Domain of f(x) = R - {-3}
Range of f(x) = R - {0}
Domain of f '(x) = Range of f(x) = R- {0}
Range off'(x) = Domainoff(x) = R-{-3}
(iv) f(x) =(x- 5)2 s, X225  (Gujranwala Board 2007)
Domain of f(x) =[5, +o0)
Range of f(x) = [0, +o0)
Domain of f '(x) = Range of f(x) = [0, +w)
Range of f'(x) = Domainoff(x) = [5, +x)

Limit of a Function:

Let a function f{(x) be defined in an open interval near the number “a’ (need not at a)
if, as x approaches ‘a’ from both left and right side of ‘a’, f(x) approaches a specific number
‘L’ then ‘L, 1s called the limit of f{x) as x approaches a symbolically it is written as.

Lim f(x) = L read as “Limit of f(x) as x — a, is L”
X—a

Theorems on Limits of Functions:
Let fand g be two functions, for which Lim f(x) = L and Lim g(x) = M, then

Theorem 1:  The limit of the sum of two functions is equal to the sum of their limits.
Lim [f(x) + g(x)] = Lim f{(x) + Lim g(x)
X—>i X—»a

X—»d
= L+M
Theorem 2: The limit of the difference of two functions is equal to the difference of
their limits.
Lim [f(x) — g(x)]

[

Lim f(x) £ Lim g(x)

X—ra X—a X—rid
= L-M
Theorem 3: If K is any rcal numbers, then.
Lim [kf(x)] = K Lim f(x) = kL
N—a X—a
Theorem 4: The limit of the product of the functions is equal to the product of their
limits.
Lim [f(x) . g(x)] = [Lim f(x)] [Lim g(x)] = LM

Theorem 5: The limit of the quotient of the functions is equal to the quotient of their
limits provided the limit of the denominator is non-zero.



Lim f(x)

)] oa L _
ELT’[g{X)'J ~ Limgx) M gx) = 0, M= 0

X
Theorem 6: Limit of [f(x)]", where n is an integer.
Lim [f(x)]" = [Lim f(x)]"= L"

The Sandwitch Theorem:

Let f, g and h be functions such that f(x) £ g(x) < h(x) for all number x in some
open interval containing “C”, except possibly at C itself.

If, Limf(x)= L and Lim h(x) = L,thenLim g(x)=L

N X—*C x—C
Prove that
If 0 is measured in radian, then
. sinf
Lim —(/— =
B—l 0
Proof:
Take 0 a positive acute central angle of a circle with radius r = 1. OAB represents

the sector of the circle.

[OA| = |OC| = 1 (radii of unit circle)
From right angle AODC

: DC . o
Sinb = K)qu = |DC| (. |OCl=1)

From right angle AOAB
» _ |AB[ _ . _ 3
TanO = OA| — AB (. |OAl= 1)
In terms of 0, the areas are expressed as

1 1 :
Arca of AOAC = 5 OA| |CD| = E(l)sin() = 5 sin0

[



Area of sector OAC = 0 == (1)(9) = = 8

b | —

1 . 1
Area of AOAB = 5 |OA] |AB|=; (1) tand = Elanﬂ

From tigure
Area of AOAB > Area of sector OAC > Area of AOAC

| | 1
Etane >§8 >5 sinO
1 sinf H @
2 LU‘»B 2

As sinf 1s positive, so on division by 5 sinf, we get.

| 0 ,
cosd ~ sind I (0<0<mn2)
1.e.
in0
cosO < % <]
When, 0 -0 , cosO — 1

sinB

Since e is sandwitched between 1 and a quantity approaching 1 itself.

So by the sandwitch theorem it must also approach 1.
Le.

sinf
Lim —/— =
00 e

Theorem: Prove that

Proof:

1 T
Lim (1 + —) = e
n — +ow n

Taking

(1 +l)“ =1 +n(;j+n(n_—l) (111) n(n— n-2) (n] -

2! 3!

ek (B 020

Taking Lim on both sides.

n—s +x

n,

‘ 1Y 11 1 1
nLin_. [l+;] = 1+1+_+§+_+§+ .........

2

—

n

= 1+1+05+0.166667 +0.0416667 +.........

.........



= 2.718281

As approximate value of e is =

l.f_'
) -
, n

Lim
n— oo
Deduction: |
Lim (1+x)' = ¢
x—0
We know that.,
- 1 n
Li [] +—) =
n —11}]3’. § n e
1 1
Put X =3 then L -
As n — +oo x—0
Lim (1 +x)"" = ¢
n —» +oo
Theorem:
Prove that:
Lim 2=
Lim 7 = loga
Proof:
Taking,
Coat—1
Lim
Let a'—1=y
a*= l+y
x = log, (1+y)
As, x—a , y—0
at— 1
Lim = Lim —
xaz X vo log(1+y)
. 1
= Lim l—
v =} "
’ —log,(1 +
y gl +y)
1
~ log,e

= log.a

.........

2.718281

: 1
Lim I
y—>0

log.(1 + y');

- Lim(1+y)!"Y = ¢

y—=0



Deduction

{ % _ I
Lim LL ] = logee = 1

x —»

We know that

>

_ at—1"
Lim ( ] = log.a

x—» 0

Put a = e
2 X

Lim (S =1 1
im = logee =
x 0 voX J -

Important results to remember

(1) Lim (¢) = o (i) Lim (¢') = Lim (Tx =0
X =t X = —m x»-m A€
(a
(111) Lim L—) = 0 , where a is any real number.
' x o WX

EXERCISE 1.3

Q.1  Evaluate each limit by using theorems of limits.

(i)  Lim (2x +4) (i) Lim 3x’=2x +4)
—»3 =1
(iii) Lim\x*+x+4 (iv) Limx\/x’ -4
x—3 x—»2
5 2x° + 5x
(v) Lim(\x*+1-+x*+5) (v) Lim~-
Solution:
(i) Lim (2x+4) = Lim (2x) + Lim (4)
i—3 x—3 x—3
= 2 L_in} X+ 4
= 23)+4=6+4 = 10 Ans.

(i) Lim (3x’=2x+4) = Lim (3x’)—= Lim (2x) + Lim (4)
x—1 x—=1 x—1 x—=1

= 3Limx" —2Limx +4
x—1 x—1

= 3(1)*-2(1)+ 4

=3-2+4

=5 Ans.

(iii) L»i[?-\/?iﬁl = [Lim (% + x + 4"
X=p x—3
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Important Limits

. x"'=a" _ ..
I. Iim =na"", where n is integer and a > 0.
x—>a X—d
. Nx+a—+a 1
II. lim \/_ =

x—0 X 2\/5 ’

111. lim(1+lj —e.
n—0 n
1

IV.  lim(1+x)* =e.

X—>00

V. linoqax_lzlna,where a>0.
VL lim&—l=le=1.
x—0 X
VII. If @ is measured in radian, then lelrrol 5126? =1.

Question # 1
(1) ling(Zx +4) = 11n;1(2x) + 11n;1(4) = 21in;1(x) +4 =2(3)+4 =10.

(i) lim(3x* —2x+4) =3(1°-2()+4 =3-2+4=5.

x—l1

(i) limVx+x+4 =3’ +B)+4 =\0+3+4 =\16=4.

x—3
(iv) lin;lxx/xz —4 =22°-4=0.
W lim(Jx 1= +5) =tim(Vx 1) -lim (V5

- (V@ +1)-({@r+s)
=J8+1-v4+5 =J9-J9 =0.

2x* +5x  _2(2)'+5(-2) _-16-10 _-26 13

(vi) lim — A
x>2 3x-—2 3(-2)-2 —6-2 -8 4
Question # 2
3 2
() Em X =% _im x(x”—1) _tim x(x+1)(x—1)

==l x+1 =1 x+1 x—>-1 x+1

= limx(x—1)  =(-D(-1-1) =2

(i1)

7 = =

. (3x7 +4x L x(BxT+4) . 3x*+4 3(0)+ 4
lim = lim————~ lim =
X +x =0 x(x+1) =0 x+1 0+1

x—0
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. x -8
) lm————
(1) 2 x> 4 x—6
—lim x —(2) _lim (x—2)(x*+2x+4)
2 x> +3x—2x-6 =2 x(x+3)—-2(x+3)
(x=2)(x* +2x+4) i (x> +2x+4)

=2 (x+3)(x—-2) =2 (x+3)
(@' +2+4) 12
(2+3) 5
3 2 _
(i) liIIllx 3)2 +3x—1
x> X —x
-1y’ =
B C ) B C )

x>l x(x —1) -l x(x—1)(x+1)

(- (o))

=lim~—~— =lm———— =0
=1 x(x+1) =1 (1) (1+1)

3 2 2 1 2
(x +xJ - x*(x+1) i

o (x+1)(x=1) x> (x—1)

_ () 1

(v) lim

(-1-1) 2
2 2
(vi) 1im—2f 33 _ lim —2(x 1)
x—>4 x° —4x x4 x*(x—4)
2Ax+4)(x—4
s )(x=4) ~ lim 221D
x—4 x(x_4) x—4 X
_24+4) 16 _,
4? 16 '
o VX2 =2 (2
(vil) lim
x—2 x_z A—)Q X — 2 \/;+\/_
2

(AP -(2) e

=lim =lim

=lim ) 1

2 x+x/_ =\/§+\/§ zﬁ
\/? Voo _p Nxahox Jxthedx
0 h—>0 h Jx+h+Jx

(viii) 1

h—>

=lim =lim

2
=2 (x—z)(&+ﬁ) =2 (x-2)(Vx +42)

(m)z_(\/;)z : x+h—x

20 (i) bk R
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h

=lim =lim

e R Lo

| |
_\/x+0 +\/; _2\/;

) S e
(IX) llmﬁ
x—)ax —a
' (x—a)( +xX"a+x"a + .. +a"
=lim :
Ha(x—a)( L™ 20 +am)

(x”'l + X 20+ x"a? + .+ a”"l)

=lim
x—a (x””‘1 +xX"a+x"3d? + .+ am_l)

atvraPa+ad? + . +a!

a'+a"ta+ad" ar + ... +a™"!
a +a" +a" +...+ad"" (nterms)

a" +a" +a" " +...+a"" (mterms)
n—1

na n n—1—-m+1 h n—m
= m—1 =—a —
ma m m
Law of Sine
. . . . siné
If 6 1s measured in radian, then }911]% =1
See proof on book at page 25
Question # 3
) . sin7
) i SIL7X
x—0 X

Put 71=7x :>%=x

When x—0 then 7—0 ,so

. sin7x . sint

11113 = hnolt—

x—> t—

x iz
4 }
711113% = 7)) =7 By law of sine.
—
i) lim22E
x>0  x
Since 180° = rad =TI = rad = x 7 rad
S sin 7%

So  lim22X =1imﬂ

x—0 X x—0
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. 1801
Now put Xt e =—
180 T
When x—>0 then 7—0,so
__sin 7[%80 sin/
m—— = ew
x Y
- % 1ant =—— () = by law of sine
180 x=0 ¢ 180 O
1—cosé@ . l—cos@ 1+cosé@
(ii1) 1 _ = lim— :
-0  sinf@ -0 sin@ 1+cosél
. 1—cos* @ sin’ @
=lim— m
6-0sin @(1 + cos 6?) 6-08in O(1+ cos )
lim sin @ _ sin(0) _ 0 _0
0-0(1+cos@)  l+cos(0) 1+1
(iv) lim 22X
X=>T g —X
Put (=7—x = x=x—1
When x—>x then 7—0,so
[ SIDX sin x _ lim sin(z —1)
XoT T — X t—0 l‘
= thm . sin(;z'—t)=sin(2-£—t)=sint
>0 | 2
= ] By law of sine.
(v) lim s%n P~ limsinax- -
x>0 sin hx x—0 sin bx
. ax 1 . sinax 1
= limsinax-| — = lim - AX —
x—=0 ax . bx =0 gx smbx
sinbx-| — —— b
bx bx
= 9 i 1 = — () — =2 by law of sine
b0 ax sinbx (1) b
-0  px
(vi) lim—— = lim—— = lim——cosx
=0 tan x x—0 SIN X =0 gINn X
CoS X
) 1 1
= lim——-cosx = limcosx = --1 =1
x—0 SIN X m SINX x>0 1
X =0 x
), TS = e
x—0 X 5 1—cos2x
.2 v SN x=
_ limZSII; X 2
=0 x . 2sin’x=1-cos2x
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. 2 . 2
- 211m[smxj :2(limsmxj = 2(1)? =2

x—0 X =0 x
(vil) Do yourself by rationalizing
. 2 .
@) 1 = 1m ™ g
-0 @ 6—0
. smn@ . .
=191i13 -}91{)1351n49 =1)-0) =0
. SeCX —COSX
)l
1 1—cos®x
—CoSX
— limCOS)C = lim COS X
x—0 X x—0 X
2 . 2 - .
. 1l—cos"x . sin"x . _sinx sinx
= Ilm———— = lim = lIm——-
=0 xcosx =0 X CcoS X =0 X  CcosXx
_ i S0 e SInX (1) sin(0) _ (1)9 _ 0
x>0 x  x>0coSX cos(0) |
) lime— 2P
x>0 1 —cos gl
2sin2p—0 1
= Ilm—= sinzf: —osY
Y 2 5in? v 2 2
2
%)
=lim sinzp—g- ! —lim sin>2Z. 2 5" 1 >
x—0 2 ; 2q0 x—0 2 p@) (C]H)
sin” =— b o |5
2 ) 2
2 (g0
2
2
sinzp—g ) 1 sinp—g 1 JCa
—lim 2 -(%‘9) . — lim 2 | . ——
x—0 p_@) Sinzig x—=0 p_@ ) qH q (2
2 2 (q_&)z 2 Sln7
2 @
2
2
PE
P S L _ Pl P
) 1rr(} 0 2 T 2 (1) 2 2
g |=0 pv . q6 q (1) q
) sin—
lim — 2
x—0 q_@
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() i tan@ —sin @
60  sin’ @
sin@ . sin @ —sin@cos @
—siné
— lim<os®@ — i cosd
0—0 Sil’l3 7 60 Sil’l3 6
. sin@—sinfcos b . sin@(l—cos@)
= lim — = lIlIm— -
-0  sin” @cosl -0  sin” @cosl
) l—cosé ) l—cos@ 1+cosé
= llmz— = llm 5 .
-0 sin” @ cos @ 0-0sin”“ @cos@ 1+cosl
) 1—cos* 6 i sin’ @
= lim—— = lim——
0-0sin” @ cos (1 + cos 9) -0 sin 90059(1 +¢O8 (9)
i 1 . 1
= lim = lim
-0 cos @(1+ cos 0) 0 cos@(1+cos )

1 1

1
cos(1)(1+cos(1)) 1-(1+1) 2

Note:
. Iy
a) hm(l + —) =e

n—0 n

1

b)  lim(l+x)r=e  where e=2.71828]...
See proof of (a) and (b) on book at page 23

X
. a
C) lim
x>0 x

= log,a or Ina

Proof:
Put y=a"-1 ........ (i)
When x—0 then y—>0
Also from () l+y=a"
Taking log on both sides
1n(1+y)=lnax = In(1+y)=xlna v Inx" =mlnx

1n(1+y)
Ina
a —1 y

Now e = (i)

Ina

Y BE _ fy, 0E

y—>0 ln(l+y) y—0 lln(1+y)
y

= X=



) Ina Ina
= hn(} - = -
in(ly) limln(14p)
y—>
Ina Ina

FSc-1I /| Ex- 1.3 -7

v Inx" =mnx

1

o lim(1+x)x =e

x—0

v Ine=

Question # 4

1 2n
(i) lim (1+—j
n—+a0 n

L 12 . 1Y P L
(1) Im|l+-— =| Im | 1+— = g2
n—+c0 n n—>+© n

(iv) lim

(i) lim (1—1 :{lim (1-%
n—+w n n—>+w 7,

4n

L 1
|
Il
ml
| —

v)  lim (1+fj — Tim (1#] * _| Bm (1+ f)“
n—>+o0 n n—>+0 n n—>+o0 n

(vi) lim(I+ 3x)§

x—0

x—0 x—0

1 6
= lim(1+3x)% = [lim(1+3x)3x}

1
2

(vii) lim(1+2x7)

x—0 x—0 x—0

L =2 I 1
(viii) %11)101(1—2}:)%': lim(1—2h)-2n = [11m(1—2h)—2h} =

h—0 h—0

(ix) nm(ij
oo\ 14+ x

2
¥ = lim(1+2x2)§: {lim(1+2x2)2;}

o (1+xYT (1 oxNT (1 YT
=lim| — =lm|—+—| =lm|—+1
X—>®0 X X—o\ X X xXow\ x
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]
={lim(1+lj} = ¢'= !
X—>0 x e

) e%‘—l

(%) hmy— ; x<0
0/ 4]
Put x=-r where >0

When x—0 then r—0, so

e%—l e_%—l e_%—l

Im——— = lim———— =
0 e%‘ +1 =0 e_% +1 e_% +1
_e”-1 _0-1 e_wzizizg
e”+1 0+1 e® o
=—1
Ve _
) BmP = - 3w
x—0 y
e~ +1
1 1 1
5| 1- ¥ -,
= lim . = lim ¢
x—> y 1 x—> 1
e’ 1+— I+—
X 4
1—11 -1 -1
_ N _ e _ e _ 1-0 .
1+L1 1+L 1+ L+0
eﬁ e” o0
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Question # 1:
(z') f(x)=2x2+x—5 c=1
limf(x) = lim(2x2 +x-5

x> x> )

201V +1-5=241-5=-2

(1)
(1)

lim £ (x)=lim (22" +x-5)=2(1) +1-5=2+1-5=-2
= lim f(x)=1ij§ f(x)==2 lim f (x) =2
x* =9
ji = C=-3
(i) 1(x)=15
2 lim (x*—9 3) _ _
lim f(x)= lim = 9=xi~3( )=( 3) -9 _9-9_0 _,
x>-3 >3 x—3 _11r7r317(x—3) —3-3 -6 -6
2 lim (x> -9 3y _ _
Now limf(x)=limx 9=H_3+( )=( ) 9:9 9=£=O
>3 >3 x=3 11r41}+(x—3) -3-3 -6 -6
= )= T, )= « B f(=)=0
(i) f(x)=|x-5 =3
}Ln;_f(x)=}in;|x—5| |x—5|=i(x—5)
—(x-5) +(x-5)
—o0 5 +00

=lim[—(x-5)]=-lim(x-5)=—(5-5)=0

x—5" x5

lim f(x)= 111? x-5

x—>5"

0

= lim(x—5)=5—5

x—>5"

= limf(x)=limf(x)=0

x—5" x—>5*

lim /' (x)=0

x—5

Question # 2:
Discuss the continuity of f (x) at x=c

2x+5 if x<2
(i) f(x)=14x+1 if x>2
c=2
We haveto discuss the continuity of [ (x) at x=2
(a)  f(2)=2(2)+5=4+5=9 (1)
(b) limf(x)="

f(x)=2x+5 f(x)=4x+1

—o0 2 +00

}ig}f(x)=£i£121(2x+5)=2(2)+5=4+5=9

and  lim f(x)=lim(4x+1)=4(2)+1=8+1=9

x—2 x—2
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(c) from (1) and (2) we get
lim £ (x) =/ (2)

f(x) is continous at x =2

3x—-1 if x<l1
(ii)  f(x)= x=1 a=2
2x x>1
ioe=2 [(0)=/()
is not defined so given functionis discontinous
(if) Correction
3x-1 if x<l1
f(x)= if x=1
2x if x>1
c=1 (correction)
/(1)=4
—o0 1 +00
f(x)=3x-1 f(x)=2x
(a) f(l):4 (given)
(b) lirrllf(x) =7
lim f (x) =lim (3x—1) =3(1) -1 =2
and 1i1?f(x):1in11(2x):2(1):2
— lir?f(x):linl}f(x):2
Elg}f(x) =2 e, (2)
(c) From (1) and (2) we get
lim (x) = £ 1)
f (x) is discontinous at x=1
3x—-1 if x<1
(iii) f(x)= c=1
2x if %=1
(a) f(l) is not defined
f (x) is discontinous at x =1
Question # 3:
Giventhat
3x if ¥£—2
f(x)=9x*-1 if 2<x<2
3 if x>2
—00 +00
f(x)=3x -2 f(x)=x*-1 2 f(x)=3
(i We check continuity at x =2
T 41 = ———— (1) (given)
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(6)  limf(x)=?

lim £ (x)=lim(x* ~1)=(2)’ ~1=4-1=3

lim £ (1)~ lim(3) =3

N lim / (x)= lim f (x)=3
Elgf(x):sﬁ ....................... (2)

(c) From(l)and(Z), we get
hmf( ) f(Z)

H f (x) is continuous at x=2

(i) At x=-2

(a)  f(-2)=3(-2)==6 o (1)

() lim f( Y=

111;21_]‘( ) lim (3x)=3(-2)=-6

and 11n71 f(x )—}gg(xz—1):(—2)2—1:4—1:3

= 111}21_f(x)¢ lirgf(x) = llmzf( ) does not exist

f(x) isdiscontinuousat  x=-2
Question # 4:

Giventhat
x+2 x<-1
f(x) {c+2 x>-1
=7
—00 =400
f(x)=x+2 -1 f(x)=c+2

lim f(x) exists

x—>-1

lnﬁrfif(x) = lir}11+ f(x)

= }Lnl(x+2):}it{£(c+2)
—> 142 = c+2
= 1=c+2
= c=1-2 = c=-1
Question # 5:
(@)
mx if x<3

f(x)=1n if ¥=3
—2x+9if x>3

here F(3)=n (given)
f(x) iscontinuous at ¥=13

lim 7 (x)= lim £ ()= 7 (3)

— 11m(mx)-11m(—2x+9) =



Y

—~
~.
~0

N

here

ud U

Question # 6:

(m)(3)=-2(3)+9=n
3m=—-6+9=n

3m=3=n

3m=3 , n=3

m=1 , n=3

F(4)=(4) =16

f(x) iscontinuous at
ln?f(x) = lirBf(x) =7 (4)
lim(mx) = lim(x2 ) =16

x—>4 x—4

x=4

4m=(4) =16
4m=16=16

m=4

=

Given that

f(x)=

here

V2x+5-Vx+7
x—2
K x
K=?
f(2)=K

f(x) iscontinuous at

lim /(x)=7(2)

given
x=2

=K =% lim

X#2

4m =16

V2x+5—Vx+7 V2x+5+4/x+7 _

x—>2

lim\/2x+5 —x+7
-2

x—2

X

) (V2x+5) —(Vxt7) )
=2 (x-2)(V2res 44 +7)

2x+5—-x-7 _K
(x—2)(V2x+5 +/x+7)
1

li =K =3
2 2x 15 +x 17

! =K =
J2(2)+5++42+7
1
343

x—2 2x+540x+7
(2x+5)—(x+7)
(x—2)(V2x+5 +/x+7)
. (x-2)
(x—2)(V2x+5 +4/x+7)
1 —
£i£r21[\/2x+5 +\/m] -t
1
NCENR

K

=K

FSc-1I/Ex 1.4-4



EXERCISE 1.5

Q.1  Draw the graphs of the following equations.
. 2, 2 I G
(i) X +y =9 (ii) E+’I=l
(i) y=e" (iv) y=3
Solution:
(i) X+y =9
V= 9-x
y = +4/9 — x’
Its domain is -3 < x < 3+
X -3 -2 —1 0 1 2 3
y==+9-x> | 0 [+22]|+28| +3 |+28 [+22] O
3 4 y
(i) g+ T =1
P
, ’l6—x2)
Y =4 6
. 16-x’
Y7 4
Mg 2
y = i_\fléji—*

Its domain is -4 < x < 4.




T

I+

(i) y

—-0.5

0.4

7.4

s

-1.5

-0.5

1.5

0.2

0.6

1.7

5.2




Y
Q.2  Graph the curves that has the parametric equations given below.
(i) X =t , y = t* , =3<t<3 where ‘t” is a parameter
(ii) x =t=1, y = 2t=1, -1<t<5 where ‘t’ is a parameter
(iii) x = sec® , y = tan® where ‘0’ is a parameter
Solution:
(1) X =t , y = t©, —3<t<3 where ‘t"isa parameter
t -3 -2 -1 0 2 3
= -3 -2 -1 0 2 3
= 9 4 [ 0 4 9

/f/m Ly & th oy =l o8 o
) h N : s . : ¥
b { 1 t 1 } i I

3 -2 10




(11) x = t1—1, y = 2t—1, —1<t<5where ‘t’ is a parameter

t 0 1 2 3 4

x=t—1 -1 0 1 2 3

y=2t—1 -1 1 3 5 7
e

SN T ;/ >
1t
y
(111) x = sech , y = tanO where ‘0’ is a parameter
x> = sec’® , y2 = tan’0
x*—y' = sec’® — tan’®
xX’—y'=1 (v 1+tan’® =sec’® => 1 = sec’0 — tan’0)
V= x—1
y = % \xE -1
X -3 -2 -1 1 2 3




Q.3  Draw the graphs of the functions defined below and find whether they are
continuous.
: [x-1 if x<3 . x>—4
® Y = laxe1 if x23 @ y=37 »x#2
[x+3 , X#3 . x - 16
(iii) vy = ﬁZ , x=3 (iv) y = x—4 * X # 4
Solution:
. [x—1 if x<3
@ Y = lx+1 if x23
y =x-1 , x<3
X -2 -1 0 1 2
y=x-1 -3 -2 -1 0 1
y = 2x+1 =3
X 3 4 5
y=2x+1 7 11




11+

101

- ————— - =

Break Point

D et = T EEEP R

Since there is a break in a graph. So this function is not continuous.

2
X —4
(i) vy = (-3 = X*2

(x+2)x—-2)
X —2

, X#2

y = x+2, x#2

X -3 —2 -1 0 1 3

y 1 0 1 2 3 5




Break Point

VIR SR T
-1+
24
v
yl
Since there is a break in a graph so this function is not continuous.
Chx+3 if o x# 3
i) - y=1, if x =3
y = x+3 if  x#3
X -3 -2 -1 0 3
y 0 1 2 3 5
y = 2 if x =3




~J
1
1

Break Point

.@_____________

(3,2)
|
I
I
|
I
X' € . b = | | 5 : b l : ' > X
-5 -4 -3 -2 12 13 4 5

A4 :
|

24+ :

W

y'

Since there is a break in a graph. So this function is not continuous at x = 3.
2
. X" —16
(iv) vy = <_4 , X #4
+4)(x—4
TS R
x—4
X -3 -2 -1 0 1 2 3 5




114

101

>

et 4

Break Point

h

y

3

T e e

Since there is a break in a graph. So this function is not continuous at x = 4.

Q.4  Find the graphical solution of the following equations.

(i) X = sin 2x (i) % = COS X (iii) 2x= tanx
Solution:
(i) Let y = x = sin2x

Therefore y = x and y = sin2x

X - 90° —60° —-30° 0° 30° 60° 90°
y=X |-nR2=—|-n3=-|-n/6=- 0 6 = /3= | n/2=1.6
1.6 1.05 0.52 0.52 1.05




y = sin2x

X - 90° - 60° - 30° 0° 30° 60° 90°

y = sin 2x 0 —0.87 —0.87 0 0.87 0.87 0

The graphical solution is the points of intersection of two graphs, i.e. x = 0°, 54°
AY

(ii) Let y = % = COSX
R X
Therefore y = 5 and y = cosx
X

!
X - 90° - 60° - 30° 0° 30° 60° 90°
_X — /4 — /6 -m/12 0 /6 /6 /4

Y72 | =—79|=—052 | =-026 —026 | =052 | =0.79

y = cos X

X -90° - 60° - 30° 0° 30° 60° 90°
y = Cos X 0 0.5 0.87 1 0.87 0.5 0

The graphical solution is the point on x-axis, which is just below the point of
intersection of two graphs. Hence x = 60°.




=% :
i
(iii) Let y = 2x= tanx
Therefore y = 2x and y = tanx
y = 2x
X - 90° - 60° -30° 0° 30° 60° 90°
y=2x —m=-314 | -203=-209 | -w3=-105 | 0 | w3=105 2r/3 = 2.09 n=3.14
Yy = tan x
X -90° —60° - 30° 0° 30° 60° 90°
y = tan x 0 -1.73 —0.58 0 0.58 1.73 o0

The graphical solution is the point of intersection of two graphs, i.e. x = 0°.

Ay




Exercise 2.1 (Solutions)erage so
Calculus and Analytic Geometry, MATHEMATICS 12

Question # 1
Find the definition, the derivatives w.r.t 'x" of the following functions defined as:
) 2+1 (i) 2-+x G —— ) —
Jx X
1 : L2 1
V) (vi)  x(x=3) (vii) — (viil) (x+4)3
xX—a X
3 1
(ix) 2 x) " (xi) x",meN (xii) — ,me N
X
(xiii) x*° (xiv) x™'%
Solution
(i) Let y=2x"+1

= y+8y=2(x+6x) +1
= 5y:2(x2+2x5x+5x2)+1—2x2 -1

= §y:2(x+5x)2+1—y
v oy=2x"+1

= Sy=2x"+4x8x+20x*-2x* = Sy=2x"+4x8x+26x* —2x*

= Sy=4x5x+20x"

= 5x(4x+ 25}6)
Dividing by ox
9y 4x+20x
Ox
Taking limit when dx — 0
lim ay = lim (4x+ 26x)
dx—0 §x dx—0
dy
= —=4x+2(0)
dx
— D4y e i(zxz +1) =4x
dx dx
Let y=2—J;

(i1)

= y+0y=2-vx+ox = Oy=2-Jx+0x-y
1 1
=3 5y:2—\/x+5x—2+\/; = Jy=x>—(x+0x)?

|
1 1 =
=3 Oy=x% —a? 1+@J2
X
L1 1(1_1 2
= Sy=x2-x2 +l-5x+2(2 ) 5xj +J
X

2]

1

(

X
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1 1 1 1(_1 2
=52 — 52 x2[5x+2( 2)5_264_ ]
X 2 X
1
RENART. B
2x 8x

& _ g (3]

ox 2x 8 x°
Taking limit as
1
limﬁ:—x2 Iim L—15—§+
dx—0 5x ox—0 2x 8 X
1
. & _xz(l_om_ j
dx 2x
1 1 1
o b st 15
2x 2 dx 2
1 !
(ii1) Let — = y=x?
\/; y

Now do yourself as above
: 1 3
(v) Let y=— = y=x
¥
= y+8y=(x+6x)"
= Sy=(x+6x)" —x7

=3
= 5y:x3{(l+éj —1}
x

ol ey )
%)

30x —3( (6.
X 2

o {_ 36x  =3(-4) (
X Z

o B a8 ]

Dividing both sides by dx, we get

=x"|1-

*Q‘“’ o
|2



Ox

X

Oy _ {—3 + 6(
ox

Taking limit on both sided, we get
oy ox

lim —= lim x‘4{—3+6(—j— ..... }
Sx=0 §x  Ox—0 X
= Lo [340-0+...]
b
= ﬂ:—3)(_4 or ﬂ_—%
dx dx X
(v) Lety=
x—a
= yz(x—a)_1
= y+5y=(x+§x—a)_1
= §y=(x—a+5x)_l—y
= Sy=(x—a+6x)" —(x—a)’

ox

X—d

~(xa)’ KH j_l —1}

(e=a)" K LA SV H
= dy=(x—a)" {1— x&_xa + _1(_21! _1)()6{);}2 +o —1}
=(x-a)” {— x&_xa - _1(2_2) (xé_xa 2 +}
5 sx ) ]

Dividing by ox

%z(x—a)_l_l {—H(

Taking limit when ox — 0, we have

ox

X—da

tim 22 = lim (x—a)™ {—H( ox

0x—=0 dx  6x—0 X—da

= D (—a)?[-140-0+..]
dx

J--

j_}

dy -1

az(x—a)2
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(vi) Let y = x(x—3)

= x* —3x
Do yourself
. 2 4
(vi1) Let y=—=2x
X
= y+Jdy = 2(x+ox)"

Do yourself

1

(vii1) Let y = (x+ 4)3

1
= y+9y=(x+0x+4)3
1
= Oy=(x+6x+4)i—y
1 1

=(x+44|—?'x)g —(x+4)3

1
1 i
= (x+4)3 (1+ 5)“4]3 1

1 1(1_q
=(x+4) (1+l ox +3(3 )( ox

:(x+4)% oz +%(_%)( oF T+....]

L ox |1 1( ox
:(_x+4)3 — i T s
x+4|3 9\ x+4
Dividing by ox

1
%z(x+4)5_{l—l( ox ]+}
x 3 9\x+4

Taking limit when ox — 0

2
im 2% - fim (x+4)‘{1—1( Ox j+}

5x—0 §x Oox—0

2
— ﬂ:(x+4)_5B—O+O—...} =

dx

(ix) Lety = x2
3
= y+dy=(x+05x)2




3 2
= O0y=(x+06x)2 —x2

Dividing by dox

Sy 41[3 3(5)6}
SR B [kl
ox 2 8\ x

Taking limit when dx — 0

(x)

(xi)

1
tim 22 = fim x2 §+§[§j oo
0x=0 Ox  0x—0 2 8\ x

1 1
= ﬂ=x5[2—0+0—...1 = ﬂzéxa
dx 2 2

Let y = x?
Do yourself as above.

n

Let y = x"
= y+Jy = (x+3x)"

= 0y = (x+Jx)" —x"

= 3 1+Qj —1}
X

= 3 1+m-Q+M(gT+....}—I}

X 2! %

| mox m(m—l)(é‘sz
= x + +

X 2 X
. 5){ m(m—l)(é'xj |
= x" =|\m+—1 = |+
X 2 X |

Dividing by ox

FSc-1I / Ex-2.1-5
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?: o {"”W(Q}Li

Taking limit when dx — 0
-1
im Y= fim x™ {:m%(ﬁj + }
X

ox—0 5 X ox—0

= Q— '"_1[m+0+0....] = Q: mx™!
dx dx
.. 1 .
(xi1) Lety = — =x
X

Do yourself as above, just change the m by —m in above question

(xiii) Let y = x™

= y+Jdy = (x+5x)40

= Jdy = (x+§x -
404 5 40) s8¢ 2 40 40 40
K ox+ (2jx Ox +....+ (4())5 }—x
40 39 40) a5¢ 2 40 40
= ()x" + ( j ox+ ( 2))( Ox™ +...+ (4Oj§x -

40 359 38 o2 401 o 40
(1) 5x+( j ox +....+(4Oj5x

A 1 ( J”M (e

Dividing by o0x

Taking hmit as o

lim@ = x° + %8§x+....+ 40 ox”’
3x—0 O x 40
Ll = (4 ] +0+0+...+0
dx 1
:ﬂ=(4j Q=4Ox39
dx 1 dx
(xiv) Let y=x""
Do yourself Question # 1(xii), Replace m by —100.
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Question # 2

Find Lol from the first principles if

dx
(1) Nx+2 (i1)

X+a

Solution
1

(i) Let y = Vx+2 = (x+2)2
Now do yourself as Question # 1(ix)

1
(ii) Let y = ! = (x+a)2

VX+a

Now do vourself as Ouestion # 1 (ix)



Exercise 2.2 (Solutions)ragess
Calculus and Analytic Geometry, MATHEMATICS 12

7 Question # 1

Find from first principles, the derivatives of the following expensions w.r.t. their
respective independent variables:

i)  (ax+b) i) (2x+3) Gii) (3t+2)"
1

. -5
av) (ax+b) (V) —(az 5y

Solution
(i) Let y = (ax+b)’
= y+Jy = (a( x+(5x)+b)3
= 8y = (ax+b+adx) -y
((ax+b)+a5x) —(ax+b)’
= | (ax+b)’ +3(ax+b)*(adx) +3(ax+b)(adx)’ +(adx)’ |- (ax+b)
= 3alax+b) Sx+3a’*(ax+b)Sx* +a’dx’

= 5x(3a(ax +b) +3a*(ax+b)Ox+a’dx° )
Dividing by Jx

% = 3alax+b)* +3a’* (ax+b) Ox+ a’Sx*

b

Taking limit as dx — 0
lim oF _ = lim [ 3alax+b)* +3a*(ax +b)Ox+ a’dx* ]
O0x—0 5x 0x—0

=N Z— = 3a(ax+b)* +3a’*(ax+b)(0)+a’(0)*

x
= @y _ 3a(ax+b)* +0+0 = dy _ 3a(ax+b)*
dx dx

(i) Let y = (2x+3)
= y+0y = (2(x+5x)+3)5
= 0y = (2x+25x+3)5—y
(2x+3)+26x) —(2x+3)’

(
H (2x+3) + ( lj(2x+3)4(25x)+ (;j(2x+3)3(25x)2 +....

+ (2)(2&)5} —(2x+3)
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= [(1)(2x +3)° + 2@(2x+ 3)" Ox +4@j (2x+3)°0x" +....

...+32@)5x5}—(2x+3)5

= 2@(2% 3 Sx+ 4(3)(2x+ 3O +...+ 32@&5
Dividing by dx

5}7 _ 5 4 5 3 5 4
5 2(J(2x+3) + 4(2j(2x+3) Oox+..+ 32(5j5x

Taking limit as ox — 0

im2Y - 1im{2(?)(2x+3)4+ 4@(2x+3)35x+....+ 32@5{‘}

5x=0 &x 5x—0

— 5P Hsj(zxw)u 0+0+..+ o}
dx 1
= D _ 5243t o | D = 10Q2x+3)
dx dx
(i) Let y=(3t+2)"
= y+5y=(3(t+5t)+2)_2
= Sy=(3t+361+2) " -
= Sy=(GBr+2)+361)" —(3t+2)"
) -2
:(3t+2)_2(1+ o j —(3t+2)” :(3r+2)2{(1+ Sl j —1}
3t+2 3t+2
2
:(3t+2)_2[(1+(—2) 3 +_2(_2_1)( 3ce j +....]—1}
r+2 2 \3r+2
2
= Sy=(3t+2) {1 i 3)( i j+....—1}
3t+2 2 3t+2

{ 65t 35t j }
3t+2 +....
3t+2 3t+2
=(3r+2)"- 30t | _ +3( 30t j+
3t+2 3t+2
Dividing by ot
Q:3(3t+ 2)™ —2+( i) j+
ot 3t+2

Taking limit when 0t — 0, we have
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lim 92 = lim3(3t+2)° {—2+( 301 j+}

0t=0 5t 610 3t+2
- ﬂ:3(3t+2)_3[—2+0—0+....] = Q:—6(3t+2)_3
A dx

(iv) Lety = (ax+b)™
Do yourself

1
YT az-by
= y+dy :(cz(z+5z)—b)_7
= 8y = ((az—b)+abdz) —(az-b)"

3 T aoz _7_
= 8y = (az-b) [(H-(az—b)] 1]

= (az-b)”’

(v) Let




Exercise 2.3 (Solutions)
Calculus and Analvtic Geometry, MATHEMATICS 12

Differentiate w.r.t. 'x'
Question # 1
425+ 2P
Solution Let y = x"+2x +x°
Differentiating w.r.t. x
L] = i( 4+2x3+x2)
dx dx
= ix4 +2ix3 +ix2
dx dx dx

= 4x7 2307 )+ 207

= 4x° +6x*+2x

Question # 2

3
X0 42x 243
3
Solution Let y=x"+2x 243

Diff. w.r.t x
3
Q:i(x_3 +2x 2 +3j
dx dx
3
L e L
x dx dx

dx
dy 1 1
or E:—S(F+Wj
Question # 3
a+x
a—x
Solution Let y:a+x
a—x
d d
o ﬂ:i(""’x] :(a x)dx(a x)—(a x)dx(a x)
dx dx\a—x (a—x)2

(a=x)(0+1)=(a+x)(0-1)

) (a—x)’




FSc-1I / Ex- 2.3 - 2

_(a=x)(1) - (a+x)(-1)

) (a=x)’

_a-xta+x 2a

= = ) Answer
(a—x) (a—x)
Question # 4
2x—3
2x+1
Solution Let y= 2%~
2x+1
o 82.4(15°3)
dx dx\ 2x+1
d d
(2x+1)—(2x—3)—(2x—3)—(2x+1)
_ dx dx
(2x+1)°
_(2x+1)(2—0)—(2x—3)(2+0)
(2x+1)°
C(2x+1)(2)-(2x-3)(2)
(2x+1)°
_2(2x+1—2x+3)
(2x+1)°
2(4
= ( ) = i Answer

2

(2x+1)"  (2x+1)

Question # 5
(x—5)(3—x)
Solution  Let y=(x-5)(3-x)
=3x—x* =154 5x
=—x"+8x—15

Question # 6

o4
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Solution let y= (\/; -

o &
=

EXEREE

:x+l—2 =x+x' =2
X

Now diff. w.r.t x

dy d -1 d d B d
— =—(x+x -2) =—@+—0G)——2
dx dx( ) dx( ) dx( ) dx( )
= 1+(—1'x_1_1)—0: 1—x_2
2_
= 1—% =2 21 Answer
X X
Question # 7
(1))
Jx

(r)a=)

)x

Solution Consider y =

(1+3x) (1=

o=

Jx
= - (1+\/;\/)—(1_\/;) Since x% :xl%
() (-5 )
T %

Now

1 3
_1at 35
2 2
1 1
15 35
2 2
= l[L—S\/;] Answer
2\x
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Question # 8
2 2
(x +1)
x* -1
()c2 + 1)2
Solution  Let y = -—
x =1

Differentiating w.r.t. x
2 2
dy d (x +1)
de dx| x* -1

(1) (2 +1) = (22 +1) L (2 1)

_ dx dx
(1)
PN EE) 2(x2+1)2_1di(x2+1)—(x2+1)2(2x)
ey X
- dx (x2 —1)2
(1) 2(x +1)(20) — (#2 +1) (20)
_ (x* -1)
) 2x(x2+1)[2(x2—1)—(x2+1)]
i (x-1)
2x(x +1)| 207 —2-x7 —1 ]
)
2 J_
= 2X(X( -Zl)()xz 3) Answer
x =1
Question # 9
x+1
x*=3
y X+
Solution Let y = 73

Differentiating w.r.t. x

dy _ d[x+1
dx dx\ x* =3




(x2—3) (2x)—(x2+1)(2x) 2x(x2—3—x2—1)

FSc-II / Ex- 2.3 -5

(@) (3
2x(—-4 —
= x( )2 = i 7 Answer
(x2—3) (x2—3
Question # 10
NI+ x
V1-x
NIE 1+ x V2
Solution Let = =
g Vi—x (l—xj
1/2
ow & £(141]
dx dx\1—x

) l(H_x]; (l—x)%(l+x)—(l+x)%(l—x)
2(1-x (1-x)°
(1= (1= ) ()= (1+ 1) (=)
- 2[1+xj { (1-x)° J
:l(l—x)i(l—x+1+x] _ (1—x)5( 2 ]
2(1+x)2 (1-2) 2(1+x)2 (1= 1)’
= 1 = I Answer
| (1+x)2(1-x)"2  l+x (1-x)2
Question # 11
2x—1
Vat+1
Solution  Let y = 2)62_11

Differentiating w.r.t. x

Q_ i 2x—1
dx  dx (x2+1)1/2

(x2 +1)1/2 i(2x—1)—(2x—1)i(x2+1)”2

_ dx dx

) (2 +1)" )2
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(2 +1)7 (2)-(2x-1) T(2 +1) " L a2 41y

_ 2 dx
- (x2 +1)
1
2(? +1)1/2—(2x—1)2 e
) (" +1)
1 2 V2 2x—x
= (x2+1) 2(x +1) —(x2+1)1/2
_ 1 2x°+2-2x"+x
(.X2 +1) (xz +1)1/2
x+2 x+2
— A
(x2 +1)m or (x2 +1)3/2 nswer
Question # 12
NJa—x
a+x
Solution
Do yourself as Question # 10
Question # 13
Vat+1

2
X -

7

Solution let y =
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2 X +1 (x2—1)2

|
1 x> =12 (& =D(2x)— (x> +1)(2x)
2
_1Vx -1 2x*2x2x*2xJ

2J24| (-1)

e
22+ 1| (2 -1)

_ N i | _ -2
(x2 —1)2 Vi +1 (x2 _1)2_%\/m
= _32 Answer

Question # 14
VI+x—+1-x
JI+x++1-x
Solution Assume y = Vitx—Vl-x
Vi+x+41-x

B \/1+x—\/1—x.\/1+x—\/1—x

- \/1+x+\/1—x \/1+x—\/1—x
(\/1+x—\/1—x)2
(Vi+x) -(vi=x)
(\/E)2+(\/E)2—2(\/1+x)(\/1—x)

I+x-1+x

1t x+l-x-2(1+x)(1-x)

- 2x

rnisE 2(1—(1—;8)
2x B 2x

1—(1—x2)5

X

Rationalizing

o=

J

Now differentiation w.r.t x
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1
dy _ d|1=(=x)
dx dx X
xi 1—(1—x2)% - 1—(1—x2)% ix
_ dx dx
xZ
1| 1 lid 1
= — 0——(1—x2)2 —(1=x*)|-[1-(1=x%)% |a
L 0-30-2 " =) 112 |
B 1
= % x(—l(l—f) 2(=2x) —1+(1—x2)2}
- 1
1 e e 1| P =(1=-x7) +1-x°
-2 rl+(1-27)7 | = e T
1) 1)
1
I—(1-2*)2 .
= iz ( 1) = I I-x Answer
Y (1-x)? x*1-x?
Question # 15
xva+x
Ja—x
1
xWa+x a+x /2
Soluti Let = -
olution et y Jo—x x(a—xj
Diff. w.r.t. x
Q _ix(a+xjy2
dc dx \a—x
d (a+xj% (ax+x]y2 d .
= Xx— + e A (1)
dx \ a—x a—x) dx
d (a+xj% 1(a+xj%l d (a+xj
Now — = — —
dx\a—x 2\ a—x dc\a—x
d d
17 e - (a—x)a(a+x)—(a+x)dx(a—x)
- E[a—xj (a—x)°
B l[a—xj% (a=x)(1)=(a+x)(-1)
2\a+x (a—x)’
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1
B l(a—x)z(a—x+a+x] 1 1 ( 2a ]
5 I 5 1 T
2(a+x)2 (a—x)2 2(a+x)2(a—x)2 (a—x)2
a a
= T el T 3
(a+x)?(a—x) 2 (a+x)2(a—x)2
Using in eq. (1)
dy a a+x %
— = Xx- T T+ ( j (1)
dx (a+x)2(a—x)2 a—x
1
B ax N (a+x)?2
- 1 3 T
(a+x)2(a-x)2  (a—x)?2
_ 2 2
_ ax+(a—tx)(a )36) _ _ax+a —x N T—
(a+x)2(a—x)2 Ja+x(a—x)2
Question # 16
1 dy
If y=+x——,show that 2x—+ y= 2
y Jx 7 show tha xdx y Jx
1
Solution  Since = Jx——
g Jx
1 1
_ 242
Diff. w.r.t. x
LIRS
dx dx
1 |
= —x 24+—x?
2 2
Multiplying by 2x
1 _3 1y .3
2xﬂ: Zx(lx 2j+2x(—x 2) = 2P = M2
dx 2 dx
1 1
2xﬂz x2+4+x 2
dx
Adding y on both sides
11
2xﬂ+y: x2+x%+y
dx
dy 1 11 1 1 1
= 2x—+y= x2+x 2+x?—x? voy=x2—-x?
dx
1
= 2xﬂ+ y= 2x? =3 2xﬂ+y= 2Wx  Proved
dx dx

‘Question #17
If y = x*+2x*+2, prove that ? = 4xy-1
X
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Solution  Since y = x*+2x*+2

Now 2 = i(x4+2x2+2)
dx dx
- B _ 4x4—1+2(2x2—1)+o
dx
= 4x° +4x
dy 2 .
= — = 4x(x +1) ......... 1
- (x*+1) (i)

Now y = x"+2x* +2
= y-1= x"+2x"+2-1
= x*+2x"+1 = (xz+1)2
=Jy-1=(*+1) ie (&*+1) = Jy-1
Using it in eq. (1), we have

= % = 4xy-1 as required.
X
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Exercise 2.4 (Solutions)rage 7o
Calculus and Analytic Geometry, MATHEMATICS 12

Question # 1
Find by making suitable substitution in the
following functions defined as:

O

(v)

Solution
(1)

Y = T
I-x
1+x

1
So y = Ju = y=u’
Now diff. u w.r.t. x

& _ 4l
dx dx\ 1+ x

(1+ x)%(l—x)—(l—x)%(bkx)

=

Put u =

(1+X)2
(L+x)(=1) = (1-x)(1)
(1+x)2
_ —1-x-1+x
(1+)c)2
—y, G2 =2

de  (1+x)’
Now diff. y w.r.t. u
dy

du

1
2

d
= —u
du

_1

1 1 1(1-x)2
= — = — —
2 2\1+x

1

2
o4y _ 1fl+x
du 2\1—x

Now by chain rule
L]

dx du dx

_1(1+xj5_ -2
20=x) (l4ay

= —  Answer
VI-x (1+x)?
(ii)
y = \/x+\/;
1
Let U = x+x = x+x2

1
- y —! \/;: u2
Diff. u w.r.t. x

du d( %j
= —| x+x

dx dx
1
= 1+lx ¥ = 1+L
2 2x
I NEES
2x
Now diff. y w.rt. x
dy _d 5
du du
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1 —% 1 1
= Eu = T — T
2u? 2(x+\/;)2
N S
du 2\ x++/x
Now by chain rule
dy _ dy du
dx du dx
1 2kl
2\/x+\/; 2/x
= 2\/;+1 Answer
4\/;-\/x+\/;
(iii)
a+x
y =X
a—x
Put u = arx
a—x
1
So y = x\u= x(u)?
Diff. w.r.t. x
1
8F _ 2 u]
dx dx
d 1 1d
xdx(u) () dxx
1 _1 du 1
= — 2—+ 2 1
v () 2 )
dy X %du 1
—_ = — —+ 2 ...
= — = J(u)2—+(u) (i)

Now diff. u w.r.t. x
du _ i(a+xj
dx dx\ a—x

) (a—x)%(a+x)—(a+x)%(a—x)

a—x+a+x 2a

T (a-x) (am)

Using value of u and % in eq. (i)
X

1 1

@_f(a+xj_2 2a _I_(a+)cj§
dx 2\a—x (a—x)2 a—x

_ (a+x)%' ax +(a+x)%
(a—x)_% (a—x)2 (a—x)%
_ ax N (a+x)%
(a+x)%(a—x)2_% (a—x)%

1 3 )
(a+x)2(a—x)? (a—x)

ax+(a+ x)(a—x)

(a+x)%(a—x)?

(a=x)°
(a=x)(0+1)—(a+x)(0-1)

(a—x)

dy ax + a* —x°
= T 3
Y (a+x)2(a—x)?
(iv)
Do yourself as above
(v)
Do yourself as above
Question # 2
Find ﬂ if:
dx
1)3x+4y+7 =0
(i)xy+y" = 2

(iii) x* —4xy -5y =0

(iv)4x* +2hxy +by* +2gx+2fy+c = 0
(v) xm+y\/m =0

(v1) y(xz—l):xm
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Solution (ii1)
Do yourself
(1)
3x+4y+7 =0 (iv)
Diff. w.r.t. x. Ax* +2hxy+by* +2gx+2fy+c = 0
di(3x+4y+7 j= di(o) Iziifferentiating wrIt. X )
g c (46 + 2y + by’ + 2gx+ 2 fy+ ¢)=——(0)
= 3(1)+4d—y+0: 0 = 4d—y: 3 | & . ) ) dx
X X 2 2
= 4—x)+2h—(xy)+b—
o 3 dx( ) dx( ¥) dx(y)
- d ~ 4 +2 i(x)+2fi( )+i(c) =0
gdx dx ’ dx
i) xy+y =2 - 4(2x)+2h(x@+ y(1)j+b-2y@
Differentiating w.r.t. x dx dx
d 5 d dy
L (xv+ == (2 g +2f—+0 =0
dx( S ) dx( ) dx
d d , dy dy
il +2 v =0 = 8x+2hx—+2hy+2by—
- dx(xy) dxy dx 4 ydx
dy dx dy dy
= x—24+y—42y== =0 +2¢+2f— =0
dx ydx ydx dx
d
= (x+2y)%+y(l): 0 = 2(hx+by+f)d—y+2(4x+hy++g)=()
by be
dy dy _
= (x+2y)—==-y = 2(hx+by+ f)—==-2(4x+hy++g)
dx dx
dy dy _
= (x+2y)—==-y = (hx+by+ f)—=—(4x+hy++g)
dx dx
s ﬂ: Ty - dy _ Ax+hyt++g
dx x+2y dx hx+by+ f

(v)

BO|—
[l
S

X1+ y+yWl+x =0 = x(1+y)%+y(1+x)

Differentiating w.r.t. x
d [ L:| d [ 1 } d
= —|x(1+y)? |[+—| y(I+x)> |= —(O)
dx (1+5) dx 3 ) dx

= xi(1+ y)% +(1+ y)%@ +yi(1+x)% +(1+x)
dx dx dx

N|—
&S
[l
-
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= X l(“‘}’) d—+(1+y)2(1) +y- 1(1+x)_%(1)+(1+x)%@ =0
2 dx 2 dx
- X dy

o Tat e (Lt = 0
Ty

2(1-|—x)%

G YO P
BT )]dx [(1 . 1]

_ x+2(1+x)5(1+y)5]@ :{2(1“) 1+y% y]

,_.

o 2(1+ y)? dx 2(1+x)?
[ a2 0y o _ [2J0+00+ 0 +y
] 21+ y dx 21+ x
b _ 2+ 0+ +y 21+y
dx W1+ x x+2JA+x) 1+ y)
dy \/1+y(2\/(1+x)(1+y)+y)
- 2= _ Answer
de  Jl+x(x+20+ 00+ )
(vi)
y(xz—l):xxfx2+4
Differentiating w.r.t x
%y(xz—l)z—xx(x2+4)%
d dy d L 1d
= ya(x2—1)+(x2—1)d—i:xa(x2+4)2+(x2+4)2d—i
> Ny _ Lo, b
= y(2x)+(x 1)dx_x2(x +4) 2 (2x)+(x° +4) i)
2
= 2y +(2 ) De X (P ra)
X (x2+4)§
dy x .
= (¥ -1)== +(x*+4)* —2xy
e G
dy e 5 4
= (¥ -1)—== +(x°+4)* —2xy
( )dx (x2+4)% ( )
1
N (xz_l)ﬂ:x2+x2+4—2xy1(x2+4)2 N ﬂ:2x2+4—2xy\/x2+4
B (ves) (-




Question # 3

Find % of the following parametric

functions:

(1) x = 6’+% and y = 6+1

a (1 —1 )
1+ 7

bt
1+1°

(i) x =

Solution

(1) Since x = 6’-|—l
6

= x = 6+6"
Differentiating x w.r.t.

L. i(¢9+¢9—1)
do do
S 1 0> -1
— 1—9 2 = 1——2 — 62
do 6*
= = —
dx - -1
Now y = 6+1
Diff. w.r.t. 6
D gy LB
do do (7
Now by chain rule
dy _ dy d¢
dx dé dx
_dy do _ &
dl dx 6* -1
2
[ e
dx 0 —1
N _ a(l—tz)
(i) Since x = ———=
1+1

Diff. w.r.t. ¢

dx d(1-¢
— a_ 3
dt dr\ 1+t
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a(1+t2)i(1_r2)_(1_t2)jt(mz)

1+t2)2

—4at

—_

(1+t2)2
(1+77)(=20) = (1-7*)(21)
=
(1+t2)2
_ a—2t—2t3—2t+2t3
(1+t2)2
dx —4dat dt
= — = 5 = —
dt (1+[2) dx
_ 2bt
Now Y = Y
Diff. w.r.t. ¢
dy i( 2btj
dt dt\1+1

d d
(1+t2)52bt—2bt5(1+t2)

(1+t2)2

(1+#7)2b(1) - 2b1(2t)

(1+t2)2
_ 2b+2bt° —4br* _ 2b-2br’
(1+t2)2 (1+t2)2
_2(1-17)
B (1+t2)2
Now by chain rule
dy _ dy dt
dc  dr dx
C2b(1-7) (14£)
B (1+t2)2 - dar
| _ b(1-r*)
dx 2at
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Question # 4
: 1-¢
Prove that yﬂ+x20 if x = tz,
dx 1+1¢
2t
YT Ier
: . 1-1*
Solution  Since x = 5
I+1

Differentiating w.r.t. 7, we get (solve
yourself as above)

de _ 4 dr_ (1+7)
dr (th)z dx -4
ew ¥ = 1322

Differentiating w.r.t. ¢, we get (solve
yourself as above)

dy _ 2(1-7)

a - (1+ tz)2

Now by chain rule

Y _ & da
dx dt dx
2(1-7) (1+7)
(148) 4
dy _ 1-¢
dx 2t
Multiplying both sides by y
dy -1
= y— = —y-
Yo T T
_ 2t 1-¢
1+ 2t
dy -7
= y— = —
ydx 1+
:ﬂ——x "x—l_t2
ydx ' 1+
= y@ +x =0 Proved.
dx

Question # 5
Differentiate

(i)

(i1)
(iii)
(iv)

(v)

2 4
X ——Zw.r.t. X
X

(1 +x° )n w.r.t. x°

x> +1 x—1

—— Wt —
x =1 x+1
ax+b ax*+b

cx+d ax* +d
x> +1

x> =1

Ww.I.L

3
w.r.t. x

Solution

(1)

4
- ﬂ _ 2()6 +1)

1
Suppose y = xz——2 and u=x"
x

Diff. y wart x

dy d ( | j
dx dx X

Now diff. u w.rt x

2 - 2 (x)
dx dx
= @z 4x°
dx
Now by chain rule
dy dy . dx
du dx du
_dy 1
=
dx




(i) Let y:(l+x2)n and u = x°

Differentiation y w.r.t x

@ = i(1+x2)n

dx dx

= n(1+x2)n_ldi(1+x2)
x

= n(l + x° )n_l (2x)

= 2nx(1 +x° )n_l

Now differentiating u w.r.t x
du _d .

=—2X
dx  dx
= 2x LN
du 2x
Now by chain rule
ar _ & &

du dx du
1

= & = 2nx(1+x2)n_l-—
du 2x

= % = n(l+x2)n_1

x*+1 x—1

| x+1

Diff. y wrt x
dy dx*+1
dx  dx| x* -1

= Solve yourself =

(i) Let y=

—4x
(+*-1)

2

Now diff. u w.r.t x
du _ dfx-1
dx dx\ x+1

= Solve yourself = 2

(x+1)

5

dx (x+1)2

du 2
Now by chain rule

FSc-1l/Ex 2.4 -7

Gy) Lt y=22 and p== 0
cx+d ax“+d

Diff. y wr.t. x
Q_i(ax+bj

dx  dx\cex+d

(cx+d)i(ax+b)—(ax+b)i(cx+ d)

_ dx dx
(cx+d)2
(ecx+d)(a)—(ax+b)(c)
(ex+d)
acx+ad —acx —bc
(ex+ d)2

dy _ ad-bc
dx  (cx+d)

Now diff. u w.r.t x

du _ i(ax2+b]

dx dx\ ax’ +d
_(ax’ +d) E(ax” +b)— (ax’ +b) - (ax + d)
i (ax® +d)

(ax® +d)(2ax) —(ax® +b)(2ax)
(ax2+d)2
2ax(ax2 +d —ax’ —b)

(ax2 +d)2
2ax(d —b)

(ax2+d)2
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ac (ad+d) f?=§f
du  2ax(d—-Db) x_3;
NO\; by ch;in Zule _ dx 1
a _ 4y @ du 3x°
du dx du ) Now by chain rule
ad —bc (ax2+d) dy _ dy dx
— (Cx+d)2 2ax(d—b) du dx du

2 —4x ' 1
_ dy _ (ad—bc)(ax2+d) (x2—1)2 3x?

dx  2ax(cx+d) (d-b) dy 4

2

x“+1
v Let y=
(v) y="a_]

Diff. y wrt x

ﬂ_i x> +1
dx dx| x* -1

= Solve yourself
—4x

(1)

Now diff., u w.r.t x

and u=x’
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Some Important Derivative Formulas

o ic =0 where ¢ 1s constant o — x'=px"!
dx dx
. isinx = COSX oitan x=sec?x e — CSCX=—CSCXCOtX
dx dx dx
d . d _ 5 _
e — COSX=—Sinx e cotx=—csc’x e —secx= secxtanx
dx dx
d .. 1 d 1 d . 1
o —Sin ' x=——— o = Tan'x= o —Sec 'x=
dx 1-x? dx 1+x32 dx wxt =1
- - -1
° iCos_lxz ] . iCOI_le 12 . iCsc‘lxz
1—x2 dx 1+x dx x\/xz—l

Question # 1
Difference the following trigonometric functions from the first principles.

(i) sin2x (ii) tan3x (iii) sin2x+cos2x (iv) cosx’
(v) tan®x (vi) tanx (vii) cos+/x
Solution

(1) Suppose y=sin2x
= y+0y=sin2(x+9x)
= Oy=sin2(x+dx)—y
=sin2(x+0x)—sin2x

Dividing both sides by Jx
Oy _sin(2x+2dx)—sin 2x

ox ox
5 2x+20x+2x) . (2x+20x—2x
cos sin
B 2 2
B ox
~ 2cos(2x+dx)sin(JIx)
B ox
Taking limit as ox — 0
e Sy _ o 2cos(2x+Jx)sin(Ox)
0x—0 5)(; 0x—0 5x
dy . sin(Jx)
- = 2 }}%cos(2x+5x)- 5
. . sin(dx)
= 251%g10cos(2x+§x)-£r£10 5
= 2 cos(2x+0)-(1) L L

-0 @
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= ﬂ = 2cos2x

dx

(11) Let y = tan3x
= y+dy = tan3(x+Jx)
= Jy = tan(3x+3dx)—tan3x

_ sin(3x+3d0x) sin3x  sin(3x+30x)cos3x—cos(3x+3dx)sin3x
B cos(3x+35x)_cos3x - cos(3x +30x)cos3x
sin(3x+30x—-3x) sin(36x)
 cos(3x+35x)cos3x  cos(3x+35x)cos3x
Dividing by Jdx
sy 1 sin(3Jx)

Sx  Ox cos(3x+35x)cos3x
Taking limit as dx — 0

. Oy sin(30x)
Iim — = lim
a=0 gx w0 gx cos(3x+39x)cos3x
in(30.
L3 = lim sin(30x) : L 2 xing and +ing 3 on R.H.S
dx 0  Ox cos(3x+30x)cos3x 3
in(30.
— 4 i sin(36x) . 1
00 39x  o0cos(3x+30x)cos3x
= 3(1)- 1
cos(3x+3(0))cos3x
B 3 B 3
cos3x cos3x cos’3x
= L 3sec?3x
dx
(111) Let y = sin2x+cos2x

= y+dy = sin2(x+0x)+cos2(x+x)
= Jy = sin2(x+8x)+cos2(x+dx)—y
= sin2(x+Jx)+cos2(x+x)—sin2x—cos2x
= [sin(2x+26x)—sin2x |+ cos(2x +28x) - cos 2x |

{ (2x+25x+2x) ) (2x+25x—2xﬂ
= | 2cos 5 sin »

[ 2x4+20x—2x) . (2x+26x—2x
+| —=2s1n > sin ”
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= 2cos(2x+ 0x)sin(dx)—2sin(2x+ dx)sin(JIx)
Dividing by dx

.1 2c0s(2x+dx)sin(Sx) —2sin(2x+ 6x)sin (5x) |
ox  Ox
Taking limit as dx — 0
. Oy .1 . . .
(gr_%g = ;i%5[2003(2x+5x)sm(5x)—231n(2x+5x)sm(5x)]
in(o in(o
D tim cos(2x+ 62) lim SO 2 fim sin (2 + 8 fim S0
dx 0x—0 0x—0 ox 0x—0 0x—0 ox
= 2cos(2x+0)- (1) 2sin(2x+0)-(1)  Since lginolsmg =1
= dr_ 2cos2x—2sin2x
dx
(iv) Let y = cosx’

= y+0y = cos(x+Jx)’
= Oy = cos(x+0x)* —cosx’
2, .2 2 2
_ _Zsin((x+§x) +x ]Sin((x+5x) X ]
2 2
X2+ 2x8x+ Ox* + x* in X2+ 2x0x + Ox* — x*
2 2
2x% + 2x0x + Ox* ) . (2x§x+§x2]
.sin| ——————

= —2sin

= —2sin
2 2

2
= —2sin x2+x5x+%j-sin[x+%j5x

Dividing by Jx

2
Q: —i-Zsin x2+x5)c+Ji -sin(x+@j5x
ox ox 2 2

0.
xing and +ing (x+7x] on R.H.S

%)

, i

= Q = — isin x2+x5x+§i -sin(x+§]§x s 2)
Ox ox 2 2 B

: ox
S5i2 sm(x+7]5x S
= ~ 2sin()c2 +x0x+ J 5 '(x+—)
2 (x+7xj ox 2
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Taking limit as x — 0

&),
s 51 sin| x+ 5 X S
h'm—y:—]jm 2sin| x* + x0x + . xX+—
5xe05x ox—0 2 ( 5)(:] 2
x+— [0x
i 2 ]
. ox
dy . ( ) é'xzj : sm(x+2j5x : (
= — = —2limsin| x” + x0x+— |- lim - lim
dx 0x—0 0x—0 ( 5)() 0x—>0
x+— |0x
2
= —2sin (2" +(0)+(0))-(D- (x+ (0))
= L — 2 xsin x°
dx
(v) Let y = tan’«x

= y+Jy = tan’(x+ 5x)

= Jy = tan’(x+Jx)—tan’x

(tan(x+ &x)+ tanx)-

(tan(x+ &x)+ tanx)-

(tan(x+ &x)+ tanx)-

(tan(x+ &x)+ tanx)-

Dividing by Jx

(tan(x+ &x)+ tanx)- (tan (x+ dx) — tanx)

sin(x+Jx)  sinx
cos(x+0Jx) cosx
sin(x+ dx)cosx —sin xcos(x+ Ox)

cos(x+ dx)cos x

sin(x+dx—x)

cos(x+ ox)cosx

sinox

cos(x+ dx)cosx

% L(tan(x+ 5x)+ tanx)- i 0%
ox  Ox cos(x+ dx)cos x
Taking limit when dx — 0
lim 22 = limi(tan(x+ 5x)+ tanx)- i o7
00 §x 00 5x cos(x+ dx)cos x

1m
Sx—0

cos(x+0)cosx

dy . (tan(x+Ox)+tanx| . (sindx
= ( s s

cos(x+ dx)cos x

B [tan(x+0)+ tanx] .

_ tanx+tanx 2tanx

COSX -COSX COSZX

|



FSc-II / Ex-2.5-5

= L) = 2tanx sec’x
dx
(vi) Let y = +tanx
= y+dy = tan(x+Jx)

= Jdy = \/tan(x+§x)—\/tanx

= (\/tan(x+ Ox) —\/tanx)-[

tan (x+ 6x)—tanx

1/tan x+ 5x ++/tanx

B sin(x+ Jdx) sinxj

B ,/tan(x+5x)+ tan x (COS()HJx)_cosx

Now do yourself as above.

tan(x+ Ox) ++/tan x
tan(x+ dx) ++/tan x

(vii) Let  y = cosv/x
= y+0y = cos/x + 5x
= 8y = cosvx+dx—cosv/x
2 2

= —2sin

Dividing by Jx
2 Jx+ox+x ) . (Vx+6x—+x
sin sin
sy 2 2
Sx ox
Taking limit as ox — 0
o x/x+§x+\/;] Sin(\/x+5x—\/)—c]
2

2
Iim ﬂ = —21lim
Ox—0 5x Sx—0 5X

As 5x=(m+\/;)(M—\/;),puttingin above
s1n( x+5x+x/;] sin( ,x+5x—\/;]
Ay _ 2 2
PR S Y S S ) S Y
sin( x+5x+\/;] sin( x+§x—\/;]
2

. 2 .
= — lim - lim

—
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) [ x+0+\/x]
Sin
2
= D)

N ﬂ _ _Sin(\/;)

(Vx+0+vx) & 2Jx

Question # 2

Differentiate the following w.r.t. the variable involved.

(i) x*secdx (ii) tan’ @ sec’@ (iii) (sin 260 —cos 3(9)2 @av) cos\/; ++/sinx
Solution

(i) Assume y = x’secdx
Differentiating w.r.t x
Db _ ix2 sec4x
dx dx

= x° ise:c 4dx+ sec 4xix2
dx dx

= x’sec4xtan 4xdi (4x) +secdx (2x)
I

= x’secdxtan4x(4)+ 2xsecdx
2xsecdx(2xtandx+1)

(i) Let y = tan’ 6 sec’ @
Diff. wr.t 6

@ _ itan39 sec’ @
dg do

= tan3t9i5,6:0219+sec2 Hitarfﬁ
aé dé
3 d 2 2 d
= tan” @| 2sec@—-sec@ |+sec” | 3tan" @—tan @
do do

= tan’ @(2secd -secOtan ) +sec’ §(3tan’ 0 sec’ 0)

= gsec’@tan’ e9(2tan2 6 +3sec’ 49)

(iii) Let y = (sin26—cos36)’

Diff. wr.t 6
L. i(sinze—cosse)z
d6  de

= 2(sin 26 — cos 30)%(sin 20— cos30)

= 2(sin26 —cos 30)(cos 20 L3 (26) +sin36- L3 (36)}
dé dé

= 2(sin 26 —cos30)(cos28-(2)+sin30 - (3))
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= 2(sin 26 —cos30)(2cos 26 + 3sin 30)

(IV) Let y = COS\/;'f'\/SinX

1 1
= c08(x)2 +(sin x)é

Diff. w.r.t x
dy d ( 1o 1)
— = —| cos(x)” +(sinx)?
dx dx %) ( )

14 1 1
= —sin(x)? xx2+§(sinx) 2E(sinx)

L]
d.
C(1 1) 1 1
= —sin(x)2 > 2 2(smx) 2(cosx)

_ I cosx _Sil’l\/;
2| +/sinx Jx

Question#3
Fmd Y if
dx
(1) y = xcosy (1) x = ycosy
Solution
(1) Since y = xcosy
& = ixcosy
dx dx
- xicosy+cosy@
dx dx

= x(—sin y)ﬂ +cos y(1)
dx

=5 ﬂ+xsinyﬂ = cosy = (1+xsiny)ﬂ = cosy
dx dx dx
o by _cosy
dx I+ xsiny
(i1) Do yourself as above
Question # 4
Find the derivative w.r.t. “x”
. 1 e . 142
(1) cos T (i1) sin Tox
1+2x I+ x
Solution
: . 1
(1) Since y = cos X
1+2x

Diff. w.r.t x
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dy d 1+x
dx dx 1+2x
. 1+x d| [1+x [ 1+x d(luf
= —sIn —_— = —Sin —
1+2x dx| V1+2x 1+ 2x dx\1+2x
g [T l(lmj%i(uxj
B 1+2x 2\0+2x) dx\1+2x
d d
- T+ x l(1+2x]é (1+2x)dx(1+x)—(1+x)dx(1+2x)
1+2x 2\ I+x (1+2x)°
o [T (1+2x) 2 ( (14+2x) (1) - (1+ %) (2)
14+2% (14 x)} (1+2x)’
1
_ —sin I+x  (142x)2(14+2x-2-2x
1+2x 2(1+x)% (1+2x)2
1
. [1+x  (1+2x)2 -1
= —gin : 1 i
I+2x o(14+x)2 | (1+2x)
1. [1+x (1+2x)?
= —sin . T T
2 VI+2x (14 x)7(142x)"2
. dy 1 o I+x

dx i+ x(1+2x)2  V1+2x

(i) Do yourself as above.

Question # 5
Differentiate

(i)  sinx w.r.t. cotx (ii)  sin’x w.rt. cos'x

Solution
(1) Let y = sinx and u = cotx

Diff. y wrt x

dy d .
— = —sinx
dx dx

= COSX

Now diff. u w.r.t x

du
— = —cotx
dx dx

= —csc’x
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dx 1
= — = ——
du CcSC™ X
= —sin’x
Now by chain rule
dy _ dy dx
du dx du
= (cosx)(—sinzx) = —gin’x CoSx

(ii) Lety = sinx and u = cos*x

Diff. y wrt x
L is,inzx
dx dx
.d . .
= 2sinx—(sinx) = 2sinx cosx
dx
Now diff. u w.r.t x
du d 4
— = —cos'x
dx dx
d )
= 4cos’ x—(cosx) = 4cos’ x(—sinx)
dx
= —4sinxcos’ x
a1
du 4sin xcos’ x
Now by chain rule
dy _ dy dx
du dx du
) 1
= (2sinx cosx)(— : - j
4sin xcos” x
= ——sec’x
| 2
Question # 6
If tan y(1+tanx) = 1—tanx, show that ? = -1
X
Solution
Since tan y(1+tanx) = 1—tanx
I—tanx
= tany =
1+tanx
l—tanx tanf — tan x (z j
= = = tan| ——x
1+1-tanx 1+tan7 - tan x 4
V4
= y=——x

4
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Diff. w.r.t x
dy _ i[z_xj
dx dx\ 4
=0-1= ﬂ = —1
| dx
Question # 7

If y = \/tanx+\/tanx+\/tanx+...oo , Prove that (2y—1)% = sec’ x.
x

Solution
Since y = \/tanx+ \/tanx+ Jtanx +...o

Taking square on both sides

y? = tanx+ Jtan x +Jtan x + .0
tanx+\/tanx+ Jtanx++/tan x + .00

= y° = tanx+y

Diff. w.r.t x
d , d
— = —(tanx+
dxy dx( y)
= 2yﬂ ST SN 2yﬂ—ﬂ = sec’ x
dx dx dx dx

= (2y—1)% = sec’ x

Question # 8
If x = acos’@, y = bsin’ @, Show that a@ +btanf = 0

dx
Solution

X = acos’@, y = bsin’ @
Diff. x w.rt @

= _ i(acos3t9)

de de

= a-300329i(cost9) = 3acos’ @(—sin8)

= ax —3asinfcos’8 = 9 _ _ - 5

de dx 3asinf@cos 6

Now diff. y w.r.t

@ i(bsinm)
do do
= b-3sin20%(3in0) = 3bsin®fcosd

Now by chain rule
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dy _ dy do
ax de dx
= 3bsin’@cos@ —— C -
3asin@cos” 8
= —étanﬁ
a
= aﬂ = —btané = aﬂ +btand = 0
dx dx
Question # 9

Find% if x = a(cost+sint) and y = a(sinz—rcost)
Solution
x = a(cost+sint) and y = a(sint—rcost)
Do yourself

Derivative of inverse trigonometric formulas
(i) Lsiny=—rt

dx NIE's

See proof on book page 76
-1

1-x*

.. d 4
1 —Cos x=
(i1) -

Proof
Let y=cos™ x where xe [0,7]
= COSy = X
Diff. w.r.t x
d dx . dy
—Ccosy = — = —siny— =1
dx dx dx
dy 1
dx sin y
N Since sin y is positive for xe [0, 7]
I—cos™y
|
1-x°
d _ 1
L Tan x=——
(111) I an 'x o
See proof on book at page 77
. d _ -1
(iv) ECOI 1x=1 e



FSc-1I / Ex- 2.5 - 12

Diff. w.r.t x
d d
—coty = —x = —csczyﬂ = 1
dx dx dx
S —
dx cscTy
_1 2 2
= — “ 1+cot” y=csc
l+cot’y Y Y
dy 1
dx 1+ x7
d 1 1
(v) —Sec x=——
dx xVxt =1
Proof
Let y = sec”'x = secy = x
Diff. w.r.t x
isec = ix = sec ytan Q—l
dx Y dx Y ydx
d
&y _ 1
dx secytany
= ! v 1+tan” y=sec’ y
sec yq/sec” y—1
= iSec_lx -1 osecy = x
dx xvx* -1
(vi) iCsc‘l)c:— !

dx xvx' =1

See on book at page 77

Question # 10
Differentiate w.r.t. "x"

(i) Cos'X (i) cot™
da

a
2
iv) Sin'V1-x* (v) Secl[x +1J (vi) Cot‘l(1 2%

(vii) Cos™ (1 = le

1+x
Solution

(1) Let y = Cos_lf
a

Diff. wrt x

L. = L] Cos™ X
dx dx a
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S () P A TS
B 252 a 2 adx
1—()6) 1=
a a
e S N R N S ST
at—x* a at—x* a at —x*

(i) Let y = cot™ X

a
Diff w.r.t x
Ll = icot_lf
dx dx a

@) Tt y = Lsn2

a X
Diff. wr.t x
Q - li Sin_lﬁ
dx a dx X

X
X 5 X 1 1
— — — —_— = —_— A
xz—az( i ) xz—az( ij xx —a’ *

(iv) Let y = Sin~'\J1-x

Diff. wr.t x
Q = iSin_lxll—x2
dx dx

- 1 iﬂ = ; 1 1-x* _%i 1-x?
T ) (i)
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2
(v) Let y = Secl(xz-l_l]

x =1
Diff. w.r.t x
& iSecl(xz_i_lj
dc  dx xr-1
_ 1 _i(x2+1j
241 I 22 +1Y dx| x* -1
IR
) 1 [ =) 5 (2 )~ +1) 5 (1)
x*+1 \/(x2+1)2—(x2—1)2 (x2—1)2
(xz—l) (x> 1)’
1 (xz—l)(2x)—(x2+1)(2x)
2 +1 \/(x4+2x2+1)—(x4+2x2+1) (x2—1)2
(xz—lj' (¢ =)

(x2 —1)2 2)(()62 —1-x7 —1)
(x2+1)-\/x4+2x2+1—x4+2x2—1 (x2_1)2
1 —4x -2

(x* +1)-V4x? (2:(-2)) (F*+1)-2x  (¥*+1) .
(vi) Do yourself as above.
(vii) Do yourself as above.

Question # 11
Show that Q = X if X = tan_l ﬁ

dx x X y
Solution
Since 2 = Tan'2 = y = xTan™ 2
X y y
Diff. w.r.t x
ﬂ = i )cTcm_lﬁ
dx dx y

= xi(Tcm_1 ﬁ] +Tan™ 2 i()c)

dx y y dx
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= X %i(f] +Tan_1—-(1)
(xj dx\ y y
I+| —
y
dy
y()—x—
=X 21 2 7] ax +Tanlx = 2x 2()’_)5@)"‘1
y +x y y Vo +x dc) x
y2
2
Y _ vy X Ay

dx y +x" dx y* 4+ x7 X v +x ) dx x\ ¥+
—_ &y = 2 Proved
| dx X
Question # 12
If y = tan(pTan_lx), show that (1+x2)yl—p(1+y2) =0
Solution

Since y = tan(pTan‘lx) = Tan™'y = pTan'x

Differentiating w.r.t x

d
—Tan™'y = p—Tan'x
dx ¥ e dx

1 d 1 d
Ll ) )
= (1+x2)y1—p(1+y2)20 Sinc:eﬂzy1

dx




Exercise 2.6 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12

2.10 Derivative of General Exponential Function (Page 80)
A function define by
f(x)=a* where a>0, a#1

is called general exponential function.

Suppose y=a*
— y+§y:ax+§x — 5y:ax+§x —y
= Sy=a*"%* —q* Since y=a*

= dy=a*(a®* -1)
Dividing by 6x
dy _ a*(a® -1)

ox ox
Taking limit as dx— 0
oy a*(a® -1)

lim === |im
ox=0 §x  0x—>0 ox

= Y im a* a1 = ay_ a® lim a’ -1
dx x>0 ox dx =0 Ox

X

= i(ax): a‘.lna Since }rig%a =lna

dx

X

Derivative of Natural Exponential Function
The exponential function f(x)=e", where e=2.71828..., is called Natural

Exponential Function.

Suppose y=¢e"
Do yourself ... Just Change a by e in above article. You’ll get
d,_
dx

2.11 Derivative of General Logarithmic Function (page 81)
If a>0,a#1 and x=a’, then the function defined by y=log,x (x>0) is

called General Logarithmic Function.
Suppose y =log, x
= y+oy=log,(x+0x) = Jdy=log,(x+dx)—y
= oy =log,(x+Jx)—log, x

= log, ()Hjx j Since log, m—log,n=log, %

Dividing both sides by dx

oy 1 X+0x
g_éklog“( J
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Taking limit as 0x — 0

.oy .. 1 X+0x
}}E‘oa—}}%ﬁloga( p j
dy .. 1 ox

- a—}iﬂ%al‘)ga(”ﬂ

T | ox
= M, 5 08 [“7}

= ﬂ :llim iloga[l+5—xj

X x0x500x X
dy 1.. 0x a
=% i ;élir%nologa [1+7)

dy 1 (L S )
= E_xlog“[ }r£10£1+ x] }

Ay 11
= g = logae
= 9(log,x)=1 1
dx\ OB x log, a
d 1
“ =

- dx(og“x) xIna

+ing and Xing by x

Since mlog, x=log, x™"

1
Since lim(1+ x)? —e
x—0

1
log, a

Since log, b=

Since log,a=Ina

Derivative of Natural Logarithmic Function

The logarithmic function f(x)=1log, x where e=2.71828...1s called Natural
Logarithmic Function. And we write In x instead of log, x for our ease.

Since = Inm—In nzlnm

Suppose y=Inx
= y+oy=In(x+dx) = Ooy=In(x+dx)—y
= Oy=In(x+dx)—Inx
~ 5y:1n[x+x5xj

:1n(1+5—x]

X
Dividing both sides by ox
oy 1 ox
- = =Inl1+==
ox Ox n[ X ]
Taking limit as 0x — 0

.0y .. 1 ox
jim = =lim <—In [“ 7}

n
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+ing and Xing by x

Since mln x =In x™

dx x 0x—0 X
= ﬂz—lr{ﬁm [1+5—x]ﬂ
dx x x—0 X
1
—_— a_1 Ine Since lim (1+x)*=e
dx X x—0
d 1 : _ _
= a(ln x)= - 1 Since Ine=1log, e=1
d 1
2 (Inx)=—=
- dx(nx) .
Exercise 2.6 (Questions)
Question # 1
Find f'(x) if
1
(i) f(x)=e""! (ii) £ (x) = X, (x % 0) (iii) f(x) = ¢ (1+Inx)
(iv) fx) = — V) f(x) = In(e +e™) i) f) = S5
e +1 e +e
(vii) f(x) = \/ln(e2x+e_2x) (vii) f(x) = InJ(e* +e )
Solution
O flx) =™
Diff. w.r.t x
da _ 4 e
dx 7 dxe
’ _ Jx-l d \/_
= x) = e —|vJx—1
£/(x) ——(Vx-1)

1 V-1
= eﬁ_1 (%x 2 —0] =2 Ans.

1

(i) f(x) = xe*
Diff. w.r.t x



FSc-1I / Ex- 2.6 - 4

d —_— X
af(x)— xe

= f(x) = x3d—e; et —x°

(i) f(x) = &' (1+Inx)

Diff. w.r.t x
%f(x) = %e"(l-klnx)
, o d d .
= f(x) = ¢&—(1+Inx)+(1+Inx)—e
dx dx
= ex(0+lj+(1+lnx)ex
%

= fl(x) = ex(l+1+lnxj or f'(x) = ex(1+x(

X

1+1nx)]

X

X

e
e +1

iv) fx) =
Diff. w.r.t x

d d e
Fiicle a(em]

(¢ +1) Lo —er L (e +1)

- f’(x) = dx zdx
(e_x+1)
(e H)er—e (e (=D +0) (e H1+e)
B (e_x +1)2 B (e_x +1)2
, ex(2e"x+1)

(e_x -|—1)
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V) f(x) = In(e"+e™)

Diff. w.r.t x
%f(x) = %ln(ex+e_x)
’ _ 1 i X —X
= J = (ex+e_")dx(e e )
1
— X =% _1
(ex+e—x)(e +e(-D)
= f(x) = ez—e:i or f'(x) = tanhx * tanh x = ilz::
e
vi) fo) = L4
e +e
Diff. w.r.t x
d _ dje”—&™
Ef(X) - dx(e“x-l—e ”J
ax —ax d ax —ax ax —ax d ax —ax
e e )< e e )
(e“”‘+e_‘”‘)2
B (e” + e_“x)(e“"(a) —e_“"(—a)) —(e“x —e““)(e“x(a)+ e“”(—a))
(e‘“+e_”’“)2
_a(e“x+e_“x)(e“x+e“”‘)—a(e”—e_“x)(e“x—e_”)
B (e“x+e_“")2
a[(e‘“ + e"”‘)2 —(e‘” —e"“")ﬂ
- (e“x+e_“")2
B a[(em +e ™ 4 2e%e ™) — (e + et — 26‘“6“”)]
B (e”"+e_“x)2
_ a[ez‘“ te 42— eQ‘“2 —e7" + 2} P
(e“x+e_‘“)
= f(x) = g2 Ans.
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(vi)  f(x) = \/ln e +e‘2x)
= %f(x) = [ln(e te 2")]2

= f(x) = %[ln(ezx+e‘2x)]_%i1n(62x+e—2x)

d 2x —2x

- ' ~ (¥ +e
2[1n(e2x +e-2x)]% (" +e) Z )
1

i =

e2X(2)+e—2)€(_2))
2\/ln e Tte 2x e Tte

2(62)( _e—Zx) (e2x e—Zx)
= - = Ans
2\/1n e “te 2" e Tte ) e e \/ln e e’
(viii) f(x) = In (e +e )
1
= ln(ez"+e_2")2 = f(x)— ln(e +e 2)“)  Inx" =mlnx

Now diff. w.r.t x

d 1 d 2x —2x

—f(x) = — —In(e”" +e

dxf( ) 2 dx ( )

Now do yourself

Question # 2
Find 2. if

dx
i)y = P*Invx (i) y = x/lnx (iii) y = ﬁ

2_
av) y = lenl (V) y = ln1/x2 1 (vi) y = 1n(x+\/x2+1)
X x +1
(vii) y = In(9-x%)  (vii) y = ¢*'sin2x (ix) y = e (x’ +2x" +1)
(x) y = xe™ (xi) y = 5¢° (xii) y = (x+1)
- Vi =1 (x+1
(xiii) y = (Inx) (xiv) y = = ();2 )
(x3+1)

Solution

() y = Flnx
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1

2 1 _ 2 .. m_
= y = x’In(x) = y = Ex In x s Inx" =mlnx
Now diff. w.r.t x
Q = lilenx
dx 2 dx
= l( 2iln)H—lnxi)czj
2 dx dx
(5,1 1 1
=—|x-—+Inx(2x)| = —x+xlnx or —x+2xInv/x  Ans.
2 X 2 2
(i1) y = xvInx
Diff. w.r.t x
1
@ _ i)c(ln)c)2
dx dx
1 1d
= x—(Inx)2 +(Inx)2—(x)
X dx
_1 1 1
= x-—(Inx) Zi(lnx)+(lnx)2 1) = al 1(lj+(lnx)2
dx 2(Inx)2 \ X
1 1+ 2Inx
= ++/Inx = Answer
2/In x 2+/In x
Gi)y y = —
In x
L dy i(i)
dx dx\ Inx
lnx@—xilnx ln)c(l)—x-l 1 1
= dx _ dx = x o A Answer
(Inx)’ (Inx)’ (Inx)’
@1v) y = lenl
X
= y = x’Inx" = y =—-x"Inx
Now do yourself.
2_
V) y = In = 1
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1
= = In ¥ o1y = = lln x -1
4 x*+1 u 2 | x*+1

Now diff. w.r.t x
2 S
dy_1d, (@
dx 2 dx x +1

_1 1 dfx-l
2 (xz—l) de\ x* +1

1 (x2+1)(2x)—(x2—1)(2x)]

2(x* 1) (o +1)

1 2x(x2+1—x2+1) 1 x(2) 2x
— . = . = ns.
2(x* 1) (x* +1) (2 -1) ((+1) ] (x*-1)
(vi) ¥ = ln(x+\/x2+1)
Diff. w.r.t x
Yy _ 4 N
e dxln(x+ X +1)
_ 1 d( \/2—) ~ 1 [ 1y, v3d j
= —(x+Vx"+1) = I+—(x"+1) “—(x"+1
x+x"+1dx x+Vx" +1 2( ) dx( )
1 1 1 X
= 1+ (2x = 1+
x+x’ +1 2(x2+1)% ( )] x+\/x2+1( \/x2+1]
2
_ 1 X +1+x _ 1 Answer
x+vVxt+1 x+1 ¥ +1

(vii) y = In(9-x7)
Diff. wr.t x
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1 d 1
= —(9-x%) = (=2

9—x° dx( x) 9—x2( x)
& _ -

dx 99—

(viii) y = e *'sin2x
= = = ie‘“ sin2x
dx dx
= ¢ isin 2x +sin 2xi e
dx dx
= ¢ "cos2x (2)+sin2x e (-2) = 2¢7*(cos2x —sin2x) Answer

(ix) ¥ = e_x(x3 +2x° +1)

Diff. w.rt x
ﬂ = ie_x(x3+2)c2+1)
dx dx
-x d 3 2 3 2 d —X
= e —(x +2x +1)+(x +2x +1)—e
dx dx
= ¢ (3x7 +4x+0)+(x* +2x7 +1) € (=1)
= e‘x(3x2+4x)—(x3+2x2+1)-e_"' = e_x(3x2+4x—x3—2x2—1)
= e"‘(—x3+x2+4x—1) Answer
(X) ¥ = xesinx
Diff w.r.t x
ﬂ — ixesinx
dx dx
d sinx sin x d
= X— +e" —x
dx dx
sin x d . sin x sin x sin x
= x-¢""—sinx+e" (1) = x-e" cosx+e
dx
= " (xcosx+1) Answer
(x1) Do yourself
(xii) y = (x+1)

Taking log on both sides
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Iny =1In(x+1)" = Iny =xIn(x+1)

Diff w.r.t x
d d
Liny =L xin(x+1
—lny dxxn(x )
= 1Y L () (xr )P
y dx dx dx
= L ) e (1))
x+1dx
dy X
— = y| —(1)+In(x+1
= dx y(xﬁ—l() n(x )j

= (x+1)x[i+ln(x+l)j Answer
x+1

In x

(xiii) y = (Inx)

Taking log on both sides
Iny = In(lnx)"™ = Iny = (Inx)-In(lnx)
Diff w.r.t x
%lny = %(lnx)-ln(lnx)
= %% = (lnx)%ln(lnx)+ln(lnx)%(lnx)
= (lnx)-Li(lnx)Jkln(lnx)-l
In x dx X
B 1+ln(lnx) _ 1+In(Inx)
Cox X - X
_ dy _ , 1+1In(Inx) _ dy _ (lnx)lnx 1+1In(Inx)
dx X dx X
!
_ x=1(x+1 (x+D(x=D)2(x+1
NN 1120 R ) xe1)
(x* +1) [(x+1)(x2—x+1)]2
1 1 3 I
2 (v _1)2 3 e 1\2
L, e (x+1) y - DG

(x+1)g(x2—x+1)% (x+1)%(x2—x+1)%



‘eIl / Ex-2.6-11

D=

(x-D

(x2 — X+ 1)

Taking log on both sides
(x—1)?

(x2 - x+1)%

= y =

oo

Iny =1In

= ln(x—l)% —ln(xz—x+1)%

1 3.,
= Iny = —In(x—-1)—=In{x" —x+1
y = nG=D-2 ( )
Now diff. w.r.t x
1
Ly = —iln(x—l)—%diln(xz—xﬂ)

dx 2 dx X
1 dy 1 1 d 3 1 5
L A I - S S S
- y dx 2x—1dx(x ) 2(x2—x+1)dx(x o )
1 3 1 3(2x-1)

2x-1) = 2(x=1) - 2(x2—x+1)

2(x—1) 2(x2—x+1)(

dy :y[x2-x+1-3(zx-1)(x-1)]

3 ——
dx 2(x—1)(x2—x+1)
(x—l)% xz—x+1—3(2x2—x—2x+1)
) (32— x+1)’ 2(x=1)(x* —x+1)
X —x+1-6x" +3x+6x-3 _ —5x> +8x—2
- 3, = 1 3
2(x—1)1_%(x2 —x+1)2 1 2()6—1)5()62 —)H—l)2
2_
N Q _ S5x"—8x+2 - A,
dx 2\/)c—1()cz—x+1)2
x+22-\/x—1
xv) y = ( 2)
X +x-2
oy = (x+2)2-\/x—1 oy = (x+2)2-\/x—1

P +2x—x-2 ’ o \/x(x+2)—1(x+2)
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(x+2) Va1 | :

\/(X+2)(x—1) - (x+2)2_5:> ? = 2P

Now diff. w.r.t x
3
Y _ i(x-k 2)2
dx dx

= P =

Do yourself

2.1.3 Derivative of Hyperbolic Function (page 85)
The hyperbolic functions are define by

e —e " e+ e’

sinhx = , xR ; coshx = 5 , XER
sinhx e'—e™
and tanhx= = — , XER
coshx e +e™
The reciprocal of these functions are defined as;
csch x= _1 = 2_ , xe R—{0}; sech x= 1 _ 2_ , X€ER
sinhx e —e™ coshx e +e*
1 X —X
and cothx= = ex+e_x , xe R—{0}
tanhx e —e
and there derivatives are
(i) i(sinh x) = coshx (ii) i(cosh x) = sinhx
dx dx
d 2 . d 2
(iii)— (tanh x) = sech’ x (iv)—(coth x) = —csch® x
dx dx
(V)i(sech x) = —sech xtanh x (Vi)i(CSCh x) = — cschx coth x
dx dx
Proof:
. d , . d(e —e” d(1 _ 1d _
i —(sinh x)=— =—| —(e"—e") |=——(e"—e"
() dx( ) dx( 2 ] dx(2( )J 2dx( )
:l(i x_ie_xj:l(ex_e_x/ e_x)
2\ dx dx 2

(11) Similar as above.
(ii1) See the below (iv) proof.

(iv) dicothx:i(e e ]

X dx\ e —e
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X —X d X —X X —X d X —X
_(e —e )dx(e +e )—(e +e )dx(e —e )

(=) =(e"+e™)
=)
_ (T te —2efe) —(eM +e T +2ee )

()

82x+e—2x_2_82x_e—2x_2

(v) di(sechx):i( 4 ):i2(€x+€_x)_l=2di(e"+e—)‘)_l

i3 dx\ e +e" ) dx x
:2[(_1)(a+e—x)+‘%(e ve )}
:—2(e"+e_x)_2(ex+e_x(—1) N - (ex—e )

(e" +e
_ A=) 2 (ef=eT)
- (ex +e‘”‘)(e" +e_x) - (ex +e"‘) (ex +e‘x)
=—sech xtanh x
(vi) Do yourself as above (v).

2.14 Derivative of Inverse Hyperbolic Function (page 86)
(i) isinh‘1 x= ! (ii) icosh_1 x= !

dx V14 x° dx = —1

o d q 1 ) d 3 1
1) —tanh™ x= iv) —coth™ x=

(ant) dx —x° (1) dx 1—x

2
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(v) isech_1 = _—1 (v1) icsoh_1 x= 1

dx xy1-x° dx a1+ x°
Proof:

(i) Let y=sinh"'x = sinhy=x
differentiate w.r.t. x.

d 1
—Sinhyzix = coshyﬂzl = 2=
dx dx dx dx coshy
dy 1 g . B
= @ ** cosh”x—sinh" x=1
dx \/l+sinh®y
dy 1
- _—=

r m s sinhy=x
(i1) Do yourself as above.

(ii1)) Do yourself as (iv) below or see book at page 88.
(iv) Let y=coth'x = cothy=x

differentiate w.r.t. x

1
icothyzix = —cschzyﬂzl = ﬂ:—z
dx dx dx dx —csch”™y
> B 12 "+ coth®’ y—1=csch’y
dx —(coth” y—1)
dy 1 1
—J —_— = 3 = 3
dx —coth”y+1 1-coth™y
dy 1
- = scothy=x
N Y
(v) Suppose  y=sech'x = sechy=x
differentiate w.r.t. x
1
isechyzix = —sechytanhyﬂzl = Q:
dx dx dx dx —sech ytanhy
dy -1 2 2
5 — > 1—tanh” y=sech” y
dx  gsech y/1—tanh®y
dy -1
— B _

dx_m wsechy=x

(vi) Do yourself as above
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Question # 3
Find ol if
dx
(i) y= cosh2x (i) y= sinh3x (i) y = tanh_l(sinx),—%<x<§
(v) y = sinh_l()c3 ) (v) y=(Intanhx) (vi) y = sinh™ (%j
Solution
(1) y= cosh2x
Diff. w.r.t x
ﬂ: icosh2x = ﬂ: sinthi(Zx) = ﬂ = 2sinh2x
dx dx dx dx dx
(i1) Do yourself
(iii) y = tanh'(sin x) = tanhy = sinx
Diff. w.r.t x
itanhy = —(sinx)
dx
— sech’ yﬂ = cosx = & _ coszx
by dx sech” y
= % = lctLﬁz .+ cosh>@—sinh’>6 =1
o Aty . 1—tanh* @ =sech’* @
COS X :
= — .+ sinx=tanhy
l—sin” x
= coszx D~ secx
COS™ X X
(iv) y = sinh?(x*) = sinhy = x°
= —sinhy = i)f =3 coshyﬂ = 3
dx dx dx
2
N dy _ 3x
dx cosh y
3x°

R - *+ cosh”® y—sinh® y=1
1+sinh® y
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I S 3x*

. A
1+(x3)2 N mwer

) Do yourself

(vi) ¥ = sinh‘l(%j — sinhy =

Now diff w.r.t x

isinhy = i f — COShyﬂ _ l
& __1
dx 2cosh y x coshE p—sinh® =1
! 2 . 12
- . cosh” y=1+sinh’y
21t sinnty
1 1 1

- = Answer.
Wit/ 2@+ /2 d+x




Exercise 2.7 (Solutions)rage o4
Calrculrus and Analyticr Geometry, MATHEMATICS 12

Question # 1

Find y, if
2 1
)y = 2xX =3x* +4x° +x-2 (i) y = (2x+5)2 (i) y = Vx+—»
Jx
Solution
(1) y = 2x° =3x" +4x +x-2
Diff. wr.t x
o i(2x5—3x4+zu3+x—2)
dx dx

= y = 2(5x*)-3(4x")+4(3x°) +1-0
= 10x" —12x" +12x* +1
Again diff. w.r.t x

b _ i(lox4—12x3+12x2+1)

dx dx
= y, =10(4x")-12(3x%)+12(2x) +0
= 40x° —36x> +24x  Ans.

(ii) y = (2x+5)§

Diff. w.r.t x
3
@ _ i(2x+5)2
dx dx
3
= v = 22045 L(2x15)
2 dx

= 2(20+5)2 (2) = 3(20+5):

Again diff. w.r.t x
dy, d

1
= 3% (2x+5)
dx dx
Sy o= 35 =y, =
? 2 ? 2x+5
i) v = x+—
Jx

>y = () +(x)
Diff. wr.t x
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dy d[ 1 _1} 1, -1 3
“©r 2 + 2 — - = 2 2
Do Ll (x) 0= -1
Again diff. w.r.t x
dy, 1 d[ -3 _g}
— = ——|(x) 2—(x
dx 2 dx ( ) ( )
1, 3 3, .3
f— = —| —— 24— 2
% = 3l +3md
1 1+3}_1{—x+3} oy = 30X
— 4l 3T Ty 5 2 5
4_ x? x? 4 x2 4x 2
Question # 2
Find y, if
() y = x2e™ Gi) y = ln(i};:;j
Solution
(i) y = xe’
Diff. w.r.t x
Q — ixze_x
dx dx
= y = xzie_)‘+e_’c—x2
dx dx
= x’e*(-1)+e " (2x)
= e_x(—x2+2x)
Again diff. w.r.t x
Dy _ ie_x(—x2+2x)
dx dx
d d

y, = e_x—(—xz+2x)+(—x2+2x)—e_x

dx dx
= ¢ (2x+2)+ (-1 +2x)e (1)

= e_x(—2x+ D § 3 — 2x)

= e_x(x2 —4x+ 2)

2x+3
. _
) d n(3x+2j
= y = In(2x+3)-In(3x+2)
Diff. w.r.t x
= D 4 2x13) - Lin(3r+2)
dx dx dx
1 1
= 2)— 3
=% = 55550
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= 2(2x+3)" -3(3x+2)"
Again diff. w.r.t x
Dy~ 9@ (9x43)" 234 (3¢ 42)"
dx dx dx

=y, = 2[—(2x+3)_2(2)}—3[—(3x+2)_2(3)}
4 9

T(2x13) (3xe2)

~4(3x+2)" +9(3x+2)’
(2x+3)° (3x+2)’

—4(9x% +12x+4) +9(4x> +12x+9)

(2x+3)2(3x+2)2
 —36x2 —48x—16+36x> +108x +81 60x + 65

> > = 2 y Ans.
(2x+3) (3x+2) (2x+3)" (3x+2)

=y, = Ans.

OR vy, =

(i) y = 1-x
1+ x
Diff. w.r.t x

1
@y _ i(l—_XT
dx dx\ 1+ x
By solving, you will get (differentiate here)
-1

S p— = —(1-2)2(14x)

(1-x)2(1+x)
Again diff. w.r.t x
4 = a0
—_— = ——|(1- I+x) 2
- = ——|U-x) 2(1+x)

= y= (=) 1 x) ()2 - x)

_3
2

[SS][8]

D=
L98]

(Sl

dx dx
13 5 3001 3

= —(1-x) 2(—5(1+x) 2(l)j—(1+x) 2[—§(l—x) 2(—1)j
B 3 1
- 1 3 3 3

2(1-x)2(14+x)2  2(1+x)2(1-x)2
_ 3d-x)—0+x) _ 3—3x-1-x

2(1-xP(1+x)?  2(1-x)F(1+x)?

2—4x 1-2x

S
2

2(1-x)> (14 )
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Question # 3
Find y, if

2 3

() x*+y =a () -y = a (iii) x=acos@,y = asin@

(iv) x=at*,y=bt" V) X+ +2gx+2fH+¢=0
Solution

(1) )c2+y2 = a*
Diff. w.r.t x
d 2 d , dy
—(x"+ = —a = 2x+2y—=10
dx( 4 ) dx ydx
= 2yy, = —-2x = y = _2
y
Again diff. w.r.t x
S dy
o dfx) o o | ldx “dx
dx dx\ y y
X
y(D- (——j
y dy X
= B = - B .
y de Yy
2 2 2
g+ v +x
_ Y | _ y
y’ y
2 2
= | 2 +3yj Ans
b
2
OR vy - -4 X4y =4
2 3 *
(ii) X —y'=a
Diff. w.r.t x
d 3 3 d 3
—_ — = —a
dx( y) dx
3x2—3yzﬂ =0
dx
X2
= =3y'y = -3 = y= 7

Again diff. w.r.t x



dy _ d(x
dx dx\ y°
d d
yzd—(xz)—xzd—(yz)
= N = = 2\2 =
()
y2(2x)—x2(2ydyj
_ dx
= ;
2 2 X’
2xy" =2x"y| —
_ y(yzj dy _ x*
y4 dX yz
4 3 n 4
2xy2—2i 2xy’ —2x
_ y y
y' y'
—2x(x’ =y’
= ( 3 ) Ans.
y
—2x(d’
OR y, = g ) x%_ys 4
y
2a’x
= Y, = T
y
(111) x = acosfd , y = asinf
Dk X wrt & . Diff y wirt 6
— = a—cosf dy d .
do — = qg—=siné@
= —asinf dé 9
= acos
N A
dx asin @
Now by chain rule
dy _ dy do
dx dé dx
= acosf — = y, = —cotd
asiné 1
Now diff. y, w.r.t
Dy _ —icote
dx dx
=y, = +cosec2¢9ﬁ

dx

FSc-1I / Ex- 2.7 -5
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= coseczﬁ.(— 1 ]
asin @
-1

= —
Y2 asin’ @
(iv) x=at’ , y=bt
Diff. x wrtt Diff. y w.r.t ¢
dx d ,
= = gt dy d, ,
dt dr — = B AE)
= 2of @ dr
_ 3
" | = 4bt
= — = —
dx 2at
Now by chain rule
dy _ dy dt
dx dt dx
1 2
= bt — = 3 = 2p
2at a
Now diff. y, w.r.t x
dx a dx a dt dx
2 2b
— = 2t = =~ 2
y2 a ( ) 2at yz 2
v) X +y +2gx+2fy+c=0

d(,, d
= —(x"+y +2gx+2f+c)=—(0
dy dy
= 2x+2y—+2g)+2f—+0=0

dx dx
dy
— (2y+2f)d—+(2x+2g) =0
X

= (2y+2f)@ = —(2x+2g)

d 2x+2 +
_y ( g) = yl — —x g

dx (2y+2f) y+f
Again diff. w.r.t x

ﬁ B _i X+g
dc  dx\y+f
d d
(v+ 1)+ g)=(x+8)-(y+ 1)
X dx
(y+£)

= Y = —
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(3+ )= (+) 2 ()’+f)—(x+g)(—x+g]

= — _ y+rf
2 2
(y+1) (y+ 1)
(y+f)2+(x+g)2 . i
_ v+ f _ v+ f) +(x+g) S
2 3 .
(y+1£) (y+£)
2 2 2 2
OR y, = Y A2+ +x3+2xg+g
(y+ 1)
(xz+yz+2gx+2j51+c)—c+f2+g2
(y+r)
_ 2 2
_ O=c+f tg Xty 4+ 2gx+2f+c=0
(y+f)
_ 2_ 2
=y, = cf_g Ans.
(y+f)
Question # 4
Find y, if
(i) y = sin3x (i) y = cos’x (iii) y = In(x*-9)
Solution
(1) y = sin3x
Diff. w.rt x
& i(sin3x)
dx dx
= y, = cos3x(3) = y, = 3cos3x
Again diff. w.r.t x
dy, d ; ;
—L =3 —cos3x = y, =3(-sin3x(3)) = y, = —9sin3x
dx dx
Again diff. w.r.t x
D _ _92 ginax
dx dx

= y; =—9cos3x(3) = y; = —27cos3x
Again diff. w.r.t x

dy,

=3 = —27icos3x = y, = —27(—sin3x (3))
dx dx

= |y, = 8lsin3x

(i) y = cos x
Diff wr.t x
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ﬂ = i(cos%)
dx dx

= g = 3(coszx)%cosx
= y= 3(cos’x)(-sinx)
= y = 3(1—sin2x)(—sinx) = y

Again diff. wr.t x

o = —3isinx+3isin3x
dx dx dx
=y, = — S Oein® -0 i v
2 dx
= ¥y, = —3003x+9(1—coszx)cosx

3
= —3cosx+9cosx—9cos’x =

Again diff. w.r.t x

@ = 6icosx—9icos3x
dx dx dx
= y, = 6(-sinx)—9(-3sinx+3sin’ x)

= —6sinx+27sinx—27sin’ x

Again diff. w.r.t x
% — 21isinx—27isin3x
dx dx dx

= —3sinx+3sin’ x

3
6cosx—9cos” x

i(COS3 x) =—3sinx+ 3sin’ x
dx

= 21sinx—27sin’ x

=y, = 21(cosx)—27(3sin2x)isinx

dx
= 2lcosx—81sin’ x(cosx) = 2lcosx—81(1-cos’x)(cosx)
= 2lcosx—8lcosx+8lcos’x = —60cosx+54cos’ x
Alternative:
y = cos’ x

" 3
Since cos3x = 4cos’ x—3cosx

1
= cos3x—3cosx = 4cos’x = cos’ x = Z(cos3x—3cosx)

Therefore
1
y = Z(COS 3x—3cosx)

Now diff. w.r.t x

= @ = l(ic053x—3icosxj
dx

dx dx

Do yourself
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(iii) y = In(x*-9)
= In[(x+3)(x-3)] = In(x+3)+In(x-3)

Diff. w.r.t x
b = iln(x+3)+iln()c—3)
dx dx dx
I S
* x+3 x-3

= (x+3)" +(x=3)"
Again diff w.r.t x
d

dy, d -1 -1
— = —(x+3) +—(x-3
dx dx(x ) dx(x )
= Y, = —()c+3)_2—(x—3)_2
Again diff. w.r.t x
Dy o a3y oy = 2(x43)  42(x=3)°
dx dx dx ‘
Again diff. w.r.t x
D~ 9 (x13)? 2L (xo3)”
dx dx dx
=y, = 2(B(x+3)")+2(-3(x-3)")
- _64+ _64:—6 14+ 14 Ans.
(x+3)  (x+3) (x+3) (x+3)
Question # 5
If x=sinf, y=sinmf, Show that (1—)c2))/2—)cy1 +m'y =0
Solution X = sinf...... 1), y = sinmb ....... (11)

From (i) @=sin"" x , putting in (ii)
y = sin(msin_lx)

Diff. w.r.t x
Q = isinm(sin_lx)
dx dx

= y = cos(msin” x)—msin"' x
dx
o 1
= cos(msm x)-m =
VI—x
= yVl-x"= mcos(msin_1 x)

Taking square on both sides.
y (1— xz) = m’ cos’ (msin_1 x)

= yf(l—xz): m’ (1—sin2(msin_1 x)) » cos’x=1-sin’x
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= ylz(l—x2): m’ (1—y2) From (i1)
Now again diff. w.r.t x
R (1=)= w2 (1-57)
dx ™ dx

d d d
= yfa(l—x2)+(1—x2)ay12: m* (O—Zyd—i

N

dy dy
2(=2x)+(1=x%)2y 2= — 2Py 22
O ™

—2)@/124—(1—)(2)2))1372 = —2m’yy,
2yl(—)cy1 +(1—x2)y2) = 2y1(—m2y)

— Xy, +(1—x2)y2 = —m2y

= (l—xz)yz—xy1 +m’y =0 Proved

R L

Question # 6

d’y dy
—2—42y=0
dx? dx 4

If y = e"sinx, show that

Solution y = ¢e'sinx

Diff. w.r.t x
@ :iex sin x
dx dx

L d o ) .
= ¢ —SInx—+simnmx—e
dx dx

= e'cosx+sinx e’ = e (cosx+sinx)

Again diff. w.r.t x
i(ﬂj = ie)‘(c:osx+sinx)

dx \ dx dx
d’y o d : : d .
= —5 = ¢'—(cosx+sinx)+(cosx+sinx)—e
dx dx dx
= ¢*(—sinx+cosx)+(cosx+sinx)e’ = e*(—sinx+cosx+cosx+sinx)
= ¢"(2cosx) = 2¢*cosx
Now
2
LHS = &Y 2D 4,
dx dx
= 2¢"cosx—2e" (cosx+sinx)+2e" sinx
= 2¢"(cos x—cosx—sin x +sin x)
=0
2
1.€. i §—2ﬂ+2y =0 Proved
dx dx

‘Question #7
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d’y . dy

If y = e™sinbx, show that —2—2ad—+(a2+b2)y -0
X
Solution y = e sinbx
Diff. w.r.t x
Q = ie“x sinbx
dx dx

= e” i sinbx + sin b)ci e = e cosbx(b)+sinbxe™ (a)
dx dx

= ¢ (bcosbx+asinbx)
Again diff. w.r.t x

dfdy)_ ie‘”‘(bcosbx+asinbx)
dx\ dx dx
2
= df = e‘”i(bcosbx+asinbx)+(bcosbx+asinbx)ie‘”
dx dx dx
= " (—bsinbx(b) + acosbx(b) )+ (bcosbx +asinbx )e™ (a)
= e‘”‘(—b2 sinbx + abcosbx+ abcosbx + a’ sinbx)
= ¢“(2abcosbx +a’ sinbx—bsin bx)
= ¢"(2abcosbx +2a* sinbx— a’ sinbx —b” sinbx )
= e[ 2a(beoshx +asinbx) —(a* +b* )sinbx |
= 2ae" (beosbx +asinbx)—(a’ +b>)e* sinbx
d’y dy 212 d’y dy 2, 32
= 2a——(a"+b = —2a—+\a" +b =0
dx’ adx (a )y dx’ adx (a )y
Question # 8

If y = (Cas_lx)z, prove that (1—)c2)y2 -xy,—2=0

Solution  y= (Cos_l)c)2

Diff. wr.t x
d d E 1 d K
d—z = E(Cos 1x)2 = y = 2(C0s IX)ECOS x
= y, =2(Cos™'x)- ! = = yl=x* =-2(Cos™'x)

I-x
On squaring both sides
y (1 = xz) = 4(C0s_1x)2

2

= ylz(l—x2) =4y vy =(Cos_1x)
Again diff. w.r.t x
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= (l—xz)%y12+y12d—(l—x2) =4y,
= (1-2%) 2y1%+y12(—2x) =4y, = 2| (1-x")y, -y | =4y
= (1-x*)y, -, -2 =0

Question #9

%y

If y = acos(Inx)+bsin(Inx), prove that x d—+xﬂ+y 0

Solution
Diff. w.r.t x

dy

y:

dx

dy

= x—=

dx

dx®  dx
acos(Inx)+bsin(Inx)

aicos(ln x)+ bisin(ln x)
dx dx

a[—sin(ln x)]%(ln x)+bcos(In x)%(ln x)

—asin(In x)l +bcos(Inx)—
X X

—asin(In x)+bcos(In x)

Again diff. w.r.t x

dy }
dx

= X

=

=

d{
dx

dx

2
dy+@

d)c2
2
dx

‘il

d2
X '_y+x

2

i

dy
dx

dx

= —l(acos(lnx)+bSin(lnx)) = X

dy

- aism(lnx) + bicos(ln x)
dx

( j —acos(lnx)%(lnx) +b(—sin(lnx))i(lnx)

dx

-(1)= —acos(In x)- l—bsin(lnx)-l

x x
2d_2)’ xdy
X dx dx

+y=0 Proved

dx
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Taylor Series Expansion of Function

n’ n’
f(x+h):f(x)+hf'(x)+af”(x)+§f”'(x)+....

Maclaurin Series

2 3
Flx)= f(O)+Xf'(O)+%f”(0)+% F70)+...

Question # 1

Apply the Maclaurin series expansion to prove that:

2 3 4
X X X

1) Inl+x)= x—+———+......
1) Ind+x)= x >t 372

2 4 6
X X X

(1) cosx= l-—+———+......
2! 4! 6!

3

2
X
m) 1+ —1+———+—+ .....
(1t) * 278 16

. X X
av) e'= 1+x+§+—+ .....

(v) e* = 1+2x+42—’+—+ .....

Solution
(1) Let f(x) = In(1+x)
= f(0) In1+0) =

oy = A4 _
f(x) = y Inl+x) = Ton

X
, 1
=— =1
= =15
P = L= —(14x)7
dx
= f7(0) = —(1+0)" = -1
f(x) = dx[ A+x0)7 ]| = +20+2)7
= f7(0) = 20+0)” =
F0 = Loex) = —6(142)"
dx
= f™0) = —6(1+0)" = -6
By Maclaurin series
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2 3
F(X)= £(0)+xf"(0)+ % £7(0) + % F7O) 4.

2 3 4

X X X
= In(l+x) = O+x(1)+?!(—1)+§(2)+z(—6)+

oooo

2 3 4
_ . X X X
= ¥ 2-1+3.2.1(2) 4-3‘2‘1(6)+ ......
X Xt
= x— T+t
2 3 4
(i) Let f(x) = cosx = f(0) = cos(0) =1
f(x) = icosx = —sinx = f(0) = —sin(0) = 0
dx
f(x) = di(—sinx) = —cosx = f7(0) = —cos(0) = —1
X
7(x) = di(—cosx) = +sinx = F7(0) = sin(0) = 0
X

fMx) = disinx = COosx = f™(x) = cos(0) = 1
X

fU0) = dicos)c = —sinx = f"(x) = —sin(0) = 0
%

£ 0) = di(—sinx) = —cosx = f"(0) = —cos(0) = -1
x

Now by Maclaurin series

2 3
()= f0)+xf'(0)+ % £7(0) + % F7(0) + ...,

2 3 4 5 6

= cosx = ]:+xan-F%i(—1)+%i(oy+éﬁ(n-F%5(0y+%;{—1)+

......

2 4 6

= 1+0-qo+ 04
21 Al !

_ L x,.x x

—_— 21 4! 6' oooooo

= (1+x)2 = £(0) = 1+0) = 1

- %(Hx)%a) - %(Hx)‘%
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3
= 10 = - (1+0) = —%

= f7(0) = —(1+0)‘%= %

Now by Maclaurin series

......

F)= £(0)+x£/(0) + % £70)+ % £7(0)+

1 x? 1Y x* 3
= l+x = l+x—+=—| — |[+=—-2+

-----

2 21\ "a) 3
1 X 1) x° 3
— 1_|_x_+— —_ | ——.....
2 2 4 6 8
X .xz .x3
= 1 ———+_ .....
2 8 16

(iv) Let f(x) = e = f(0) = ¢ =

P = L) e s o) = =

By Maclaurin series

oooooo

F(0)= F(0)+x£'(0) + % £7(0)+ % F70)+

2 3
X

= ¢ = 1+x(1)+§—!(1)+%(1)+

= 1+x+x—2+x—3+
B 201 31 7T

(v) Let f(x) = e = f(0) =¥ =¢" =1
’ d 2x 2x
f(x) = E(e ) = 2e
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= f(0) = 2" =20 = 2
” d 2x 2x 2%
f(x) = Za(e ) = (2 )—46
= f7(0) = 4 = 4(1) =4
»” d 2x 2% 2x
F7(x) = 4—(e™) =4(2¢) =8¢

)
= f7(0) =8 =38
By Maclaurin series

F(x) = £(0)+x£'(0) + % £70)+ % £70)+

......

2 3

2 _ XX
= & = Q)+ 5@+ 5B+

4x*  8x°

= 1+2x+7!+?+ .....
‘Question#Z
Show that
2 3
cos(x+h) = cosx—hsinx——cosx+-—sinx+......
(x+h) 2 3

and evaluate cos61" .
Solution Let f(x) = cosx

f(x) = —cosx = —sinx

dx
” d .

f’(x) = ——sinx = —cosx
dx

f7(x) = _ 4 cosx = —(—sinx) = sinx
dx

By Taylor series

2 3
f(x+h)=f(x)+ hf’(x)+%f”(x)+%f”’(x)+....

2 3
= cos(x+h) = cosx+h(—sinx)+%(—cosx)+h—'(sinx)+

2 3

= cos(x+h) = cosx—hsinx——cosSx+—sSinx+......
(x+h) B 3
Put x=60° and h:r:% — 0.01745 rad
2 3
0.01745 0.01745
cos(60+1):cos6()—(0.0l745)sin60—(—)cos60+( )

————sin60 +......
12 13
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Increasing and Decreasing Function (Page 104)
Let f be defined on an interval (a,b) and let x;,x, € (a,b). Then

1. f is increasing on the interval (a,b) if f(x,)> f(x ) whenever x, > x,

2. f is decreasing on the interval (a,b) if f(x,)< f(x ) whenever x, > x,

Theorem (Page 105)
Let f be differentiable on the open interval (a,b).

1- f is increasing on (a,b) if f'(x)>0 for each xe (a,b).
2- f is decreasing on (a,b) if f'(x) <0 for each xe (a,b).

First Derivative Test (Page 109)
Let f be differentiable in neighbourhood of ¢, where

fe)=0. /\
1. The function has relative maxima at x=c if f'(x)>0
before x=c and f'(x)<0 afterx=c. | X
2. The function has relative minima at x=c if £ (x)<0 |
before x=c and f'(x)>0 afterx=c.

Second Derivative Test (Page 111)
Let f be differential function in a neighbourhood of ¢, where f’(¢)=0. Then

1- f has relative maxima at ¢ if f"(c)<0.
2- f has relative minima at ¢ if f’(c)>0.

Question # 1
Determine the intervals in which f is increasing or decreasing for the domain

mentioned in each case.

i) f) = sinx ;  xe[-m7]
(i) f(x)=cosx ; (—%%) ,.
casE & cosx > 0
(iii) f(x):4—x2 : = [—2,2] 2nd quad. T lgquad
(v) f(x) = ¥ +3x+2; xe [-4,1] 2
Solution < d >
- T
. T

(1) f(x) = sinx . xe |-z 7| 3rd quad.

= f’(_x) = COSX cosx < 0 Ath quad.

v cosx >0

Put f(x) = 0= cosx=0

= x=-%
2’

TR
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) T T V4
h . —T,—— -, = —
So we have sub-intervals ( T, 2), ( > 2), (2’7[)

f'(x)=cosx<0 whenever xe (—7[,—%)

So f is decreasing on the interval (—7[,—%).

)

So f is decreasing on the interval ( ok )

f'(x)=cosx>0 whenever xe (—% %j

Nlm

So f is increasing on the interval (—

A
2’
f'(x)=cosx>0 whenever xe ( j

. B _ T
(i) f(x)=cosx ; ( 2,2j

= f(x)=-sinx
Put f'(x)=0 = —-sinx=0 = sinx=0 = x =0

So we have sub-intervals (—%,OJ and (O,%).

Now f’(x)=-sinx >0 whenever xe (—%,Oj

So f isincreasing on (—%,Oj

f'(x)=—sinx <0 whenever xe (0,%)

So f is decreasing on (O%)

(i) f=4-x' ;  xe[-2.2]
= f(x) = —2x
Put f/(x)=0 = -2x=0 = x=0
So we have subintervals (—=2,0) and (0,2)
© f(x)=—2x>0 whenever xe (—2,0)
. f is increasing on the interval (-2,0)
Also f'(x)=-2x<0 whenever xe (0,2)
. f is decreasing on (0,2)



FSc-1I / Ex-2.9 - 3

(1v) f(x) = x> +3x+2 : xe[—4,1]
= f(x) = 2x+3

Put fl(x):() = 2x+3=0 = x:—%
So we have sub-intervals (—4,—%) and (—%,1)
Now f’(x)=2x+3<0 whenever xe (—4-%)
. . 5
So f is decreasing on (—4’_5j

Also f’(x)>0 whenever xe (—%,1]

Therefore f is increasing on (—%,lj.
Question # 2
Ind the extreme values of the following functions defined as:
i) f(x)=1-x (i) f(x) = X’ —x-2
(iil) f(x) = 5x*—6x+2 (iv) f(x) = 3x°
(v) f(x) =3x"—4x+5 (vi) f(x) = 2x°—2x*—36x+3
(vii) f(x) = x*—4x® (viii) f(x) = (x=2)"(x-1)
(ix) f(x) = 5+3x—x
Solution
(i) f)=1-x

Diff. w.r.t x

fl(x) ==3x> ....... @)

For stationary points, put f'(x) = 0
= -3x* =0 = x=0

Diff (i) w.r.t x

ff(x)=—6x .......... (ii)
Now put x=0 in (i1)

f7(0)=-6(0)=0
So second derivative test fails to determinate the extreme points.
Put x=0—-&£=-¢£ in (i)

f(x)=-3(-€)* =-3&*<0
Put x=0+&=¢€ 1n (i)

f(x)==-3(e)* =-3¢&* <0
As f’(x) doest not change its sign before and afterx=0.
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Since atx=0, f(x)=1 therefore (0,1) is the point of inflexion.

(ii) f(x) = x**=x-2
Diff. w.r.t. x
f(x) = 2x=1 ..o (i)

For stationary points, put f'(x) =
= 2x-1=0 = 2x=1 = xzé
Diff (i) w.r.t x

£ = L(2x-1) = 2

dx
//1
— :2
As f(zj > 0

Thus f(x) is minimum at x =—

1y (1Y 1, 11 9
SEORCREEES SRS
(iii) f(x) = 5x* —6x+2
Diff. wrt. x
f(x) = 10x=6 .......... (i)

For stationary points, put f'(x) =

= 10g—&=0 = We=6 = xz%

Diff (i) w.r.t x
f(x) = d(le 6) = 10

As f”(gj =10 > 0

Thus f(x) is minimum at x :%

3 3V (3 9 18
And f[gj = 5(3) —6(5j +2 = 2-242
iv) f(x) =
Diff. w.r.t x
f(x) = 6x ........ (1)
For stationary points, put f’(x)=0
= 6x=0 = x=0
Diff. 1) w.r.t x
f(x) =

1

=

| w
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At x=0
£7(0) = 6 >0

= f has minimum value at x=0

And £(0) = 3(0)* = 0
(V) Do yourself

vi) f(x) = 2x° —2x* —36x+3
Diff. w.r.t x

f) = (2x —2x° =36x+3) = 6x"—4x-36 ......... )

For stationary pomts, put f'(x) =
= 6x°—4x-36 = 0

= 3x*-2x-12 =0 +ing by 2
+ _ _
L 2+ \4—4(3)(-18)
2(3)
_2+4+216 244220 24255 1£455
6 - 6 - 6 3

Diff. (i) w.r.t x
Fro =4 (6% —4x=36) = 12x-4

Ko f”(”;/_] _ 12(1+;/_]_
= 4(1++/55)-4 = 4+455-4 =455 > 0

= f(x) has relative minima at x = 1+;/§-
3 2
o (5] {5 5

—2—27(1+\E)3—%(1+\E)2—12(1+\E)+3
:%(1+3 55+3-55+55\/§)—§(1+2 55+55) - 12(1++/55)+3
:2—27(166+58\/5)—3(56+2&)—12(1+J§)+3

2= 116\/—5—£—f\/_ 12-124/55 +3

27

__E_@ __L
=-7 27@ = 27(247+220\F)
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Also f”(l_;/%j = 12(1“/5]—4

3

= 4(1—\/%)—4 = 4-455-4

= f(x) has relative maxima at x = 1+ ;/% _
And Since f(“;/%} = _2i7(247+ 2204/55)

Therefore by replacing J55 by —/55, we have

f(l_‘/gj = — (247220455

3 27
(vii) flx) = x*—4x°
Diff. w.r.t. x
f(x) =4x =8x ....... (D)

For critical points put f'(x)=0
= 4’ -8x=0 = 4x(x*-2)=0
= 4x=0 or x*-2=0
= x=0 or x*=2 = x=t2
Now diff. (i) w.r.t X
f(x) = 12x* -8
For x=—/2
F(—2) = 12(—V2)>-8 = 24-8 = 16 >0
= f has relative minima at x=—/2
And f(—2) = (—V2) -4(—2) = 4-8 = -4
For x=0
f70) = 12(0)-8 = -8 < 0
= f has relative maxima at x=0
And £(0) = (0)'=4(0)" = 0
For x=+/2
F/N2) = 122> —8= 24-8 = 16 >0

= f hasrelative minima at x = V2

And £(\2) = (V2) -4(V2) = 4-8 = -4

—4\/§<0
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(vii) f(x) = (x=2)"(x-1)
= (x2—4x+4)(x—1) = X —4x +4x—-x"+4x—4
= x —5x*+8x—4
Diff. w.r.t. x
f(x) = 3x*=10x+8
For critical (stationary) points, put f'(x) = 0
= 3x*=10x+8=0 = 3x*—6x—4x+8=0
= 3x(x-2)-4(x-2)=0 = (x-2)(3x-4)=0
= (x=2)=0 or (3x—-4)=0

— xe=d or)c:i

3
Now diff. (i) w.r.t x
7 (x) = 6x-10
For x = 2

f7(2) = 6(2)-10 = 2 >0
= f has relative minima at x =2

And f(2) = (2-2)’(2-1) = 0

For x:i

3

f”(%) - 6(%)—10 = 8-10=-2<0

: . 4
= f has relative maxima at x = 3

4 4 V(4 2\’ (1 4\( 1 4
waf(3) = (525 - (55 - G)a) - =
(ix) f(x) = 5+3x—x

Diff. w.r.t x

fl(x) = 3-3x> ....... (1)
For stationary points, put f'(x)=0

= 3-3x"=0 = 3x’=3 = x'=1 = x=11
Diff. (i) w.r.t x

7 (x) = —6x
For x=1

/() = =6(1) = -6 <0
— f hasrelative maxima at x=1
And f() = 543)-(1)Y = 5+3-1=7
For x=-1
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(-1 = =6(-1) =6 >0
= f has relative minima at x=-1, and
f(=1) = 543(-D)—=(-1)’= 5-3+1 = 3

Question # 3
Find the maximum and minimum values of the function defined by the following

equation occurring in the interval [0,27]
f(x) = sinx+cosx
Solution  f(x) = sinx+cosx  where xe[0,27]
Diff. w.r.t x
f(x) = cosx—sinx ......... (i)
For stationary points, put ' (x) =0
cosx—sinx = 0

) sin x
= —SInXx = —COSXx = =1 = tanx =1
COS X
= x=tan"' (1) = xz%,%[ when xe [0,27]
Now diff. (1) w.r.t x
f7(x) = —sinx—cosx
T
F =
or x 1
o T T 1 1 1
— | = —sIn cos| — = -2l—| <0
f@ U (4 BN (ﬁ)
= f has relative maxima at x :%
T . (7 T 1 1 1 201
And — | = sin + cos = —=t—F= = —=\/§ — | =
(5) = n(F)renF) = v = A 5) - V()
S5x
F =
or x 1

1) sl

i 5]« i} on() - - )

Question # 4

Inx .
Show that y = —— has maximum value at x=e
X



Solution y = lnTx
Diff. w.r.t x
1
ﬂ _ i ln_x _ X';—IH_X'(l)
dx  dx\ x X
dy 1-Inx :
= dr = g e (1)
. : dy _
For critical points, put P 0
LY g & 1-lx=0= hx=1
X
= Inx =Ine = x=e * Ine=1

Diff. (1) w.r.t x

d(dy) _ d{l-Inx
de\ dx ) dx| 2
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> 1
== 1=(1=Inx)-(2
d’y * [ x) (1~nax)(2x) —x—2x+2xInx —3x+2xInx
= 7 = N = 4 = 4
dx (x7) X X
At x=e
Q _ —3e+2e-Ine
dx’ e e’
—3e+2e-(1) —e 1
= 84 = ? = —; < O
— y has a maximum value at x=e¢.
Question # 5
Show that y = x* has maximum value at le.
e
Solution y = x"
Taking log on both sides
Iny = Inx* = Iny = xlnx
Diff. w.r.t x
d _d
a(lny) = —-xlnx
1 dy d dx
2 _ 4.2 Inx- &
= ydr X nx+Inx I
= x-l+lnx-(l)
X
dy _ dy _ :
=> = y(I+Inx) = o = % (I+Inx) .......... (i)
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For critical point, put aF =0

dx
= x*(I1+lnx)=0 = 1+Inx=0 as x"#0
= Inx=-1 = lnx=-lne ‘> Ine=1
= Inx = lne! = x = ¢! :x:é

Diff. (i) w.r.t x
i(ﬂj = ixx(1+ln)c)

dx\ dx dx
d’y _ . d d .
— e X dx(l+lnx)+(1+lnx)dxx
:x"-%—l—(l—l—lnx)-xx(l-l—lnx) from (i)
1 2
= x (;+(1+lnx) j
Atle
e
2 (1 1Y
|-Gl
|y, e e e

= y has a minimum value at x=
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Question # 1
Find two positive integers whose sum is
30 and their product will be maximum.
Solution
Let x and 30— x be two positive
integers and P denotes product integers
then
P = x(30-x)
= 30x—x°
Diff. w.r.t. x
dP
— =
Again diff. w.r.t x
d*P
dxl
For critical points, put —=0

= 30-2x=0
= —2x=-30 = x=15
Putting value of x in (i1)
d’p
dx® x=2

= -2<0

= P 1S maximum at x=15
Other +tive integer = 30—x
= 30-15 = 15
Hence 15 and 15 are the required
positive numbers.

Question # 2
Divide 20 into two parts so that the sum
of their squares will be minimum.
Solution
Let x be the part of 20 then other
1s 20—=x.
Let Sdenotes sum of squares then
5 = & +(2O—x)2
= X" +400-40x+x’
= 2x° —40x+400
Diff. w.r.t x
ds
=
Again diff. w.r.t x

d*s

=4 .. 11
> (i1)
] . das
For stationary points put F 0
= 4x-40=0 = 4x=40
= x=10
Putting value of x in (ii)
2
i ‘g =4 >0
dX x=10

= § 1S minimum at x=10
Other integer = 20—x = 20-10 = 10
Hence 10, 10 are the two parts of 20.

Question # 3
Find two positive integers whose sum is
12 and the product of one with the
square of the other will be maximum.
Solution
Let x and 12-x be two +tive
integers and P denotes product of one
with square of the other then
P = x(12—-x)
= P = x(144-24x+x°)

= x’—24x* +144x

Diff. w.r.t x
P L, .
i 3x°—48x+144 ... (1)
Again diff. w.r.t x
d’P

= 6x—48 ... (i1)

2

For critical points put ‘f—df =0

3x° —48x+144 = 0
x*—16x+48 =0
x*—4x—12x+48 =0
x(x—4)-12(x-4) =0
(x—4)(x-12) =0
x=4 or x=12

We can not take x=12 as sum of
integers is 12. So put x=4 in (i1)

u 4 Uy

U
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d’P
dx’

= 6(4)—48
x=4
= 24-48 = -24 <0
= P is maximum at x=4.
So the other integer = 12-4 = 8

Hence 4, § are the required integers.

Alternative Method: (by Irfan
Mehmood: Fazaia Degree College
Risalpur)
Let x and 12—x be two positive integers
and P denotes product of one with
square of the other then
P = x*(12-x)
= P = 12x°-X°
Diff. w.r.t x

Again diff. w.r.t x
d’P _

>

dx

For critical points put ‘f—df =0

24x-3x> = 0
= 3x(x-8) =0
= x=0 or x=8
We cannot take x=0 as given integers
are positive. So put x=8 in (ii)
d*pP
de

= 24-6(8)
x=8

= 24-48 = -24 <0
— P is maximum at x=8.
So the other integer = 12-8 = 4
Hence 4, § are the required integers.

Question # 4
The perimeter of a triangle 1s 16cm . If
one side is of length 6¢m, What are
length of the other sides for maximum
area of the triangle.
Solution

Let the remaining sides of the
triangles are x and y

Perimeter = 16

= 6+x+y = 16

= x+y = 16-6 = x+y =10
= y=10—x ........ (1)
Now suppose A denotes the square of
the area of triangle then

A = s(s—a)(s—b)(s—c)

Whesta s_a+b+c_6+x+y
- 2 - 2
:6+L210—X from(l)
16
=a = 8

So A =8(8-6)(8—x)(8-y)
= 8(2)(8-x)(8=10+x)
= 16(8—x)(-2+x)
16(—16+2x+8x—x’)
= A =16(-16+10x—x")

Diff. w.r.t x
B = 16(10-21) oo @)
Again diff. w.r.t x
d’A
el 16(-2) = -32
For critical points put cf—d’i =0
16(10-2x) = 0
= (10-2x) = 0 = —-2x = -10
= x=5
Putting value of x in (ii)
2
d’? = —-32 <0
dx x=5

= A 1s maximum at x=35
Putting value of x in (1)
y = 10-5 = 5
Hence length of remaining sides of
triangles are 5cm and 5cm.

Question # 5
Find the dimensions of a rectangle of
largest area having perimeter 120cm.
Solution

Let x and y
be the length and
breadth of rectangle, y
then
Area =A=xy..... (1) x




Perimeter = 120
= x+x+y+y = 120
= 2x+2y = 120
= x+y = 60
= y = 60—x ....... (1)
Putting in (1)
A = x(60-x)
= A = 60x—x’
Diff. w.r.t x

%A = 60=2X \errrnnnn, (iii)
Again diff. w.r.t x

d’A

¢

For critical points put % =0

60-2x = 0 = —-2x = —60
= x = 30
Putting value of x in (iv)
d’A
dxz x=30
= A 18 maximum at x=30
Putting value of x in (ii)
y = 60-30 = 30
Hence dimension of rectangle is 30cm,
30cm.

= -2 <0
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dP

dx

Again diff. w.r.t x
d’P

dx*

= 2(1-36x77) ... (ii)

= 2(0-36(-2x7))

= 2(72x‘3) _ 144

3
X

For critical points put % =0
2(1-36x7%)=0 = 1-36_g

2
X

36

= 1== = x*=36 = x =16
X

Since length can not be negative
therefore
x=6
Putting value of x in (ii)
d’P _ 144
dx2 x=6 (6)3
Hence P is minimumat x=6.
Putting in eq. (1)
36
y ="+ =26
Hence 6¢m and 6¢m are the lengths of
the sides of the rectangle.

> 0

Question # 6
Find the lengths of
the sides of a
variable rectangle
having area 36¢m’
when its perimeter
1S minimum.
Solution

Let x and y be the length and
breadth of the rectangle then

Area = xy
= 36

=y =39 .0
Now perimeter = 2x+2y

= P = 2x+2(3%)

2(x+36x‘1)

Diff. P w.r.t x

Question # 7

A box with a square base and open top
is to have a volume of 4 cubic dm. Find
the dimensions of the box which will
require the least material.

Solution

Let x be the
lengths of the sides of |

the base and y be the
height of the box. ‘y
Then Volume ] S
= XX y P ¢
= 4 = Xy x

4 .
= Yy = BCERRE (1)

X

Suppose S denotes the surface area of
the box, then
S = x*+4xy
= § = X+ 4x(ij

2
X
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= § = x*+l6x™
Diff. § w.rt x
F e
I 2x—16x7... (i1)
Again diff. w.r.t x
d’s

de

= 2-16(-2x7)
= 2422 (i)
X

For critical points, put 83 9

dx
2x—16x7%=0 = 2x—g =0
X
3_
2x 216 —0
x
= 2-16=0 = 2x*=16
= xX=8 = x=2
Putting in (i1)
LR T
dx” |y (2)

— S 1S min. when x=2
Putting value of x in (i)

Hence 2dm, 2dm and 1dm are the
dimensions of the box.

Question # 8
Find the dimensions of a rectangular
garden having perimeter 80 meters if its
area is to be maximum.
Solution

Do yourself as question # 5.

Question #9

X

X
An open tank of square base of side x

and vertical sides is to be constructed to
contain a given quantity of water. Find
the depth in terms of x if the expense of

lining the inside of the tank with lead
will be least.
Solution
Let y be the height of the open
tank.
Then Volume = x-x-y

:>V=x2y
:>y:—2 ........... (i)

If S denotes the surface area the open
tank, then

S = X +4xy
= x2+4x(12j
X
= S = X +4Vx"
Diff. w.r.t x
Cf—di = 2x—4Vx7 ........ (11)
Again diff. w.r.t x
d’s -
= = 2-4V(-2x7)
=2+ (iii)
X
. : ds
For critical points, put e 0
2x—4Vx7=0 = 2x—¥ =0
X
3_
20W ) o 28 -4V = 0
X
= 2x’ = 4V = x =2V
1
— x= (2V)?
Putting in (i1)
d’s 8V
2 =24+——=
dx” | i !
x={2V); ((2V)3 )
gV

= 2+W:2+4:6> 0

W=

= § is minimum when x=(2V)

3

ie. xX¥=2v :»V:%

Putting in (1)

X

Hence height of the open tank is 5



Question # 10

Find the dimensions of the rectangular
of maximum area which fits inside the
semi-circle of radius 8cm

X X

Solution

Let 2x & y be dimension of

rectangle.
Then from figure, using Pythagoras
theorem

X2 + y2 = 82
= y P =64—-x" ..o 6
Now Area of the rectangle is given by
A=2x-y
Squaring both sides
A? = 4x?y?
= 4x*(64-x7)

= 256x" —4x"
Now suppose
f=A% =256x" —4x* ... (ii)
Diff. wr.t x
df

= =512x—16x ........... (iii)
dx

Again diff. w.r.t x
2
TS 512482 .......... (iv)

dc
For critical points, put % =0

= 512x—-16x" = 0

= 16x(32-x7) = 0
= 16x=0 or 32-x*=0
= x=0 or x*=232

= X = i4\/§
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Since x can not be zero or —ive,

therefore
x =42
Putting in (iv)

2 2
ay = 512-48(4V2)
x| 4z
X=
= 512-48(32) = 512-1536
= 1024 < 0

= Areais max. for x = 4\/5

Hence length = 2x = 2(44/2)

2
Breadth = y = \/64—(4\/5)
=J64-32 =32 =42

Hence dimension is 8\/5 cm and

4\/5 cm.

Question # 11
Find the point on the curve y=x"—1

that is closest to the point (3,—1)

Solution
Let P(x,y) be point and let

A(3,-1).

Then d = |AP| = \(x=3) +(y+1)’
= d® = (x=3) +(y+1)°
= (x=3) + (2 =141)
+ y=x"—1 (given)
= d* = (x=3) +x*

Let f=d*=(x=3)+x"
Diff. w.r.t x

% =2(x=3)+4x ... (i)
Again diff. w.r.t x
d*f 2
= BH12BE" ersniss ii
PE (11)
For stationary points, put % =0

2(x—=3)+4x’ =0
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= 2x—6+4x =0
= 4x°+2x-6 =0
= 2x’+x-3=0 =+ingby?2
By synthetic division

1|2
l 2 2 3

‘223@

= x=1 or 2x*+2x+3=0

_ 2+4-400)3)

4

_ —2%4-20
e

This is complex and not acceptable.
Now put x=1 1n (ii)

2
d{ =2+121)* =14>0
dx x=1

= d is minimum at x =1.
Also y =1°-1=0.
Hence (1,0) is the required point.

Question # 12
Find the point on the curve y=x*+1

that is closest to the point (18,1)

Solution
Do yourselfas Q # 11
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Question # 1
Find dy and dy in the following cases:

(i) y=x"—1 when x changes from 3 to 3.02

(i) y=x"+2xwhen x changes from 2 to 1.8

(111) y:\/; when x changes from 4 to 4.41
Solution

i) y=x"-1.... (i)
x=3 & 0x=3.02-3=0.02

y+5y=(x+5x)2—1
= Sy=(x+6x) -1-x*+1
= (x+6x)" = x°
Put x=3 & dx=0.02
Sy=(3+0.02)" - (3)
— [3y=0.1204
Taking differential of (i)
dy=d(x2—1)
= dy=2xdx

Put x=3 & dx=0x=0.02
dy=2(3)(0.02)

= |dy=0.12

(11) Do yourself as above.

1
(i) y=~+x = x2 ... @)
x=4 & Sx=441-4=041
y+5y=(x+§x)%

1
= §y:(x+5x)% —x2

Put x=4 & 0x=041
1 1
Oy=(4+0.41)2—(4)2
=2.1-2
= [dy=0.1
Taking differential of (i)

1
dy = %(xzjdx

X

=

1
> dx

- %dx
2x2
Put x=4 & dx=0x=0.41

dy = L (0.41)

2(4)°
041
4

= | dy=0.1025

Question # 2

Using differentials find ﬂ and @ in the
dx dy
following equations.

() xy+x = 4 (i) X¥*+2y° = 16
(i) x*+y* = x>  (iv) xy—Inx = ¢
Solution

(1) xy+x = 4

Taking differential on both sides
d(xy)+dx = d(4)

xdy+ydx+dx = 0

xdy+(y+1)dx = 0

xdy = —(y+1)dx

dy __y+l

dx X
dx  x
& BTy

U U Ul

(1) Do yourself as above

(iii) Xyt = xy’

Taking differential

d(x')+d(y’) = d(07)
Ax°dx+2ydy = x-2ydy+ y'dx
2ydy —2xydy = y*dx—4xdx
2y(1-x)dy = (y2—4x3)dx
dy _ y —4x

de  2y(1-x)

dx _ 2y(1-x)

dy y* —4x°

U

U

(iv) xy—Inx = ¢
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Taking differential
d(xy)=d(Inx) = d(c)

= xdy+ydx—%dx =0

= xdy = %dx—ydx

- (1)

= xdy = (1_nydx

Question # 3
Using differentials to approximate the values of

Gq %7 (ii) (31)§
(iii) cos 29° (iv)sin61°
Solution

(i) Let y=f(= x

where x=16 and dx=dx=1
Taking differential of above

dy = d(i/;)

Put x=16 and dx=1

dy = ——~q)
4(16)}

1
2
8

|98 )

N

4(2")
|
i) 0.03125

Now f(x+dx) = y+dy
= f(x)+dy
woy=f()
— 16+1 =~ ¥16+0.03125

— Y17 = (24)%+0.03125

2+0.03125
= 2.03125

1

() Lety = f(x) = x°
Where x=32 & oOox=dx=-1
Try yourself as above.

(ili)) Let y= f(x)=cosx
V2

Where x=30" & ox=-1 =—mrad

=—0.01745rad
Now dy = d(cosx)
= —sinx dx
Put x=30" and dx=0x=-0.01745
dy = —sin30° (=0.01745)
= —(0.5)(~0.01745) = 0.008725
Now f(x+0x) = y+dy

= f(X)+dy
= cos(30-1) = cos30°+0.008725
= 0829 = 0.866+0.008725
= 0.8747

(iv) Let y= f(x)=sinx

. _ o_i
Where x=60" & oJox=1 —180rad
=0.01745rad
Now dy = d(sinx)
= cosx dx
Put x=60" and dx=30x=0.01745
dy = cos60° (0.01745)
= (0.5)(0.01745) = (0.008725
Now f(x+0x) = y+dy
= f(x)+dy
— sin(60+1) = sin60°+0.008725
= sin61° = 0.866+0.008725
= (0.8747

Question # 4
Find the approximate increase in the volume of
a cube if the length of its each edge changes
from 5 to 5.02...
Solution

Let x be the length of side of cube where

x=5 & 0x=5.02-5=0.02
Assume V denotes the volume of the cube.
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Then V = xxx dv = 3(5)°(0.02)
= x = 1.5
Taking differential Hence increase in volume is 1.5 cubic unit.
dV = 3x’dx
Put x=5 & dx=0x=0.02
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Theorem on Anti-Derivatives

1) j cf (x)dx = CI f(x)dx where c is constant.

i) [[f )+ g@]dr=[ fodvt | g(dx

Important Integral

Since %x”*] (n+1)x"

Taking integral w.r.t x

J.%x”+ldxzj(n+l)x"dx

= %= (n+1)J. x"dx

n+l
where n#—1

= J'x dx—n+1

If n=-1 then
S
_[x dx—jxdx (herex#0)

Since iln xX= l

dx X
Therefore Ildxz ln‘ x‘+c
X

Note: Since log of zero and negative numbers
does not exist therefore in above formula mod
assure that we are taking a log of +ive quantity.

Question # 1
Evaluate the following indefinite integrals.

(1) J.(sz —2x+1)dx

(ii) J‘[x/)_c+%jdx,(x>0)
(iii) _[ ( x+1)dx,(x>0)
@iv) _[2x+3 dx

(
W [(Vx+1) dx(x>0)

(x) ———dx,(x>0

| T (x>0)

D) Ie Tt+e

Solution

(i)J(3x2—2x+1)dx=3j.x2dx—2jxdx+_[dx
3 x2+1 xl+1
—3~m—2-1+1+x+c
3 .X3 x2
—3'?—2'7+X+C

=X —x"+x+c

(ii)j[\/;+%]dx:j£x;+x 2jdx

(iii) [x(v/x+1)dx :Ix(x; +1]dx
=J'(x% +xjdx

=_[x%dx+jxdx
~ x%ﬂ

+1

1+1

1+1

+

+C

3
2

+Z +c
2

[\)[L"|><N\m

Important Integral

Since %(a)ﬁb)m =n+1)(ax+b) -a

Taking integral
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I%(ax+b”+ldx j(n+1) ax+b)" - a dx
= (ax+b)'7+1=(n+1)-af(ax+b) dx
. (ax+b)"
=5 .[(a,x+b) dx_i(rﬁl)'a
1+1
(v) [(2x+3)2 dx = (21x+3)
(§+1 2
(2x+3)%

1 3
23(2x+3)2 +c

) j(\/}+1)2dx = [(Wr)? + 23 +1)dx
=J’(x+2(x)%+ljdx

:J‘xdx+2_[(x);dx+jdx

1+1 5“

SEN, SR
T 1+1 1
w il

) I(\/;—%jzdx :j(x%—zjdx
=J.xdx+J%dx—2J.dx

2
=%+ln|x|—2x+c

3x+2

12

) _[ 3x+2

e

dx

I3_x+idx

72T p
=I 3)61/2 +2x° 1/2)d)c
= 3I Mdx+ ZI xVdx
Now do yourself.

1g Ly 2 L
2 2 2 2
:1y—+ y1 te :y?+yT+c
S S | 2 2
2 2 2 2
B 1
==y2+2y?+c
Z
2
fix) I@dg_ 06— 2J_+1
Jo - Js
J[ V) 2\/_ jdﬁ
Jo Jo e
:j[m-zm‘zjde
Ly Ly
2, 2
-5 —20+ 4 +c
L Ly
2" 2
3
2 2
‘97—29+‘9/
2 2
59 —-20+260%*+c Ans
2
(1—\/;) 1— 2\/;+x
®) [t = [
7 Jx

f(f = | F)e
=j(x‘5—2+x5jdx

=Lan L
X x2
= —-2x+—++c¢
L L
2 2
1 3
x2 2
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1 3

2 . 2
=2x2 — 2x+2x2+c A (XlV)Itan x dx

3 Solution
Important Integral (1) J. dx
. d e o Nx+a+~Nx+b
eknow — e =a-e :I dx .m_m
Taking integral Vxta+yx+b x+a—-x+b
J.%e‘”dx:jwe”dx I\/x+a—\/x+
x+a—x—b

= e“":aje“xdx

x+a 2— x+b
~ jlaral e,
= | fera=E e |
D) :a—b J.(x+a) dx—f(x+b)5dx}
Also note that '[ e dx = - L
1
1| (x+a)?™  (x+b)
(i) fe%rex dx =| ) s Tab| T |
e’ e e L 2 2
x 3 3
=I(€ +1)dx 1 ()C+Cl)2 (_x+b)2
= - +c
= [e*dr+[dx a-b| 3 3
" L 2 2
. =e +x+c Ans ) 3 3
Question # 2 =m[(x+a)2 —(x+b)2}+c Ans.

Evaluate

) x+a>0
(1) ( j Important Integral
'[ x+a+~/x+b\Xx+b>0 d 1
Since aTan_x:H_ =
X
dx Also %(—Cot‘lx)zl_l_ -
(i) [—=——,(x>0,a>0 *
iy rwayrel )

dx=Tan'x or —Cot'x

X Therefore j
(iv)] (a—2x)2 dx 1+ x°

Similarly = Sin”" Cos™'x
) J' J.\/1—)62
1 1 -1
dx=Sec  x or —Csc™ x
(vi) J'sm(a+b)xdx ‘[x\/x2 -1
(vid) [+/1-cos 2x dx,(1-cos2x>0)

1+e

.. 1-x°

ii ——dx -1
(viii) jlnxx% dx,(x>0) () J.1+xz 1+x2)1—x2
. . — 2
(ix) Ismzx dx _J‘(—1+1+x2)dx :1:)52

1 V4 V4 1 2

(X)-[1+cosxdx’( §<x<§) - 1+x2dx
x )J» ax+b =—x+2Tan 'x+c

ax’ +2bx+c
(xii) I cos3xsin2x dx G .[ dx
Jx+a++/x
d ,(1+COS2X¢O) :I di \/m_\/;
Ve+a+dx Jxva-x

cos 2x 1

(xiii) [ 5
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:I x+a
xﬁ—a X
1
:I x+a2— 7dx
l_j(xw)‘dx-j(x)idx
a_

I 1 1
1 (x+a)? (x)2 e
Tal 1 1

|t

(sra)f (1)

1l (x+a)? Xx)2
a3 3 |

L 2 2

3

2 2 =
=§{(x+a)2 —x2}+c Ans.

(iv) I(a - 2x)% dx

I

_ (a-2x)?

(1 +3e" + 3 + 63"()

:I - dx
e

x 2x €3x
—I[ + - ]dx

:I e_ +3+3e" +ex)dx

= 2%

e
+3x+3e" +

e
= 3 +c

by % X 1 X
=—e "+3x+3e +§e2 +c

Important Integrals
We know %cosax =—asinax
Taking integral
I%cos axdx = —I asin axdx

= cosax:—afsinax dx

cos ax
a

= jsinaxdxz—

d .
Also ——sinax=a-cosax

dx
jcosaxdx sy S
Similarly
J‘se:c2 ax dx= arar
a
Icosecz ax dy= -1
a
j secaxtanax dx = secaax
Icsc axcotax dx=— cscczlax
Also note that
cos(ax+b
Isin(ax+b)dx: —%
sin(ax+b
J'cos(ax+b)dx:¥ and so on.
. ) _cos(a+b)x
(vi) jsm(a +b)xdx = —T+ c

Do yourself

(vii) j J1=cos 2x dx
:.stnﬁxdx sinzx:%
:ﬁjsinxdx =2 (~cosx)+c

=—J2cosx+c

Important Formula

d n+l n d
@ = () [ @] @)

= L] ()] Fw
Taking integral
[ L@l de=[(ne)[F 0] £
= [ =+ ) [[f@]" f(x)dx

[f( )]n+l - B
( +1) ; n#E-—1

(x)

= | [[f@] f0de=

d _
Also aln|f(x)| f( ) - f

Taking integral

In|f(x)|= j J}((x)) dx




ie || J}((x)) dx=1n|f(x)|+c

(viii) Let [= f T X
X
Put f(x)=Inx = f'(x)=—
So I=[[f(0]f (x)ax

[f( )]l+1 _[f(x)]z
=31t =g te
_(ln)c)2
=

(ix) Ism xdx= I(M)dx

1 1
= I(E—Ecos 2xj dx

2J‘dx cos2xdx
lx_l sin 2x
2 2 2

—lx—lsin2x+c
2 4

(x)

1+ cosx
_ 1 dx C082£:1+cosx
2cos > 2 2
2
1 )X tar12 3
2_[sec 2dx > y +c tan2+c
2
Alternative
1 1—cosx
= X
14+cosx 1+cosx 1-—cosx
:j l—coszx dx
1—cos” x
_J~1 cosxdx
sin” x
~J( e
sin“x  sin” x

5 COS X
=J' cosec” x———— |dx
sin x-sinx

= IcosecQ xdx— I cosec xcot xdx

=—cot x—(—cosecx)+c
= Cosecx—Ccot X +c
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) ax+b
xi) Let [=|——"2
&) J’a)cz+2b)c+c
Put f(x)=ax’ +2bx+c

= f(x)=2ax+2b
= f()=2(ax+b) = %f'(x)zax+b

L (x)
2
sz[ (x)dx

If(X) d

1
=5 h[f®)]+e

:Elnlarﬁ)c2+2bx+c‘+c1
Review
e 2sinacos f=sin(a+ f)+sin(a—p)
* 2cosasin f=sin(a+ f)-sin(a—-p)
* 2cosacosB=cos(a+ f)+cos(a—p)

e —2sinasin f=cos(a+ f)—cos(a—f)

(xii) I cos3xsin2x dx

:%IZCOSBxsinZX dx
1 ) )
= I [sin(3x+2x) —sin(B3x—2x)] dx

=%j[sin Sx—sin x| dx

1 —COSSX—(—cosx) +c
2 3
I[COSSX

2| 5

—COSX}-I—C

cos2x—1
14+cos2x
_l=cos2x
1+cos2x
_ J~2sm X

(xiii)
1—cos2x

2
1+cos2x

2

s a2
oSIm o x =

cos? x =

2cos’ x
:—jtan x dx :—J'(seczx—l)dx

:—Iseczxdx+fdx

=—tanx+x+c
(xiv) jtanzx dx :J.(sec2 x—l) dx

=Isec2xdx—jdx

=tanx—x+c¢




FSc-1I / Ex- 3.2- 6

Important Integral

. d 1 d
Since aln| ax+b‘=m-a(ax+b)
= iln‘ax+b‘= a
dx ax+b
On Integrating
=" ln|ax+b[=a.[ax1+b dx
1 _1n‘ax+b|

= Iax+bx a
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Evaluate the following integrals:
Question # 1

J‘ —2%
N

Solution

Let 1:[

idx
Va4 -x°

Put r=4-x = dr=-2xdx

So 1=[% =j(t) 2 dt
Jr
.__l+] l
2 2
USSR
— =] i
2 2

—I x+2 +9 —I x+2
Put r=x+2 = dr=dx

o = II 2432

1 at
=—Tan —+
3 lan gt

= %Tan"1 x;Z

+C

Important Integrals

) d i x a
Since ETan [E] = e
By Integrating, we have

Tan™'| = | = [52
an [aj Ia2+x2dx

1
_a‘ja2+x2dx
1 _1 1 X
= -[a2+x2 dx—ETan (E]

Similarly

[—&_ = i 2
e _ 1o -

Jm— = oS

Question # 3
xZ
4+ x°
Solution

2 1

J.ijz dx 4+ x° ixz
2
:j(l— fxzjdx %
—jdx 4I4+x

_ dx
_x_4j(2)2+x2

g Ly X
=x—4 2Tcm [2j+c

=x—2 Tan™ [%)+c

Question # 2
J‘ dx
¥’ +4x+13
Solution

let I=|—""—
J.x2+4x+13

dx

| X +2(x)(2)+(2)2 —(2)2+13

| (x+2)° —4+13

Question # 4

1
-[xmxdx

Solution

Suppose [ = I =
X x

—I— —dx

Inx x

Put f=lnx = dt:ldx
X

So I:Hdz =In|t|+c

=ln|1nx‘+c
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Question # 5
'[ e +3
Solution

dx

Put t=¢"+3 = dt=e€"dx
sz%zln\:\w

e"+3l+c

=In

1
= 2(tanx)2 + ¢ = 2Jtanx + ¢

Question # 6

x+b 1 de

(x2 +2bx+ 0)5

Solution
x+b dx

Let I=| 1
(x2 +2bx+ c)E

Put t=x"+2bx+c

= dr=(2x+2b)dx = dt=2(x+b)dx

= (a7 +2bx+ c)5 +¢

=~x*+2bx+c+¢

Important Integral
_fsecH 08 = J- sec O (sec6+tan6)
sec@+tand
_ J- sec’ @+secOtan 6
secd+tané@
B J- sec &tan 8 +sec” 8
secd+tand
Take r=secd+tand
= dt= (sec2 @+ sec @ tan 0)d6

So jsece d@:j%dz
=In|t|+c
=In|secO+tan 8 |+c

= jsecH d@=1In|secf+tané |+c

Similarly
_fcosec& dé = 1n| cosec0—00t6‘+c

See proof at page 133

Question # 8
(a) Show that

_dx
Vxt—a?
(b) Show that

2
axX X
al—-x dx——Sn1—+§\/a2—x2+c
a

2

+c

x+\/x2—a2

=In

Solution
dx

(a) Let I:ﬁ
X —a

Put x=asecé = dx=asecOtan b db

Question # 7
J- sec’ X

Jtan x

Solution

sec” x
Let I—Im

Put r=tanx

dr 2
I=|l—= =\t ?%dt
J4 -]
—%4—1 %
+ C :t1—+c

— dt=sec’ x dx

t

I
—= ]
2 2

So I:J- asec@tan@ dé
(asecO)’ —a®

asecBtan@ db

_J‘\/a2 (sec26’~1)
=J-asect9tan0 dé
Va*tan* @
* l+tan” @ =sec’ @
_J-asecé?tané? do
B atan@
=ln‘ sectﬁ’ﬂané’|+cl

=In|secd++/sec’ 61 ‘—l—cl

= Isec@ de




2
x X _
=In| =+ /_2_1 +e x=asec@
a a X
—=seclH
X ¥ —a’ “
=In|—+ 7 | +6
a a
X ¥ —a’
=In|—+ +¢
a a
x+\Vxt-a?
=In uals
a
=In|x+vx’—a’ |-lna+c
=In|x+vVx*—a* |+c
where c=—Ina+c
(b) Let I = a® —x*dx
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2
a 1 X
A
a

3 2\/61 —X +c

Put x=asin@ = dx=acos@dl

So 1=j\/a2—a2 sin’@-acos@ do
=J.,/az(1—sin2 9) -acos@ de

=J-\}azcoszﬁ-acosﬁ d@  l-sin’ 6=cx 0
:jacosﬁ-acosé?dﬁ
=a2jcos29d0 . cos’ g = LT C0s20
2
1+cos20 a>
R et ?I(1+00329)d6’
a S1n26
7(94‘ )
aQ( 231nl9c050j
=—| 0+ +c
2
2
%(9+s1n0\/1 sin’ )+c -
4 2 X _sing
=& | sint 242 l—x—2}+c a
2 a a a X
sin'==6
8 gt E B ‘
2 a a a’
= ’ SlnAIE-FEﬂ +c
a a a
2
=% Sin"l—+i2\/az—x2 j-l—c
a

Evaluate the following integrals:
Question # 9

IL

%
(1+x)

Solution

etlj

1+x )

— dx=sec’0do
| J- sec HdH

Put x=tan@

(1+tan’ 8) 2

Iw * l+tan” @ =sec’ @

(sec” 6)2
:J- sec’8dé
sec’ @

_Ise

_siné
cos @

_[ cos@df =sinb+c

+c

-cos@ + ¢ =tan@-

sec @

tan @ - +c

1
J1+tan’ @

X
= +C

Vi+x*

x=tané

Question # 10

1
J. 2 -1 dx
(I+x7) Tan "x
Solution

Let I:_[ 1

(1+x*) Tan™'x
1
+x%)

dx

- I Tan_lx‘ (1

= dt= dx

Put r=Tan'x 5
1+x

So I:J‘%dt =In|r|+c

:ln’Tan‘lx‘-i—c

Question # 11

J‘,Ht—idx
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Solution

Let I:J.1/}J_r—idx

Put x=sin@ = dx=cosé@db

_ /1+sint9
So I—I s cos@de

_J-\/1+sin¢9.1+sint9'
B l-sin@ 1+siné

0s@dé

1+ sin 0
—I -cos@de
1 sin’

(l+sin0)“
:I —2-0030d0
cos
:J- 1+sin6?.C
cos @

0s0d6 = (1+sin6)de
=60-cosf+c

=@0—1-sin*@+c ‘ L
:Sin_lx—m+c s a=0

x=sinéd

Question # 12
J- sin &
1+cos’ @
Solution

de

Let J:IL‘ZM
1+cos“ @

Put t=cos@

= dt=—-sinfdf = —dt=sinfdb
—dr _ ¢ di

1+ 147
=—tan"'t+c

=—tan"' (cos@)+c

Question # 13

Nk

Solution
ax
! ZJ. ﬁ &
X
:aj —— m dx

Let

Put s=x> then ¢*=yx*
dt=2xdx = %dr=x-dx
ldt

So I:aj

\ja —[

Question # 14

J' dx
N7 —6x—x*

Solution

IZJ'L
\/7—6)c—x2

_J‘J x 2 +6x— 7

_j\/ (¢ +23)(0+(3) -(3)*-7)
dx

J-(c+3-16)
:jL
V16— (x+3)°

Put t=x+3 = dx=dt

= =J' dx
Jie=12 @’ =@
= Sin”’ [%j+c
= Sin! (XTH]+C

Let

So

Question # 15
J- COS X
sin x-Insin x
Solution
COS X
Let [ :J. —_
sin x-Insin x
1 CcoS X
[k
Insinx sinx

Put t=Insinx = dr= -cos x dx

S x
So I:J'%dt =In|r|+c

:lnllnsinx‘+c




Question # 16

I cosx[ln,smxjdx
sin x

Solution

Let I:Jcosx ln:smx dx
sin x

COS X
sin x

—j Insin x

) 1
Put t=Insinx = dfr=——-cosxdx

sin x
No do yourself

FSc-II / Ex- 3.3- 5

[E—

:_IL
24 F+D* +(2)°

1 1 af t+l
=3 2Tan ( > )+c

1, (x4
= 4Tan [ > ]+c

Question # 17
J- xdx

A42x+x°
Solution

Lt 1=

2_[ 2x dx

X’ +2x+4
+ing and —mg 2 in numerator.

. Fe (2x+2) 2
2 X +2x+4

_lj-( 2x+2 2 de
27\ X +2x+4 X +2x+4

J' 2x+2 l 2 dx
) x* +2x+4 2 x4+ 2x+4
jx(x +2x+4) I
2-[ X +2x+4 _5 X+ 2x+1+3
:%ln‘x2+2x+4‘— d >
(x+1)2+(\/§)
1 2 1 _1x+1
=—In|x"+2x+4|—-——=Tan ——+c¢

Question # 19

(-3 «

Solution

1
Let I= cos(\/——fﬂx[— ]
f E
Put l=\/_—£
2
(1= 1 _Lf 1
= a’t-(zx 2]a’x = dt-z[\/; ljdx
1
= 2dt=|—-1|dx
)
So I:Icost-2dt
:2Icostdt

=2sint+c

Question # 18
X
—— dx
J. X +2x2+5
Solution
X
let = | —————
I 23 +5
then 72 =x"

dx

Put r=x"

di=2xdx = %dt=xdx

1
i {

dt
So I=[—2— =——[-——%
It +2t+5 2jt2+2ﬁ+L+4

Question # 20
j‘ x+2

Nk

Solution

Let I:_[

x+2

Vx+3

Put ¢t=x+3 then t—3=x
= dr=dx

dx

-3+2

Vi

I rdv =[] ——7|d
< 02 (0

—j[(t)z—(r) 2]

1 L, |

+1
(t)2 _0 L (t‘)2 (12
= +c= el
;+1 —é+1 % %

.
3 1
@—2@@)2%

dx

So I:_[t
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Question # 21
J' de
sin x4+ cos x
Solution
sin x +cos x
=J- ] 1 dx
——(sin x+cos x)
«E(
:I 1 1 1 x
——=Sin X+——=CoS X
V2 2
T 1 )
Put COSz—ﬁ—SIHZ
So 1=j ~ L . dx
sin —-Sin X+ CcOS—--COS X
4 4

J.;ﬁdx zjsec x—% dx
cos[x—zj [ j

Sec x~£ + tan x~£
4 4

=In +c

Question # 22

dx
I3

—Sin X+ —-COS X
2 2

Solution

Let Izj

dx

3

—sinx+—~-Ccosx

2 2
NE]
2

- cosZ
' "3
1

S

Ve . T
COSgSll’l.}C‘FSln?COSX

:J. L :J. cosec[x+£] dx
) T 3
Sln[x+3j

cosec| x+Z |—cot| x+Z
3 3

=In +c




Exercise 3.4 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12

Integration by Parts

If u and v are function of x, then
J‘uvdxzu_[vdx—j(].vdx)-u'dx

Question # 1

Evaluate the following integrals by
parts add a word representing all
the functions are defined.

(i) J. xsin x dx
mnjxmxdx

(V) I 2 In xdx

(vii) I tan~' x dx

(ix) .[ x? tan”! xdx
(x1) J. ¥ tan”! x dx
@m)ﬁm*xm
(xv) J. e* sin xcos x dx
(xvil) J‘xcos2 xdx
@m)ﬁmxfm:

xsin~ )C

Jie

Solution
(i) Let Iz_[xsinxdx
Integration by parts

(xx1) .[

u=Xx
y=sInx
(mjmxﬁ

v) J ¥ In xdx

(vi) I x* In xdx
(viii) [ X" sin x dx
(x) J.xtan‘1 xdx
(xii) J. x° cos xdx
(xiv) _[ x sin™ x dx
(xvi) I xsin xcos xdx
(xviii) j xsin® x dx

(xx) I In(tan x) sec’ xdx

1 :x-(—cosx)—J‘(—cosx)-(l)dx

=—xcosx+jcosxdx

=—XCOSX+sin x+c

(ii) Let I:Imxdx

=jmx4dx

Integrating by parts

Izlnx-)c—j.)rl dx
X

:xlnx—jdx

=xlnx—x+c

(ﬁ)Lml:jxmxdx

Integrating by parts

u=Inx
Y=

X x 1
I=lng-o— 554
x2

ZTIHX——J.XdX

2 2

X 1 x
PR

1

(1v) Do yourself
(v) Do yourself

(vi) Do yourself

(vii) Let I= J. tan”' x dx

—J.tan‘lx-laix u=tan x
Bl v=1
Integrating by parts
I=tan"'x-x—|x- dx
I 1+x°
=xtan~ x——=
J.1+)c
4—a+f)
e LY - ki —dx
29 1+4x
=xtan™' x—Eln’ 1+x2‘+c
(viii)  Let I=[x*sinx dr U=
Integrating by parts v=sinx
I =x*(~cos x)—f(—cos x)-2x dx
:—xzcosx+21x cos x dx u=x
Again integrating by parts V=Cosx

I =—x"cosx+ 2(x sinx—J.sinx (1) dx)

=—x"cosx+2x sinx—2(—cosx)+c¢

=—x’cosx+2xsinx+2cosx+c

(ix) Let 1 :Ixz tan”" xdx — .
Integrating by parts V=g
3 3
X X 1
[=tan'x-=—[=- dx
3 3 1447
]
X
=Z_tan "' x—=
3 J.1+)c
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3

_X
—tan
-3

_X
—tan
-3

3
X
=—tan"

3

3

X
=—tan
3

3

x——_[(x—l_:; ]dx

X——jxdx+——j

+)C

1 x>, 11 2x

oy Tty e

21 a(1+x2)

__+__
- 6 67 1+x° ax

2

X - X
=—tan lx——+—€1n‘ 1+x2’+c

3 6

(x) Let [ =J.xtan_1xdx

Integrating by parts z : ;an_l b
I=x72tan’1x—_l.x72-1+x2 dx
x—zztan x——jl+x
:x—zztan‘lx—% —l-ffxz_ldx
=x—22tan‘1x—% [%—Wjdx

2

—x?tan x——jdx+ 2.[

2

2

(xi) Let I= jxg tan~' x dx
Integrating by parts

I=tan'x- ——j T 1
+x?
4 4
X o LrXx
= 4tan X 1 1+x2d
4
=%tan_1x
— (x2—1+ 1 jdx
4 1+x?
=—4tan_1x——Ix2dx+ljdx_
4 4 4

1+x

X 1
==—tan ' x—= || 1- dx
2 I( 1+x° j

X _ 1 1 N
=—tan lx—§x+§tan "X+c Ans.

u=tan ' x

4

_x_tan_IX——x—3+lx—ltan_1x+c

4 43 47 4

—x—4tan x—x—3+ X—ttan x+e
4 12 4 4

(xi1) Do yourself as Question # 1(viii).

(xiii)) I= j sin™! xdx
=J. sin”' x-1 dx

Integrating by parts

I:sin_lx-x—J.x
1—x

1
= xsin” x—[(1-x") 2 (0)dx
— . —1 1 ) -
=xsin” ot 2 [ (1) 2 (-22) dx

i =l 1 2_ld 2
= XxSsin X+—f(1—x ) 2—(1—x ) dx

1(1=x) -
=xsin” x+——"2  +¢
2 1
_§+1

= xsin~ x4 LTX) )2
2 1
i

=xsin” x+v1=x* +¢

(xiv) Let I = _[x sin”! x dx
Integrating by parts

jx_.;
2 [1_x2
X 1¢ —x°

—751n x+5jﬁdx

)Cz._ 1]_x_1

A I
—2s1n x+zf —_—
2
Z_sin'x+
2 2I[J1 x* \/1 x?

2

:%Sln x+2j‘[ 1— _x -

=?s1n Lx+= 'f\/l xdx——

+cC

[=sin'x - -

‘%

)
}dx




2

= I:%sin_1x+%ll—%sin_1x o (@)

Where 1, :‘[\/l—xzdx
Put x=sin@ = dx=cos@d6

= I :lel—sinze cos @ do
=J.\/cos2 @ cos@ do

:J.coszé' deé :I(%j de

1
:Ej(1+cos29) dé

_Lligs sm26’}_c

2

15

2

l_9+ 2sin@cos @ i
2| 2

1
2
1
2

8+ sin s 1—st> @ }rc

sin”! x+ xv1—x? }+c

Using value of [, in (i)

2

=2 gin™ x+%[%(sin‘l X+ xvV1—=x? +c)}

2
—lsin_]x
2
2
=& i e B ) =
—2sm x+4s1n x+4x1 x+2c
—lsin_lx
2
2
=E i Lt g — R e
:>I—251n X 4sm x+4x1 X+2C

(xv) Let szex sin xcos x dx
le o A
:Ej.e -2sin xcos x dx

e ..
=§I€ sin2x dx - sin2x=2sinxcos x

Integrating by parts
1| , —cos2x —cos2x
1 —E[e > _[ > e dx}

1 I¢ .,
_—Ze 0052x+zje cos2x dx

Again integrating by parts

| 1 . s1n2x sin2x
I——Ze cos2x+z( . —j j
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1 1 , sin2x_l .
_—Ze cost+Z(e > 2J e s1n2xj

— e"‘0052x+l ex_sian_I +c
-4 4 2

1 . | R 1
_—Ze cos2x+§e sin 2x 4I+c

1 1 . | R
— I+ZI__Ze c052x+8e sin2x+c¢
5 _ 1 x l X 4
= ZI_ 1 e COSZ)C+8€ sin2x+c

I 5 L o 4
= I——ge cos2x+1oe sm2x+sc

(xvi) Let I = I xsin xcos xdx

1 )
—Efx-Zsmxcosxdx
‘ u=x

=%Jx-sin2xdx v =sin2x

Integrating by parts
_ 1| (—cos2x) f—cos2x
=l oI e

(xvii)Let 1= Ixcosz x dx

:.[x(l+c052xjdx
2
1
=—|x(1+cos2
2jx( cos 2x) dx .
1 1 Vv=cos2x
—ijdx+ij.x0052xdx
1 x* 1| sin2x sin2x
=5 2+2[x j (l)dx}
X1
I+4x s1n2x——_[sm2xdx
—x—2+lx~sin2x—l —EOSAR |,
44 40 2

2

x_+ 1 Xx-sin2x+— 1 cos2x+c
4 4 8

(xviii) Let [= j xsin? x dx
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1—cos2x
Z‘[X(T) dx

:% Ix(l—cost) dx

u=x

1 1
:ﬂm_i X cos2x dx V=C0S2x

Integrating by parts
1 x? 1 [ sin 2x sin 2x
e

T B = i
2 2

(l)de

) 1¢.
xsin 2x+ZJ.sm 2xdx

2

x_ _

4

ad xsin2x+l —Eus 2% +c
4 2

2

4
X

o

Bl = =

) 1
Z xs1n2x—§c032x+c
(mmLmI:Iﬂnm%h
:I(lnx)z-l dx
Integrating by parts
I= (lnx —.fx 2(1nx)
=x(Inx) —2! (Inx) dx
Again integrating by parts
2 1
I=x(Inx) —2[lnx~x—jx-; dx}

(In x)2

a’x

=x(In )c)2 —2xInx+ 2jdx

x(In x)2 —2xInx+2x+c

(xx) Let I= I In(tan x) sec® x dx
Integrating by parts

.sec’ x dx

1
=In(tan x)- tan x—ftan X
tan x

= tan xIn (tan x)—_fse:c2 x dx

=tanxIn(tanx)—tanx+c

¥ .XSll’l .X
@m)Lmlzj s

\/lx _._11

x| V=)

:Isin‘lx-
1—x

__1 sin” x( 2)2(—2x)dx

2

Integrating by parts
2
71=—Llgnt a-x)"
2 A
2
1—2%) A
_J'( A . dx
_1 1 J1- 22
5 1
__l . (1=x7)?
=-5 sin 1
2
1
—_1v2)2
_J~ (1-x°) 1 di
1—x°

=_%[2a—xﬂémn4x—2jd{
N x+J‘dx
= 1= sin” x4 x+c
—x—Jl-x’sin" x+c

Question # 2
Evaluate the following integrals.

(i) I tan* xdx (ii) '[ sec’ x dx

(iv) Itan3 x-secx dx
v) .[ redx

(vii) Iez*' -cos 3x dx

(iit) I e*sin2x cos xdx
(iv) f tan’ x-sec x dx
(vi) I e “sin2xdx
(viii) I cosec’ x dx
Solution

(i) Let I= I tan* xdx

:ftanzx-tan2x dx

:J‘tan2 x(seczx—l) dx

= J'(tan2 xsec” x —tan’ x) dx
:J.tan2 xseczxdx—_[tanzx dx

:J.tanzx%(tanx) dx—j(sec2 x—1) dx

2+1
_tan”"

2+1

—Iseczxdx+J.dx

1
:§tan3 X—tanx+x+c



(i) Let I= I sec’ x dx
= I(secz x) - (sec’ x) dx
= I(1+ tan’ x)- (sec” x) dx
= J.sec2 x cbc+jtan2 xsec’ x dx

=tan x+j(tan x)° %(tan x) dx

3

tan” x
=tanx+ +C

3
(iii) Let I= I e” sin 2x cos xdx
:%J.ex(zsinbc cos x) dx
= %je" (sin(2x+ x) + sin(2x— x) ) dx
:%Je"(sin3x+sinx)dx

:%Jex sin 3x dx+%J.e” sin x dx

Where [, :J.e’“ sin3xdx and [, :J'e" sin x dx

Solve [, and I, as in Q # 1(xv) and put value of
I, and I, in (1).

) I = '[3.1’13 X-secx dx
( )
= J.tal’l2 X-tan x-sec x dx

— J'(sec2 x—l)-secxtanx dx

Put r=secx = dr=secxtanxdx

So I=[(r~1)di

t3

== —t+
3 c
=Sec3x—sec+c
3
(v) Let I:J.x3esxdx u=x
Integrating by parts v=e
eSx eiv
[=x"——|—3x%dx
X 53
_1 3 5x 2 5% u=x2
=3 .[x e dx P ot
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Again integrating by parts
Sx Sx
I =lx3es" —2{ - e—~2xdx}

5 5 5 5
_l 35,\'_1 2 5x i S
—Sxe 25xe +25Ixe dx

Again integrating by parts

+£ 'eS.X_ eSx.
25 5 5
_1 352 _ 2 3 2 5x i 6 '5\
Syt g hppsae g e d
Ll ase 3 a5, 6 5x_i.€5x
=g¥E st € Tipg® o5 5 ¢
_& RS R L IV I P
B 5 25 125
(vi) Let I= I e “sin2xdx .
u=-e
Integrating by parts y=sin2x
i —c0s2x c0s2x .
I=e > —j (—1) dx

1
_—Ee cos2x——J‘e "cos2x dx

Again integrating by parts
1 [e‘x sin2x

1
I__§€ COS2x 5 >

_Ism2x 1) dx}

I | e .
——Ee cost—Ze s1n2x—ZIe sin 2xdx
_x 1 _, . 1
=5 I——Ee CcoS2x Ze sin 2x 4I+c
=5 I+ll——le‘xcos2x—le_x sin2x+c¢
4~ 2 4
5 1 _. 1 .
= ZI__Ee Ccos2x 4e sin2x+c
= I=—%e‘xcos2x—%e_*' sin2x+%c
1 _, ) 4
=——¢ " (2cos2x+sin2x)+—c
5 5
(vit) Do yourself as above
_ 3
(viil) I—J.cosec xdx L = COSEC X

V= COS€C2 X
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= J.cosecx‘cosecz X dx

Integrating by parts
I =cscx(—cot x)ij(—cot x)(—escxcot x)dx

=—COSec xcot x— Jcosec xcot® x dx
= —CO0Sec xcotx— Icosec x(cosec2 x—l) dx
= —cosec xcot x— I (cosec3 X—COSec x) dx

= —cosec xcot)c—J‘c:osec3 xdx+ Icosec xdx
=—cosecxcot x— I +In| cosec x—cot x|+ ¢
= [+]1 =—cosecxcotx+1n| cosecx—cotx|+c

= 2] =—cosecxcot x+In|cosec x—cot x|+ ¢

= I——lcscxcotx+lln|cscx—cotx|+lc
2 2 2

Question # 3
Show that

Je‘” sinbx dx = L e™ sin (bx— tan™" éj +c
a’+b’ a

Solution
LetI:Ie“sinbxdx u=e”

v =sinbx
Integrating by parts

o cosbx cosbx) u
e (-0 ((_S0B)

ax
e“ cosbx a
:_T_I_E e™ cosbx dx

Again integrating by parts

e”“cosbx a| . sinbx ¢sinbx
[=—————" 4| * — -e™adx
b b[e b b ¢ }
=—M+ie‘“sinbx—£je‘“sinbxdx
b b* b?
e“cosbx a 4 . a’
= e e“sinbx——1I+
5 bze sin bx 7 ¢
2 ax
= I+Z—2I:—%+[%e”sinbx+cl

b2

2 2 ax
= [b o j =% _(=bcosbx+asinbx)+c,

= (b2 +a2)l =™ (asinbx—bcosbx)+bc,

Put a=rcosé & b=rsinf
Squaring and adding

a*+b*=r? (cos2 6 +sin” 9)

= r=va’+b’

= a’+b’=r’ ()
Also
b _rsind

—= —
a rcos@

So
(b*+a>) 1 =™ (rcos@sinbx—rsin 6 cosbx)
+b’c,
(0> +a*) I =e“r(sinbxcos @ —cosbxsin )
+b’c,
= (a2 +b2)l = e™rsin (bx—8)+b’c,
Putting value of r and 6

(az+bz)I:e‘“\/a2 +b’ sin(bx—tan_1 gjﬂozq
Na’ +b° . . [
=———>¢“sin

(@ +b)

4 b b’
bx —tan HJ+a2+b2q

=% I:; e™ sin| bx—tan™ b +c
Ja* +b? a
2
Where ¢ = s o
Question # 4

Evaluate the following indefinite integrals.
) .f\/az—xz dx (ii) I\/xz —a’ dx
(ifi) [V4—5x dx (iv) [V3-4x dx
v) J VX2 +4 dx (vi) I x’e“dx

Solution

(i) Let I:I\/az —x* dx
=I\/a2—x2 1 dx

Integrating by parts

[=+a’-x° ~x—jx-%(a2—x2)_%~(—2x) dx
=xva' —x —I—xz T dx

(@)
5 5 az_xz_az
=xva —x —j—ldx
(@)




2

=xva’ - x* —J. az_le - a - | dx
(@ (-]
:x\/az—x2—j\/a2—x2 dx+_[\/a§lz?dx

1
dx
Na® - x*
o B
— I+1=xJa’—x*+a’Sin lE+c
X
= 2l =xJa*—x*+a’Sin' = +¢
a
1 1 Lo x 1
= [==xJa’-x*+=a’Sin' =+=c

= I=x a2—x2—l+a2j

2 2 a 2
Review
° I zcix 2:ln x+Vxt-a? |+c¢
VX —a
o J. dx :ln’x+ X +a|+c
x* +a’

(i)Let I= j VX2 —a? dx
:J.\/)cz—a2 1 dx

Integrating by parts

u=\/x2—a2

v=1

1

[=~x"-a’ -x—J‘x%(xz —az)_E -(2x) dx
:x\/xz—cf—.[if = dx
()
=wx' —a’ —I M dx
(-

ZX\/X2—CZ2—I X —d’ + a dx
(=) (¢-a)
:\/2_2_\/2_261_ a’ dx
xx'—a J' ¥ —a® dx Im
1
e
x+Vx*—a’

=ln’x+ X —a

= I=x xz—az—l—azj‘

= [+I=xJx*—a*-a’In
I dx
) o

+c

+c
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= 2 =xJx*—ad* —a*In|x+vx*=a® |+c
2
=% I:%x\/xz—az —%ln x+vxt—a? +%c

(iii) Let

I=[4-52 dx
:j'\/4—5)c2 -1 dx

Integrating by parts

1
1:\/4—5x2~x—jx.l(4—5x2)‘?~(—10x)dx
=+/4-5x* x— J. —5x°

4- 5x)

_ /4_5x2 4— SX -
4- 5x)

=4-5x* - x— J. 4-52 - 4 - | dx
(4-5x° )° (4-5x7)2

1
=4-5¢ x| @-5rp-——2 iy
(4—5x°)2

Ja—5x% x— j\/4 5x° dx+4j'\/7

= [=+4-5x> -x—I+4J.; dx

)
— I+]= 4—5x2-x+4.[;dx
S5, (2
5
= 2] =+/4—5x7 x+—f
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_ﬁ g2 i .1 \/g.x
—2\/4 S5x +\/§Sll’l [—2 ]+c

Where ¢ = %cl

@iv) Same as above.

(v) Same as Q # 4(i1)

dx
Use =In|x++x’+4
'[\/x2+4

(vi) Do yourself as Question # 2(v)

+cC

Important Formula
Since —( f(x)) =e —f(x)+f(x)—e

=e“ f'(xX)+ f(x)-e“(a)
=e“[af0)+f (]

On integrating

jd e f(0) dr=[e[af(x)+f(x)] dx

= e f()=[e“[af+f(x)]dx
- Ie TafO+f ()] de=e™f(x)+c
Question # 5

Evaluate the following integrals.

(1)I (+lnxjdx (11)I (cosx+sinx)dx

_ 1

(iii) [ e™| asec™ x + ———— |dx
'[ { xxlxz—l}

(iv)_[e“[%m‘x_cosxjdx

s1n2 X

Wl S o [

) 1+x)
(vii) I (cos x—sin x)dx
emta“ Lx )
(viii) I Z dx (1x) I sinx
e (1+x) 1—sinx * g
& )I b x )I(l cosxj
Solutwn

(i) Let I= j (+1ndex

[ (et Jan

Put f(x)=lnx = f’(x)=%

So 1:[e*(f(x)+f’(x))dx

=e f(x)+c =e' Inx+c

(1) Let [I= I cosx+ smx dx

—J. s1nx+c0sx dx

Put f(x)=sinx = f'(x)=cosx
So I=[e"(f(0)+f(x)dx
=e f(x)+c

=e¢'sinx+c¢

(i) Let I= I {aseo X+

1
dx
xxlxz—l}

Put f(x)=sec'x = f'(x)= !
xWxt-1
So I= j [a f(x)+ f/(x)]dx
=e“ f(x)+c

=e“sec x+c

0 L ooz,

sin’ x

3sin x cosxj
sinx sin’x

Jo (5

=I 31(3 COS X )dx
sinXx  sinx-sin x

=[e

**(3csc x—csc xcot x) dx

Put f(x)=cscx = f'(x)=-—cscxcotx
= I=[e"(3f(0)+f'(x))dx
=e” f(x)+c

=" cscx+c

(v) Let I =Iezx(—sin x+2cos x)dx
2_[62" (2cos x—sin x)dx
Put f(x)=cosx = f'(x)=-sinx

So I= f ¥ (2£(x) + f(x))dx
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=™ f(X)+c Let I=Itanxdx
=e** cosx+c _[Slnx
CoS X

Put r=cosx = dr=-sinxdx
= —dt=sinxdx

(vi)  Let I= j

(1+x)°
_ —dt
—De* So I=|— =—| —
(+x-be' o I=[—
(1_+x) :—ln|t|+c
:J’ o~ 1+x2_ 1 z}dx =—In|cosx|+c
L(1+x)7 (1+x) i ,
- =ln|cosx| +e  mlnx=Inx
:J. ex 1 — 1 dx
Ld+x) (1+x)? =In| ——|+c =In|secx|+c
Put f(x)— _(1+x)_ = Itanxdx:1n|secx|+c
= f(x)=—(1+x)2=- 1 1 . Similarly, we have
, (+2) Icotxdx=1n|sinx|+c
So Izjef(f(x)+f(x))dx
=e" f(x)+c
(ix) Let I = I sinx
=" —— +
¢ (1+x) ¢ _I 2x 1+smxdx
I-sinx 1+sinx
e _ —x o 2 x(1+ sin x)
(vil) Let [ (cos x—sin x)dx — J' —dx
1—sin® x
_I ((—1)sin x+cos x) dx 2x+2xsmx)dx
Put f(x)=sinx = f'(x)=cosx _.[ cos? x
So [:Ie—X((_l)f(x)_'_f/(x))dx _J.( 2x 2xsinx]dx
— e f(x) +c cos’x cos’x
T 2x 2xsin x
=e 'sinx+c Z_[ 5 dx+I
cOS™ x COSX-COSX
Jtan a, :ZI xseczxdx+2j'xsecxtanxdx
(viii) Let I= I dx Integrating by parts

= Z[x-tanx—ftanx-ldx}

_ mtan* x| 1
—Ie 1+ x> dx +2[x-secx—_[secx(1)dx}
Put f=tan'x = df= 1 ~dx :Z[x-tanx—ln|secx|]
L+ +2[x~secx—ln|secx+tanx|]+c
So I :Iemfdt
- =2xtanx— 21n\secx|
=% L+ +2xsecx— 21n‘secx+tanx|+c
m
:Lemtan‘lx_'_c e (1+)C)
m (x) Let I= f—dx

Important Integral +x)°
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:jwdx
2+ x)

:Iex 2+X2_ 1 : e
2+x)” 2+x)

=J'e)‘((2+x)‘1 _(2+x)_2)dx
Put f(x)=Q2+x)"
So I:J.ex(

FOO)+ £/(x0)dx
=e' f(x0)+c
=e"(2+x) " +e

x

_ €
2+ x

(xi) Let [ = J( Sinxje” e

1—cosx

+c

2 2

. 2 X
2sin’ =

2

J. 1—-2sin = cos >

e’ dx

= f(x)=-2+x7

1 2sin> cos >
=| MR
28iﬂ2§ Zsng

1 X\
_j' [2cosec COtEj e dx

=[e| —cotZ l 2 X
_J.e( C0t2+2(:osec Zjdx

Put f(x)=—cot>

2 x 1
5 f(x) =cosec’ 'S
‘(=L 2 X
= f(x)=7cosec” 5
So I=[ e (f(0)+f'(0)
=e' f(x)+c
—e'| —cot2 |+¢
- 2
=—¢‘cotZ+c.

2




EXERCISE 3.5

j' 3x+1
Q.1 C—x—6 dx
Solution:

J‘ 3x + 1

XX-x-6 dx
_ Ix+1 dx
a X*—3x+2x-6
3x+1
= ,[ x dx

X(x=3)+2(x-3)
J 3x+ 1 ,
- x+2)(x-3) &
Let
3x + 1 A B
x+2)x-3) x+2 'x-3 —

Where A & B are constant of partial fractions which are to be determined.
Multiplying (x + 2) (x — 3) on both sides in (1)
Ix+1= A(x-3) +B(x+2) _ (2)

To find A
Put x+2=0

x=-21n(2)
3I(-)+1= A(-2-3)

—6+1 = A(-5)
-5 = —5A
A — —_5
T -5
A =1
To find B

Put x—3=0



x = 3in(2)

33)+1 =B(3+2)

9+1 =5B

5B =10
g 10
5
Fromeq. (1)

3x + 1 1 2
(x+2)(x-3) xt2 x-3

3x+ 1 dx dx
'[(x+2)(x—3)dx X2 +2’[x—3

= | Infx+2[+2mnx-3+c | Ans.

5x+ 8

o2 JiSam e

Solution:

Let

J. Sx + 8 dx
(x+3)(2x-1)
S5x +8 __A N B 0
(x+3)2x—-1) x+3 2x-1
Where A & B are constant of partial fractions which are to be determined.
Multiplying (x + 3) (2x — 1) on both sides in (1)
S5x+8= A(2x-1) +B(x+3) —_ (2)

To find A

Put  x+3=0
Xx=-31n(2)
5(=3)+8= A[2(-3)-1]
-15+8 = A(-6-1)
-7 = -TA

-7
A =—

To find B

Put 2x—=1 =
2x =

= o



h
o]t
N
Il
NN G @
= —
e

Fromeq. (1)
5x +8 _ 1 + 3
x+3)(2x-1) x+3 2x-1
Integrate
5x+8 dx dx 3 | 2dx

(x+3)(2x—1) “*x+3 "272x-1

3
= Ix+3[+5Mm(2x—1|+c¢ Ans.

2
X +3x-34 .
Q3 I Ciax_15 & (Guj. Board 2006)

Solution:

J.x2+3x—34

Cr2x—15 &

- J'(H x—19 ]d 1
- x+2x-15) & X2+ 2x — 15x* + 3x — 34

<
2

x-19 X", 2x _15
— 5 - - t
'I.dX+'[x'+5x—3x—15 dx
x—19

x—19
- x+'|.x(x+5)—3(x+5) dx

Xx—19
- X*Lx—3ﬂx+5)dx




= x+1 (1)
x—19
- x-3)x+35 &
Let
x— 19 A B
x—3(x+5) x-3 Tx+5 (2)
Where A & B are constant of potential fractions which are to be determined.
Multiplying (x — 3) (x + 5) on both sides in (2)
X-19= A(x+5)+B(x-3) ——  (3)
To find A
Put x-3=20
Xx = 3in(3)
3-19=A(3+5)
-16=8 A
-16
A=
A = -2
To find B
Put x+5=0
X = =5 1in(3)
-5-19 = B(-5-3)
-24 = -8B
—24
B = 3
B =3
From eq. (2)
x—19 _ =2 . 3
x-3)(x+5 x-3 Xx+5
Integrate
I x—19 dx dx
(x=3)(x+5) X+ 35
I = —21n|x—3|+3!n|x+5|+c
From eq. (1)

= ‘ x—2fn|x—3|+3ln|x+5|+c‘ Ans.




Q.4 I—(-—La_bx dx

(x—a)(x—Db)
Solution:
I (a-b)x dx
(x—a)(x—Dhb)
Let
(a—b)x A B

x-a)(x-b) x-a x-b D

Where A & B are constant of partial fractions which are to be determined.
Multiplying (x — a) (x — b) on both sides in (1)

(a-b)x = A(x-b)+B(x—-a) (2)
To find A
Put x—a =0
X = ain(2)
(a—b)a = A(a—Db)
(a—-b)a
a—b = &
A =a
To find B
Put x-b=0
X = b ineq.(2)
(a-b)b = B(b-a)
(a-b)b
b-a
~ —(b-a)b
B = b-a

From eq. (1)

(a—b)x __a +—b
(x—a)(x—-b) x-a x-b

Integrate
(a—b)x o dx dx
J‘(x—a)(x—b) = dIX—a_b-{x—b

= | almx—a|-bmx—b|+c | Ans.




3—x
Q5 Il_ o2 dx

X
Solution:
3-x
J‘l X — vadx
- ‘[ x+2x—6x 7 dx
N -[(1—3x)+2x(1—3x)
B J' 3-x
- (1 +20(1-3x%) ¢
Let
3-x A N B )
1+20(0-3x) 1+2x "1-3x —— D

Where A and B are constant of partial fractions which are to be determined
Multiplying (1 + 2x) (1 — 3x) on both sides in (1)

3-x = A(1-3x)+B(l +2x) —— (2)
To find A
Put  1+2x =0
2x = -1
-1
X = 7111(2)

2 2
7 5

2 - ,2]“"
Tx2

2% 5 A




To find B
Put 1-3x=0

3x=
IR
X =3 m (2)
1 1
3-3 = B(1+2(3))
9-1 2
= (1+3)
8 (342
3 = B( 3 ]
8 5
3 3)3
i
8
B =3
Fromeq. (1)
7 8
3-x __ 4 N 5
(1+2x)(1-3x)  I+2x 1-3x
Integrate
J 3-x d_zJ‘dx +§j‘dx
(1+2x)(1-3x) F 757 1+2x 57 1-3x
7 2dx 8 -3
) 1+2x_5X3I1—3x i
7 8
= ﬁln|l+2x|—§ln|1—3x|+c Ans.
I 2x
Q.6 xz_azdx
Solution:
2
J z‘(zdx
X" —a

2
- =

x+a) (x—a) =X



Let
x A B
(x+a)(x—a) x+ta x-—a

— (D)

Where A and B are constant of partial fractions which are to be determined
Multiplying (x + a) (x — a) on both sides in (1)

2x = Ax-a)+tB(x+ta)— (2)
To find A
Put X +a =0
X = —-a in(2)
2(-a)= A(-a-a)
—2a = 2aA
—2a
A T 2a
A =1
To find B
Put X—a =0
X = a in(2)
2a = B(ata)
2a = 2aB
2a
B T 2a

From eq. (1)

2X _ 1 N 1
(x+a)(x—a) X+a x-a
Integrate
J 2x -dx=jdx +J dx
(x+a)(x-a) X+a X-a
=| M|x+ta+hfx-al+c | Ans.

j 1
Q7 J e sx —4d¥

Solution:



[ 1
B ) e ax—3x—4 ¥
! d
Y 2x(3x+4)—-1(3x+4) &
[ 1
J x—x+a) &

Let
1 A N B |
2x-1)(3x+4) 2x—-1 3x+4 )
Where A and B are constant of partial fractions which are to be determined.
Multiplying (2x — 1) (3x + 4) on both sides in (1)
1 = ABx+t4H+B2x-1)——— (2)
To find A
Put  2x-1 =10
2x =1
1
X =3 ineq.(2)
Al
3
LAl
2 = A1)
_ 2
AT
To find B
Put 3x+4 =0
Ix = -4
X _3 in eq. (2)
-4
I =BJ[2 [7)— 1]



From eq. (1)

1 11 1
2x-1)3x+4)  2x-1 3x+4

I dx _Ljde iJ. 3
2x—-1)(3x+4) 11792x-1 11 3x+4 &

| |
= ﬁ!n|2x—1|—ﬁ1n|3x+4|+c Ans.
2 =3x =x-7
Q38 I 2x* = 3x -2 dx
Solution:
J‘2x3—3x2—x—7dx X
2x"—-3x-2 ‘.'2x2—3x—2\f2x3—3x3—x—7
x=7 2x° _3x7_2
x—7
x—-7
B 'I-XdX+J.2x2—4x+x—2 ax
X’ x—7
R +j2x(x—2)+l(x—2) ax
x’ x—7
= 2 +’[(2x+1){x—2) e
- X 1
S S
Where
X—7
b j(2x+1)(x—2) dx
x—7 3 A . B .2
2x+D)(x-2) ~ 2x+1 'x—2 —— @

Where A & B are constant of partial fractions which are to be determined.

Multiplying (2x + 1) (x — 2) on both sides in (2)



x-7 = Ax-2)+B2x+1) — (3)
To find A
Put 2x + 1 0
2x = -1
X —7111{3_)
1 a(Fe)
2 B 2 <)
-1-14 A(_1_4]
2 - 2
—15 -5
2 - A(zJ
-15 -2
2 “ 3 A
A =3
To find B
Put x—-2=0
X = 2in(3)
2-7 = B[2(2)+1]
—5 = B4+1)
-5 = 5B
=5
B =7
B = -1

From eq. (2)

x-7

2x+D(x-2)  2x+1 "x-2

I x-7 dx
2x+ 1) (x—2

3 —12x + 11

_3
) 2

'[2)2((2(1 B J.xd—XZ

3
Sh2x+1]— jx-2[+c

Q9 I(x—l)(x—Z)(x—3)dx

Solution:

Ans.



j 3 — 12x + 11 d
(x—1)(x-2)(x-3) %

-1+l A B C |
x-Dx-2(x-3) x-1 " x2"x3 —— D

Let

Where A, B and C are constant of partial fractions which are to be determined.

Multiplying (x — 1) (x — 2) (x — 3) on both sides in (1)

3 12x+11 = A(x-2)(x-3)N+Bx-1)(x-3)+C(x-1)(x-2)—(2)
To find A

Put x-1=20

x = 1 in(2)
3(1P=12(H+11 = A(1-2)(1-3)
3-12+411 = A(=1)(~2)
2 = 2A
A =1
To find B
Put x-2=0
X =2 in(2)
320 -12(2)+11= B2-1)(2-3)
3(4)-24+11 = B()(-1)
12-24+11 = —-B
-1 =-B
To find C
From eq. (1)
-2 +11 ] L
(x—1D(x-2)(x—-3) x-1 x-2 x-3
Integrate

- 12x+ 11 dx J‘dx J‘dx J‘dx
: L= + ] +
(x-Dx-2)(x-3) x—1 -2



= | Imnx—1+ Mhjx=2[+h[x=3 +tc|  Ans

2x -1
Q.10 j. x(x—1) (x—3) dx

Solution:

2x -1
Ix(x—l)(x—,’))dx

Let
x-1 __A B €
x(x-1)(x-3) x x-1 x-3
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying x(x — 1) (x — 3) on both sides in (1)
2x-1=A-D-3)*Bxx-3)+Cx(x—-1)——A2)
To find A
Putt x = 0 ineq(2)
2(00-1 = A(0-1)(0-3)

-1= A(=1)(-3)
—-1= 3A
!
3
To find B
Put x—1=10
x = 1 1n(2)
2(Hh-1 = B(l)(1-3)
2—-1 = B(-2)
1 = -2B
—1
B= 7
To find C
Put x-3=0
X = 3 in(2)
23)-1 =C3)3-1
61 = C(3)(2)

5 = 6C



5
C=5%

From eq. (1)

S T B
2x — 1 _i_’_ N 6
x(x-1)(x-3) x x—1 X—3

2x — 1 -1 | dx 1 dx 5 dx

utieprale JX(X—])(X—?}) dx =73 -[ X _ZIx—l+6Ix—3

-1 1 5 ,
= ‘Tln|x|—§1n|x—1[—gln|x—3| +c

5x2+9x + 6
QI Ve ax+ 3™
Solution:
5%+ 9x + 6

-1 (2x+3) &
B I 5x°+9x + 6 q
- x+ 1) (x-1)2x+3)&

Ans.

Let
SX+9x+6 A B _C )
x+D)(x-1H2x+3) x+1 x-1 2x+3
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (x + 1) (x — 1) (2x + 3) on both sides in (1)
579X+ 6 = A(X - DR2x+3)+Bx+1D)2x+3)+Cx—-1)(x—1)—(2)
To find A
Pt x +1 =0
X = 1in(2)
517 +9(-1)+6= A(-1-1)(-2+3)
5-9+6 = A(-2)1)
2 = =2A
2
A=D
A = -1
To find B
Put x-1 =20

X =1 in(2)



5(1 +9(1)+ 6 =

5+9+6 = B(2)(5)
20 = 10B
_ 20
10
B=2
To find C
Put 2x+3 =0
2x = -3
-3
X ZTin(2)

B+ 1)(2+3)

(oo - clFeE

9 27
5[1]—7 +6

A

45 27 _ ([i)(i
42 B 2 )\2
4554+ 24 5

4 =4C
15 4 ‘
45 = C

C =3

From eq. (1)

5x*+9x+ 6 _ L, 2 3
x+D(x-1)2x+3) x+1 x-1 2x+3

Integrate

J‘ 5+ 9x+ 6 ) dx ;I 2,
(x+1)(x=1)(2x+3) &7 x+1 T2 43K

4+ 7x
Q.12 I (1+x)° 2+30

Solution:

3
In [x+1|4+2n [x — 1|+51n 2x+3] + ¢

Ans.



J 4+ 7x d
(1+x)P7Q2+3x)F

Let
4+ 7x A B C
2300 +x7°  2+3x 1+x (+x2 — (1)
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (2 + 3x) (1 + x)* on both sides in (1)
4+7x = A(1+x)+BQ2+3x)(1 +x)+C(2+3x) (2)
44+7x = A(1+x>+2x)+B(2+5x +3x%) +2C + 3Cx
4+7x = (A+3B)x*+(2A+5B+3C)x +(A+2B+2C)—— (3)
To find A
Put 2 +3x=20
3x= -2
2
X =3 n (3)
4+7(?2)= A(l—_%f
14 3-2V
M A[_ 3 j
12— 14 1Y
3T A(E.
-2 1
3 “oA
-2x9
3 = A
A = -6
To find C
Put l+x= 0
x = —lin(2)
4+7(-=1) = C((2-3)
4-7 = C(-1)
-3 = -C
C =3

To find B comparing the coefficient of x” in (3)
A+3B =0
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Definite Integral
Let J.f(x)dx = p(x)+c

b
Then If(x)dx=|¢(x) |Z or [(,/)(x)]z

=@(b)— ¢p(a)
Also

b a
o« [f@ dr=—]F00)
a b

'ifu)ﬂ:jfu)wﬁif@hh

where a<c<b

Evaluate the following definite integrals:

Question # 1
2

'lf(xz +1)dx

Solution
2

j(x2+1)dx

Question # 2

_ﬂﬁ+qw

Solution

_Mé+qﬁ

1 1 1

= [ xPdx+ [ dx

1

L%

=[5 sl
1 -1

—+1
3

-1

4
3
= 4| +(-cD)

30,

3( 13 3
:Z[(1)3—(—1)3} (1+1)
_3 _ —
_ZU )+2 =2

Question # 3

0
J- 1
_2(2)6—1)2

Solution

J‘ 1

2 (2x- 1)

0

j (2x—1)

-2
) (2x—1)_2+1 0

(—2+1)-2 .

| (2x-1)

(=D 2
-2

(20-1" (2(2)-1)"
- 2 -2
(-1 (=4-1)"
I )
()T (=9)
=3 2

1 1

( 2)(-1) (2)(=5)

11 _2

2 10 5

Question # 4

2
j\/3—xdx
-6
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Solution
2
[V3-xax
-6
2 1
= [(3-x)2dx
-6
) 2
1 3
B Rl TR
|Gen], |(G)
~+1{(=D) (=D
(2 -6 -6
2 3
———s (3—x)2
3 -6
2

Question # 5

f./(zf-u* dt

Solution

Solution

58—3J§]

=

(B
5 5
(2J§_1f 1

-2 ams
5 5 s

Question # 6
J5
j xVx2—1dx
2

Question # 7
2

X
'l[x2+2dx

Solution
2

'[x2+2dx

1

zfx +2

2 (x +2) 5
.!. 20 —%‘ln‘x2+2H1
(\f+4—mp%an
(In6-1n3)

6 1
ln(gj —511’12

| — t\)lr—mlH NI




Question # 8

(1) a

Solution
3

i(x__j dx E(x +5-2) di
|

x2dx+j 2 dx— ZIdx
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Question # 10
3

dx
'([x2+9

Solution

Now do yourself 5
Question #9 1 x 3
Lo =373
I(x+§j x>+ x+1 dx 0
- e A
Solution 3 3) 3 3
j o W+ xt dx .y (1) L '(0)
U2 3 3
(7 1 /4
I 1 A L) =L
:J. (2x2+1j(x2+x+1)2 dx 3(4} 3( ) 12
-l | 1 Question # 11
1 9 B} ”/
=—| (x"+x+1)?(2x+1) dx 3
2;[( ) ( ) J. cos tdr
1 i e
1 = o b
:EJ. (x2+x+1)2a(2x+l)dx Solution Do yourself
N ' Question # 12
(¢ )5“ NOTE ) [ |
X" +x+1 3 L Iy, b
-t (): =)' | [mg] (1 |
—+1 -
y » =3'.32 =33 Solution Do yourself
1 Question # 13
X +x+1)? 2
:% ( 2 ) Ilnxdx
2 -1 Solution
3! 2 2
=%(x2+x+1)5 Let]zjlnxdx :Ilnx~1dx
-1

:é[ (@ +(1>+1)% (=17’ +(—1)+1)3 }

3

[(1+1+1) (1-1+1)3}
{(3)3—(1)3 } =3[ 331

Integrating by parts
2

I:|lnx~x|12—_[x~
1

L ax
X

2
:|xlnx|12—jdx
1

(2-n2-1-In1) | x|}
= (2-In2—-1-(0))—(2-1)
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=(2:In2-0)-1=2In2-1

Question # 14

2(x _x

f (ez—e Zj dx
0

Solution

I
I
\®)

Il

[\
7~ N\

Q

|

(U

+
® |

|

—_
N S

Il

[\

(9N}

+

| —

|

[\
(O

:%’1n|sec9+tan6’||;%‘+%|sec0];%

%Kln

secz+ tan - ‘ —1In| sec(0) + tan(0) |j

+ 1 (sec% - sec(O)j

Question # 15

%

J~ cos@+sin @

cos260+1 a6

Solution

cos@+sinf

cos260+1 ad

Let [ =

cos@+sinf
2co0s’ @

2, 1+cos28
2

( cosé iy smf’ ]dé’
2co0s’ @ 2cos” @
T
+f sin @
2cos€ 2cos@-cosd
7 ’7

1
_—I sec @ d6?+2 .[ secAtan @ do

2
0

deo

T COS

%
5
7%
=]

2
:%(In J2+1 —ln|1+0‘)+%(\/§—1)
:%(In J2+1 —0)+%(«5—1)
:% In \/§+1 +\/§—1) Ans.
Question # 16
7%
Icos39d6
Solutioon
% 7%
Icos30d9 = Icosza-cosé’ dé
0 0
7%
= I (l—sinzé?)cosg dé
0
s 7

= I cosd dé— I sin?@cos@ db
0

—|s1n6|/ Ism 9—31n6 de

— sinz—sin(O) — sin’ 6 %5
6 3,

(__()j——(sm Z —sin® (O>]
g

_1 iy 1.1 _ 11
2 3.8 2 24 24

NI
w|~

Question # 17
2
_[ cos’@-cot’ @ do
%

Solution



7

_[ cos’@-cot’ 8 do

%
= fcos2 9<COSCC2 6—1) de

6
B

= I(coszﬁcoseczﬁ—COSQ 6’) de
%
7 1

= I(COSQH - —cos’ 6’] de
,7 sin” @
6
7 7

= Icot29 dH—I cos’ 8 do
ﬂ/ %

J(cosec 60— 1) dé— I(l+cos€

7r
6

/ 7S/ S/
= [ esc*0do- jde——jde |
76 ’7 %

1

c0s 28d6

7,
%

sin 260
2

6
:(—c0t£+c0t£j—§| 6|%

4 6
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Solution
7 h
Ic0s4t d = J.(cos2 t) dt

0 0

2
1+cos2t
(2]

7N\

2
1+2c0s2£+cos 2tjdt

A=

(1+ 2¢08 27 +cos> 2t)dt

1+2cos2t+——

i

1+ cos 4t
> )dt

dt

s

(2+4cos2t+1+cos4tj

(3+4cos2r+cosdr)dr

7

0

15(Z)asina(z)+ 71

oo | —

o'—.R o‘——‘ﬁ O'—.ﬁ O'—.§

1 sin 2¢ s1n4t
§3t+4 > 7]

4
1(3x 0 0 1(37
—§(7+2+Z—O—O—ZJ —§(7+2j
37+8

_1{3z+8) _
8l 4 32

—3(())—2sin2(0)—sm4(0)]

7 1 3 T
e L o N
N3-10-7

8
Question # 18
%y

'f cos* 1 dr
0

Question # 19
A
.[ cos> @sin@ dé
0

Solution

%
Let I = Jcoszé’sine de
0

Put f=cosd = dt=-sinf d@
= —dt=sinf db
When =0 then r=1
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_T -1
And when H—A then t—é
b
So I= j £ (~dt)
1

% o
:—J'tzdt =—|=
1
Q W _ (k1
3 3 3
(L Yy __ (7Y} _T
24 3) 24) 24
Question # 20

A
J. (1+cos2 Q)tan2 6 do
Solutioon

(1+cos2 6’) tan’ @ d@

.2
(1+cos2 9) sm26? de
cos” @

(sm H+s1n 6) daeé
cos’ @

(tan2 6 +sin? 6’) de

(sec2 9—1+%j do

o=l ol ot ol oY oY

7~ N\

2 — —
2sec” 0@ 22+1 00326’] 40

(28€C 0-1- cos29) de

%

0

—
O‘—.&

sin 28
2

=%‘ 2tan@—6—

sin 2(0)]
—2tan(0)+0+ >

:%[2(1)—1—1—2(0)+0+0j

_1(3 =z :l 6—1m :6—71'
“ol2 4 2\ 4 8

Question # 21

A secd

!)' sin @+ cos @

Solution

sec &

Let _—
© sin@+cos @

o o=

secd
cosH(Sme+1)
cos @
7
_[ sec’ @ 4o
: (tan6+1)

Put t=tan@+1 = dt=sec’8d8o
When x=0 then =1

deé

)
N

Also when x :% then t=2

So I:j‘%
1

i
=In2-Inl =In2-0 =In2

Review
gx) = asx<bh
If =
J) {h(x) . b<x<
Then
¢ b c
[ Fodx=[g(x)+ o)
a a b
Question # 22

5
I|x—3‘dx



Solution

5
Let I:J.|x—3‘dx
-1
Since

x-=3
=3 :{—(x—3)
So j‘x—S |dx = i [—(x-3)] dx+i (x=3) dx

-1 -1

if x-320 = x2=3
if x-3<0 = x<3

:—i (x=3) dx+i (x=3) dx
5 3

3 5

(x—3)
2

(x—3)
2

+

3

_ (B=3® (-1-3) N 5-3° (3-3)°
B 2 2 2 2

__(0_16),(4_0) _ _
= (2 2J+(2 2} =8+2 =10

Question # 23

1 )c%+22

Solution

2 2
— dt=§x 3dx = 3dr=x 3dx

When x:é then 7= >

2
And when x=1 then =3
3 3 3
So 1= (1) 3di =3%
% %
3
5 125
I E 671N N
3 3 3 3
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Question # 24
3.2 x—1
J~x zdx T
x+1 x+1)x =2
1
2
Solution _Xtx
—x—2
2 —-x-1
=2 i
x+1 -1

Il
—_e D e ) = —
[§9)

=

I

[a—

|
+‘
—_
Nce e

NN

=

=|Z-| —lx];-|m]x+1])]

1

32 12
:(7—3]—(3—1)—(ln|3+1|—1n|1+1|)

9 1

:(E‘Ej‘(z)‘(m“_l“ 2)

4

=4-2-In3 =2-In2

Question # 25

j 3x2 —2x+1

> (x—l)(x2 +1)
Solution
3x% —2x+1

T

3
2
=ln‘33 _3? +3—1‘—ln’ 2 g8 +2—1‘

=In|27-9+3-1|-In|8—4+2-1]
20

=In20-1In5 =ln? =ln4
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Question # 26
’?

2
o €OS X

sin x—1

dx

Solution
7 7 (

J~ sin x — 1

0
_ J. sin x 1 i
COS X - COS x COS X

= '[ (secxtan)c—sec2 x) dx
0

sin x 1 jdx

COS X ‘([ COS X COS X

N o

:\secx—tanx\;%‘

_ T _
—(sec 1 tan 4J (sec(0)—tan(0))

=J2-1-140 =+2-2

Question # 27
% 1

1+sinx
0

Solution

Let I= j

%

1+s1nx

1 1—sin x
1+sinx 1—sin x
V /P
1—sin x

1—sinx
[ -
sin” x 7 COS X

dx

Now same as Question # 24

Question # 28

3x
Sy rmerte

Solution

Let I:Jl‘
0

Put t=4-3x = 3x=4-¢
Also df=-3dx = —%dt:dx

When x=0 then =4
And when x=1 then r=1

1
1 4 t
:—§J. [T——}dt
4xt’2 2
14 L1
=+§I [41 Q—ﬂJdt
1
Now do yourself
Question # 29
7

COS X

e 2tsing) @
Sin x S X
76

Solution

7
COS X

let I=
© 7! sin x( 2+ sin x)
76

Put t=sinx = dt=cosxdx

When x:% then t:%

When ng then =1

Now consider
1 :é+ B
1(2+1) t 2+t
= 1=A(2+1)+Bt ...... (1)
Put =0 in (i)
1=A2+0)+B0) = 1=24 = Azé
Put 2+r=0= r=-2 ineq. (1)

1=0+B(-2) = 1=—2B = B=—+

o LB

t(2+1) 2+t

jjt(zm j4 j2—+/z’
bz b2 b2
1¢1 ¢ 1
= J'_
2%r 2y %0

1
:Eyln|tH%—§‘ln‘2+tH%



_1 —
_E[myq In

1
2
1

—E[ln|2+1|—ln 2+

1
2
S EPNEETS B D § .
—2[0 lnz} 2[lnii lnz}

1 1 5
—EI:—IHE—IH:S‘F]HE}

‘1“[ /ZJ ~3(3)

Question # 30

T
:A sin x dx
o (1+cosx)(2+cos x)

Solution

7%

Let ]= sin xdx

o (1+cosx)(2+cos x)

Put t=cosx = dr=-sinxdx
= —dr=sinxdx
When x=0 then =1

And when ng then t=0

1]0' —d1
' (1+1)(2+1)
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Now consider
1 _ A N B
(1+2)(2+1) 1+t 241
= 1=AQ2+t)+Bl+1) .... (1)
Put 1+r=0 = r=-11in (1)
1=A2-1)+0 = A=1
Put 2+t=0 = t=-2 in (i)

1=0+B(1-2) = 1=—-B ie B=-1

So
1 _ 1 + =]
(1+t)(2+t) 2+1

1+

1 1

-! 1+1)( 2+t) -(‘;1+tdt_£2—+tdt
=|1n\1+t||0—|1n\ 2+r\|;

=(In|1+1|-In|1+0])

—(In|2+1]|-1n|2+0])

=In2-0-In3+1n2

-n(5%) =»(3)

0 1
-1[1+t 2+1) -([1+t 2+1)




Exercise 3.7 (Solutions) rage#167
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Example 4
Find the area bounded by the curve

flx) = ¥ —2x*+1
and the x-axis in the first quadrant.
Solution
Put f(x) =0
= ¥-2x+1=0

By synthetic division
Lfr -2 0 1

1 =1 =l
1T -1 -1 [0

= (x=D&x*=x=D =0
X —x-1=0
144/(=1)> —4(1)(-1)

= x—1=0 or

= x =1 or x = 0
_1£41+4 1+J_
- 2
l
Thus the curve cuts the x-axis at x=1, —\/_
Since we are taking area in the first quad. only
1+ J— N Y S
x=1, —— 1ignoring 7 as 1t 18
—1ve.
Intervals in 1% quad. are [0,1] & {l, 1+2\/§}

Since f(x)=0 whenever xe [O,l]

1+/5
=

and f(x)<0 whenever xe {1,

1

. Areain 1" quad. = I(x3—2x2 +1)dx

Question # 1
Find the area between the x-asis and the curve

2
y=x+1 from x=1to x=2.

Solution
_ 2
y=x+1 ;o o x=1tox=2
y20 whenever xe[1,2]

2
Area = j(xz +1)dx

2 2
= Ix2dx+J.dx

1 1
_ x32 2
T3 +|x|1

1

_ (@ W), 5
= |3 5 J+(2 1)

8 1
= 5‘5)”
_ 70
= 3+1— 3 . unit.

Question # 2
Find the area above the x-asis and under the
curve y = 5—x° from x=-1to x=2.
Solution

y = 5-x : x=-1tox=2
y>0 whenever xe (—1,2)

2
Area = j(S—xz)dx
=1

2
= 5x—x—3
3

-1

3
= 5(2)—@] [5(—1)—(_1))

3
8 1
= 110=2 |=| =5+=
03)(5+3)

2_(_3) _ 22 14

3 3 33
= ? = 12 sq. unit

Question # 3
Find the area below the curve y = 3Jx
and above the x-axis between x=1 to x=4.
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Solution
y =3x

Since y =0 when xe[l,4]

x=1to x=4

4
.. Area = ‘[3\/; dx

4 1 4 1
= j3x§ dx = 3jx§dx

4
| 3 4

2 2
=32 | = 3|2

eI B B

1 1

) 33
[(4)2—(1)2J

1

3 4 4 3

Z[(4)3—<1>3J = 2[(2%2—1}

= 2(8-1) = 14 sq. unit

Now y>0 when xe (0,4)
4

s Area = I(4x—x2)dx
0

4 4

2 3
4x X
2yt -2

.
2 3 3
0 0

_ £2(4) (4)} [2(0) (O)J
- (32-%) (0-0)

= 2 Sq. unit
— 2 q‘ 5

Question # 4

Find the area bounded by cos function from

x=—Z o x=2
2 2

Solution

y = CosSx ;| X=—

ol I
ST

(SIRS

Ne— =

y>0 whenever xe (

%
. Area = Icosxdx
A

| SlI’lX

(5] (-9

2 sq. unit

’V

Question # 5
Find the area between the x-asis and the curve

y = 4x—x°
Solution
y = dx—x*
Putting y =0, we have
4x—x* =0
= x(4-x)=0
= x=0or x =4

Question # 6
Determine the area bounded by the parabola

y = x> +2x-3 and the x-axis.
Solution
y = x*+2x-3
Putting y = 0, we have
X +2x-3 =0
= xX43x-x-2=0
= x(x+3)-1(x+3) =0
= (x+3)( 1) =0
= =-3 or x=1
Now y<0 whenever xe[-3,1]

. Area = —.l[(x2+2x—3)dx

35 1
X x

= - |—+——
3 2 3

3
- -[(1_)+(1)2-3(1)

[( 3 33 3)]

= —G+1—3J (%+9+9)
= —(—%)+(—9+18)

3 32 :
§+9— 3 sqg. unit
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Question # 7 Zi\/(—2)2—4(1)(2)
Find the area bounded by the curve y = x° +1, = x=-2 or x= )
the x-axis and line x=2. 2+.J4-8
Solution = 2
. 244
y =X +1 = 2
Putting y =0, we have This is imaginary.
X+1=0 Now y20 when xe[-2,1]
= (x+1)(x*=x+1) =0 :
( )( ) s Area = J' (x3—2x+4)dx
= x+1=0 or xX’—x+1=0 )
5 1 1 1
= x=-1 or lei“(_l) —4hd) = I x3dx—2fxdx+4jdx
2(1) k) =2 =
1£J1-4 4! 2 |t
= X X 1
2 |4 —2 - +4|x‘_2
+4/=3 -2 -2
= Xx=—
2 4 4 2 2
Which is not possible. (D727 D7 27
Now y>0 when xe[-1,2] 4 4 2 2
) +4(1=(-2))
. Area = I(x3+l)dx 1 16 1 4
J :(Z_Zj—2(§—§j+4(l+2)
T 1 1
X
= | =+x =|=—4]-2[2-2|+4
], 52
4 4 15 3
_ 1) (-1) =(——]—2(——j+12
ST )
16 1 =—§+3+12 =£sq.unit
- (#4251 3 :
Question # 9
3 27 : Find the area between the curve
= 6= = = ! t
4 4 °q- unt Solution
tion # 8
Question 5 = JER

Find the area bounded by the curve

y = x°—2x+4 and the x-axis. Putting y =0, we have

Solution P—4x =0
= x(x2—4) =0
B . _
y =x -2x+4 ; x=1 .9 2\ =
Putting y =0, we have = x(x+2)(x-2) =

3 = x=0 or x=-2 or x=2

x=2x+4 =0
Now y>0 whenever xe[-2,0]

By synthetic division
21 0 =2 4

J 2 4 -4 0 2
I 2 2 [0 - Area = jydx—jydx
-2 0

= (x+2)(x’—2x+2) = 0

And y<0 whenever xe0,2]

— x4+2=0 or x*=2x+2 =0
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= T(x3 —4x)dx—§[(x3 —4x)dx

X X X X
=T Y| E e
4 0 4 2

_ | X A2 X2

=173 2Xx 1 2Xx
-2 0

= 4+4 = 8 sq. unit.

4 2 4 2

(o o), (O 0’
4 2 4 2

_ ((or‘ RORNIG NS

I

o

I

|
NG
N—

I

= |
NG
N

+

o

—l+l = — §@. unit
4177 T 2%

Question # 9
Find the area between the curve

y = x(x—1)(x+1) and the x-axis.
Solution
y = x(x=1)(x+1)
Putting y = 0, we have
x(x=1)(x+1) = 0
= x=0 or x=1 or x=-1
Now y >0 whenever xe [-1,0]

And y<0 whenever xe [0,1]

. Area = '(iydx—jydx
=1 0
= _(fx(x—l)(x+1)dx

-1
1

—Ix(x—l)(x+1)dx

= _(i(x3—x)dx—j.(x3—x)dx
-1 0
X i x* le
|4 2| |42
L 0

Question # 11
Find the area between the x-asis and the curve

1
y= cosax from x=—-7x to x=7x

Solution
1
glx) = cosax i X=—T to X=T

© g(x) 2 0 when xe[-7,7]

V4

s Area = Icoslx dx

2
-
T
sin > ™
= |7 2 =2 sin%
A -

-

(5]l
=2(1-(-1)) =2(1+1)

= 2(2) = 4 sq. unit.

Question # 12
Find the area between the x-asis and the curve

y = sin2x from x=0 to x=§

Solution

y =sin2x ; x=0to ng

y>20 when xe [O%}

A
. Area = Isiandx
0

_ | _cos 2x
2

2

% 1(

cosz—ﬂ- — cos(())}

. 3



——l—l—l ——l—é—is unit
- T2172 B U B

Question # 13
Find the area between the x-asis and the curve

y = \/2ax—x2 when a>0
Solution
y = \/Zax—xz

Putting y =0, we have

On squaring
2ax—x* = 0
= x(2a-x)=0
= x=0 or 2a—-x=0>= x=2a
y20 when xe[0,2q]

2a
Area = I Dax—x° dx
0

= Zf\/az —a’ +2ax—x* dx

20a
— I\/az—(az—Zax+x2) dx
0

= T\/az —(a-x)* dx

Put a—x = asin@
= —dx = acosf db

= dx = —acos8d@
When x=0

a—0 = asin@ = asinf =a
— sinf=1 = 9:%

When x=2a
a—2a = asind = —a = asind

FSc-1I /| Ex- 3.7 - S

-~ —1=sinf = a:—%

Va* —a*sin® @ (—acos 8d6)

Soarea =

a’ (l—sin2 9) cos@ db

Il
|
S

Va*cos? 8 cos dé

I
|
N

= —a | acos@-cos8 db

7
—i .[ cos> 6 do

%

_TT,

j(%j i
7

-
= - [ (1+cos20) do

2
!
i sin 26 %
= -0+
7
2
a ; ;
= _7(——+sm(—7r)———sm7rj
2
= —%(—7[—0—0)
2 2
= 2 (g = 4Z i
= 2( ) 5 Sa- unit
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Question # 1
Check each of the following equations written
against the differential equation is its solution.

NI —
(1)xdx—1+y, y=cx—1

o 2 2 1
2y+1)—-1= =c——
(i) x" (2 )x 0, y+y=c—

(iii) y%—ezx—l, y? = 2x+e* +c
(iv) %%—2 =0, y = ce”

(V) % = %, y = Tan(ex+c)
Solution
(1) x%=1+y

= xdy=(1+y)dx = %z%

Integrating both sides
Iﬂ S
I+y X
= In(l+y)=Inx+Inc

=Incx
= l+y=cx
= y=cx—1  Proved
dy

(ii) x2(2y+1)a—1=0

2 dy
= x (2y+1)a’x
= (2y+1)dy:%dx

X
On integrating
j(2y+1)dy:ji2dx
X
=5 2]ydy+jdyzjx‘2dx
2 1

y ¥
2.——|— =
I TR A, S

2 x!
=Yy +y:_—1+c

+c

= y2+y=c—% Proved

(iii) y%—e” =1

=1 = x*(2y+1)dy=dx

= y% =14+ = ydy = (1+ez")dx
On integrating
J'ydy = j(1+e2x)dx

y2 2x c ” 5
- — = X+ +— = 2x+e "+
2 X 2 ) =Yy xXxX+e c

= y? = 2x+e* +c

: 1 dy _
1 dy dy
xac 7 T TV
=5 @ = 2xdx
y
On integrating
jﬂ = Zdex
y
2
= Iny = 2-7+lnc
= x*+Inc
= x*Ine+Inc v Ine=1
= ne® +Inc
= Iny = Ince®
= ¥y = ce®  Proved
2
v Loy L D ey
dx e y +1

Integrating both sides

= J.yf)-li-l =Ie’“dx

= Tan™'y = ¢" +¢

= y = Tan(ex+c)

Solve the following differential equations:
Question # 2

a7

— =-y = = =-dx

On integrating

% = fa
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Iny = —x+Inc
= —xlne +Inc

+Inc

—X

= Ilne "

= Iny = Ince

* lne=1

= y=ce"

Question # 3
vdx+xdy = 0
Solution
vadx+xdy = 0 = ydx = -
& _ Ay
X Yy
On integrating
Inx = =Iny+Inc

= Inx = ln£
y

c

= X = = Xy =c
Question # 4
dy 1-x
dcx y
Solution Do yourself
Question # 5
dy _
—— = < ¥>0
o - 2 (>0)
Solution
dy _ dy _ -
— R A— dx
dx 5 y g
Integrating
(4 - fea
y
—2+1
= Iny = _2+1+lnc
=1
= Iny = )i—l+1nc
= Iny = —%+lnc
1
= Iny = —;lne+lnc
1
= Ine *+Inc

1 1
= Iny =Ilnce* = y=ce*

Solution
sin ycosecxﬂ = ]
dx
= siny dy = dx
cosec x
= siny dy = sinxdx
Integrating
jsiny dy = Isinxdx
= —CO0Sy = —COSX—C
= COSYy = cosx+c
Question # 7
xdy+y(x—1)dx = 0
Solution

xdy+y(x—1)dx =0
= xdy = —y(x-1)dx

- Y- 21y
y X

—_— Q — _[z_l)dx
y X X

= Y _ —(l—l}dx
y X

On integrating

jﬂ - _.[ 1= g
y X
= Iny = —x+Inx+Inc
= —xlne+Inx+Inc

= Ine *+Inx+Inc

= Iny = Incxe *

Question # 6

sin ycosecxﬂ = 1

dx

Question # 8
2
x+1  xdy
y+1 ydx’(x’y>0)
Solution
X+l _ xdy
y+1 ydx
2
x +1dx: y+1 y
X Yy
On integrating
Ix +1dx Iy+1
X

- I(_+_]dx I(y yjdy

= y=cxe"



= [[(wrd = (1t

- jxdx+j%dx= jdy+j§dy

2

x
— 7+lnx = y+Ilny—Inc
2

— %lne+lnx+lnc = ylne+Iny

2
X

= Ine?2 +Inx+Inc = Ine’ +Iny

= Incxe? = Inye’
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Now do yourself

Question # 13

sec’ xtan ydx+sec’ ytanxdy = 0
Solution

sec’ xtan ydx+sec’ ytanxdy = 0

— sec’ xtan ydx = —sec’ ytan xdy
2 2
sec” x sec
dr = =22
tan x tan y

On integrating
2 2
J~sec X e = _J~sec Y 4

tan x tan y
“ ——(tan x) j (tan y)
J'dx Ay = Y dy
tan x tan y
Intanx = —Intan y+Inc

—_
—
= Intanx+Intany = Inc
—

In(tanxtan y) = Inc
= tanxtany = ¢

= cxe? = y¢' ie. ye' = cxe?
Question #9
1 d 1
ay _ 1+ )
xde 2
Solution Do yourself
Question # 10
d
2x° y—y =x" -1
dx
Solution Do yourself
Question # 11
dy, 2xy _
dx 2y+1
Solution
dx 2y+1
dy _ _ 2xy
~ a2y
_ 2y
- x(l 2y+1)
_ x(2y+1—2yJ
2y+1
= L X = (2y+1)dy = xdx
dx 2y+1
Now do yourself
Question # 12

d
(xz—yx2)ay + y2 +xy2 =0
Solution

(xz—yxz)% +)72+)cy2 =0

Question # 14
) =)
Solution
a) =2
=2 y—xiﬁ = 2y* +ZEZ
= y-2y® = 2%+x%
= y(1-2) = (2+0)2

dx dy

—_— =
2+x  y(1-2y)
On integrating

I2+x B -[y(l—2y)
Now consider
_ L _A_ B
y(1-2y) v
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— 1= A(1-2y)+By .......... (ii)
Put y=0 in (ii)
1= A(1-2(0))+0 = A=1

Put 1-2y=0 = 2y=1 = y:%in(ii)
1=0+B 1
B 2

y(1-2y) y 1-2y
Using in (1) — %

dx 1 2
J34s = (§+1—2yjdy
1 2
s j;dy+jl_2 d
1 -2
d
—(1-2
- I_ — Mdy
2+x
In(2+x) =
In(2+x)+Inc = Iny—In(1-2y)

j = B=2

So

In y—ln(1—2y)—lnc

b U U

1nc(2+x) = In

(1-2y)

c(2+x) = (1_y2y)

= y =c(2+x)(1-2y)

U

Alternative (< *)

o= i)

= I;dy+.fl_2 dy
1 2
d
1 (2)’ 1)
= [Sar- [
Iny—In(2y—-1)-Inc

2+x
In(2+x) =
In(2+x)+Inc = Iny—-In(2y-1)

Y Y

1nc(2+x) = In

U

c(2+x) = Y

. Y
1.e. =c(2+x
(2y-1) (2+)
Review
o Itanxdx = 1n|secx| = —1n‘cosx|
o Icotxdx = ln‘sinx‘ = —ln‘cscx|
o Isecxdx = In|secx+tan x|
o fcscxdx = In|cscx—cot x|
[Question#ls
dy _
1+cosxtanydx =0
Solution
dy _
1+cosxtanya =0
dy B
= Cosxtanydx = —]
1
= tanydy = ok
= tanydy = —secxdx

On integrating

Itanydy = —jsecxdx
= —In|cosy| = —In|secx+tanx|-Inc
= 1In|cosy| = +In|secx+tanx|+Inc
= In|cosy| = In|c(secx+tanx)|

= cosy = c(secx+tanx)

Question # 16
y— x% = 3[1+x%}
Solution
y—x% = 3[1+x%)
= y—x% = 3+3x%
= y-3 = 3x%+x%
= (3x+x)%
= y—3:4x% = %= %
Now do yourself
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Question # 17 Question # 20
sec x +tan y% =0 Solve the differential equation % = 2xgiven
Solution that x=4 when t =0
sec x +tan yﬂ =0 Solution
dx dx dx
d E =2x =D — = 2dt
= tan y—y = —secx o
dx = 4 Zj dt
= tan ydy = —secxdx x
Now do yourself as Question # 15 = Inx = 2t+Inc
Question # 18 = Ine* +Inc v Ine*=x
(ex_i_e_x)ﬂ — ex_e_x = lnx == 1nC€2t
dx 2t -
Solution = X E B8 s (1) o
o dy B When =0 then x=4, putting in (1)
(e"+e )a:e—e 4 =c®” = 4=ce
e —e > = 4 =c() = c=4
= dy = o 1o dx Putting in (i)
On integrating =% x = dg
jdy _ J' & —e* dx Question # 21
de te Solve the differential equation %+ 25t = 0.
o X+ —X
5 y = dx(e ¢ ) e Also find the perpendicular solution if § =4e ,
ef+e” when 1 =0
= y = ln(ex +e’x)+c Solution
ds
Question # 19 E+ 2st =
Find the general solution of the equation
dy s 1 — & -2st = @ —2tdt
=2 _x = xy*. Also find the perpendicular ) dt ‘ §
dx On integrating
solution if y=1 when x =0. ds _ —ZItdt
Solution s
dy 2 dy 2 1‘2
e X=Xy TE X+ Xy = Ins 2 3 +Inc
. 2
N % = x(1+y?) = D vdx = —+Inc
3 L+7 =Ine’ +Inc - Ine*=x
= -[1+);2 = J.de — Ins = Ince "
2 = s=ce’ ... (i)
= Tan'y = S-+c When £=0 then s = 4e, using in (i)
2 de = ce ™ = de = c(l)
= y = Tan| —+c = c=4e
Putting in (i)
s = de-e"
= 5 = 4e"
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Question # 22
In a culture, bacteria increases at the rate
proportional to the number of bacteria present. If
bacteria are 200 initially and are doubled in 2
hours, find the number of bacteria present four
hours later.
Solution

Number of bacteria initially = 200

No. of bacteria after two hours = 2(200)
= 400

No. of bacteria after four hours = 2(400)
=800 Auns.

Question # 23
A ball is thrown vertically upward with a
velocity of 2450cm / sec. Neglecting air
resistance, find

(1) velocity of ball at any time 7

(ii) distance travelled in any time ¢

(i11)  maximum height attained by the ball.
Solution
1) When a body is projected upward its
acceleration is —g . (where g =980 cm/sec?)

1.e. acceleration = ﬂ =
L. dt g 5
where v is velocity of ball.
dv
= — = —-980
dt

= dv = -980dt
On integrating
[dv = —980[dt
= 72 980+ sawens (1)
Initially, when # =0 then v=2450cm/sec
2450 = -980(0)+¢,
= ¢ = 2450
Putting in (1)
v = —980r+ 2450

i1) Since velocity = v =

dt
where x is height of ball.
= g _ —98017+ 2450
dt
= dx = (-9807+2450) dt
Integrating

[dx = [(-9801+2450) ar
2

— x = —980 %+2450t+c2
= x = —4901* +2450t +c, ....... (ii)

Initially, when =0 then x=0
0 = —490 (0)+2450(0) +c,

= ¢ =0
Putting value of ¢, in (i1)
= x = —490¢* + 24501 +0

= | x = 2450r—490¢>
iii)
©y = —9807+ 2450

When body is at max. height then v=0
= —980r+2450 = 0

B 2450
= 980r = 2450 = 1= T

= t = 2.5sec
Since x = 2450t — 49801
When f=2.5sec
2450(2.5)-490(2.5)"
6125-3062.5

= 3062.5
Hence ball attains max. height of 3062.5cm.

X
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Distance Formula

Let A(x,,y,) and B(x,,y,) be two points in a 4
ﬁiﬁe and d be a distance between A and B - /BUC T
d=(x,— ) + (3, 3)’ A% 0
or d= \/(x1 —x) + (3 —y,) - 0(0,0) >
See proof on book at pagel81

Ratio Formula

Let A(x,,y,) and B(x,,y,) be two points in a plane. The coordinates of the point C
dividing the line segment AB in the ratio
k,:k, are

kx, +k,x kv, +k, yl] &
> k
( k1+k2 k1+k2 '/I/)C/B(x‘z’yZ)

See proof on book at page 182 AX, V)
If C be the midpoint of AB i.e. k :k,=1:1
< g

then coordinate of C becomes 0(0,0)
(xl X 0 +y2j

2

2 2

Question # 1
Describe the location in the plane of the point P(x,y) for which

1 x>0 (i) x>0and y>0 (1) x=0
(iv) y=0 (v) x<0and y=0 (vi) x=y
(vii) |x|=—]y| (vii) |x| >3 (ix) x>2and y=2
(x) x and y have opposite signs.
Solution
(i) x>0
Right half plane 2nd Quadrant) Ist Quadrant

x <20 x>0

(i) x>0 and ¥>0 y>0 | y>0

The 1% quadrant.

(iii) x=0 x<g x>0
y-axis y < y <0
3rd Quadrant | 4th Quadrant

(iv) y=0

X-axis ¥
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(v) x<0and y=0
2" quadrant & negative x-axis

(vi) x=y
It is a line bisecting 1* and 3™ quadrant.

(vii) ‘x‘z—‘ y|

A positive value can’t equal to a negative value, except
number zero, so origin,

(0,0), is the only point which satisfies | x|=—| y|

>
(viii) ’x’_S
= *x23 = x23 ; —-x23
= x23 or x<-3

which is the set of points lying on right side of the
line x=3 and the points lying on left side of the
line x=-3.

(ix) x>2and y=2
The set of all points on the line y =2 for which x> 2.

(x) x and y have opposite signs.
It is the set of points lying in 2™ and 4™ quadrant.

Question # 2

Find each of the following
(Dthe distance between the two given points
(i1)Midpoint of the line segment joining the two points

@ AG1):B(2-4) () A(-83):B(2-1) () A(—\/g,—%j;B(—SxE,S)

Solution
(@) A@G,0) ; B(-2,-4)

@) |AB|=y(2-3)2 +(—4—-1)7 =\(=5)* +(-5)
=25+25 =50 =/25%2 =52

(i1)) Midpoint of AB = (ﬁ,ﬂj =(l_—3j

3 ¥ 3 3" 3

(b) A(=8,3) ; B(2,-D
Do vyourself as above.

Review:
The midpoint of

A(x,,y,)and B(x,,y,)

i (x1+xz,y1+y2).
2 2
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(©) A(—\/E,—%j . B(-35.5)

ol (55 +5+3) (5] (4]
:\/20+256 \/436 4x109 24109

)

9 9 9 3
—J5— -1 — 14
(i) Midpoint of AB= J5 3\/5, el 4*/3, A-(_og5 ]
2 2 2 2 3
Question # 3
Which of the following points are at a distance of 15 units from the origin?
(a) (\/176,7) (b) (10,—10) (c) (1,15) (d) [%%)
Solution
(a) Distance of (\/176,7) from origin = \/(\/176 —0)2 +(7-0)°
=/(176)+(49)

=J(176)+(49) =225 =15

= the point (\/176,7) is at 15 unit away from origin.

(b) Distance of (10,~10) from origin =+/(10-0)’ +(~10-0)’

=J100+100 =+/200
= J100x2 =102 #15

= the point (10,—10) 1s not at distance of 15 unit from origin.

(¢) Do yourself as above

2 2
(d) Distance of EE from origin = E -0 + E -0
22 2 2

225 225 225 15
= + = = #15

4 4 2 2

Hence the point (%,%j 1s not at distance of 15 unit from origin.

Question # 4
Show that

(1) the point A(0,2) ,B(\/g, —1)and C(0,-2) are vertices of a right triangle.



FSC-11 / Ex. 4.1 - 4

(i) the point A(3,1), B(-2,-3) and C(2,2) are vertices of an isosceles triangle.
(iii) the point A(3,1), B(-2,-3) and C(2,2) and D(4,-5)are vertices of a

parallelogram. Is the parallelogram a square?
Solution

(i)  Given: A(0,2) , B(\3,-1) and C(0,=2)

|AB|= \/(\6 —0)2 +(-1-2) :\/(\@)2 +(-3)°

=319=v12 = |AB[ =12
|BC|:\/(O—\/§)2 +(=2+1)° =\/(—\B)2 +(-1)°

=J3T—\/——2 = |BC[ =4
CA|=J(0-0)" +(2+2)" =J0+(4)°

:JT:4 = |cA]" =16

-+ |AB[ +|BC| =12+4=16=|cA
. by Pythagoras theorem A, B & C are vertices of a right triangle.
(ii) Given: A(3,1), B(-2,-3) and C(2,2)
AB|=\[(-2=3))" +(=3=1)" ={(=5) +(=4)" =25+16=+/41
BC|=\(2-(-2)) + (2= (=3))" =\J(4)’ +(5) =16+25 =4I

CAl=(3-2) +(1-2)" = (1)’ +(-1)
=J1+1=42

‘AB|:‘BC| = A,B & C are vertices of an isosceles triangle.

(i)  Given: A(5,2), B(-2.3) & C(-3,—4) and D(4,-5)

|4B|=(=2=5)" +(3-2)" ={(<7)’ +(1)’
=/49+1=50 =52

[BC|= (-3 +2) +(~4=3)" ={/(=1)’ +(-7)"
=V1+49 =50 =52

CD|=J(4+3) +(=5+4)" =(7)’ +(-1)’
=J49+1=4/50 =52

DA|=(5-4) +(2+5)" ={(1) +(7)’
=J1+49 =50 =52

‘AB|:‘CD| and |BC‘:|DA| = A,B,C and D are vertices of parallelogram.
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Now |AC|=[(=3=5)" +(~4—2)" = /(-8)" +(~6)"

= J64+36 =100 =10

[BD|=(4+2)" +(=5-3)" =J(6)* +(-8)’

=36+ 64 =/100 =10

Since all sides are equals and also both diagonals are equal therefore A,B,C,D are

vertices of a square.

Question # 5

The midpoints of the sides of a triangle are (1,—1) ,(—4,-3) and (-11) . Find

coordinates of the vertices of the triangle.
Solution

Let A(x;,y,), B(x,,y,) and C(x,,y;) are vertices of triangle ABC, and let
D(,-1), E(—4,-3) and F(—1,1) are midpoints of sides AB, BC and CA respectively.

Then

(xl_'_xz y1+y2) — (1 _1)

2 2
= xx+x,=2..

(1) and y,+y,=-2..

x2+x3 y2+y3 — (_4 _3)
2 72 ’

= X, +x,=-8... (i) and y,+y,=-6..

(XB +x1 , X5 + ylj — (_1,1)

2 2
= x+x=-2.. (v),and y+y,=2..

Subtracting (1) and (iii)
X+ x =2

_Ntxy=-8... (i)

X —x,=10
Adding (v) and (vii)
X +x ==2
x—x,=10
2x =8 =
Putting value of x; in (1)
4+x,=2

x =4

= x=2-4=

Xy =-2

Putting value of x, in (v)
4+ x,=-2

= 5=-2-4=

x; =6

A

(ii) D F

(iv)

(vi)

Subtracting (ii) and (iv)
Nty =-2
Maty==6
Vi -y, = 4
Adding (vi) and (viii)
nty;=2
Ny =4
2y, =6 = |y=3
Putting value of y, in (ii)
3+y,=-2

(viii)

= y,=—2-3 =

Y, =5
Putting value of y, in (v)
3+y,=2

= y=2-3 =

y;=—1
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Hence vertices of triangle are (4,3),(-2,-5) & (-6,-1).

Question # 6
Find /2 such that the point A(«/3,-1) ,B(0.2) and C(h,~2) are B

vertices of a right angle with right angle at the vertex A .
Solution
Since ABC is aright triangle therefore by Pythagoras theorem

|AB[" +|cA =|BC[
= [(0-vB) @41y [+ (=) + (127 [ =(h-0)"+(-2-2)
- [3+9]+[3—2J§h+h2+1]:h2+16

= 12+4-23h+ K =h>+16
= 2B3h=h+16-12—-4-1> = -2¥3h=0 = [h=0].

Question # 7
Find & such that A(-1,4),B(3,2) and C(7,3) are collinear.
Solution
Points (x,y,), (x,,y,) and (xs,y;) are collinear if
x oy 1
x, ¥y, 1|=0
Xy 1
Since given points are collinear therefore
-1 h 1
3 2 1(=0
7 31

= —-12-3)-hGB-7)+19-14)=0 = -1(-1)-h(-4)+1(-5)=0
= 1+4h-5=0 = 4h-4=0 = 4h=4 = |h=1

Question # 8
The points A(—5,-2) and B(5,—4) are end of a diameter of a circle. Find the centre
and radius of the circle.

Solution
The centre of the circle is mid point of AB

i.e. centre ‘C’ :(_5+5,_2_4j 2(2%6) =(0,-3)

= O\,
N,

Now radius = \AC\ C
= J(0+5)" +(=3+2)°

=J25+1 =426
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Question #9
Find % such that the points A(%,1) , B(2,7) and C(—6,—7) are vertices of a right
triangle with right angle at the vertex A
Solution
Do yourself as Question # 6
Hint: you will get a equation h°+4h—60=0
Solve this quadratic equation to get two values of #.

Question # 10 C

A quadrilateral has the points A(9,3),B(-7,7),C(-3,-7) and  p G
D(-5,5)as its vertices. Find the midpoints of its sides. Show that -
the figure formed by joining the midpoints consecutively is a
parallelogram.

Solution 4 B 4

Given: A(9,3), B(-7,7) , C(-3,-7) and D(5,-5)
Let E, FF', G and H be the mid-points of sides of quadrilateral
Coordinate of E = (Eﬂ) = (%%) = (L5)

2 2
Coordinate of F = (%_3%) = (_710%) = (-5,0)
Coordinate of G = (_3;5,_72_5) = (%_712) = (1,-6)
Coordinate of H = (9—;5¥) = (%_72) = (7,-1)

Now |EF| = (=5-12+(0-5° = 36+25 = 6l
IFG| = J(1+45) +(=6-0)* = 36+36 = 72 =612
GH| = J(1-1)’ +(-1+6)* = 36+25 = 61
HE| = JA-72+G+1) = 36436 = V72 =642
Since |[EF| = |GH| and |FG| = |HE]
Therefore EFGH 1is a parallelogram.

Question # 11
Find A such that the quadrilateral with vertices A(-3,0),B(1,—2,)C(5.0) and

D(1,4) is parallelogram. Is it a square?

Solution
Given: A(-3,0), B(1,-2), C(5,0), D(L,h)
Quadrilateral ABCD is a parallelogram if
|AB| = |cD| & |BC| =|AD|
when |AB|=|CD|

= J1+3)’ +(=2-0)° =/1=5)> + (h—0)’

>
@
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= J16+4=+16+1 = J20=+16+HK>

On squaring
20=16+h" = K =20-16 = h’=4 = h=%2
When h=2,then D(1,h)= D(,2)

Then |AB| = y/(1+3)* +(=2-0)> = \16+4 = 20
BC| = 51> +(0+2)* = V16+4 =20
Al = J1=5 +(2-0)* = J16+4 = 20
IDA| = (-3=1)* +(=0-2)* =16 +4 = 20

Now for diagonals
IAC| = /(5+3)* +(0-0)* = /6440 =8

BD| = JA-1*+(2+27 = J0+16 = 4
Since all sides are equal but diagonals ’AC ‘ - |BD|

Therefore ABCD is not a square.

Now when h=-2,then D(l,h)= D(1,-2) but we also have B(1,-2)

i.e. B and D represents the same point, which can not happened in quadrilateral
so we can not take h=-2.

Question # 12
If two vertices of an equilateral triangle are A(—3,0) and B(3,0), find the third

vertex. How many of these triangles are possible?
Solution
Given: A(-3,0), B(3,0)
Let C(x,y) be a third vertex of an equilateral triangle ABC.

Then |AB| = |BC| = |CA|
= JB+3)’+(0-0) = J(x=3)’+(y—0)° = /(x+3)’ +(y—0)’
= V3640 = (X —6x+9+ )% = X2 +6x+9+)’ c
On squaring
36 = 24+ —6x+9 = X’ + YV +6x4+9 ... (i)
From equation (7)
X4y —6x+9 = X+ y* +6x+9 A

= X +y —6x+9-x"—y"—6x-9 =0
= —-12x=0 = x=0
Again from equation (i)
36 = x* +y*—6x+9
= 36 = (0)*+y* —6(0)+9 wox=0
= 36=1y"+9 = y? =36-9 =27 = y=13/3

so coordinate of C is (O, 3\/§ ) or (O,—S\/g )
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And hence two triangle can be formed with vertices A(—3,0),B(3,0),C(0,3\/§ ) and

A(-3.0). B(3,0).C(0.-33).

Question # 13
Find the points trisecting the join of A(-1,4) and B(6,2).
Solution
Given: A(-1,4), B(6,2)
Let C and D be points trisecting A and B x
Then AC:CB =1:2 A C D B

So coordinate of C = (1(6) +2(=1) ’1(2) T 2(4))

1+2 1+2
_(6-22+8)_(410
373 373

Also AD:DB = 2:1

So coordinate of D = 2(6) +1(=1) ’ 2(2)+1(4)
2+1 2+1

_(12-14+4)_ (118
L33 ) 373

Hence (%%) and (%%) are points trisecting A and B.

Question # 14
Find the point three-fifth of the way along the line segment from A(-5,8) to B(5,3).

Solution

Given: A(-5,8), B(5,3)

3 2
Let C(x,y) be a required point 1 = 1‘9
' AC:CB =13:2 ‘ ,,,,,,,,,,,,,,,,,,,,,,,,,, ‘
_ 5
. Co-ordinate of C = 30) +2(=5) A 3 +2(8)
3+2 342

_(15-10 9+16 _ (5 25) _
‘( 5 °°5 j ‘(5’5) = (1.5)
Question # 15

Find the point P on the joint of A(1,4) and B(5,6) that is twice as far from A as B

1s from A and lies
(1) on the same side of A as B does. (i1) on the opposite side of A as B does.
Solution

Given: A(1,4) , B(5,6)

(i) Let P(x,y) be required point, then
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AB: AP =1:2

= AB:BP =1:1 1ie. B is midpoint of AP

Then B(5,6) = (”—“‘—*X)

)

N sz“Tx and 6:4%)’

= 10 =1+x and 12 =4+y

= x=10-1 , y=12-4
—9

; =38
Hence P(9,8) is required point.

(i1) Since PA:AB = 2:1

209)+1(x) 2(6)+1(y)
A(lL4) =
= A(l4) ( 241 7 2+1 . 2 ‘ .
_(10+x 124y P 4 o
3 73
:>1=10;_x and 4:12;))
= 3=10+x and 12 =12+y
= x=3-10 and y=12-12
= —7 R = O
Hence P(-7,0) is required point.
Question # 16

What is the radius of the circumcircle of the AABC ?
Solution

Given: A(5,3), B(-2,2) and C(4,2)
Let D(x,y) be a point equidistance from A, B and C then
|DA| = |DB| = | DC|
—r] S —2
= |DA[ =|DB| =|DC|

= (x=5"+(y-3)" = x+2°+(y-2)° = x-4)*+(y-2)?
From eq. (1)

(x=57+(y=3) = (x+2)*+(y-2)
= X —10x+25+y —6y+9 = X’ +dx+4+y —4y+4
= X —10x+25+y" —6y+9-x"—4x—4-y"+4y-4 =0

= —14x-2y+260=0 = Tx+y-13=0......... (i1)
Again from equation (i)

(x+2)"+(y=2)" = x—4)" +(y-2)

Find the point which is equidistant from the points A(5,3),B(2,-2) and C(4,2).
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= X +4x+4+y —4y+4 = X" —8x+16+y —4y+4
= 12x-12=0 = 12x =12 = x =1
Put x=1 in eq. (i1)
T)+y-13=0 = y—-6=0 = y=26

Hence (1,6) is required point.

Now radius of circumcircle = ’ DA’

= JG6-1+(3-6) = 16+9 =+/25 = Sunits

Intersection of Median
Let A(x,y,), B(x,,y,) and C(x;,y;) are vertices of triangle.

Intersection of median is called centroid of triangle and can be determined as
X tX+X Y+, + W
3 ’ 3
Centre of In-Circle (In-Centre)
Let A(x,y,), B(x,,y,) and C(x,,y,) are vertices of triangle.

See proof at page 184

And |AB| =¢,|BC| =a ,|CA| =b
: : ax, +bx, + cx, ay, +by, +cy
Th -centre of t le = ! L g B E See pr 184
én 1n-centre or triangle ( e Py . j ee proof at page

Question # 17

The points (4,-2),(—2,4) and (5,5) are the vertices of a triangle. Find in-centre of
the triangle.
Solution

Let A(4,-2), B(-2,4), C(5,5) are vertices of triangle then
a=|BC|=(5+27+(5-47 =49+1 =50 =52
b=|CAl = J4=57 +(2-57 =+1+49 =50 =52

A
¢ =|AB| = J(-2-47 +(4+2)* = 36436 =72 =62
Now c b
ax, + bx, + cx, ay, +by2+cy3j

In-centrez( Ttbtc  atbtc B a C
[(5V2(4)+5vV2(-2)+ 6v2(5) 5V2(-2)+5v2(4) +6v2(5)
- 5J§+5J§+6J§ ’ 5J§+5J§+6J§
(2072 1042 +30:2 —10\/5+20\/§+30\/§]
B 1632 ’ 1632
(402 40@} _(g gj
le216v2 ) (272
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Question # 18
Find the points that divide the line segment joining A(x,y,) and B(x,,y,) into four

equal parts.
Solution
Given: A(x,y,) ., B(x,,y,)

Let C, D and E are points dividing AB into four equal parts.

- AC:CB =1:3
! _ (10n)+3(x) 1y)+3(v) | _ (3x+x 3y +y,
= Co-ordinates of C = [ 53 133 j = [ T 4 j
Now AD:DB = 2:2
=1:1 i.e. D is midpoint of AB. . - 11 1,
A C D E B
— Co-ordinates of D = (xl ‘;xz’yﬁ;yzj

Now AE:EB = 3:1
= Co-ordinates of E = (S(XZ)JFI(XI) 3(y2)+1()’1)j _ (x1+3x2 )’1+3)’zj

3+1 7 3+1 4 7 4
3x,+x, 3y, +y, x+x, v+¥, X +3x, y, +3y, .
h
Hence( R 5 ) and AR are the points

dividing AB into four equal parts.
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Question # 1

The two points P and O are given in
xy — coordinates system. Find the
XY —coordinates of P referred to the
translated axes O'X and O'Y
(@) P(3,2):0'(1,3)

Question # 2

The xy — coordinates axes are translated
through the point O’ whose coordinates are
given in Xy — coordinates . The coordinates
of P are given in the
XY — coordinates system. Find the

(i) P(-2,6):0'(-3,2) coordinates of P in Xy — coordinates system.
(iii) P(~6,-8);0’(~4,-6) (i) P(8,10);0°(3,4)
 ta sy f 17 (i) P(-5,-3);0'(~2,-6)
v) P| == ;0’| —=,=
(2 2j ( 2 2) (iii) p(_é’_ZJ;O’(l’_lJ
Solution 46 4 6
(i) Since P(x,y) = P(3,2) (iv) P(4,-3);0'(-2,3)
ie. x=3 and y=2 Solution
O (hk) = O'(1,3) @ v P(X.Y)= P(810)

1e. h=1and k=3 = X=8 and Y=10

X =x-h O'(h,k) = 0'(3,4)
=31 =2 = h=3 and k=4
Also Y = y—k « ¥ = p—Hh
=2-3 = -1

= 8 =x-3

Hence (2,-1) is point P in XY — coordinates. —~ x =843 = x=11

Also Y = y—k
(i) Do yourself — 10 = y—4
= y=10+4 = y=14
(1i1) Do yourself i y

Hence (11,14) are coordinates of P in xy -axes.
(iv) Since P(x,y) = P(é ij

2°2 (i1) Do yourself
| 3 s
.. x = 5 and y = 2 (iii) - P(X,Y) — P(_%’_%j
L7
O'(h,k) = 0’(——, )
(h.5) 2°2 = X:—g and Y:—Z
4 6
ie h——l and k—l 1 1
o2 o) = 0[5~
- X =x-h 6
1 1
3_(_1 h=— and k=——
= ——| —— = 2 f— an
2 ( 2) N 4 , 6
And Y = y—k - AT
3 1
~3z =) Y
: . 3.1 1
Hence (2,—1) are coordinates of P in XY -axes. = X = -gty 2 x=-g

Also Y = y—k
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LTyl
6 6

6 6 3
4

Hence —%,—gj is the required point.

(iv) Do yourself

Rotation of Axes
Let (x,y) be the coordinates of point P in

xy-coordinate system. If the axes are rotated
through at angle of 8 and (X,Y) are coordinate
of P in new XY-coordinate system then

X = xcos@+ysinf

Y = ycos@—xsinf

Question # 3
The xy — coordinates axes are rotated

about the origin through the indicated angle. The
new axes are OX and OY . Find the

XY — coordinates of the point P with the
given xy — coordinates .

Q)  P(5.3):60=45

Gi)  P(3,-7);6=30°

Gii)  P(11,-15);0 =60’
(

(iv)  P(15,10);6= arctanl

3
Solution
@ Plxy) = P03
= x=5 & y=3 , =45
Since X = xcos@+ ysiné
= 5c0s45" +3sin45°
1 1 1
=5—|[+3|—=| = —(5+3
FE) - me
8 4x2
=2 222 _ 4
NN

Now Y = ycos@—xsinf
= 3co0845" —58in 45"

() oo

) -

Hence the required point is (4\/5 ,—\/5 ) :

(i) - P(xy) = P(3-7)
= x=3 & y=-7 , 6=30°
Since X = xcosf@+ ysiné

= 3co0s30° —7sin30°

X - 3[@_7@
33 -7

2
ycos@—xsin@

= —7co0s30° —3sin 30°

() -4

Now Y

2 2 2

Hence the required point is

(3\/52—7’—7\/25—3}_

(iv) Do yourself

(IV) % P(.x,y) = P(IS,IO)
—>x=15 & y=10

y 1
tanf ===—
Also 6’=tan_l(%) an x 3
= x=3,y=1
_l [ 2, 2
= tan9—3 r=4x+y
, % =32 +1°
sin & J10
= :\/ﬁ
cos@ y
J10
) 1 3
= sinf=— , cosf@=——
J10 10

Now X = xcos@+ ysiné

- 157 10 -]

= %(45+10) = STSO
Y = ycos@—xsin8
ool
= ﬁ(m—ls) = %
. ... [ 55 15
Hence the required point is (E ,EJ



(iv)
 P(x,y) = P(15,10
(%) ( ) tan¢9:1:L
= x=15 & y=10 x 3
Also 9=tan‘1£Lj = x=+3, y=1
\/§ r= x2+y2
= tané?:L 2
A -y
sin@ % =J4=2
=5 =
cosé \/5/
2
. 1 3
— s1n6—5 , COSQ—T

Now X = xcos@+ ysind

< {(5)ef3)

153410
- 2
Y = ycos@—xsind

:m[gj_ls@
_ 1043-15
2

Hence the required point is

[: 1543 +10 10&—15]

2 2

Question # 4
The Xy — coordinates axes are rotated about

the origin through the indicated angle and the
new axes are OX and OY ., Find the
Xy — coordinates of P with the given

XY —coordinates
(i)  P(-53):0=30°
(ii) P(—7 2,5\/5);9=45°

Solution
) P(X,Y‘
= X=-5 &Y
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Also @ = 30°

Therefore sinﬁzé & cosg:T
Now X = xcosf@+ ysin@

(=)0

= Br+y=-10 ...... (i)
Also Y = ycos@—xsinéd

= =5

= 3= y[@}—x[%)
= 6 = \/gy—x
= x=3y-6 cc...... (ii)

Putting value of x in (i)
\/5(\/5)7—6)+y = -10
= 3y-6J3+y = —10
= 4y = —10+6\3

Ly - ~10+6v3

4
5433
= 25
Putting value of ¥ in (ii)

o \/5[—523«/5)_6

—5J3+9 5J3+9-12
= 7—6 T —
2 2

_ 5{3-3

a 2

5J3-3 —5433) . . .
Hence > : 5 is required point.
(i1) Do yourself
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Inclination of a Line:
The angle & (0° £ <180°) measure anti- A

clockwise from positive x —axis to the straight line
[ is called inclination of a line /.

Slope or Gradient of Line

A(X;5y))
The slope m of the line [ is defined by: /
m=tan o &

B(X;,Y7)

< _
If A(x,y) and B(x,,y,) be any two
distinct points on the line / then
m=22"N _N"
X=h X

See proof on book at page: 191
Note: [ is horizontal, iff m=0 (. a=0")

[ is vertical, iff m =o0 1.e. m is not defined. (- a&=90")

If slope of AB=slope of BC, then the points A,B and C are collinear

i.e. lie on the same line.

Theorem
The two lines /; and [, with respective slopes m, and m, are

(i)  Parallel iff m =m,
(ii)  Perpendicular iff mm,=-1 or m=—— (52

Question # 1 10l (5,11)
Find the slope and inclination of the line joining the points:

@) =2.4) ; 1) () G-2) 5 27 o 77
(i) (4,6) ; (4.8)

Solution ~10 /-5 5 10
(1) (_29 4) ) (571 1) =5

y,=y _11-4 7
X =% 542 7
Since tana=m=1
= a=tan (1) =45
i) G2 ; @7
Slope m=2"N _ite 222—9 .
x-x 2-3 -l 1 1 @D
Since tana@=m=-9
= —tanar =9 = tan(180-a) =9

= 180—a = tan"'(9) A ARAS & \ 510

Slope m=

104

(3-2)
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= 180—a = 83°40°
= o = 180-83"40"= 96°20

(i) (4,6) ; (4,8) 10d  a
_ N Th 4.8)
Slope m= H 1 @.6)
8—6 2
4-4 0
Since tana@¥=m=oo
— o =tan"' (e0)

=90

= 0

Question # 2

In the triangle A(8,6), B(—4,2) and C(-2,-6), find the slope of

(1)  each side of the triangle (i1)  each median of the triangle
(i1i1)) each altitude of the triangle

Solution
Since A(8,6), B(—4,2) and C(-2,—6) are vertices of triangle therefore

2-6 4 1
—4-8 -12 3

Slope of side BC = o2 B _4
214 2

A

(1) Slope of side AB=

Slope of side CAZEZEZQ B
8+2 10 5

(i1) Let D,E and F are midpoints of sides AB, BC and CA respectively.
Then

Coordinate of D= (%,izz] = (iﬁj — 2,4)

Coordinate of E = _4_2,2_6 = _—6j
2 2 2 2

Coordinate of F = _2+8,_6+6 = Q’Q =(3,0) B E
2 2 22

-2-6 -8 8

-3-8 -11 11

Slope of median BF _2 -2
3+4 7

Slope of median CD:ﬂ—10

242 4

Hence Slope of median AE =

(111)  Since altitudes are perpendicular to the sides of a triangle therefore
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Slope of altitude from vertex A= _1_ = =l = i
slope of side BC -4 4 A
Slope of altitude from vertex B = _1_ S_ 3
slope of side AC % 6
-1 -1
Slope of altitude from vertex C = = =—3 ~
P slope of side AB % B C

Question # 3
By means of slopes, show that the following points lie in the same line:
(@) (=1,-3) ; (1L5); (2,9) (b) (4,-5):(7,5);(10,15)

(c) (—4,6);(3,8);(10,10) (d) (a,2b);(c,a+D);(2c—a,2a)
Solution
(a) Let A(-1,-3), B(1,5) and C(2,9) be given points
Slope of AB:EZ§:4
1+1 2
Slope of BC:E:£:4
2-1 1

Since slope of AB = slope of BC
Therefore A,B and C lie on the same line.

(b) Do yourself as above
(c) Do yourself as above

(d) Let A(a,2b),B(c,a+b) and C(2c—a,2a) be given points.
(a+b)-2b a-b
c—a  c—a
2a—(a+b) 2a—a-b a-b
(2c—a)—c " 2c—a-c¢ c-a
Since slope of AB = slope of BC
Therefore A,B and C lie on the same line.
Question # 4
Find k so that the line joining A(7,3); B(k,—6) and the line joining C(—4,5) ;
D(—6,4) are (i) parallel (ii) perpendicular.

Slope of AB =

Slope of BC =

Solution
Since A(7,3), B(k,—6), C(—4,5) and D(—6,4)
—-6-3 -9
Therefore slope of AB=m, = =
P " k=7 k-7
Slope of CD=m, = =5 11
—-6+4 -2 2

(1) If AB and CD are parallel then m, =m,



FSc-1I / Ex. 4.3 - 4
—9 1
— _
k 7 2
= k=-184+7 = |k=-11

= —18=k-7

(11) If AB and CD are perpendicular then mm, =—1
= —9=-2k—T)

-9 (1
= | —|=|=-1
=1t

= 9=2k-14 = 2k=9+14=23

= k= é
2
Question # 5
Using slopes, show that the triangle with its vertices A(6,1),B(2,7) and C(-6,-7) is a
right triangle.
Solution
Since A(6,1),B(2,7) and C(—6,—7) are vertices of triangle therefore
Slope of AB = =m, = 7163 REMEMBER
2 6 —4 2 The symbols
Slope of BC = m, = —71-17 _ —12 :Z (i) || stands for ‘parallel”
—-6-2 -8 4 (1) J/f stands for “not parallel”
1+7 T 8 — 2 (i) L stands for “perpendicular”
Slope of CA = =m, =
6+6 12 3

Since  mm, = (—%)(%) =-1

= The triangle ABC is aright triangle with mZ A =90°

Question # 6
The three points A(7,—1), B(=2,2) and C(1,4) are consecutive vertices of a

parallelogram. Find the fourth vertex.

Solution
Let D(a,b) be a fourth vertex of the parallelogram.
— 241 3 1
Slope of AB = = =—— D(a,b) c(1,4)

2-7 -9 3
Slope of BC = 4- 2:2
1+2 3
Slope of @:b_4
a-1 A1) B(-2.2)
-1-b
T—a

Since ABCD 1s a parallelogram therefore
Slope of AB = Slope of CD

Slope of DA =
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o, _1_b-4 = —(a-1)=3(b-4)
3 a-1
= —a+1-3b+12=0 = —a-3b+13=0..(%)

Also slope of BC = slope of DA

2_-1-k = 2(7-a)=3(-1-b) = 14-2a=-3-3b
3 T—-a
= 14-2a+3+3h=0 = —2a+3b+17=0... (ii)
Adding (1) and (i1)
—a -3b+13=0
—2a+3b+17=0

—3a +30=0 = 3a=30 = [a=10
Putting value of @ in (1)
—-10-3b+13=0 = -3b+3=0 = 3b=3 = |b=1
Hence D(10,1) is the fourth vertex of parallelogram.

Question # 7
The points A(—1,2),B(3,—1) and C(6,3) are consecutive vertices of a rhombus. Find

the fourth vertex and show that the diagonals of the rhombus are perpendicular to each
other.

Solution
Let D(a,b) be a fourth vertex of rhombus.
— —-1-2 3
Slope of B—Cz;lzi
6-3 3
Slope of CD= ¢~
- 6b ACLY) BB
Slope of DA =
—1-a

Since ABCD is a rhombus therefore

Slope of AB = Slope of CD
3 b-3

177 6 = —=3(a—-6)=4(b-3)

= —3a+18=4b—-12 = -3a+18—-4b+12=0
= —3a-4b+30=0... (1)
Also slope ofB_Czslope of DA
4 2-b
3 -l-a
= —4-4a=6-3b = —4-4a-6+3b=0
= —4a+3b-10=0... (ii)

xing eq. (1) by 3 and (i1) by 4 and adding.

= d(-1-a)=3(2-b)
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—9q ~12h+90=0
—16a +12b—-40=0
—25a +50=0 = 25a=50 = |la=2
Putting value of a in (i1)
—4(2)+3b-10=0 = 3b-18=0 = 3b=18 = |[b=6
Hence D(2,6) is the fourth vertex of rhombus.

Now slope of diagonal AC ==—= St P
6+1 7
Slope of diagonal B _D:b ) _o+1 :l:_7

a—3 2-3 -1
Since

(Slope of AC )(Slope of BD) = Gj(q) =—

= Diagonals of a rhombus are L to each other.

Question # 8
Two pairs of points are given. Find whether the two lines determined by these points

are:
(1)  Parallel (i1))  perpendicular (i11) none
(@ 1,-2),2,4)and(4,1),(-8,2) (b) (-3,4),(6,2)and (4,5),(-2,-7)

Solution

442
(a) Slope of line joining (1,-2) and (2,4)=m, = ﬁ:?:
Slope of line joining (4,1) and (-8,2) =m, = 2-1 _ 1
-8-4 -12
Since m, #m,
1 1
Also -6 —=——=%—-]
TR T T
= lines are neither parallel nor perpendicular.
(b) Do yourself as above.

Equation of Straight Line:
(1) Slope-intercept form
Equation of straight line with slope m and y—intercept c is given by:

y=mx+c

See proof on book at page 194
(i1) Point-slope form
Let m be a slope of line and A(x;,y,) be a point lies on a line then equation of
line 1s given by:

y=y=m(x-x)
See proof on book at page 195
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(111) Symmetric form
Let & be an inclination of line and A(x,,y,) be a point lies on a line then
equation of line is given by:

Y= _X—X

cosax sina

See proof on book at page 195

(iv) Two-points form
Let A(x,,y,) and B(x,,y,) be points lic on a line then it’s equation is given by:

_ _ x y 1
y—ylzu(x—xl) or y—yzzu(x—xz) or | |x, ¥ 1=0
X2~ H X=X x v, 1

See proof on book at page 196
(v) Two-intercept form
When a line intersect x —axis at x=a and y—axis at y=»b

1.e. x—intercept =a and y—intercept = b, then equation of line is given by:

£+X:1

< A

See proof on book at page 197 \

(vi) Normal form /
Let p denoted length of perpendicular from the

origin to the line and ¢ is the angle of the perpendicular D
from +ive x-axis then equation of line is given by: o

: « -
xcosa+ ysina=p \

See proof on book at page 198

Question # 9
Find an equation of

(a)  the horizontal line through (7,—9)
(b)  the vertical line through (-5,3)

(c) the line bisecting the first and third quadrants.

(d) the line bisecting the second and fourth quadrants.
Solution
(a)  Since slope of horizontal line =m =0

& (x, ) =(7,-9)
therefore equation of line:
y—=(=9)=0(x=7)
= y+9=0 Answer

i : . 1
(b) Since slope of vertical line m =oco =—

& (x,y)=(=5,3)
therefore required equation of line



FSc-II / Ex. 4.3 - 8
y—3=c0(x—(-3))
= y—3=%(x+5) = 0(y=-3)=1(x+5)
= x+5=0 Answer

(c) The line bisecting the first and third quadrant makes an angle of 45" with the
x —axis therefore slope of line =m=tan45" =1
Also it passes through origin (0,0), so its equation
y=0=1x-0) = y=x
= x—y=0  Answer

(d) The line bisecting the second and fourth quadrant makes an angle of 135" with
x —axis therefore slope of line =m =tan135" =-1
Also it passes through origin (0,0), SO its equation
y=0=-1(x-0) = y=—x
= x+y=0  Answer

Question # 10

Find an equation of the line

(a) through A(-6,5) having slope 7 (b) through (8,—3) having slope 0

(c) through (—8,5) having slope undefined (d) through (-5,-3) and (9,-1)

(e) y—intercept —7and slope —35 (f) x —intercept:—3and y—intercept:—4
(g) x—1intercept:—9 and slope:—4

Solution

(a) v (x%,0)=(-6,5)

and slope of line =m="7
so required equation

y=5=7(x—(=6))
= y-5=7(x+6) = y—-5=T7x+42
= Tx+42-y+5=0 = Tx—y+47=0  Answer

(b) Do yourself as above.

(C) B (xl’ yl):(_875)
and slope of line =m =oo
So required equation

y=5=0o(x-(-8))
= y—5=%(x+8) = 0(y—=5=1(x+8)

= x+8=0 Answer

(d) The line through (-5,-3) and (9,-1) is
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—1-(-3) 2
—(3)=——"x—-(5 = y+3=—(x+5
- =g o e ) y+3=(x+5)
= y+3:%(x+5) = 7Ty+2l=x+5
= x+5-7y-21=0 = x—=7y-16=0 Answer

(e) ** y-—intercept =—7
= (0,=7) lies on a required line
Also slope =m=-5
So required equation
y=(=7==5(x-0)
= y+7=-5x = Sx+y+7=0 Answer

() . X —intercept =-9
= (-9,0) lies on a required line
Also slope =m=4
Therefore required line

y=0=4(x+9)
= y=4x+9 = dx-y+9=0 Answer
(2) x —intercept =a=-3

y —intercept =b=4
Using two-intercept form of equation line

a b -3 4
= 4x-3y=-12 Xing by —12

= 4x-3y+12=0  Answer

Question # 11

Find an equation of the perpendicular bisector of the segment joining the points A(3,5)
and B(9,8)
Solution
Given points A(3,5) and B(9,8)
Midpoint of AB= w,ﬂ = E,E = 6,2
2 2 2 2 2
Slope of E:m:S;Szgzl
9-3 6 2 -
Slope of line L to AB == _1L s AGS) BO.S)
!

Now equation of L bisector having slope —2 through (6, g]
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= y—%z—Q(x—@
=1 y—%:—2x+12 = y—%+2x—1220

:>2x+y—377=() = 4x+2y-37=0

Question # 12
Find equations of the sides, altitudes and medians of the triangle whose vertices are

A(-3,2),B(5,4) and C(3,-8).
Solution

Given vertices of triangle are A(-3,2), B(5,4) and C(3,-8).
Equation of sides:

AR ~ A
Slope of AB=m, = 4-2 2 1
5-(-3) 8 4
SlopeofB_C=m2:_8_4:_12:6
3-5 -2
_ _(_ B .
SlopeofCA:mgz2 (8):£:_§
- -3-3 -6 3

Now equation of side AB having slope % passing through A(-3,2)

[You may take B(5,4) instead of A(-3,2)]
y—2:%(x—(—3)) = 4y-8=x+3

= x+3-4y+8=0 = |[x—4y+11=0

Equation of side BC having slope 6 passing through B(5,4).
y=4=6(x-5) = y—-4=6x-30
= 6x-30-y+4=0 = |6x—y—-26=0

Equation of side CA having slope —% passing through C(3,-8)

y—<—8)=—§<x—3> = 3(y+8)=-5(x—3)
= 3y+24=-5x+15 = 5x—-15+3y+24=0
= [5x+3y+9=0

Equation of altitudes:
Since altitudes are perpendicular to the sides of triangle therefore

Slope of altitude on AB= L = —% =—4
m, A A

Equation of altitude from C(3,—8) having slope —4
y+8=—4x-3) = y+8=—4x+12
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= 4x—-12+y+8=0 = |[4x+y—-4=0

Slope of altitude on B BC=——=—_

. : : 1
Equation of altitude from A(-3,2) having slope -

y—2:—%(x+3) = 6y—12=—x-3

= x+3+6y—-12=0 = |x+6y—-9=0

1__/5

Slope of altitude on CA=——-=
Equation of altitude from B(5,4) having slope g

y—4=§(x—5) = 5y-20=3x-15

= 3x-15-5y+20=0 = |3x-5y+5=0
Equation of Medians:

Suppose D,E and F are midpoints of sides AB, BC and CA respectively.

Then coordinate of D = _3+5,2+4 20 =(1,3) A
2 2 22
5+3 4-8 8 -4
Coordinate of E = , 4,-2
( 27 2 j (2 2) &2 4
Coordinate of F:(3_3,_8+2):(9,_—6j=(0,—3)
o 2 2 2 2 B > C
Equation of median AE by two-point form
-2-2
—2= x—(=3
y 4_(_3)( (-3))
= y—2:_74(x+3) = Ty—-14=—4x-12
= Ty—-14+4x+12=0 = |4x+7y-2=0
Equation of median BF by two-point form
-3-4
—4= =3
y o5 (=)
= y—4= Z(x 5) = —5y+20=-7x+35

= =5y+20+7x-35=0 = |7x-5y—-15=0

Equation of median CD by two- point form
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= y+8=1—;(x—3) = —2y-16=11x-33

= 11x-33+2y+16=0 = |1lx+2y-17=0

Question # 13
Find an equation of the line through (—4,—6) and perpendicular to the line having slope
-3
="
Solution
Here (x,y,)=(-4,-6)
Slope of given line =m = _73

required line is L to given line

1 2
slope of required line = ——=— ==
m 3

|-

Now equation of line having slope passing through (—4,—6)

[0 W | o

y—=(=6)= 3 (x=(-4)

= 3(y+6)=2(x+4) = 3y+18=2x+8
= 2x+8-3y—-18=0 = 2x-3y-10=0

Question # 14
Find an equation of the line through (11,—5) and parallel to a line with slope —24.
Solution
Here (x,y,)=(11,-5)
Slope of given line = m=-24
required line is || to given line
slope of required line = m =-24
Now equation of line having slope —24 passing through (11,-5)
y—(=5)=-24(x-11)
= y+5=-24x+264 = 24x-264+y+5=0
= 24x+y-259=0

Question # 15
The points A(-1,2),B(6,3) and C(2,—4) are vertices of a A

triangle. Show that the line joining the midpoint D of AB
and the midpoint E of AC is parallel to BC and D L

DE:lBC.
2

Solution Given vertices A(-1,2), B(6,3) and C(2,—4)
Since D and E are midpoints of sides AB and AC respectively.

B C




Therefore coordinate of D = 16 ,& = é,é
2 2 22

Coordinate of E = _1+2,2_4 = l_—z = l,—l
2 2 2 2 2

_ -1-5 —7
NowslopeofDE:1 é = /2 :%
Y=
slopeofB_C:ﬁ:i:z
2-6 -4 4

Since slope of DE = slope of BC
Therefore DE is parallel to BC .

@\ZJ(A-ET (—1—312 SRS
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|BC|= J 3) =y () +(-7)
_ m = \/5 ............ (ii)
From (i) and (ii)
-4
| 2
Question # 16

A milkman can sell 560 litres of milk at Rs12.50 per litre and 700 litres of milk at
Rs12.00 per litre. Assuming the graph of the sale price and the milk sold to be a
straight line, find the number of litres of milk that the milkman can sell at Rs12.25 per

litre.
Solution

Let [ denotes the number of litres of milk and p denotes the price of milk,

Then (i, p,)=(560,12.50) & (L, p,)=(700,12.00)

Since graph of sale price and milk sold is a straight line
Therefore, from two point form, it’s equation

PP
— [—1
p=h= L, -1, .t ALTERNATIVE
12.00 -12.50 You may use determinant
= p-12.50= (I—560) form of two-point form to
700 —-560 . : i
~0.50 find an equation of line.
= p-— 1250—T(l 560) p 1
1l=
= 140p—-1750=-0.50{+ 280 Py . 0
= 140p—1750+0.50/ —280 =0 P>

— 0.50/+140p—2030=0
If p=12.25
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= 0.50/+140(12.25)-2030=0
= 0.50/+1715-2030=0 = 0.50/-315=0

= 0.50/=315 = l=£=630
0.50

Hence milkman can sell 630 litres milk at Rs. 12.25 per litre.

Question # 17
The population of Pakistan to the nearest million was 60 million in 1961 and 95
million in 1981. Using ¢ as the number of years after 1961, Find an equation of the line

that gives the population in terms of 7. Use this equation to find the population in
(a) 1947 (b) 1997
Solution
Let p denotes population of Pakistan in million and 7 denotes year after 1961,

Then (p,.t,)=(60,1961) and (p,,t,)=(95,1981)
Equation of line by two point form:

I, —t
-t =—=-"--2(p-p)
P> — D1

- t—1961=w(p—60)
95-60

- t—1961:%(p—60) - t—1961:%(p—60)

= 7t—-13727=4p-240 = T7t-13727+240=4p

134 .
= 4p=Tt-13487 = p=%t—% ............. (1)

This is the required equation which gives population in term of 7.
(a) Put r=1947 ineq. (1)

p-—(l947)—$ =3407.25-3371.75 =35.5

Hence population in 1947 is 35.5 millions.
(b) Put r=1997 ineq. (1)

p——(1997)—@—349475 3371.75=123

Hence population in 1997 is 123 millions.

Question # 18
A house was purchased for Rsl million in 1980. It is worth Rs4 million in 1996 .
Assuming that the value increased by the same amount each year, find an equation that
gives the value of the house after ¢ years of the date of purchase. What was the value
in 19907
Solution

Let p denotes purchase price of house in millions and ¢ denotes year then

(p,1,)=(1,1980) and (p,,t,)=(4,1996)
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Equation of line by two point form:

ALTERNATIVE
t—t = L% (p—p) You may use determinant
Pr— Py form of two-point form to
. £_1980= 1996 -1980 (p=1) find an equation of line.
4-1 p t 1
16 p t 1=0
= t—1980=—(p -1
3 (-1 p, t 1
= 3t-5940=16p —16
= 3r-5940+16=16p = 16p=3r—-5924
3 5924 3 1481
= p=—t—"" = p=—t——— iirein.. (i)

This 1s the required equation which gives value of house in term of ¢.
Put =1990 in eq. (i)

1481
p=%(1990)—78 =373.125-370.25 =2.875

Hence value of house in 1990 is 2.875 millions.

Question # 19 .
Plot the Celsius (C) and Fahrenheit (F) 200} | g
temperature scales on the horizontal axis and the - (100,212) <0
; . : coT 200 4 o 8
vertical axis respectively. Draw the line joining the . X0
freezing point and the boiling point of water. Find 1897 g 5
an equation giving F temperature in term of C. 1807 B f
Solution 1401 <N
Since freezing point of water =0°C = 32°F 1207 g g
and boiling point of water =100°C = 212°F 1001 8=
therefore we have points (C,,F,)=(0,32) and 801 = @
(C,, F,)=(100,212) ig g
Equation of line by two point form 5 - g
F -F . X
F-F=—=-"C-C a9
e, - 1( ) 20 40 60 80 100 C %
= F _32:w(c_0)
100-0
= F—-32= 150 )
100
9
= F=—C+32
| 5
Question # 20

The average entry test score of engineering candidates was in the year 1998 while the
score was 564 in 2002. Assuming that the relationship between time and score is
linear, find the average score for 2006.
Solution

Let s denotes entry test score and y denotes year.
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Then we have (s,,y,)=(592,1998) and (s,,y,)=(564,2002)
By two point form of equation of line
Y—W :u(s_sﬂ
S, 5
2002 -1998

4
= y—-1998=———(5§—-592) = y—-1998=—-(5—-592
d 564 —592 ( ) s —28( )

=> y—1998=—%(s—592) = 7y—13986 =—s+592

= T7y—13986+5—-592=0 = s+7y—-14578=0
Put y=2006 in (i)
s+7(2006)—14578=0 = s+14042-14578=0
= s§-536=0 = s=536
Hence in 2006 the average score will be 536.

Question # 21

Convert each of the following equation into

(1)  Slope intercept form (11) Two-intercept form (i11) Normal form
(@ 2x—4y+11=0 (b) 4x+7y—-2=0 (c) 15y—-8x+3=0
Also find the length of the perpendicular from (0,0) to each line.

Solution

(a)
(1) - Slope-intercept form
* 2x—-4y+11=0
2x+11
4

= 4y=2x+11 = y=

= y=txrl
# 2 -

. : . : : 1 11
is the intercept form of equation of line with m= S and ¢ = )

(i1) - Two-intercept form
2x=4y+11=0 = 2x—-4y=-11
2 -+ X y
= —x—y=1 = ——+—=—=1
_ _ _11/ 11
- -1 A A

; ; ; ; : 11 11
is the two-point form of equation of line with a = Y and b= 1

(111) - Normal form
s 2x—=4y+11=0 = 2x-4y=-11
Dividing above equation by v/(2)? + (—4)> =420 = 2/5
2x 4y -11 x 2y -11

25 285 25 5 5 245




Exercise 4.4 (Solutions)rage 223
Calculus and Analytic Geometry, MATHEMATICS 12

Point of intersection of lines
Let [: ax+by+c¢ =0
l,: a,x+b,y+c,=0 be non-parallel lines.
Let P(x,,y,) be the point of intersection of / and /,. Then
ax, +by +c¢=0...... (1)
a,x, +b,y, +¢,=0............. (i1)
Solving (i) and (ii) simultaneously, we have

_yl _ 1

X

bc,—b,c, ac,—a,c; ab,—ab
X 1 — 1
L = and L S
bc,—b,c;  ab,—ab, ac, —a,¢,  ab, —a,b,

=

bc,—b,c a.c, —a,c
:>xl:12 1w ylz_lz G
ab, — a,b, a,b, — a,b,
Hence (bICZ —by¢, 4,6, — 4G

9
ab,—a,b,  ab,—a,b

] is the point of intersection of / and /,.

Equation of line passing through the point of intersection.
Let [: ax+by+c¢ =0
L: a,x+b,y+c,=0
Then equation of line passing through the point of intersection of /, and /, 1s
[, +kl,=0 , where k is constant.

ie. ax+by+c,+k(ax+by+c,)=0

Question # 1

Find the point of intersection of the lines

(1) x=2y+1=0 2x—-y+2=0 (1) 3x+y+12=0 x+2y—-1=0
(i) x+4y—-12=0 x-3y+3=0

Solution
(1) [ x-2y+1=0
L: 2x—y+2=0
1 1
Slopeof [, =m =——=—
p 1 =m 59
2

Slope of [, =m, = 2

"+ m, #m,, therefore lines are intersecting.
Now if (x,y) is the point of intersection of /, and [, then
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X _ -y _ 1
-2)2)-bHd) DOR)-2)D) DD —-(2)(-2)
by -y 1
f— = =
—4+1 2-2 -1+4
x =y 1
- — =—=—
-3 0 3
= i:l and —_y:l
-3 3 0O 3
= x—_—3 and ——9
D Y773
= x=-1 and y=0

Hence (—1,0) is the point of intersection.

(i1) [[: 3x+y+12=0
L: x+2y-1=0

Slope of [, =m, =—% =-3

Slope of [, =m, = —%

. m, # m,, therefore lines are intersecting.
Now if (x,y) is the point of intersection of /, and [, then

x =y 1
-1-24 -3-12 6-1
o _—y_1
25 -15 5
& > 1
-25 5 -15 5
= x:_—25:—5 and y:§:3
5 5
Hence (-5,3) is the point of intersection.
(111) Do yourself as above.
Question # 2

Find an equation of the line through
(1)  the point (2,-9) and the intersection of the lines 2x+5y—8=0 and

3Ix—4y—-6=0
(11) the intersection of the lines

x—y—4=0 7x+y+20=0 6x+y—-14=0
(a) Parallel (11)  Perpendicular

to the line 6x+y—-14=0
(ii1)) through the intersection of the lines x+2y+3=0, 3x+4y+7=0
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And making equal intercepts on the axes.
Solution
(1) Let [: 2x+5y—-8=0
l,: 3x—4y-6=0
Equation of line passing through point of intersection of /, and /, is
2x+5y-8+k(3x—4y—6)=0... (i)
Since (2,—-9) lies on (i) therefore put x=2 and y=-9 in (i)
2(2)+5(-9)—-8+k(3(2)-4(-9)-6)=0
= 4-45-8+k(6+36-6)=0
= —49+436k=0
_ 49

= 36k =49 = k=—
36

Putting value of k£ in (i)
2x+5y—8+%(3x—4y—6):0

= 72x+180y—288+49(3x—4y—6)=0 xing by 36
= 72x+180y—-288+147x—-196y—294 =0
= 219x-16y—-582=0 is the required equation.

(11) Let [: x—y—-4=0
L: Tx+y+20=0
L: 6x+y—14=0

Let [, be a line passing through point of intersection of /; and /,, then

Li: L+kl,=0

= x—y—4+k(7x+y+20)=0... (i)

= (1+7k)x+(-1+k)y+(-4+20k)=0

1+7k

-1+k

Slope of [, =m, = —% =—6

(a) If [, and /, are parallel then
0y =y
1+7k
C1+k
= 1+7k=6(-1+k) = 1+7k=—-6+6k
= Tk—6k=-6-1 = k=-7
Putting value of & in (i)
x—y—4-T7(7x+y+20)=0
= x—y—4—-49x-7y-140=0

Slope of [, =m; =—
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= —48x—-8y—-144=0
= 6x+y+18=0

is the required equation
(b) If [, and [, are L then

mym, =—1

- (2o

= 6(1+7k)=—(-1+k) = 6+42k=1—k

= 42k+k=1-6 = 43k=-5 = k:—i

43
Putting in (1) we have

x—y—4—%(7x+y+20)=0

43x—43y—172-5(7x+y+20)=0
43x—43y—-172-35x-5y—-100=0
8x—48y—-272=0

x—6y—34=0 is the required equation.

RV

(111) Suppose L: x+2y+3=0

L: 3x+4y+7=0
Equation of line passing through the intersection of / and [, is given by:
x+2y+3+k(3x+4y+7)=0 ............ (1)
A+3k)x+2+4k)y+3+T7k)=0
(A+3k)x+2+4k)y=—3+7k)
(1+3k)x N (2+4k)y _1
—3+7k) —(3+7k)

X y
+ =1
—(3+7k) —(3+7k)
A +3k) /2+ 4k)

Which is two-intercept form of equation of line with

—(3+7k) . —(3+7k)

——— and y-—intercept =———
(1+3k) (2+4k)

b U

U

x —intercept =

We have given
X —intercept = y—intercept
N —(3+7k) _ —(3+7k)
(1+3k) (2+4k)
N 1 _ 1
(1+3k) (2+4k)
= 4k-3k =1-2 = k=-1
Putting value of ¥ in (i)

= (2+4k) = (1+3k)
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x+2y+3-13x+4y+7) =0
= x+2y+3-3x-4y-7=0 = -2x-2y-4=0
= x+y+2=0

1s the required equation.

Question # 3
Find an equation of the line through the intersection of
16x—10y—-33=0; 12x+14y+29 =0 and the intersection of
x—y+4=0; x-T7y+2=0
Solution
Let /[:16x-10y-33=0
L: 12x+14y+29=0
L: x—y+4=0
L: x=Ty+2=0
For point of intersection of /; and /,
X e 1
—290+462 464+396 224+120
x =y 1
172 860 334
= X = 1 and 2 = L
172 334 860 334
172 1 d 860 _ 5

= =— an y
334 2 334 2
= (%—%) is a point of intersection of / and /,.

For point of intersection of /; and /,.

x -y 1

—2+28 2-4 -T7+1

X _-y i

2 -2 -6

2 _ 1 g Tt

26 -6 =2 =B
26 13 2 1

= X=—=—— and y=—=—=

-6 3 -6 3

= (_§_§j is a point of intersection of /; and /.

Now equation of line passing through l—é and —E,—l
22 33
o s_ )5t aehe TR
_13/_1
%1
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el 2//(x__) SETEI

= 29y+g:—13x+E 13x—£+29y 155 =0
2 2 2 2

= 13x+29y+66=0
is the required equation.

Three Concurrent Lines
Suppose [ : ax+by+c =0
L: ax+byy+c,=0
L: ax+by+c;=0
If [, [, and [, are concurrent (intersect at one point) then

a b ¢
a, b, ¢|=0
a; by ¢

See proof on book at page 208

Question # 4
Find the condition that the lines y=mx+c¢,; y=m,x+c¢, and y=mx+c,; are
concurrent.
Solution
Assume that L y=mx+¢
= mx—y+¢=0
L: y=mx+c,
= mx—y+c,=0
L: y=mx+c,

= mx—y+c;=0
If [, [, and [ are concurrent then

m -1 ¢
m, -1 ¢|=0
my, -1 ¢
m -1 & B
= my-m 0 ¢,—¢|=0 by 22 Ilgl
3 1Y
my—nmy 0 ¢ —¢

Expanding by C,
~ D)0y =) (e = 6) = Omy = m) (e = )] +0-0=0
= [(m2 —my) (¢ —¢) = (my —my)(c, —C1)]:O

= (my—m)(c;—¢)=(my—m)(c,—¢c)
1s the required condition.
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Question # 5
Determine the value of P such that the lines 2x—-3y—-1=0, 3x—y—-5=0

and 3x+ py+8=0 meet at a point .
Solution
Let [: 2x-3y-1=0
[,: 3x-=y-=5=0
L: 3x+ py+8=0
Since [, [, and [, meets at a point i.e. concurrent therefore

2 3 -1
3 -1 -5|=0
3 p 8

= 2(-8+5p)+3(24+15)-13p+3)=0
= —-16+10p+72+45-3p-3=0
= Tp+98=0 = Tp=-98
7
Angle between lines Y

Let [, and [, be two lines. If ¢; and «,
be inclinations and m, and m, be slopes of
lines / and [, respectively, Let @ be a angle
from line /; to [, then @ is given by

— 6 o
tan@ =—2 " /@ %

I+mm, / \

See proof on book at page 219

Question # 6

Show that the lines 4x—3y—-8=0, 3x—4y—6=0and x—y—-2=0 are
concurrent and the third-line bisects the angle formed by the first two lines.
Solution

Let [ : 4x-3y—-8=0
l,: 3x—4y-6=0
Li: x—y—2=0
To check [, [, and [, are concurrent, let
4 -3 -8
3 4 -6
1 -1 =2
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Hence [, [, and [, are concurrent.

4 4 !
Slopeof [, =m =——=— 2
p m 3 3
3 3
Slopeof L, =m, =—— 6 [
p 2 5 = 4 4 ; 3
1

Slope of [, :mjz—ilzl

Now let &, be angle from /, to /; and @, be a
angle from [ to /,. Then

my—m 1_% __%_ 1 .
tan@, = T 1+(1)(y) = % = e (i)
_ / ] _/ _l (”)

1+mzm3 (A)(l) % B Ry
From () and (i)

tanf, =tan8, = 6,=0,
= [, bisect the angle formed by the first two lines.

And tan@, =

Question # 7
The vertices of a triangle are A(—2,3), B(—4,1) and C(3,5).

Find coordinates of the

(1) centroid (11)  orthocentre (ii1) circumcentre of the triangle
Are these three points are collinear?
Solution

Given vertices of triangles are A(-2,3), B(—4,1) and C(3,5).
(1) Centroid of triangle is the intersection of medians and is given by
(xl + X, + X, y1+y2+y3j

3 ’ 3
_ —2—4+3’3+1+5 3 9 :(_1,3)
3 3 3 3

Hence (—1,3) is the centroid of the triangle.

(i1))  Orthocentre is the point of intersection of altitudes.

Slope of AB=m, = 1=3 _—2_
—4+2 =2 A
Slope of BC = m, = il W
3 +4 7
Since altitudes are L to sides therefore
— 1
Slope of altitude on AB = E -1 B C

m 1
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Slope of altitude on B BC = .Y = s = L
m2 % 4
Equation of altitude on AB with slope —1 from C (3,5)
y=5=-1(x-3)
= y—5=—x+3 = x-34+y-5=0
= x+y—-8=0.......... (1)

Now equation of altitude on BC with slope —% from A(-2,3)

y—3:—%(x+2)
= 4y-12=-Tx-14 = Tx+14+4y-12=0

= Tx+4y+2=0 .............. (ii)
For point of intersection of (i) and (i1)
x -y 1
2+32 2456 4-7
Lz L
34 58 -3
= i:i and _—yzi
34 -3 58 3
34 58 58
= x=—— and y=-
3 3 3

Hence (—% %) is orthocentre of triangle ABC .

(i11) Circumcentre of the triangle is the point of intersection of perpendicular
bisector.
Let D and E are midpoints of side AB and BC respectively.

Then coordinate of D = (_4_2,1;3]:(_6 s

Coordinate of E = _4+3 1+5 _—l,é = —1,3
2°2 2
— —3 —2 y
Slope of AB=m, = —
P AT T A N
Slope of BC = m, = ool 4
3+4 7
Slope of L bisector on AB:—L:—lz—l
m, 1
1 1 7

Slope of L bisector on BC=—— = ="~
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Now equation of L bisector having slope —1 through D(-3,2)

y=2=-1(x+3)
= y—2=—x-3 = x+3+y-2=0
= x+y+1=0 ... (iii)

Now equation of L bisector having slope —% through E (—%,3)

70 1 7
A=t yi2] = ay—12=-T7x-2
¥ 4(x 2) 3 )

= 7x+%+4y—12=0 = 7x+4y—1?7=()

= 14x+8y—-17=0 ................ @iv)
For point of intersection of (iii) and (iv)

x =y 1

-17-8 -17-14 8-14
. *x_—y_1

-25 31 -6

x 1 g 21
-25 -6 -31 -6
25 _25 31

= x=—— and y=-——
-6 6 6

Hence (?5,—%} 1s the circumcentre of the triangle.

Now to check (-1,3) ,(—?,?j and (%,—%) are collinear, let

-1 3 1
_3% 5% 1
2% _3% 1

58 31 34 25 1054 1450
==l —+— [-3]| ———|+1 =
3 6 3 6 18 18

Hence centroid, orthocentre and circumcentre of triangle are collinear.

Question # 8
Check whether the lines 4x—3y—-8=0; 3x—4y—-6=0; x—y—2=0are
concurrent. If so, find the point where they meet.
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Solution
Let [: 4x-3y-

8§=0
l,: 3x—4y-6=0

L: x—y-2=0
To check lines are concurrent, let
4 -3 -8
3 4 -6
1 -1 =2

=4(8—-6)+3(—6+6)—8(-3+4)
=4(2)+3(0)-8(1) =8+0-8 =0
Hence / , [, and [, are concurrent.
For point of concurrency, we find intersection of /, and /, (You may choose any

two lines)
x =y 1
18—32 -24+24 -16+9
- x =y 1
-14 0 -7
- F ol e 2L
-14 - g -7
0
= x=——=2 and y=——=0
=7 =7
Hence (2,0) is the point of concurrency.
Question # 9

Find the coordinates of the vertices of the triangle formed by the lines
x—=2y—-6=0; 3x—y+3=0; 2x+y—4=0. Also find measures of the angles of

the triangle.
Solution
Let [: x-2y—-6=0
l,: 3x—y+3=0

L: 2x+y—-4=0
For point of intersection of / and [,

x -y 1

—-6-6 3+18 -1+6
X -y l
—12° 21 5

x 1 and —2 1

-12 5 21 5

12 21

= x=—— and y=-——
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)

= (—2 —%) is the point of intersection of / and /,.

For point of intersection of /, and /.

x =y 1
4-3 —-12-6 3+2
N ) A
1 -18 5
s Fol g 2L
1 5 -18 5
1 18
= x=— and y:?

9

= (l gj is the point of intersection of /, and /.

Now for point of intersection of /; and

x =y _ 1
8+6 —4+12 1+4
-
14 8 5
= izl and _—yzl
14 5 8 5
14 8
= Xx=— and y=——
5 5
14 8). ) ) )
= (—,——j is the point of intersection of /, and ;.
Hence (—%—%) , (%%) and (%—ﬁj are vertices of triangle made by [ ,

[, and [;. We say these vertices as A, B and C respectively.
Slope of side AB = / / 5 2 =3
AR

i - /

Slope of side BC =m, =
14/ _1
Y- % e N
21/, 8 _ A m;
1
Slope of side CA=m, = ? ? 2? o 5
Let a, f and ¥ denotes angles of triangle at vertices A, B and C respectively.
Then




tanar=—2—"5 = 3_/2 :% =1
Lemm 1+ 3)( 1) %

= a:tan_l(l) = |a=45

Now tan =2 _ =8 =5
1+m2ml 1+(—3)(3) -5

= fB=tan”'(1) = |f=45

/+2 .
Now tany_1+mm2 1+(/2) 5

= 7:tan_(oo) = | y=90°
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Question # 10
Find the angle measured from the line / to the line /, where

(a) £ : joining (2,7) and (7,10)
[,: joming (1,1) and (-5,3)

(b) [, : joining (3,—1) and (5,7)
l,: joining (2,4) and (-8,2)

(c) [ : joining (1,—7) and (6,—4)
[,: joining (-1,2) and (-6,-1)

(d) : joining (-9,—1) and (3,-5)

: joining (2,7) and (—6,-7)

[\8)

Solution

(a) Since / : joining (2,7) and (7,10)

10-7_3

7-2 5

Also [,: joining (1,1) and (-5,3)

Therefore slope of [, =m, = Rl = 2. 1
-5-1 -6 3

Let @ be a angle from / to /, then

tan@=—2""h _ _%_%
o L)

_14 _14

Therefore slope of [, =m, =

1// 1574 6

= —tanQZ% = tan(180—9):g
* tan(180—-8)=—tan@

s __14 5 _ 7
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= 180—6@ =tan™’ (9 =494

= 6=180-494 = |60=130.6’

Now acute angle between lines = 180—-130.6 =49.4

(b) Do yourself as above.

(c) Since /[ : joining (1,—7) and (6,—4)

Therefore slope of I, = m, = —4+7 3
6-1 5
Also [,: joining (-1,2) and (—6,-1)
Therefore slope of [, =m, = =l=2_=_-
-6+1 -5 5

Let @ be a angle from / to [, then

_my—my %‘% __ 0 _
e (3030 %

= f#=tan'(0) = |0=0

Also acute angle between lines = 0

(d) Since /[ : joining (-9,-1) and (3,-5)
-5+1 -4 1

349 12 3
Also [, : joining (2,7) and (—6,-7)

Therefore slope of [, =m, =

—7-17 _-14
Therefore slope of [, =m, = =7 _7
-6-2 -8 4
Let @ be a angle from [, to [, then

tan@zmz_ml _ %_(_%)
o (7))
U Pl s o1
=Yy, 12s
= f=tan"'(5) = |6=78.69

Also acute angle between lines =78.69°

Question # 11

Find the interior angle of the triangle whose vertices are
(a) A(-2,11), B(-6,-3) , C(4,-9)
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(b) A(6,1), B(2,7) , C(-6,-7)
(c) A(2,-5), B(—4,-3) ,C(-1,5)
(d) A(2,8), B(-5,4) and C(4,-9)
Solution
(a)  Given vertices A(=2,11), B(-6,-3) and C(4,-9)
Let m;,m, and m, denotes the slopes of side AB, BC and CA respectively. Then
_3-11_ -14 7
T 6+2 4 2

9+3 6 _ 3
m2: =
446 10 5 N,
L1149 20 10 m, \
= =
a5t AN
; v

Let &, and ¥ denotes angles of triangle at vertex
A, B and C respectively. Then

10/ _7

_m-m _ ~19%-7

e LR
N/ A/ A 41
13 —3/3 6 32 o4
= a:tan_l(ﬂj = |a=32.64

64

_ Ty %_(_%)

temm,1+(7)(-35)

¥ M 41><10 4

=2y e i

= —tan[)’zﬁ = tan(180—-f)= fll

* tan(180—-8)=—tan@

= 180—f=tan™ (%j =174.98

— B=180-7498 = [B=105.02
AR
:‘%+1% :4%5 __4 4

3

1+2 15x3 45
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= y= tan™ ﬂ
45

(b)  Given vertices A(6,1),

y=4234°

B(2,7) and C(-6,-7)

Let m;,m, and m, denotes the slopes of side AB, BC and CA respectively. Then

_7-1_6_3
T 2-6 -4 2
7-7 —14 7
6-2 -8 4
1+7 8 2

6+6 12 3
Let &, f and ¥ denotes angles of triangle at
vertex A,B and C respectively. Then

m-m _ 25~(-7)
bemam1+(23)(=72)

= a=tan" ()

m, =

m; =

tana =

= |a=90
-5-%
1+(-3)(74)
/e ENE R
=2 B
= f=tan'(2) = |B=6343
tan y = iy — Ny _ %_%
Lemmy14+(7,)(%)
B Bh e N
1+}g // 12713

= ¥= tan ™" (%) =

(c) Do yourself as above.

L

tan =
1+ mm,

y=26.57

(d) Do yourself as above.

B
il Mg
m, @ A
X
4 g
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Question # 12
Find the interior angles of the quadrilateral whose vertices are  A(5,2), B(-2,3),

C(-3,-4) and D(4,-5)
Solution Given vertices are A(5,2), B(-2,3), C(-3,—4) and D(4,-5)
Let m,, m,, my, and m, be slopes of side AB, BC,CD and DA. Then

_ 3—2 _i
T T5 T
—4— = B
m, = 3 — —7 =7 m; A
312 1 %jﬂ'\ \Q
f+4 =1 @
R m
my
m 2457, . )
5-4 1 K
Now suppose &, 3,7 and O are angels of 3 D
quadrilateral at vertices A, B,C and D

respectively. Then

m,—m _ 7_(_/) 7+/_5/

tanq = = =
Lbmgm 14(7)(-15)  1-1
= a=tan" (o) = |a=90’
—m 1/ _7 _50
tanﬂ: rn'l 2 — 7 —

= S=tan"' () = [5=90

Trapezium
If any two opposite sides of the quadrilateral are parallel
then it is called trrapezium.
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Question # 13

Show that the points A(—1,—-1), B(-3,0), C(3,7) and D(1,8) are the vertices of the
rhombus and find its interior angle.

Solution  Given vertices are A(-1,-1), B(-3,0), C(3,7) and D(1,8)

Let m;, m,, m; and m, be slopes of side AB,@, DC and CA. Then

_0+1 1
-3+1 -2
— D
e :
7-8 -1 m, S
) -
I ol s J B o !
*T1-3 4 B ”
Since m,=m, or m =nmy A
Hence A,B,C and D are vertices of trapezium.

Now suppose &, B,y and O are angels of
quadrilateral at vertices A, B,C and D respectively. Then
Now do yourself as above in Question # 12

Question # 14
Find the area of the region bounded by the triangle, whose sides are
Tx—y—10=0; 10x+y—-41=0; 3x+2y+3=0
Solution
Let [: 7x-—y-10=0
l,: 10x+y-41=0
L:3x+2y+3=0
For intersection of /; and [,

X -y 1
41+10 -287+100 7+10
by -y 1
- — ==
51 =187 17
*_ 1 4 21
51 17 187 17
:x=ﬂ=3 and yzﬁzll
17 17

= (3,11) is the point of intersection of / and /,.
Now for point of intersection of /, and /

x -y 1
3+82 30+123 20-3
X _—_y_ 1

85 153 17
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x -y 1
- —=—=—
85 153 17
x 1 -y 1
= —=— and —=—
85 17 153 17
= x=8—5:5 and :—@:—9
17 17

= (5,-9) is the point of intersection of /, and .
For point of intersection of /; and [,

x =y 1
-3+20 21+30 14+3
o Xx_zy_ 1
17 51 17
=> i:L and —_y:i
17 17 51 17
= x=1—7=1 and y=—ﬂ=3
17 17

= (1,=3) is the point of intersection of /, and ;.
Now area of triangle having vertices (3,11), (5,—9) and (1,-3) is given by:

31

~5 -9 1

211 31
=%3(—9+3)—11(5—1)+1(—15+9)\
:%3(—6)—11(4)+1(—6)| :%]—18—44—6|
= %\—68| = %(68) =34 sq. unit

Question # 15
The vertices of a triangle are A(-2,3), B(—4,1) and C(3,5). Find the centre of the

circum centre of the triangle?
Solution  Same Question # 7(c)

Question # 16

Express the given system of equations in matrix form. Find in each case whether in
lines are concurrent.

(@ x+3y-2=0 ; 2x—y+4=0; x-11y+14=0

(b) 2x+3y+4=0; x—2y-3=0; 3x+y-8=0

(c)3x—4y-2=0; x+2y—4=0; 3x-2y+5=0
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Solution
(a) x+3y-2=0
2x—y+4=0
x—=11y+14=0
In matrix form
I 3 2||x 0
2 -1 4 1lyl=|0
I —-11 14 || 1 0
Coefficient matrix of the system is
1 3 2
A=|12 -1 4
1 —-11 14

= |A|=1(-14+44)-3(28-4) - 2(-22+1)
=1(30) —3(24) — 2(-21)
=30-72+42=0
Hence given lines are concurrent.

(b) 2x+3y+4=0
x—2y-3=0
3x+y—-8=0

In matrix form
2 3 4 ||x 0
I -2 3||y|=|0
3 1 8|1 0
Coefficient matrix of the system is
2 3 4
A=|1 -2 3
3 1 -8

= |A|=2(16+3)-3(-8+9)+4(1+6)
=2(19)-3()+4(7) =38-3+28 =63+#0
Hence given lines are not concurrent.

(9 Do yourself as above

Question # 17
Find a system of linear equations corresponding to the given matrix form .Check
whether the lines responded by the system are concurrent.

I 0 -1||«x 0 I 1 2|lx 0
@|2 0 1 |[y|=(0 Bb)|2 4 3||yl=|0
0 -1 2|1 0 36 5|1 0



Solution
(a)
1 0 ~1][x] [oO
2 0 1 1]y|=]0
0 -1 1 0
[ x+0-1 0] x—1 0
= [2x+0+1(=]0 = | 2x+1 |=|0
| 0—y+2 0 —-y+2 0
Equating the elements
x—1=0
2x+1=0
-y+2=0

are the required equation of lines.

Coefficients matrix of the system
I 0 -1
A=12 0 1
0 -1 2
= detA=10+1)-0-1(-2-0)
=1+2=3%#0
Hence system is not concurrent.

(b) Do yourself as above.
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Exercise 4.5 (Solutions),age 2s
Calculus and Analytic Geometry, MATHEMATICS 12

Homogenous 2" Degree Equation
Every homogenous second degree equation

ax® +2hxy +by* = 0
represents straight lines through the origin.

Consider the equations are y=mx and y=m,x
= mx—-y=0 and mx-y=0
Taking product
(myx=y)(mx—y) = 0
= mmx" —mxy—mxy+y> = 0

= mmx" —(m+m)xy+y> = 0 .......... (1)
Also we have
ax’ +2hxy+ by’ = 0
a , 2h 5 .
= X +7xy+y =0 +ing by b
a » 2h 2
= 5 X ( bjxy+y =0
Comparing it with (i), we have
a 2h
mm, = and mtm, = ——-
Let @ be the angles between the lines then
tane e m
1+mm,
2 2 2
(ml_mz) _ \/ml +my, —2mm,
 l+mm, B 1+mm,
2
_ mi i 2mm = dmmy (o +m,) —dmm,
1+ mm, 1+ mm,
\/(_%T 4 40 4a [4n? - 4ab
b b _ b2 b _ b2
144 La b+a
b b b
4(h2—ab) 2\ h* —ab
= tanf = = | tand = ——
b+a a+b

Find the lines represented by each of the following and also find measure of the angle
between them (problem 1-6)
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Question # 1
10x* = 23xy —5y°

Solution

= 2x-5y

0

10x* =23xy—=5y> = 0
= 10x* =25xy+2xy -5y
= 5x(2x-5y)+ y(2x-5y)

0O and S5x+y

Comparing eq. (1) with
ax* +2hxy +by* = 0

0 = (2x-5y)(5x+Y)

0

are the required lines.

0

So a=10 , 2h=-23 = h:—2—23 , b=-5
Let @ be angle between lines then
2Nh* —ab
tanf = ——
a+b
2
23
2\/[—j —10=5 2,2 450
_ 2 _ 4
10-5 5
I /R 7V R
5 5 5
= 6 = tan”’ (%) = 793l
Hence acute angle between the lines = 79731
Question # 2
3x* +7xy+2y* = 0
Solution Do yourself as above
Question # 3
Ox* +24xy+16y* = 0
Solution Do yourself as above
Question # 4
2% +3xy-5y = 0

Solution
—

=
=
=

2x*+3xy-5y° = 0

2x% +5xy—2xy—5y° =
x(2x+5y)-y(2x+5y)
(2x+5y)(x=y) = 0

2x+5y

0 and x—y



are the required lines.
Comparing eq. (i) with
ax” +2hxy+by* = 0

= a=2 , 2h=3 = h:% , b=-5

Let @ be angle between lines then

WK —ab
tan@ = —
a+b
3 2
2\/(J — @5 202410
2 _ V4
B 2-5 B 3
3 3 3

= —tanf = Z
3

= tan(180-6) = + tan(180 — @) =—tan @

7
3
= 180-6 = tan_l(%j = 180—-6 = 6648

= 6 = 180-6648 = 11312
Hence acute angle between the lines = 180-11312" = 6648
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Question # 5
6x> —19xy+15y* = 0
Solution
Do yourself as above
Question # 6
x> —2xyseca+y* = 0
Solution
x*=2xyseca+y* = 0 .......... (1)
+ing by ¥’
x> 2xyseca  y’ _
S~ — 2 T3 =0
y y Yy

2
=> (fj —ZSeca(£j+1 = 0
y y

This is quadric equation in % with a=1, b=-2seca, c=1

x 2secai\/(—2seca)2—4(l)(l)

y 2(1)
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2secar tidsec’a—4  2secat \/4(sec2 o-1)

- 2 - 2

2seca t+/4tan’ o 5 )
= 5 v l+tan" a=sec” a
_ 2secaf2tanax
B 2

= secttanx

B 1 +sin(){ _ lEsina
cosa@~ cosax  cosd
X 1+sina X 1-sinax
= — = and — =
y cosa y cosa

= xcosa = (l+sina)y and xcosa = (l-sina)y
= xcosa—(l+sin)y = 0 and xcosa—(l-sina)y

These are required equations of lines.
Now comparing (i) with
ax’ +2hxy+by* = 0
a=1 , 2h=-2seca = h=-sec¢ , b=1b

If @ is angle between lines then

2\H: —ab

= 0

tan@d =
a+b
2 2 _ 2 _
\/sec a— 1)) _ 2sec a—1 _ m
1+1 2
= tanf = tana = 0 = «.

Note:
If one wish to get the answer similar to given at the end of textbook, then follow the

solution as follows after getting:
xcosa@—(l+sina)y = 0 and xcosa—(l-sin@)y =

0
1-sina 1+sina

Multiplying equation at left with and equation at right with to ge
1-sin’a 1-sin’a
x(l—sina)—gy = 0 and x(l+sin0{)—¥y =0
coso cosa

= x(1-sina)—ycose = 0 and x(1+sina)—ycosa = 0

Question # 7
Find a joint equation of the lines through the origin and perpendicular to the lines:

x* —2xytanar—y> = 0
Solution  Given: x> —=2xytanar—y> = 0
Suppose m, and m, are slopes of given lines then
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+m, = _2h a=1,
s b 2h=-2tancx
_ _ —2tano = h=—-tano
—1 b=-1
= m+m, = —2tanx
a |
& mm, = 4 = -7 = mm, = -1
: : : 1 1 : .
Now slopes of lines L ar to given lines are - and o then their equations are
1 2
1 ; i g
y=-—x & y = -——x (Passing through origin)
By m,
= my = —X & my = —x
= x+my =0 & x+my =0

Their joint equation:
(x+my)(x+my) = 0

= X+ (m+m)xy+mmy’ =

0
= x4 (2tana)xy+(-1)y* = 0

= x’—2xytana—y> = 0

Question # 8

Find a joint equation of the lines through the origin and perpendicular to the lines:

ax* +2hxy+by* = 0
Solution

Given: ax*+2hxy+by*> = 0

Suppose m, and m, are slopes of given lines then

.

m+m, =

b & mm, =

a

b

: : ; 1 1 : ;
Now slopes of lines L ar to given lines are —— and ——, then their equations

are
1 1
y = ——X & y = ——xX
ity
= my = —x & my = —X
= xtmy = 0 & x+my = 0

Their joint equation:
(x+my)(x+my) = 0
= X+ (m+m)xy+mm,y* =

2 2h a 3
= X +(—7jxy+(zjy =0

= bx*=2hxy+ay’ = 0

m, m,

(Passing through origin)

0
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Question #9
Find the area of the region bounded by:

10x* —xy—21y*> = 0 and x+y+1=0
Solution 10x* —xy-21y* = 0 , x+y+1=0
= 10x*—15xy+14xy-21y* = 0
= 5x(2x-3y)+7y(2x-3y) = 0
= (2x—3y)(5x+7y) = [}
= 2x-3y =0 or 5Sx+7y =0
So we have equation of lines

L: 2x=3y = 0 ........... (1)
L: Sx+T7y = 0 .......... (1)
L: x+y+1 = 0 ......... (ii1)

Now do yourself as Q # 14 (Ex. 4.4)




LINEAR INEQUALITIES
AND LINEAR
PROGRAMMING

EXERCISE 5.1

Q.1:  Graph the solution set of each of the following linear inequality in xy-plane.

() 2x+y=<6 (ii) 3x+7y>21 (i) 3x-2y>6
(iv) Sx-4y=<20 (v) 2x+1>0 (vi) Iy—4<0
Solution:

(i) 2x+y< 6
The associated cquation is
LEF+Y= 06 @ e (1)
X-intercept
Puty =
2x +0

ineq. (1)

X = =3

0
6
6
2
S Point is (3, 0)
y-intercept

Put x = 0 ineq. (1)

2000 +y = 6

y = 6

Point is (0, 6)
Test Point

Put (0, 0)1n

2x+y < 6
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2000+0 < 6
0<6

Which is true.

Graph of an inequality 2x + y < 6 will be towards the origin side.
Y

(i) 3x+7y>21
The associated equation 1s
x+7y =21 L. (1)

x-intercept
Put  y = 0 ineq.(1)

3x +7(0) = 21
3x = 21
21
X =3 = 7
Point is (7, 0)
y-intercept

Putt x = 0 ineq. (1)
3(0)+7y = 21
Ty = 21
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21

Point 1s (0, 3)
Test Point
Put (0, 0)1n
3x + 7y > 21
3(0)+7(0) = 21
0=21
Which is false.

Graph of an inequality 3x + 7y = 21 will not be towards the origin side.
Y

>
A

(i) 3x-2y>6

The associated equation 1s

Ix-2y =6 ... (1)
X-intercept
Put y = 0 ineq.(1)
3x-2(0) =6

3x = 6
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6 _
X = 3 = 2

Point is (2, 0)
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y-intercept
Putt x = 0 ineq. (1)
3(00)—2y = 6
-2y =6
6
y =-—5; = -3

Point is (0, — 3)
Test Point
Put  (0,0)in
3x -2y > 6
3(0)+2(0) = 6
0=>6
Which is false.
Graph of an inequality 3x — 2y > 6 will not be towards the origin side.

Y
4

>
F'y

(iv) Sx—-4y<20
The associated equation is
Sx -4y = 20 ... (1)
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x-intercept
Put  y = 0 ineq. (1)

5x-4(0) = 20
5x = 20
20
X = 5 = g
Point 1s (4, 0)

y-intercept
Put x = 0 ineq. (1)

5(0)—4y = 20
—4y = 20
20

Point 1s (0, — 5)
Test Point
Put  (0,0)in
5x —4y < 20
5(0)—4(0) < 20
0 < 20
Which is true.

Graph of an inequality 5x — 4y < 20 will be towards the origin side.
Y
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(v) 2x+1=>0

The associated equation is

2x+1=10
2x = —1
-1
)
Put X = 0in
2x + 1 > 0
2000+1 =0
I > 0

Which i1s true.

Graph of an inequality 2x + 1 = 0 will be towards the origin side.

Y
r 3
-~
!.‘ .
X < ——— 5 » X
(=]
n
I}
+
>
o~
v
v
r
Y

(vi) 3y-4<0
The associated equation is
Jy-4=20
3y =

y =

Wik B
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Put vy = 0 in
3y - 4 <0
3000 — 4 <0
-4 <0
Which is true.
Graph of an inequality 3y — 4 < 0 will be towards the origin side.
R
) T 3y-4=0
< + >
X'« ~ > X
v
Yl
Q.2: Indicate the solution set of the following systems of linear inequalities by
shading.
(i) 2x-3y<6 (ii) x+y=>5 (iii) Ix+T7y>21
2x+3y <12 x—-y=<l1 X—y<2
(iv) 4x-3y<12
-3
X =z 5 (Lhr. Board 2011) (Guj. Board 2008)
(v) Ix+7y>21 (Lhr. Board 2011)
y =4
Solution:
(i) 2x-3y < 6
2x+3y < 12

The associated equations are
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2x-3y =6 ... (1)
2x+3y =12 ... (2)
x-intercept
Put y = 0 ineq.(1)
2x-3(0) =6
2x =6
X = g =3

Point is (3, 0)

y-intercept
Putt x = 0 ineq. (1)
2(0)-3y = 6
— 3y

y - _3 ~ -2
Point is (0, — 2)
x-intercept

Put  y = 0Oineq.(2)

2x +3(0) = 12
2x = 12
12
X =5 = 6
s Point 1s (6, 0)
y-intercept
Put x = 0 ineq.(2)
200)+3y = 12
3y = 12
y = % =4

Point is (0, 4)
Test Point

Put (0, 0) in

2x =3y < 6
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2(00-3(0) < 6
0<6
Which is true.
Graph of an inequality 2x — 3y < 6 will be towards the origin side.
Put  (0,0)in
2x+3y < 12
2(0)-3(0) < 12
0<12
Which is true.
Graph of an inequality 2x + 3y < 12 will be towards the origin side.

@

(3,00 (6,0)

(ii) x+y > 5§

x-y <1
The associated equations are
x+ty =5 .. (1)
x-y =1 ... (2)
x-intercept
Put' v = 0 imeq.(l)
x+0=35
X =5

Point is (5, 0)
y-intercept
Put x = 0 ineq.(1)
O0+y=15
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y =5
Point is (0, 5)
x-intercept

Put  y = 0Oineq.(2)
x—0=1
x = 1

Pointis (1, 0)

y-intercept

Put x = 0 ineq.(2)
0-y =1
y = -1

Point is (0, — 1)
Test Point
Put  (0,0)in
X+y > 5
0+0 = 5
0=35
Which is false.

Graph of an inequality x + y > 5 will not be towards the origin side.

Put  (0,0)in

X-y <1

0-0 < 1

0<1
Which is true.

Graph of an inequality x — y < I will be towards the origin side.

@
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(iii) 3x+7y>21
x—-y<2
The associated equations are
Ix+7y =21 .. (1)
X—-y =2 ... (2)
x-intercept
Put  y = 0 ineq.(1)
Ix+7(0) = 21
3x = 21
X = 23_1 = 7
Point is (7, 0)
y-intercept
Put x = 0 ineq.(1)
3(0)+7y = 21
Ty = 21
y = % =3

Point is (0, 3)
x-intercept

Put y = 0Oineq.(2)
x—0= 2
X =2

Point is (2, 0)

y-intercept

Put  x = 0 ineq.(2)

0-y=2
y = -2
Point 1s (0, - 2)

Test Point
Put (0, 0)1n
3x + Ty > 21
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3(0)+7(0) = 21
0>21

Which is false.

Graph of an inequality 3x + 7y = 21 will not be towards the origin side.

Put (0, 0) in

X—-y < 2

0-0 < 2

0 < 2
Which is true.

Graph of an inequality x — y < 2 will be towards the origin side.

(iv) 4x-3y<12
-3
X ZT
The associated equations are
4x -3y =12 ... (1)



Mathematics (Part-11) 457  (Ch. 05) Linear Inequalities & Linear Programming
-3 .
X = 5 e (2)
x-intercept
Put y = 0 ineq.(1)
4x-3(0) = 12
4x = 12
X =2 = 3
Point is (3, 0)
y-intercept
Put x = 0 ineq. (1)
40)-3y = 12
-3y = 12
12
y =3 = 4

Point 1s (0, — 4)
Test Point

Put  (0,0)in

4x — 3y < 12
4(0)-3(0) < 12
0<12

Which is true.

Graph of an inequality 4x — 3y < 12 will be towards the origin side.

Put x =0 in
. =3
X 2
-3

Which is true.

-3
Graph of an inequality x > 5

will be towards the origin side.
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(v) 3x+7y>21

y = 4

The associated equations are

Ix+T7y =21 L. (1)
y =4 L. (2)

x-intercept
Put v = 0 ineq. (1)

3x +7(0) = 21

3x =

(SO
— p—

x —

|

Point is (7, 0)
y-intercept
Put x = 0 ineq. (1)
3(0)+7y = 21
Ty = 21

21
y =3 =3
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Point is (0, 3)

Test Point

Put  (0,0)1n
3x + 7y = 21
3(0)+7(0) = 21

0=21

Which is false.

Graph of an inequality 3x + 7y = 21 will not be towards the origin side.
Put  y =0 in

y < 4

0 < 4

Which is true.

Q.3:

()

Graph of an inequality y < 4 will be towards the origin side.

Y
3

v

4

Y

Indicate the solution region of the following systems of linear inequalities by

shading.
2x -3y <6 (ii) x+y<$§ (iii) x+y=>5§
2x+3y <12 y—2x<2 Xx—-y>1

y=0 x>0 y=0
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(iv) 3Ix+7y<21 (v) Ix+7y <21 (vi) Ix+7y<21
X-y=s2 X-y<2 2x-y>-3
x > 0 y>0 x >0
Solution:
(i) 2x-3y < 6 (Lhr. Board 2007)
2x+3y < 12
y =20
The associated equations are
2x-3y =6 ... (1)
2x+3y =12 ... (2)

X-intercept
Put v = 0 meq. (1)

2x - 3(0) = 6
2x. =6

6
X —2—3

Point is (3, 0)
y-intercept
Put x = 0 ineq. (1)
2000-3y =6
-3y = 6
y = % = -2

Point is (0, — 2)
x-intercept

Put  y = 0Oineq.(2)
2x +3(0) = 12
2x = 12
12

X =75 =60

Point is (6, 0)

y-intercept
Put x = 0 ineq.(2)
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200)+3y = 12
3y = 12
12
y = T = 4

S Point is (0, 4)
Test Point
Put  (0,0)in
2x — 3y < 6
200)-3(0) < 6
0<6
Which is true.
Graph of an inequality 2x — 3y < 6 will be towards the origin side.
Put  (0,0)in
2x + 3y < 12
2000 +3(0) < 12
0<12
Which is true.
Graph of an inequality 2x + 3y < 12 will be towards the origin side.

(i) x+y

y—2x

1A
w

= 1A

X =
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The associated equations are
x+y =5 ... (1)
y—-2x=2 ... (2)
x-intercept
Put y = 0 ineq.(l)
x+0=15
X = 5
Pointis (5, 0)
y-intercept
Put x = 0 ineq.(l)
5

<
+
h
I

Point is (0, 5)

x-intercept
Put vy

0-—2x

|
2
5.

[0']

=
—
2
e’

_ 2 _

Point is (— 1, 0)
y-intercept
Put x = 0 ineq.(2)

y—2(0) =2
y = 2

Point 1s (0, 2)

Test Point

Put  (0,0)in

x+ty <5

0+0 < 5

0<5

Which is true.

Graph of an inequality x + y < 5 will towards the origin side.

Put  (0,0)in
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y-2x < 2
0-2(0) < 2
0<2

Which is true.

Graph of an inequality y — 2x < 2 will towards the origin side.
Y

X = * X
v
(iii) x+y > 5
x-y > 1
y 20
The associated equations are
Xx+y =5 (1)
x-y = 1 v (2)

x—intercept
Put v = 0 ineq.(l)
x+0 =5
X = 5

S Point 1s (5, 0)

y—intercept
Put x = 0 mneq. (1)
0+y
y -
Point is (0, 5)

Il
o Ln
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x—intercept

Put y = 0 ineq.(2)
x-0 =

X = 1

Pointis (1, 0)

y-intercept
Put x = 0 ineq.(2)
0-y 1
y = —1
Point is (0, — 1)

Test Point
Put  (0,0)1in
xty > 5
0+0 =5
0=35

Which 1s false.
Graph of an inequality x + y > 5 will not be towards the origin side.
Put  (0,0)1in
Xx-y > 1
0-0 =1
0>1
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Which is false.
S Graph of an inequality x — y > 1 will not be towards the origin side.
(iv) 3Ix+7y<2

Xx-y <2
X >0
The associated equations are
Ix+T7y =21 ... (1)
X—y =2 . (2)
X-intercept
Put v = 0 ineq.(l)
Ix+7(0) = 21
3Ix= 21
X = % =7
Point is (7, 0)
y—intercept
Put x = 0 ineq. (1)
3(0)+ 7y = 21
Ty = 21

Point 1s (0, 3)

x—intercept
Put v = 0 ineq.(2)
x-0 =2
X = 2

- Pointis (2, 0)

y—intercept
Put x = 0 ineq.(2)
O-y =2
y = -2
Point is (0, — 2)

Test Point
Put  (0,0)in
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3x+ 7y < 21
3(0)+7(0) < 21
0<21
Which is true.
Graph of an inequality 3x + 7y < 21 will be towards the origin side.
Put  (0,0)1in

x-y < 2
0-0 < 2
0<2
Which is true.
Graph of an inequality x — y < 2 will be towards the origin side.
Y
@
X«
A 4
Yl
(v) Ix+7y<21 (Gujranwala Board 2007)
X—-y <2
y=z 0
The associated equations are
Ix+7y =21 .. (1)
X—Yy =2 ... (2)

x-intercept
Put vy

0 ineq.(1)
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Ix+7(0) = 21

3x= 21

21

X =73 = 7

Point 1s (7, 0)
y—intercept

Put x = 0 ineq.(1)
3(0)+ 7y = 21

Ty = 21

Point is (0, 3)

x-intercept
Put y = 0 ineq.(2)

x-0 =2
X =2
Point is (2, 0)

y-intercept
Putt x = 0 ineq.(2)
O-y = 2
y = -2
Point is (0, — 2)
Test Point
Put  (0,0)in

3Ix + 7y < 21
3(0)+7(0) < 21
0<21

Which is true.

Graph of an inequality 3x + 7y < 21 will be towards the origin side.

Put  (0,0)in
X-y < 2
0-0 < 2
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0=2
Which is true.

Graph of an inequality x — y < 2 will be towards the origin side.

X+ > X
Yf
(vi) 3x+7y<21 (Gujranwala Board 2006)
2x-y > -3
x >0

The associated equations are

Ix+7y =21 ... (1)
2x-y = =3 ... (2)
x-intercept
Puu vy = 0 ineq.(1)
3x+7(0) = 21
Ix= 21
X = 2?1 = 7

Point is (7, 0)
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y—intercept
Put x = 0 ineq.(1)
3(0)+T7y = 21

Ty = 21
21
y =% =3

Point 1s (0, 3)
x-1ntercept
Put  y = 0 ineq.(2)
2x-0= -3
-3
2
3

X

Point is [_— , 0)

y-intercept
Put x = 0 ineq.(2)

20)-y = -3

y =3

Point is (0, 3)
Test Point

Put  (0,0)in
3x+ 7y < 21
3(0)+7(0) < 21
0<21

Which is true.

Graph of an inequality 3x + 7y < 21 will be towards the origin side.

Put  (0,0)in
2x—-y > -3
200)-0 > -3

0 = -3
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Which 1s true.

Graph of an inequality 2x — y > — 3 will be towards the origin side.

Q.4:

find the corner points in each case.

Graph the solution region of the following system of linear inequalities and

(i)  2x-3y<6 (ii) Xx+y<5 (i)  3x+7y<2l
2x+3y <12 -2x+y<2 2x-y< -3
x20 y =20 y >0

(iv) 3x+2y>6 (v) 5x + 7y <35 (vi) 5x + 7y <35
x+3y< 6 ~-x+3y<3 x-2y<2
y=z 0 X >0 x >0

Solution:

(i) 2x-3y < 6
2x+3y <12
x>0

The associated equations are
2x -3y = 6
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2x+3y =12 .. ()

x-intercept
Put  y = 0 ineq.(1)

2x-3(0) = 6
2x =0
6
X = ;) = 3
Point is (3, 0)
y-intercept
Putt x = 0 ineq.(1)
200)-3y =6
3y =6
6

Point is (0, — 2)
X-intercept

Put' y = 0Oimneq.(2)

2x +3(0) = 12

x = 12
12

X =5 = 6

Point is (6, 0)
y-intercept

Putt x = 0 ineq.(2)
2(0)+3y = 12
Jy = 12
y ='% =4
Point is (0, 4)

Test Point
Put  (0,0)1in
2x — 3y < 6
2(0)-3(0) < 6
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0<6
Which is true.
Graph of an inequality 2x — 3y < 6 will be towards the origin side.
Put  (0.0)in
2x + 3y < 12
2(0)+3(0) = 12
0<12
Which is true.

Graph of an inequality 2x + 3y < 12 will be towards the origin side.

v

To find the intersection of both the lines solving eq. (1) & eq. (2)
Adding eq. (1) and eq. (2)

2x—-3y =6
2x +3y = 12
4x = 18
18 9
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9
Put X = zin eq. (1)
9
2(5]—3}( = 6
9-3y =6
8
y =371

pooe(2. 1)
oint|{ 5 , ]

o

So the corner points are (0, —2), ( , 1 ){'U, 4)

2 |

(i) x+y <5

-2x+y <2

y =2 0

The associated equations are
x+ty =5 ... (1)
y-2x =2 ... (2)

x-intercept
Put' y = 0 ineq.(1)
x+0=25
X =5
Pointis (5, 0)
y-intercept
Putt x = 0 ineq.(1l)
0+y=5
y =35
Point 1s (0, 5)

x-intercept
Put vy = 0Oineq.(2)
0-2x =2
2
X =5 = -1

Pointis (= 1, 0)
y-intercept
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Put x = 0 ineq.(2)
y-2(0) =2
y = 2
Point is (0, 2)
Test Point
Put  (0,0)1n

xty <5
0+0 <5
0<5

Which is true.
Graph of an inequality x + y < 5 will towards the origin side.
Put  (0,0)in
y—-2x < 2
0-2(0) < 2
0<2
Which is true.
Graph of an inequality y — 2x < 2 will towards the origin side.

v

,

Y

To find the intersection of both the lines solving eq. (1) & eq. (2).
Equation (1) — Eq. (2), we get

xty = 5
2x+ v = -2
3x = 3

=1

x:

[
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Put x = lineq.(l)

l+y =5

y =5-1=4

Point (1, 4)

So the corner points are (— 1, 0), (5, 0), (1, 4)
(iii) 3x+7y<21

2x-y < -3

yz 0

The associated equations are
x+T7y =21 L. (1)
2x-y =-3 ... (2)

X-intercept
Put  y = 0 ineq. (1)

3x +7(0) = 21
3Ix= 21
21

X =73 = 7

Point is (7, 0)

y—intercept
Putt x = 0 ineq. (1)
3(0)+ 7y = 21
Ty = 21
21

Point is (0, 3)

x-intercept
Put' v = 0 ineq.(2)
2x-0= -3

X
Point is (— . 0]

y-intercept
Put x = 0 ineq.(2)
20)—y = -3
—y = -3
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y =3
Point is (0, 3)
Test Point
Put  (0,0)1n
3Ix + Ty < 21
3(0)+7(0) < 21
0<21
Which is true.
: Graph of an inequality 3x + 7y < 21 will not be towards the origin side.
Put (0, 0) in
2x—y < -3
200)-0<=-3
0<-3
Which is false.
Graph of an inequality 2x — y < — 3 will not be towards the origin side.

-3
So the corner points are (7 , 0)(0, 3)

(iv) 3x+2y>6

X+3y< 6

y =2 0

The associated equations are
Ix+2y =6 ... (1)

x+3y =6 .. (2)
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X-intercept

Put y =0
3x +2(0) = 6
Ix= 6

6

X =3

Point is (2, 0)

y—intercept

Put x =0
3(0)+2y = 6
6

Y 72

Point is (0, 3)
x-intercept

Put  y =0
x+3(0) = 6
. =
Point is (6, 0)
y-intercept
Put x =0
0+3y= 6
6
Y )
y = 2
Point is (0, 2)
Test Point
Put  (0,0)in
3x + 2y =
3(0)+2(0) >
0<6

Which is false.

ineq. (1)

ineq. (1)

in eq. (2)

ineq. (2)

6
6

Graph of an inequality 3x + 2y = 6 will not be towards the origin side.

Put  (0,0)in
x+3y <6
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0-3(0) <6
0 < 6
Which 1s true.
Graph of an inequality x + 3y < 6 will be towards the origin side.

v

Y
To find the intersection of both the equations solving eq. (1) & eq. (2)

Eq. (1) —Eq. (2) x 3, we get

3x+2y= 6
—3x+9y= — 18
-7y = —12

12
Y 7 7

12 .

Put y = 7 n ¢q. (2)

12
x+3(7} = 6
3

x+76 = 6
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_42-36
X 7 7
6

7
(6 12
Point (.}H 7)

‘ (6 12
So the corner points are (2, 0), (6, 0), b , 7]

(v) S5x+7y <35
-x+3y <3
x > 0
The associated equations are
5x +7y = 35 ... (1)
-x+3y =3 ... (2)

x-intercept
Put vy = 0 ineq. (1)

5x+7(0) = 35
5x= 35
35
X =735 = 7
Point is (7, 0)
y—intercept
Put x = 0 ineq.(1)
5(0)+ 7y = 35
35
y =5 =5

Point 1s (0, 5)

x-intercept
Put vy = 0 ineq.(2)

~x+3(0)= 3
-X =3
X = —3

Point is (— 3, 0)
y-intercept

Put x = 0 ineq.(2)

-0+3y =3
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Point is (0, 1)
Test Point

Put  (0,0)in

Sx+ 7Ty < 35
5(0)+7(0) < 35

0<35
Which is true.

Graph of an inequality 5x + 7y < 35 will be towards the origin side.

Put  (0,0)1n

-x+3y <3

-0+3(0)<3

0 < 3
Which is true.

Graph of an inequality — x + 3y < 6 will be towards the origin side.

v

To find the intersection of both the equations solving eq. (1) & eq. (2)
Eq. (1)~ Eq. (2) x 5, we get

5x +7y = 35
—Sx+ 15y = 15
22y = 50

50

y _ 2V

22
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25
Put vy = 11 ineq. (2)

11
75
11 X
42
T
Point(%, %)

. (42 25
So the comer points are (0,1), TR

(vi) Sx+7y <35
x—-2y <2
x > 0
The associated equations are
5x +7y =35 ... (1)
X—2y =2 . (2)
x-intercept
Put v = 0 ineq. (1)

5x +7(0) = 35
35
X =35 = 7
Pointis (7, 0)
y-intercept
Put x = 0 ineq.(l)
5(0)+ 7y = 35
35
X = 73 =5

Point is (0, 5)
X-intercept
Put vy = 0 ineq.(2)
x-2(0) =2
X = 2
Point is (2, 0)
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y-intercept
Put x = 0 ineq.(2)
0-2y =2
2
y =5 = -1
Point 1s (0, — 1)
Test Point
Put (0,0)in
S5x + Ty <35
5(0) + 7(0) < 35
0<35

Which 1s true.

F 3

A J
!

Y
. Graph of an inequality 5x + 7y < 35 will be towards the origin side.
Put (0, 0)in

X-2y < 2
0-2(0)< 2
0<2

Which is true.

" Graph of an inequality x — 2y < 4 will be towards the origin side.
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To find the intersection of both is the equations solving eq. (1) & eq. (2)
Eq.(1)—Eq. (2) x 5, we get

5x+7y = 35
—5xF 10y =— 10
17y = 25
2_5
Y 717

25

Puty = 17 in eq. (2), we get

2
x-2($)- 2
50
‘(_ﬁ =2
50
X = 2473
~ 34+50
= 17
_ 84
77
84 25
" Pomt(” , ﬁ,

25 o
So the corner points are ( 17 ° 17 ), (0, 5),(0,-2)

Q.5:  Graph the solution region of the following system of linear inequalities by

shading.

(i) 3x—-4y<12 (ii) 3x—4y<12
3x+2y>3 Xx+2y<6
x+2y<9 x+y>1

(iii) 2x+y<4 (iv) 2x+y=<10
2x -3y > 12 x+y<7
x+2y<6 -2x+y<4

(v) 2x+3y<18 (vi) 3x-2y=>3
2x+y<10 x+4y <12

-2x+y<2 Ix+y<12
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Solution:
(i) 3x—-4y<12
3x+2y>3
x+2y<9
The associated equations are
Ix—4y=12 o (1)
Ix+2y=3 ...(2)
x+2y=9 ... (3)
x-intercept
Puty=01neqgs. (1), (2)and (3)

Ix—40)=12 Ix+2(0)=3 x+2(0)=9
3x= 12 Ix=3 X =9
12 _ o v
=2_, . =§:1 . Point is (9, 0)
3 3
. Point is (4, 0) - Pointis (1, 0)
y-intercept
Putx =0 1inegs. (1), (2) and (3)
3(0)—4y=12 3(0)+2y=3 0+2y=9
12 , 3 9
y =~—47=-3 y =3 y =3
- Pointis (0, — 3) . Point is ( 0. é) |
2 9
g Pointis(U , E)

Test Point

Put (0,0)in
3x -4y <12
3(0) - 4(0) <12
0<12

Which is true.

. Graph of an inequality 3x — 4y < 12 will be towards the origin side.
Put (0,0)in
3x+2y> 3
3(0) +2(0) =3
0=>3
which is false.
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*. Graph of an inequality 3x + 2y = 3 will not be towards the origin side.
Put (0,0)in
Xx+2y<9
0+2(0)<9
0<9
Which i1s true.
*. Graph of an inequality x + 2y < 9 will be towards the origin side.

@

(ii) 3x—-4v<12

X+2y<6

x+ty>1

The associated equations are
Ix—4y=12 v (1)
x+2y =6 soe N}
x+ty=1 ...(3)

x-intercept

Put y = 0 in equations (1), (2) and (3)
Ix—40)=12 Xx+2(0)=6 x+0=1
3x=12 X=06 x =1
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. Point is (6, 0) -, Point is (1, 0)

. Point is (4, 0)

y-intercept
Put x = 0 in equations (1), (2) and (3)

3(0)— 4y = 12 0+2y =6 0+y=1
12 6 y =1
=—7=-3 y=5=3

. Point is (0, 1)
. Pointis (0, - 3) - Point1s (0, 3)

Test Point
Put (0,0)1n
3x—4y<12
3(0)—4(0)< 12
0<12
Which is true.
", Graph of an inequality 3x — 4y < 12 will be towards the origin side.
Put (0,0)in
X+2y<6
0+2(0)<6
0<6
Which is true.
". Graph of an inequality x + 2y < 6 will not be towards the origin side.
Put (0,0)in
Xx+y> 1
0+0=> 1
0 =1
Which is false.

", Graph of an inequality x + y > 1 will not be towards the origin side.
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J £ g

Y

L

X X
v
(iii) 2x+y<4
2x-3y>12
x+2y<6
The associated equations are
2x+y =4 (1)
2x -3y =12 ... (2)
x+2y =6 ... (3)
X-intercept
Put y = 0 in equations (1), (2) and (3)
2x +0=4 2x - 3(0)=12 x+2(0)=6
4 2x=12 X =6
X =5 =2 .
< - 12 s . Point is (6, 0)
. Pointis (2, 0) 2
. Pointis (6, 0)
y-intercept
Put x = 0 in equations (1), (2) and (3)
200)+y=4 2(0)-3y =12 0+2y=6
y = 4 12 6
) ) y = j i 4 y = 5 - 3
. Point1s (0, 4) . =
. Pointis (0, — 4) . Point 1s (0, 3)
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Test Point

Put (0,0)in
2x+y<4
2(00+0<4
0<4

Which is true.

*. Graph of an inequality 2x + y < 4 will be towards the origin side.
Put (0,0)In
2x - 3y>12
2(0)-3(0) =12
0=12

Which is false.

.. Graph of an inequality 2x — 3y > 12 will not be towards the origin side.
Put (0,0)in
X+2y<6
0+2(0)<6
0<6
Which is true.
". Graph of an inequality x + 2y < 6 will be towards the origin side.

Y
®

(iv) 2x+y <10
x+y <7
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-2x+y<4

The associated equations are
2x+y =10  ..(])
x+ty =17 ... (2)
-2x+y= 4 ... (3)

x-intercept
Put y = 0 in equations (1), (2) and (3)

2x+0=10 x+0=7 x4+ 0=4
10 =17 4
X = ? =5 X . . X = 3 = _2
. Pointis (7, 0)
. Pointis (5, 0) . Pointis (-2, 0)
y-intercept
Put x = 0 in equations (1), (2) and (3)
2000+y= 10 0+y =7 -2(0)+y=4
y = 10 y =7 y=4
. Point 1s (0, 10) . Point is (0, 7) .. Point is (0, 4)
Test Point
Put (0,0)1n
2x ty <10
2000 +0<10
0<10

Which is true.
*. Graph of an inequality 2x + y < 10 will be towards the origin side.
Put (0,0)in
x+y<7
0+0<7
0<7
Which 1s true.
.. Graph of an inequality x + y < 7 will be towards the origin side.
Put (0,0)1in
-2xty<4
-2(0)+0<4



Mathematics (Part-11) 490 (Ch. 03) Linear Inequalities & Linear Programming

0<4
Which is true.

", Graph of an inequality — 2x + y < 4 will be towards the origin side.

(v) 2x+3y<I18
2x+y <10
—2x+y<2
The associated equations are
2x +3y = 18 ... (1)
x+y =10 ...(2)
-2x+y= 2 e (3)
x-intercept
Put y = 0 in equations (1), (2) and (3)
2x +3(0) = 18 2x+0= 10 -2x+0= 2
2x = 18 2x = 10 2
-2

X =
_]_8 =9 _m_ 35
x_ = X— =

= 1

. Pointis (-1, 0)
. Pointis (9, 0) -, Pointis (5, 0)
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y-intercept
Put x = 0 in equations (1), (2) and (3)

2(0)+3y = 18 200)+y =10 -20)+y = 2
Jy =18 y = 10 y =2
18 . Point is (0, 10) - Point is (0, 2)

L =6

. Point is (0, 6)

Test Point
Put (0,0)in
2x + 3y <18
2(0) +3(0)< 18
0<18
Which is true.
. Graph of an inequality 2x + 3y < 18 will be towards the origin side.
Put (0,0)in
2x+y <10
200)+0<10
0<10
Which is true.
". Graph of an incquality 2x + y < 10 will be towards the origin side.
Put  (0,0)In
—2x+y<2
-2(0)+0<2
0<2
Which is true.

. Graph of an inequality — 2x + y < 2 will be towards the origin side.
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(vi) 3Ix-2y>3
x+4y <12
Ix+y<12

The associated equations are
3x -2y = 3

x+4y = 12
Ix+y =12

x-intercept

e (1)
. (2)
. (3)

Put y = 0 in equations (1), (2) and (3)

Ix-2(00) =3
Ix =3

_ 3

X 73

. Pointis (1, 0)

y-intercept

x+40)= 12
Xx = 12

. Pointis (12, 0)

Put x = 0 in equations (1), (2) and (3)

3J(0)-2y =3
3
Y7 -2
. Point is (0 —=
> 2
Test Point
Put (0,0)in
3x-2y>3
3(0)-2(0)=3
0=3
Which is false.

)

0+4y = 12
12

y T4
", Point is (0, 3)

=3

Ix+0 = 12
12

X =73=

. Pointis (4, 0)
30 +y= 12
y =12

. Point1s (0, 12)

. Graph of an inequality 3x — 2y > 3 will not be towards the origin side.

Put (0, 0)1n
X+4y <12
0+4(0)<12

4
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0=<12

Which is true.

Graph of an inequality x + 4y < 12 will be towards the origin side.
Put (0,0)in
Ix+y<12
3(0)+0<12
0<12
Which is true.

Graph of an inequality 3x + y < 12 will be towards the origin side.

EXERCISE 5.2

Q.4: Graph the feasible region of the following system of linear inequalities and
find the corner points in each case.

(i) 2x-3y<6 (ii) x+y<5 (iii) x+ty=<s3
2x + 3y <12 -2x+y<2 -2x+y>2
x>0 ,y>0 x >0,y>o0 x >0,y>0
(iv) 3x+7y<2l (v) 3x+2y>6 (vi) 5x+ 7y <35
x-y < 3 x+y<4 x-2y<4
x>0,y >0 x>0,y=>0 x>0,y>0
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Solution:
(i) 2x -3y <6 (Lhr. Board 2005)
2x+3y <12

x>0 ,v>0

The associated equations are
2x-3y =6 ... (1)
2x+3y =12 ... 2)

X-intercept
Put vy = 0 ineq.(l)

2x - 3(0) = 6
2x. =0

6
X 2523

Point 1s (3, 0)

y-intercept
Putt x = 0 ineq.(l)

20)-3y =6
~3y = 6
6

y = -3 - -2

Point is (0, — 2)

x-intercept
Put y = 0Oineq.(2)

2x +3(0) = 12
x = 12
X = 12—2 =6
Point is (6, 0)
y-intercept
Putt x = 0 ineq.(2)

2000+ 3y = 12
3y = 12
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Point 1s (0, 4)
Test Point

Put  (0,0)1in

2x — 3y < 6

2(00—3(0) < 6

0<6

Which is true.
Graph of an inequality 2x — 3y < 6 will be towards the origin side.
Put  (0,0)in
2x + 3y < 12
2(0)+3(0) < 12
0<12
Which is true.

Graph of an inequality 2x + 3y < 12 will be towards the origin side.

v

Y/

OABC is the feasible solution region so corner points are
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0(0,0), A(@3,0), C€(0,4)
To find B solving eq. (1) & eq. (2)
Adding eq. (1) & eq. (2)

2x-3y =6
2x +3y = 12
4x = 18
_ 18 _ 9
X T4 T2
Put
9 .
X =3 meq. (1)
)
2 5/—3y =6
9-6 = 3y
3
y = 3 =1

3(3.1)
(ii) Xx+y<5

-2x+y<2

x=0 ,y=20

The associated equations are

xty =5 . (1)

y-2x=2 .. (2)
x-intercept

Put y = 0 ineq.(l)

X

+0=35
X = 5
Point 1s (5, 0)

y-intercept
Putt x = 0 ineq.(1)

)
+
e
Il

Lh
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Point 1s (0, 5)
x-intercept

Put y = 0Oineq.(2)
0-2x = 2
2

X =5 = —1
Pointis (— 1, 0)

y-intercept
Putt x = 0 ineq.(2)

y-20) =2
y = 2
Point is (0, 2)

Test Point
Put  (0,0)in

x+y <5
0+0 < 5
0<5

Which is true.
Graph of an inequality x + y < 5 will towards the origin side.
Put  (0,0)in
y-2x < 2
0-2(0) < 2
0<2
Which is true.
Graph of an inequality y — 2x < 2 will towards the origin side.

k.

OABC i1s the feasible solution region so corner points are
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00, 0), A(5,0), C(0,2)

To find B solving eq. (1) & eq. (2)

Eq. (1) — Eq. (2) we get
X+ y= 5

¥2xi y_ 2

Ix=

Put

l+y = 5
y = 5-1 =4
- B(1,4)
(i) x+y=<S35
-2x+y>2
x>0 ,vy>0

The associated equations are

Xty =5 .. (1)
-2x+y =2 .. (2)
x-intercept
Puty = 0 ineq. (1)
x+0 =5
X =5
Point is (5, 0)
y-intercept
Putx = 0 ineq.(l)
0+y =5
y = 3

Point is (0, 5)
x-intercept

Puty = 0 ineq.(2)

-2x+0 =2
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Point is (—
y-intercept
Putx = 0 ineq.(2)
-2(0)+y= 2
y = 2
Point is (0, 2)
Test Point
Put  (0,0)in
x+ty < 5
0+0 < 5
0<5
Which is true.
Graph of an inequality x + y < 5 will be towards the origin side.
Put  (0,0)in
—-2x+y > 2
-2(0)+ 0= 2
0=2
Which is false.
Graph of an inequality — 2x + y = 2 will not be towards the origin side.

—
-

=
o

0 (5,0)

ABC is the feasible solution region. So corner points are A (0, 2), C (0, 5). To
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find B solving eq. (1) & eq. (2)
Eq. (1)- Eq. (2), we get
x+ty =35

F2x+y = 2

Ix= 3
3
X = i =1
Put x = 1 ineq.(l)
l+y =5
y =5-1 =4
s B(1,4)
(iv) 3x+7y<21
x-y< 3

x>0,vy>0

The associated equations are

x+7y = 21 ... (1)
X-y =3 ... (2)
X-intercept
Puty = 0 ineq.(l)
Ix +7(0) = 21
Ix= 21
21
X =73 = 7
Point is (7, 0)
y-intercept
Putt x = 0 ineq.(l)
3(0) + 7y = 21
21

Point is (0, 3)

x-intercept
Put y = 0 ineq.(2)
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x-0=13
X =3
Point is (3, 0)

y-intercept
Put Xx = 0 ineq.(2)

0-y = 3
y = -3
Point is (0, — 3)
Test Point
Put (0, 0) in

3x + Ty < 21
3(0)+7(0) < 21
0<21

Which is true.

Graph of an inequality 3x + 7y < 21 will be towards the origin side.

Put  (0,0)in

x—-y < 3
0-0 < 3
0<3

Which is true.

Graph of an inequality x — y < 3 will be towards the origin side.

Y

F 3
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OABC 1s the feasible solution region so corner points are
0(0, 0), A(3, 0), C(0, 3)

To find B solving eq. (1) & ¢q. (2)

Eq. (1) +Eq. (2)x 7, we get

3x+7y = 21
Ix—Ty = 21
10x = 42
_ 42 21
X T T s
21
Put x = 5 in eq. (2)
21
5oy 73
21
5 ~3 <Y
21 —15
Yy s
_ 6
Y =5

B (ﬁ 6 }
5 75,
(v) 3x+2y > 6
xt+ty<4
x>0,y >0
The associated equations are
3x + 2y
x+ty =4 . (2)

X-intercept
Put y = 0 ineq.(1)

Il
(=)}
H
H

F oam
[
e

3x +2(0) = 6
6
X =3 = 2

Point is (2, 0)
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y-intercept
Putt x = 0 ineq. (1)
3(0)+2y = 6
y = 3 =3
Point 1s (0, 3)
X-intercept
Put y = 0 ineq.(2)
x+0= 4
x = 4
Point is (4, 0)

y-intercept
Put Xx = 0 ineq.(2)
0+y =4
y = 4
Point 1s (0, 4)

Test Point
Put (0,0)1n
3x + 2y = 6

3(0)+2(0) = 6
0>6
Which is false.
Graph of an inequality 3x + 2y > 6 will not be towards the origin side.
Put  (0,0)1n
x+ty < 4

0+0 < 4
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0<4
Which is true.

Graph of an inequality x + y < 4 will be towards the origin side.

>
F 3

®

ABCD is the feasible solution region so corner points are
A(2,0),B(4,0),C(0,4),D(0,3)
(vi) 5x+7y < 35
x—-2vy<4
x20,y 20

The associated equations are

Sx+7y = 35 ... (1)
x-2y =4 ... (2)
x-intercept
Put y = 0 ineq.(1)
Sx +7(0) = 35
35
X =% = 7

Point is (7, 0)
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y-intercept

Put x = 0 ineq. (1)
5(0) + 7y = 35
35

Point is (0, 5)
x-intercept

Put y = 0 ineq.(2)
x—-2(0) = 4
x = 4
Point is (4, 0)
y-intercept
Put x = 0 ineq.(2)
0-2y =4
y = _4—2 = -2
Point is (0, —2)
Test Point
Put  (0,0)in
Sx+7y < 35
5(0)+7(0) < 35
0 < 35

Which is true.
Graph of an inequality 5x + 7y < 35 will be towards the origin side.
Put (0,0)1n

x-2y <4
0-2(0) < 4
0<4

Which is true.

Graph of an inequality x — 2y < 4 will be towards the origin.
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Y

v
v

Y

OABC is the feasible solution region so corner points are
0 (0,0),A(4,0),C(0,5)

To find B solving eq. (1) & eq. (2)

Eq. (1)— Eq. (2) x 5, we get

5x +7y = 35
— Sx Floy = -20
17y =15

_ 15

Yy T 17

15
Put y = 17 in eq. (2)

2(15) -
x—‘_‘17 = 4

30
x-17 =4
30
X = 4+l7
68 + 30

X = 17
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98
e
98 15)
B = (17 * 17)

Q.2: Graph the feasible region of the following system of linear inequalities and
find the corner points in each case.
(i) 2x+y <10 (ii) 2x +3y <18
x+4y <12 2x+y<10
x+2y<10 Xx+4y <12
x>0,y>0 x>20,y>0
(iii) 2x +3y <18 (iv) x+2y<14
x+4y <12 3x +4y <36
3x+y<12 2x+y<10
x>0,y>0 x>0,y>0
(v) x+3y<15 (vi) 2x+y<20
2x+y<12 8x + 15y <120
4x +3v <24 x+y<lI1l1
x>0,y>0 x>0,y>0
Solution:
(i) 2x+y <10
x+4y <12
x+2y<10
x>0,y>0
The associated eqs. are
2x+y=10 ... (1)
x+4y=12 . (2)
Xx+2y=10 ... (3)
X-intercept
Puty=01negs. (1),(2) and (3)
2x+0 = 10 x+4(0)= 12 x+2(0)= 10
2x =10 x =12 x = 10
10 . Pointis (12, 0) . Pointis (10, 0)
X =75 = 5
. Point1is (5, 0)
y-intercept
Put x=01negs.(1),(2)and(3)
20 +y =10 0+4y = 12 0+2y =10
y = 10 4y =12 2y =10

{Ch. 03) Linear Inequalities & Linear Programming
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. Point is (0. 10) 12 _ 10
y -4 =3 y = 8 = 5
. Point is (0, 3) . Point is (0, 5)

Test Point
Put (0, 0)

2x +y <10

2000+ 0<10

0<10

Which is true.
Graph of an inequality 2x + y < 10 will be towards the origin side.
Put (0,0)in

xtd4y <12
0+40)<12
0<12

Which is true.

Graph of an inequality x + 4y < 12 will be towards the origin side.
Put (0,0)in

x+2y<10

0+2(0)<10

0<10

Which is true.

Graph of an inequality x + 2y < 10 will be towards the origin side.
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OABC is the feasible solution region so the corner points are
0 (0,0), A(5,0),C(0,3)

To find B solving eq. (1) & eq. (2)

Eq. (1)—Eq. (2) x 2, we get

2x + y = 10
— 2Xx£8y = -24
-7y = — 14
14

y =7 T ¢

(ii) 2x+3y < 18 (Guj. Board 2005) (Lhr. Board 2008)
2x+y < 10
x+4y < 12
x>0 , y =20
The associated equations are

2x + 3y = 18 ... (1)
2x+y = 10 ... (2)
X+4y = 12 ... (3)

X-intercept
Put y=01negs. (1),(2)and (3)

2x +3(0) = 18 2x+0 = 10 x+4(0)= 12
2x = 18 2x = 10 x = 12
18 10 : int is ’
x =5 = 9 . =?=5 . Pointis (12, 0)
. Pointis (9, 0) . Pointis (5, 0)
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y-intercept
Put x=01negs.(1),(2)and(3)
2000 +3y = 18 200)+y = 10 0+4y = 12
Jy = 18 y =10 4y =12
18 . Pointis ( 12
y =5 = 6 . Pointis (0, 10) . . 3
. Pointis (0, 6) . Pointis (0, 3)
Test Point
Put (0, 0)
2x +3y < 18
2(0)+3(0)< 18
0<18

Which is true.

Graph of an inequality 2x + 3y < 18 will be towards the origin side.
Put (0, 0)1in

2x+y <10
200)+0<10
0<10

Which is true.

Graph of an inequality 2x + y < 10 will be towards the origin side.
Put (0,0)in

x+4y<12

0+40)<12

0<12

Which 1s true.

Graph of an inequality x + 4y < 12 will be towards the origin side.
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v

OABC 1s the feasible solution region so the corner points are
0(0,0), A(5,0),C(0,3)

To find B solving eq. (2) & eq. (3)

Eq. (2) - Eq. (3) x 2, we get

2x + y = 10
- 2x+8y = -24
Ty = —14
~ 14

y = "7 =2

x +42) = 12

Xx + 8 = 12
X = 12-8 =4
B = (4, 2)

(iii) 2x +3y <
x+4y < 12
x+y < 12

x>0 , y >0

The associated equations are

2x + 3y = 18 ... (1)

Xxt+4y = 12 (2)

Ixty = 12 (3)
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x-intercept
Put y=01negs. (1), (2)and (3)

2x +3(0) = 18 x+40)= 12 Ix+0 = 12
2x = 18 x =12 Ix = 12
18 : int is 12
= 9 . Pointis (12, 0) < = = 4
2 3
. Point 1s (9, 0) o, Pointis (4, 0)

y-intercept
Put x=01negs. (1),(2)and (3)

2(0) + 3y = 18 0+4y = 12 3(0)+y = 12

Jy = 18 12 y =12
L o8 y =473 . Point is (0, 12)
3 - Point is (0, 3)

. Point is (0, 6)

Test Point

Put (0,0)in
2x +3y <18
2(0)+3(0)< 18
0<18

Which is true.
Graph of an inequality 2x + 3y < 18 will be towards the origin side.
Put (0, 0)in

x+4y <12
0+4(0)<12
0<12

Which is true.

Graph of an inequality x + 4y < 12 will be towards the origin side.
Put (0, 0)in

Ix+y<l12

3(0)+0<12

0<12

Which is true.

Graph of an inequality 3x + y < 12 will be towards the origin side.
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OABC is the feasible solution region so the corner points are
0(0,0), A (4,0),C(0,3)

To find B solving eq. (2) & eq. (3)
Eq. (2) x 3 —Eq. (3), we get

3x +12y = 36
Ix+t vy = —12

(iv)

11y = 24

_ 24
Y T

24 _
Put vy = ﬁin eq. (3)

3x+4y < 36

2x+y=<10

x>0 , y =10

The associated equations are
x+2y = 4 . (1)
3x+4y = 36 ... (2)
2x+y = 10 . (3)

X-intercept
Put y=0inegs.(1),(2)and (3)

x +2(0)
X

= 14 3x +4(0)=36
= 14 Ix = 36

. Pointis (14, 0) 36

X =3 = 12
. Pointis (12, 0)

2x+0 = 10
2x = 10
10

x=7=5

. Pointis (5, 0)
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y-intercept
Put x=01inegs. (1), (2)and (3)

0+2y = 14 3(0)+4y = 36 200)+y = 10
14 4y = 36 y = 10
y =3 °=17 _6 - Point s (0, 10)
. Point is (0, 7) T4 T
. Point is (0, 9)

Test Point
Put (0,0)in

Xx+2y<14

0+2(0) < 14

0<14

Which s true.

Graph of an inequality x + 2y < 14 will be towards the origin side.
Put (0,0)in

3x +4y <36

3(0) +4(0) <36

0<36

Which is true.

Graph of an inequality 3x + 4y < 36 will be towards the origin side.
Put (0, 0)in

2x+y <10

2(0)+0<10

0<10

Which is true.

Graph of an inequality 2x + y < 10 will be towards the origin side.

OABC is the feasible solution region so the corner points are
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0(0,0), A(5,0),C(0,7)
To find B solving eq. (1) & eq. (3)
Eq. (1) x 2 - Eq. (3), we get

2x + 4y = 28
- 2x+ vy = -10
3y =18
y = % =6
Put vy = 6ineq. (1)
x+2(6) = 14
x+12 = 14
X = 14-12
X = 2
o B (2, 6)
(v) x+3y < 15
2x+y < 12
4x+3y < 24

x>0, v >0
The associated equations are

x+3y = 15 .. (1)
2X+y = 12 2)
A4x+3y = 24 ... (3)

X-intercept
Put y=01ineqgs.(1),(2)and (3)

x+3(0) = 15 2x+0 =12 4x +3(0)= 24
X = 15 2x =12 4x = 24
. Pointis (15, 0) 12 _ 24
X =5 = 6 X =4 = 6
.. Pointis (6, 0) - Point is (6, 0)
y-intercept
Put x=01negs. (1), (2)and (3)
0+3y = 15 2000 +y= 12 40)+3y = 24
15 y = 12 3y =24
y =3 = 5 ) L
. Point1s (0, 12) _ 24 — 3
. Point is (0, 5) Y7 3
. Pointis (0, 8)




Mathematics (Part-11) 517 (Ch. 15) Linear Inequalitics & Linear Programming

Test Point

Put (0,0)1n
x+3y <15
0+3(0)<15
0<15

Which is true.
Graph of an inequality x + 3y < 15 will be towards the origin side.
Put (0,0)n

2x+y <12
2000+ 0<12
0<12

Which is true.

Graph of an inequality 2x + y < 12 will be towards the origin side.
Put (0,0)in

4x +3y <24

4(0)+3(0) <24

0<24

Which is true.

Graph of an inequality 4x + 3y < 24 will be towards the origin side.
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OABC is the feasible solution region so the corner points are
0O (0,0), A(6,0),C(0,5)

To find B solving eq. (1) & eq. (3)
Eq. (1) - Eq. (3), we get

x+ 3y = 15
~ 4x+ 3y = 24
-3x = -9
— C
Put x = 3ineq. (1)
3+ 3y = 15
3y = 15-3
3y = 12
y = % =4
o B(3.4)
(vi) 2x+y < 20
8x + 15y< 120
x+y <11
x>0, v >0
The associated equations are
2x +y =20 ... (1)
8x+ 15y = 120 ... (2)
X+y =11 ... (3)

x-intercept

Put y=0inegs. (1), (2)and (3)

2x+0 = 20
2x= 20
20

X =5 =

Fa

. Pointis (10, 0)
y-intercept

10

8x + 15(0) =120

8x =120
X = ¢ =

. Pointis (15, 0)

Put x=01inegs.(1),(2)and (3)

2(0)+y = 20
y = 20
*. Point is (0, 20)

8(0) + 15y = 120
15y = 120

x+0= 11
X =11
- Pointis (11, 0)
O0+y = 11
y =11

. Pointis (0, 11)
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120
R
. Point 1s (0, 8)
Test Point
Put (0,0)in
2x+y <20
2(0)+0<20
0<20

Which is true.

Graph of an inequality 2x + y < 20 will be towards the origin side.
Put (0,0)in

8x + 15y <120

8(0)+ 15(0) < 120

0<120

Which is true.

Graph of an inequality 8x + 15y < 120 will be towards the origin side.
Put (0,0)in

xty<ll

0+0<11

0<11

Which is true.

Graph of an inequality x +y < 11 will be towards the origin side.
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OABCD is the feasible solution region so the corner points are
O (0,0), A(10,0), D (0, 8)

To find B solving eq. (1) & ¢q. (3)

Eq. (1) — Eq. (3), we get

2x + y = 20
— x4+ v = —11
X =9
Put = 9ineq. (3)
9+ y = 11
y = 11-9
y =2
B(9,2)

To find C solving eq. (2) & eq. (3)
Eq. (2)— Eq. (3) x 8, we get
8x + 15y= 120

— 8 + 8y = —88

Ty = 32
32
Yo7
32 _
Put y = 7meq.{3)
x+¥ = 11
X = 11—2
7
_77-32
7
45
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EXERCISE 5.3

Q.1 Maximize f (x,y) = 2x+ S5y (Lhr. Board 2007)

Subject to the constraints

2y-x<8 ; Xx-y< 4 ; x>0 ; v >0
Solution:

The associated equations are

2y-x =8 ... (1)

X—y =4 ... (2)
X-intercept

Put y = 0 meq. (1)

200 — x = 8

x = -8

Pointis (— 8, 0)

ineq. (1)

0
8
2y =8
8
) = 4

Point is (0, 4)

X-intercept
Put y = 0 ineq.(2)
x-0 =4
X = 4
Point is (4, 0)

y-intercept
Put x 0 ineq.(2)
0-y =4
y = -4
Point is (0, — 4)

Test Point
Put (0,0)1n
2y —-x <8
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2(0)-0<8
0<8
Which is true.
Graph of an inequality 2y — x < 8 will be towards the origin side.
Put (0, 0) in

X-y< 4
0-0< 4
0 <4

Which is true.
Graph of an inequality x — y <4 will be towards the origin side.

OABC is the feasible solution region so corner points are
0 (0,0), A(4,0),C(0,4)

To find B solving eq. (1) & eq. (2)

Adding eq. (1) & eq. (2)

2y-x = 8
x-y =4
y = 12

Put v = 12ineq.(2)
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x-12 =4
x = 44+12 = 16

B (16, 12)
Now

f(x,y) = 2x+5y ... (3)
Put O (0, 0) in eq. (3)

f(0,0) = 2(0)+50)= 0
Put A (4, 0) in eq. (3)

f(4,0) = 2(H+50)= 8+0= 8
Put B (16, 12) in eq. (3)

f(16,12) = 2(16)+5(12) = 32+60 = 92
Put C (0,4) in eq. (3)

£(0,4) = 2(0)+5(4) = 20

The maximum value of f(x, y) = 2x + Sy is 92 at the corner point B (16, 12).

Q.2 Maximize f (x, y) = x + 3y (Lhr. Board 2006) (Guj. Board 2007, 2008)
Subject to the constraints

2x +5y <30 ; S5x+4y < 20; x>0 ; v >0
Solution:
The associated equation are
2x+5y = 30 ... (1)
Sx+4y = 20 . (2)
x-intercept
Put y = 0 ineq. (1)
2(x) + 5(0) = 30
2x = 30
X = ? = 15
Point 1s (15, 0)
y-intercept
Put X = 0 ineq. (1)
200 + S5y = 30
5y = 30
y = ? =6

Point is (0, 6)
X-intercept
Put y = 0 ineq.(2)
5x+4(0) = 20
5x = 20
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20
x = =4

Point 1s (4, 0)

y-intercept
Put x = 0 ineq.(2)

50)+4y = 20
20
y =73 =93
Point is (0, 5)
Test Point
Put (0,0)in
2x + Sy <30
2(0) - 5(0) < 30
0 <30

Which 1s true.

Graph of an inequality 2x + 5y < 30 will be towards the origin side.
Put (0, 0) in

Sx+4y < 20

5(0) +4(0) < 20

0 < 20

Which is true.

Graph of an inequality 5x + 4y < 20 will be towards the origin side.

@ F 3
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OAB is the feasible solution region so corner points are
0 (0, 0), A (4,0), B (0, 5)

fix,y) = x+3y (3)
Put O(0,0)ineq.(3)

f(0,0) = 0+3(0)= 0
Put A (4,0)ineq. (3)

f4,0) = 4+3(0)= 4
Put A (0,5)ineq. (3)

f(0,5) = 0+3(5 =15

The maximum value of f (x, y) = x + 3y is 15 at corner point B (0, 5).
Q3 Maximize Z = 2x+3y
Subject to the constraints

3x+4y<12 ; 2x+y <4 ; 4x-y<4; x>0 ; y =0
Solution:
The associated eqs. are
3x+4y = 12 ... (1)
2x+y =4 L (2)
dx-y =4 .. (3)
x-intercept
Put y = 0 inegs. (1), (2)and (3)
Ix +4(0) = 12 2x+0 = 4 4 -0 =4
Ix =12 4 4
12 X = 5 = 2 X = Z
x =3 =4 - Pointis (2, 0) x = 1
Point is (4, 0) Point 1s (1, 0)
y-intercept
Put x = 0 inegs.(l),(2)and (3)
3J(0)+4y = 12 2(0) = 4 40y = 4
_ 12 y = 4 y = -4
4 -4 : Point 15 (0, 4) Point 1s (0, — 4)
y =3
Point is (0, 3)

Test Point
Put (0,0)1in
Ix+4y <12
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Put

3(0)+4(0)<12
0<12
Which is true.
Graph of an inequality 3x + 4y < 12 will be towards the origin side.
Put (0, 0) in
2x+y < 4
2000+0 < 4
0 <4
Which is true.
Graph of an inequality 2x + y < 4 will be towards the origin side.
(0,0) 1n

dx —y<4
4(0)-0<4
4(0)-0<4
0<4

which is true

Graph of an inequality 4x — y < 4 will be towards the origin side.
OABCD is the feasible solution region so corner points are
0(0,0), A(1,0),D (0, 3)

To find B solving eq. (2) and eq. (3)

Eq. (2) - Eq. (3), we get

2x+y =4
4x — = 4
6x = 8
_ 8 _ 4
X767 3
4 _
Put x = gincq.(Z)
4
2[§)+y = 4
8
y = 4-3
o 12-8 4
-3 3

o
=
TN
TN
R
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To find C solving eq. (1) and eq. (2)
Eq. (1) - Eq. (2) x 4, we get

Ix+4y = 12
Ex+4y = 16
-5x = -4
_ -4
T s
Put x = 5 ineq. (2)
4
2(5 oy = 4
_,.8
y = %75
~20-8
B 5
_ 12
5
4 B
(‘(5 s)
z = 2x+3y (3)

Put O (0,0)ineq. (3)

z = 2(0)+3(0) =

Put A (1,0) in eq. (3)

2(1)+3(0) =
4 4

Put B(g : i) in eq. (3)

2(5)+3(5)

12
3

Z:

z:

wl-h

(4 123 "
Put C’(S - }meqiﬁ)
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Put D (0,3)ineq. (3)
20+33) =9

The maximum value of 2 =

z:

Y

2
@

X"
¥¢'
Q4 Minimize z = 2x+y
Subject to the constraints
xty>3 ; Tx+5y < 35;
Solution:
The associated eqs. are
x+ty =3 . (1)
Tx+S5y = 35 ... (2)
x-intercept
Put y = 0 ineq.(1)
x +0 = 3
X =3

Point is (3, 0)

x>0

X + 3y is 9 at corner point D (0, 3).

y > 0 (Guj. Board 2005)
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y-intercept
Put x = 0 neq. (1)
0 +y =3
y =3

Point is (0, 3)
x-1ntercept

Put y = 0 ineq.(2)
7x+5(0) = 35
7x = 35
35
X =5 =
Point is (5, 0)
y-intercept
Put x = 0 ineq.(2)
7(0)+ 5y = 35
y = % =7

Point 1s (0, 7)
Test Point
Put (0,0)mn
X+y=>3
0+0=3
0=3
Which is false.
Graph of an inequality x + v > 3 will not towards the origin side.
Put (0, 0) in
Tx+35y < 35
7(0) +5(0) < 35
0 < 35
Which is true.
Graph of an inequality 7x + Sy < 35 will be towards the origin side.
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A J

Y
ABCD is the feasible solution region so corner points are
A(3,0),B(50),C(0,7),D(0,3)
Z = 2X+Y e (3)
Put A(3,0)ineq.(3)
z = 23)+0 =6
Put B (5,0)1neq. (3)
z = 2(5)+0 =10
Put C(0,7)ineq. (3)
2 = 20)+7 =7
Put D (0,3)ineq. (3)
z = 20)+3 =3
The minimum value of 2 = 2x + yis 3 at corner point D (0, 3).

Q.5 Maximize the function defined as f (x, y) = 2x + 3y subject to the
constraints

2x+y<8 ; x+2y < 14; x>0 ; yv >0 (Lhr. Board 2009)
Solution:

The associated eqs. are

2x+y =8 ... (1)

x+2y =14 . (2)
x-intercept

Put y = 0 ineq. (1)

2x + 0 = 8
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2x = B
8
X =5 = 4
Point is (4, 0)
y-intercept
Put x = 0 ineq.(1)
2000ty = 8
y = 8

Point 1s (0, 8)
x-intercept
Put y = 0 ineq.(2)
x +2(0) = 14

x = 14
Point is (14, 0)
y-intercept
Put x = 0 ineq.(2)
0+2y = 14
14
y =73 =17
Point is (0, 7)
Test Point
Put (0,0)in
2x +y<8
2(0)+0<8
0<8

Which is true.

Graph of an inequality 2x + y < 8 will be towards the origin side.
Put (0, 0) in

xt+2y < 14

0+2(0)< 14

0 < 14

Which is true.

Graph of an inequality x + 2y < 14 will be towards the origin side.
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>
AN

"

r

Y’

OABC is the feasible solution region.
0(0,0),A4,0),C(0,7)

To find B solving eq. (1) & eq. (2)
Eq. (1)—Eq. (2) x 2, we get

2x+y = 8
—2x+ 4y = —28
-3y = -20
20
y = 3
20 ,
Put y = 3 Incq. (2)
20
x+2(7] = 14
x+43—0 = 14
40
X = 14—3
42 - 40
x —
2
x =3
20

So corner points are
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f(x,y) = 2x+3y e (3)
Put O (0, 0)neq.(3)
£(0,0) = 2(0)+3(0)= 0
Put A (4,0)ineq. (3)
f(4,0) = 2(4)+3(0) = 8
2 20Y . v
Put B(; \ T) in eq. (3)

(5.3) =2(5)n(3)
_ 460

33
- 4+60 64

3 3

Put C(0,7)ineq. (3)
f(0,7) = 2(0)+3(7) = 21
. . . .6 . 2 20
The maximum value of f (x,y) = 2x+3yis 3 atcorner point B ( 3 ?)
Q.6: Minimize # = 3x+ysubject to the constraints
3x+5v>15 ; x+6y > 9 5 x>0 ; y > 0 (Lhr.2005,2011)
Solution:
The associated eqs. are
Ix+5y =15 ... (1)
X 6y =9 ... (2)
x-intercept
Put y = 0 ineq.(1)

3x +5(0) = 15
3x =15
15

X =3 =5

Point is (5, 0)

y-intercept
Put x = 0 ineq. (1)

3(0)+5y = 15
S5y = 15
15
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Point 1s (0, 3)
X-intercept
Put y = 0 ineq.(2)
x +3(0) =9
X =209
Point is (9, 0)
y-intercept
Put X =
0+ 6y =

ineq. (2)

0
9
3

. 3
Point 1s (0, 3 )

>
AN

Test Point
Put (0,0)in
3X+ 5y =15
3(0) + 5(0) =15
0>15
Which 1s false.
Graph of an inequality 3x + S5y > 15 will not be towards the origin side.
Put (0, 0) in
X+6y > 9
0+6(0)> 9
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0>9
Which is true.
Graph of an inequality x + 3y < 9 will not be towards the origin side.

ABC is the feasible solution region. So corner points are
A (9, 0), C (0, 3)

o = 3x+y (3) To find B solving eq. (1) & eq. (2)
Put A (9,0)ineq.(3) eq. (1) —eq. x 3, we get
z = 3(9+0= 27 3x + Sy = 15
45 12 +18y = 27
Put 8(1_3 . ﬁ)m eq. (3) o Y -
B 45y 12 — 13y = _12
7 =3 [13) 13
135 12147 y =1
21331 13
Put C (U, 3) mn cq. (3} Put y = E in eq. (2)

._.
(S

z = 3(0) +3 =3

B
+
>N

e

0—;—
U..)
\-__../
Il

O

x+% 9
72
X = 9—E
117-72
XT3
45
BRE

(H ~ _a

The minimum value of z = 3x + yis 3 at corner point C (0, 3).

Q.7: Each unit of food x costs Rs. 25 and contains 2 units of protein and 4 units of
iron while each unit of food Y costs Rs. 30 and contains 3 units of protein and
2 units of iron. Each animal must receive at least 12 units of protein and 16
units of iron each day. How many units of each food should be fed to each
animal at the smallest possible cost?

Solution:
Let x be the unit of food X and y be the unit of food Y.
Minimize f (x,y) = 25x+ 30y
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Subject to the constraints
2x +3y = 12

4x +2y = 16

x>0 ,y=0

The associated eqs. are

2x+3y = 12 ... (1)
4x+2y = 16 ... (2)
x-intercept
Put y = 0 ineq.(l)
2x +3(0) = 12

2x = 12

X = 12_2 =6

. Point s (6, 0)

y-intercept

Put x = 0 ineq. (1)
2(0)+3y = 12
Jy =12
12
Point is (0, 4)
X-intercept
Put y = 0 ineq.(2)
4x +2(0) =16
4x =16
1

Point is (4, 0)

y-intercept

Put x = 0 1ineq.(2)
4(0)+2y = 16
2y = 16
16

Point is (0,

8)
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Test Point
Put (0,0) in
2x+3y = 12
2(0)+3(0) = 12
0>12

Which is false.

Graph of an inequality 2x + 3y > 12 will not be towards the origin side.
Put (0,0)in

4x +2y = 16

4(0)+2(0) = 16

0=16

Which is false.

Graph of an inequality 4x + 2y > 16 will not be towards the origin side.

>
AN

ABC is the feasible solution region. So corner points are
A(6,0),C(0,8)

To find B solving eq. (1) & eq. (2)

Eq. (1) x 2 —Eq. (2), we get

dx -6y = 24
—4x+2y = —16
4y = 8
8

y = 372

Put v = 2ineq.(1)
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= 25x + 30y

A dealer wishes to purchase a number of fans and sewing machines. He has
only Rs. 5760 to invest and has space at most for 20 items. A fan costs him
Rs. 360 and a sewing machine costs Rs. 240. His expectation is that he can
sell a fan at a profit of Rs. 22 and a sewing machine at a profit of Rs. 18.
Assuming that he can sell all the items that he can buy, how should he

2x+3(2) = 12
2x + 6 = 12
2x = 12-6
2X = 6
X = g =3
B(3,2)
f(x.y) = 25x+30y ............. (3)
Put A (6,0)ineq. (3)
£(6,0) = 25(6)+30(0) = 150
Put B (3,2)ineq.(3)
£(3,2) = 25(3)+30(2) = 75+60
Put C(0,8)ineq.(3)
£(0,8) = 25(0)+30(8) = 240
The smallest cost of f(x, y)
is 135 at corner point B (3, 2)
Q.8:
invest his money in order to maximize his profit?
Solution:

Let x be the number of fans and y be the number of sewing machines.

Maximize f(x,y) = 22x+ 18y

Subject to the constraints

360x + 240y < 5760

X +y <20

x>0 , y =0

The associated egs. are

360x + 240y = 5760
xty = 20

X-intercept

Put 'y = 0 imeq.(l)
360x +240 (0) = 5760



Mathematics (Part-11) 539  (Ch. 05) Linear Inequalities & Linear Programming
5760
Y7360
Point is (16, 0)
y-intercept
Put x = 0 ineq.(1)
360 (0) +240y = 5760
5760
Y7 240
Point is (0, 24)
x-intercept
Put y = 0 ineq.(2)

- 24

x+0= 20
X = 20
Point is (20, 0)
y-intercept
Put x = 0 ineq.(2)
0+y= 20
y = 20
Point is (0, 20)

Test Point
Put (0, 0) in
360x + 240y < 5760
360 (0) + 240 (0) < 5760
0 <5760
Which is true.
Graph of an inequality 360x + 240y < 5760 will be towards the origin side.
Put (0,0)in
x+y < 20
0+0 < 20
0 < 20
Which is true.

Graph of an inequality x + y < 20 will be towards the origin side.
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) |

1

00 O

v
s

Y
OABC is the feasible solution region.
So corner points are
0 (0, 0), A (16, 0), C (0, 20)
To find B solving eq. (1) & eq. (2)
Eq. (1) — Eq. (2) x 240, we get

360x +240y = 5760
—240x +£240y = —4800
120 = 8
690
X7 120
Put x = 8ineq.(2)
8+y = 20
y = 20-8 = 12
B(8,12)
f(x,y) = 22x+ 18y .coene. (3)

Put O (0,0)ineq. (3)
£(0,0) = 22(0)+18(0) =0
Put A (16,0)ineq.(3)
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f(16,0)= 22(16)+ 18 (0) = 352
Put B (8, 12)ineq. (3)

f(8,12) = 22 (8)+ 18(12)
Put C (0, 20)ineq. (3)

£(0,20) = 22(0)+ 18(20) = 360
The maximum profit of (x, y) = 22x + 18 y is 392 at corner point B (8, 12).

176 +216 = 392

Q.9: A machine can produce product A by using 2 units of chemical and 1 unit
of a compound or can produce product B by using 1 unit of chemical and 2
units of the compound. Only 800 units of chemical and 1000 units of the
compound are available. The profits per unit of A and B are Rs. 30 and Rs.
20 respectively, maximize the profit function.

Solution:

Let x be the units of product A and y be the units of product B.
Maximize f(x,y) = 30x+ 20y
Subject to the constraints
2x+y < 800
x+2y = 1000
x=0 , y =0
The associated eqs. are
2x+y = 800 ... (1)
x+2y = 1000 ... (2)
x-intercept

Put y = 0 ineq.(l)
2x+0 = 800

800
X = 5 = 400

c Point is (400, 0)

y-intercept
Put x = 0 ineq.(1)
200+y = 800

y = 800
Point is (0, 800)
x-intercept

Put y = 0 ineq.(2)
x+2(0) = 1000

X = 1000
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Point is (1000, 0)
y-intercept

Put x = 0 ineq.(2)
0+2y = 1000
1000
y =75 = 500

Point 1s (0, 500)
Test Point
Put (0, 0) in
2x+y < 800
2(0)+0 < 800
0 <800
Which is true.
Graph of an inequality 2x + y< 800 will be towards the origin side.
Put (0,0)in
x+2y < 1000
0+2(0) < 1000
0 < 1000
Which is true.
Graph of an inequality x + 2y < 1000 will be towards the origin side.

>
AN

(1000,0)

v

OABC i1s the feasible solution region. So corner points are
O (0, 0), A (400, 0), C (0, 500)
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To find B solving eq. (1) & eq. (2)
Eq. (1) - Eq. (2) x 2, we get

2x + y = 800
~2x + 4y = —2000
- 3y = - 1200
y = @ = 400
Put vy = 400ineq.(2)
x+2(400) = 1000
x+800 = 1000
X = 1000 — 800
X = 200
B (200, 400)
f(x,y) = 30x+20y ............. (3)

Put 0O(0,0)ineq. (3)
£(0,0) = 30(0)+20(0) = 0
Put A (400, 0) ineq. (3)
£(400,0) = 30(400)+20(0) = 12000
Put B (200, 400) in eq. (3)
£(200,400) = 30(200)+ 20 (400)
= 6000+ 8000 = 14000
Put  C (0, 500) in eq. (3)
£(0,500) = 30(0)+20(500) = 10000
The maximum profit of f (x, y) = 30x + 20y is 14000 at corner point B (200, 400).
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Circle
The set of all point in the plane that are equally distant from a fixed point is called a

circle.
The fixed point is called centre of the circle and the distance from the centre of the

circle to any point on the circle is called the radius of circle.

Equation of Circle
Let ” be radius and C(A,k) be centre of circle. Let P(x,y)

be any point on c1rc|1; gl|en: ) P(xy)
= Ja—h’+(y—k? = r
On squaring
(x=h) +(y—k) = 7
This is equation of circle in standard form.
If centre of circle is at origin i.e. C(h,k)=C(0,0) then equation of circle becomes

x2+y2 = 1"2

Equation of circle with end points of diameter
Let A(x,y,) and B(x,,y,) be end points of

diameter.
Let P(x,y) be any point on circle then

mZLAPB =90
(Note: An angle in a semi circle is a right angle —
see Theorem 4 at page 270)

Thus the line AP and BP are | ar to each other

and we have
(Slope of AP) (Slope of BP) = —1

- (y—ylj(y—yzj _ 4
x—x )\ x—x,
= (y=2)(y-») = —(x—x)(x—x,)
= (x-x)(x—x)+(y=-»)(y-y,) = 0
is the required equation of circle with end points of diameter A(x,,y,) & B(x,,,).

General form of an equation of a circle
The equation
X+ y +2gx+2f+c = 0
represents a circle.
= X +2gx+ g+ Y 42+ f+c = g+ f?

= ()H—g)2+(y+f)2 = g+ f—c

P(x,y)

A(x;,y)) B(x,,y,)
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= (x=(0) +(y-(=p)) = («/g2+f2—c)2

This is equation of circle in standard form with

centre at (—g,—f) and radius =/g*+ > —¢
Question # 1

In each of the following, find an equation of the circle with

(a) centre (5,—2) and radius 4 (b) centre (\/5,—3\/5 ) and radius 2+/2
(c) ends of a diameter at (—3,2) and (5,-6).
Solution

(a) Given: centre C(hk) = (5-2) , radius=r=4
Equation of circle:
(x—h)2+(y—k)2 = 7
= (x=5)"+(y+2)" = (4)°
= X —10x+25+y*+4y+4 = 16
= X*+y'—10x+4y+25+4-16 = 0
= xX*+y" —10x+4y+13 = 0

(b) Given: centre C(hk) = (\/5—3\/5) . radius =r=242
Equation of circle:
(x=h) +(y=k)" = 7’
= (x—\/z)2+(y+3\/§)2 = (2\/5)2
= ©-22x+2+ > +6/3y+27 = 8
— P+’ —22x+63y+2+27-8 = 0
= 2+ -2/2x+63y+21 = 0

(c) Given end points of diameter:
A(x,y) = (-32) , B(x,y,) = (5-6)
Equation of circle with ends of diameter is
(x=x)(x=x)+(y=2)(y-x) = 0

= (x=(3))(x=5)+(y-2)(y-(-6)) = 0

= (x+3)(x=5)+(y-2)(y+6) = 0

= X’ +3x—4x-15+y*-2y+6y—-12 = 0

= X+y'-2x+4y-27 =0

Question # 2
Find the centre and radius of the circle with the given equation

(@) x*+y*+12x-10y = 0 (b) 5x* +5y* +14x+12y—10 = 0
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(c) x*+y*—6x+4y+13 = 0 (d) 4x* +4y* —8x+12y-25 = 0
Solution
@ x*+y*+12x-10y = 0
Here 2g=12 , 2f=-10 , ¢=0
= g=6 , f=-5
So centre = (—-g,—f) = (-6,5)

Radius = /g*+f —c = (6)+(=5)° -0

= J36+25 = ol
(b) 5x°+5y* +14x+12y-10 = 0
= x2+y2+%x+%y—2 =0 +ing by 5
Here 2g:% g 2f:% y B=—d
7 6
= g_g > f_g

Radius = Jg’+f’—c = \/(

49 36 27 3

S\t TN TS
(c) Do yourself as above.
(d) Do yourself as above.

Question # 3
Written an equation of the circle that passes through the given

A
points B
(a) A(4,5), B(=4,-3), C(8,-3) A
C

(b) A(=7,7), B(5,-1) , C(10,0)
(C)A(a,O),B(O,b),C(0,0) (d) A(5,6),B(—3,2),C(3,—4)
Solution
Given: A(4,5) , B(-4,-3) , C(8,-3)
Let H(h,k) be centre and r be radius of circle, then
| - (7| - [cil] = -
—_— — 2 s 15
= |aH| = |BH| = |cH| =~
= (h=4) +(k=5)" =(h+4)" +(k+3)" =(h=8) +(k+3)" =r* ...... (i)
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From eq. (1)
(h-4) +(k=5)" = (h+4) +(k+3)’
= I -8h+16+k>—10k+25 = h*+8h+16+k> +6k+9
= h>—8h+16+k>—10k+25—h*—8h—16—k>—6k—9 = 0
= —16h—-16k+16 = 0 = h+k—-1 = 0 ..ccoce... (ii)
Again from (1)
(h+4) +(k+3)" = (h-8)"+(k+3)’
= (h+4)" = (h-8)'= M*+8h+16 = h*—16h+64
= h>+8h+16—h>+16h—64 = 0
= 24h-48 = 0 = 24h = 48 = |[h = 2

Putting value of 4 in (i1)
2+k-1 =0 = k+1 =0 = |k = -1

Again from (1)
rP = (h-4)" +(k-5)
= (2-4) +(-1-5) v h=2, k=-1
= (<2)°+(-6) = 4436 = 40 = r = 40
Now equation of circle with centre at H(2,-1) & r= J40
(x=2) +(y+1)" = (V40)

= X’ —4x+4+y+2y+1 = 40= x*+y" —4x+2y+4+1-40 = 0

= xX*+y*—4x+2y-35 =0 Ans. 4
®  Given: A(-7.7), B(5.-1) , C(10,0) .B
Let H(h,k) be centre and r be radius of circle, then C
77| = || = || =

= [aa[ = [Ba[ = [cH] =~
= (h+7) +(k=7)"=(h=5)" +(k+1)" =(h=10)" +(k—-0)"=r" ....... (i)
From equation (i) we have
(h+7) +(k=7)" = (h=10)"+(k—-0)’
= W +14h+49+k>—14k+49 = h*—20h+100+k’
= h’+14h+49+ k> =14k +49-h> +20h—100—k*> = 0
= 34h—14k-2 = 0 = 17Th=Tk-1 = 0 .......... (ii)
Again from (i)
(h=5)"+(k+1)" = (h—10)"+(k—-0)’
= h?—10h+25+k*+2k+1 = h*—20h+100+k>
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= h*=10h+25+k*+2k+1—h*+20h—-100—k* = 0
= 10h+2k-74 = 0
= Sh+k-37 = 0 ............. (111)
Multiplying eq. (iii) by 7 and subtracting from (i1)
I'7Th = T7Tk—1 =0
35h+7k—259 = 0
S52h -260 = 0
= 52h = 260 = |h =5

Putting value of 4 in eq. (ii1)
5(5)+k—37 =0 = 25+k-37=0 = k-12 =0 =

Again from eq. (i), we have
rPo= (h+7) +(k=7)
= (5+7)°+(12=7)" = (12 +(5)" = 144425 = 169
= r = 13
Now equation of circle with centre (5,12) and radius 13:
(x=5)"+(y-12)" = (13)’
= x> —10x+25+y*—-24y+144 = 169
= X4y —10x—24y+25+144-169 = 0
= x*+y'-10x-24y = 0

(¢) Given: A(a,0), B(0,b), C(0,0) A
Let H (h,k) be centre and r be radius of circle, then B
| - (a1 - ] - P
— 12 —2 —2
= \AH] - \BH] - ]0H| = /2

= (h—a) +(k=0)"=(h=0) +(k-b) =(h=0) +(k-0)"=r
= (h=a) +k =1 +(k=b)' =h +k*=r* oo )

From equation (1)
(h-a)’ +k* = K +k= B*-2ha+d*+k*> = B*+k°

= —Yha+a = 0 = —2ha = —d :h:g—a — | h=

| Q

Again from equation (i)
B +(k-b)" = B +k
= W +k*=2bk+b*> = B +Kk° = —2bk+b* = 0
b’ b
— 12 _ b _
= 2bk = b = k = b = |k 2
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Again from equation (1)

o= h+k’
_(aY (b)Y _ &y _ d ¥
) 2] T &% " TN s
/ 2 2
Now equation of circle with centre [%g) and radius GT_H?
aY b a> b* 2
(38 - (e
2 a2 2 b2 612 b2
= X —Clx+T+y —by+T = T‘FT
2 2 2 2
= xz—ax+%+y2—by+%—%—% = 0= x’+y —ax—by
Alternative Method

Given point on circle:  A(a,0) , B(0,b) , C€(0,0)
Consider an equation of circle in standard form
Y 42gx+ 2 +c = 0 .ol (1)
Since A(a,0) lies on circle, therefore
(@)’ +(0)* + 2g(a)+2f(0)+c = 0
= a2+2ga+c — 3 | S (11)
Also B(0,b) lies on the circle, then
0+ (D) +2g(0)+2f()+c = 0
= b 4+2fb+c = 0 .coeneenn.. (111)
Also C(0,0) lies on the circle, therefore
02+ 0 +22(0)+2f0)+c = 0 = ¢ = 0
Putting value of ¢ in (i1)

a2+2ga+O=O = 2ga = -a = g = ~5g = g
Putting value of ¢ in (ii1)
bB*+2Hh+0 = 0 = 2/h = —b°
b’ b
= [ = ~55 = [ = )

Putting value of g, f and c in (1)

X+ +2(—%)x+2[—§jy+0 =0

= xX’+y —ax—by = 0
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Question # 4
In each of the following, find an equation of the 2
circle passes through 2
(a)A(3,-1) , B(0,1) and have centre at l
4x-3y—-3=0
(b) A(-3,1) with radius 2 and centre at
2x—3y+3=0
(c) A(5,1) and tangent to the line 2x—y—-10=0
at B(3,-4)
(d) A(1,4),B(-1,8) and tangent to the line x+3y—3=0
Solution
(a)  Given: A(3,-1) , B(0,)
[: 4x-3y-3 = 0
Let C(h,k) be centre and r be radius of circle
A & B lies on circle
. [ca| - |cB| = »
= J(h=3) +(k+1) = J(h=0)+(k=1)" = r ... @
= (h=3)" +(k+1)" = *+(k-1)’ on squaring
= W —6h+9+k’>+2k+1 = I’ +k’-2k+1
= W —6h+9+k’+2k+1-h -k’ +2k-1 = 0
= —-6h+4k+9 = 0 ......... (11)
Now since C(h,k) lies on given equation [
~ 4h-3k-3 = 0 ......... (111)
Xing equation (i1) by 3 & (iii) by 4 then adding
—18h +12k+ 27 =0
16h —12k—-12 =0
— 2h +15 =0
= 2h = 15 = | h = %
Putting in (ii1)
4(%)—3/{—3 =0 = 30-3k-3 =0
= -3k+27 = 0= 3%k =27 = |k =9
Now from eq. (1)
ro= i +(k-1)
2
= J(gj +(9-1)" = 2%5%4 = #
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Now equation of circle with centre at C(h,k):(%ﬁj and radius %
15 281
2
(x—?j +(y—9) = ( Tj
= x2—15x+%+y2—18y+81—% =0
= x*+y" —15x—18y+17 = 0
(b) Given: A(-3,1) lies on circle , radius = r = 2

[: 2x=3y+3 =0
Let C(h,k) be centre of circle.

Since A(—3,1) lies on circle

-+ =|c]

= 2 = J(h+3) +(k-1)
= 4 = (h+3) +(k-1)°
= 4 = IP+6h+9+k*-2k+1=> W +6h+9+k’-2k+1-4 = 0

= W +6h+9+k*-2k-3 =0 ........ (1)

Since centre C(A,k) lies on [
~ 2h-3k+3 =0

= 2h =3k-3 = h:Lf .......... (i1)

Putting value of % in (1)
2
(ﬁj +k2+6(ﬂj_zk+6 =0

A(-3,1)

2 2
2_
= 2 3fk+9+k2+9k—9—2k+6 - 0
= 9k —18k+9+4k>+36k—-36—8k+24 = 0 xing by 4
= 13k*+10k-3 = 0 = 13k*+13k-3k-3=0
= 13k(k+1)—3(k+1) =0= (k+1)(13k—3) =0
= k=-1 or k= % , Putting value of & in (ii)
3(-1)-3
h - 2 h — 3(%3)_3
-6 2
2 _A3-3 :_3%3 _ 15
= —3 2 2 13
= (-3,-1) is centre of circle 15 3. :
"33 1s centre of circle.
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Now equation of circle with centre at (—3,1) and radius 2

(x+3)+(y+1)" =2 = (x+3)+(y+1) =4

Now equation of circle with centre at (—%,%) and radius 2

15Y 3Y _ 0
5] 3] -
= +E 2+ 3 2 =4
T3 13) -
(¢) Given: A(5,1) and I: 2x—y—10 = 0 is tangent at B(3,—4) 1
Let C(h.k) be centre and r be radius of circle.

* A(5,1) and B(3,—4) lies on circle
.. |AC|=|BC|=r

Ji=5) +(k=1) = J(h=3)+(k+4) = r ... (D)

=
= (h=5)"+(k=1)" = (h=3) +(k+4) On squaring
= h*—10h+25+k>=2k+1 = " —6h+9+k*>+8k+16
= h*—10h+25+k* -2k +1-h*+6h—9—k* -8k —16 = 0
= —4h-10k+1 =0 ........... (i1)
Now slope of tangent [ = m; = —% = _—ll = 2
And slope of radial segment CB = m, = %
Since radial segment is perpendicular to tangent therefore
mm, = =1
= 2(ﬂj =1 = 2k+8=—h+3
h-3
= h-3+2k+8=0
= h+2k+5=0 ........... (ii1)

Multiplying eq. (ii1) by 4 and adding in (i1)
4h + 8k + 20 =0
—4h -10k +1 =0

-2k +21 =0

= 2k=21 = |k=—+

Putting value of £ in (ii1)

h+2(%)+5 =0 = h+21+45=0
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= h+26=0 = |h=-26
Now from eq. (1)
r = \(h=3) +(k+4)’

= \/(—26—3)2+(%+4j2 = \/(—29)2+(2—29j2
= ,/841+% = @

Now equation of circle with centre at (—26,%) and radius —42405
o1V [ 4205 )
D
= X +52x+676+y? —21y+%—%)5 =0

= x*+y*+52x-21y-265=0

(d) Given; A(L4) , B(-L138)
[: x+3y-3=0
Let C (h,k) be centre and r be radius of circle then
] =[5 =

= J(h=1) +(k=4)" = J(h+1) + (k=8 = r cooco... Q)
Also [ is tangent to circle
<. radius of circle = Lar distance of C(h,k) form [

| h+3k—3]
= e
J? +(3)?
= 7 = M (11)
SR TR
Now from (1)
\/(h—1)2+(k—4)2 = \/(h+1)2+(k—8)2
On squaring

(h=1)+(k=4)" = (h+1)" +(k-8)’
= W -2h+1+k>—8k+16 = h* +2h+1+k> —16k + 64
= W -2h+1+k*-8k+16—h*—2h—1—-k*+16k—-64 = 0
= —4h+8k-48=0
= h=2k+12=0 ............. (iii)
Now from (i) & (ii)
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h+3k—3]
1)+ (k—ay = i+3k3
V(1) (ke —a) = E
On squaring
) > |h+3k=3[
(h=1) +(k=4)" = —5

= 10[ (h=1)"+(k=4)"| = I* +9K" +9+ 6hk 18k —6h
= 10[ 7 ~2h+1+k> ~8k+16] = h* +9k* +9+6/k 18k — 6k
—

10h* =20h+10+10k*> =80k +160 — h* —9k*>* =9 —6hk + 18k +6h = 0

= O +k*—14h—62k—6hk+161 =0 .......... (iv)
From (i11)

Putting in (iv)
9(2k —12)2 +k* —14(2k —12)—62k—6(2k —12)k+161 =0

= 9(4k> — 48k +144) + k> — 28k +168 — 62k —12k° + 72k +161 = 0
= 36k*—432k+1296+ k* — 28k +168 —62k —12k* + 72k +161 = 0
= 25k* —450k+1625 =0
= k*—=18k+65 =0 +ing by 25
= k*-13k-5k+65=0 = k(k-13)-5(k-13) =0
= (k=13)(k=5) =0
= k=13 or k=5
Putting in eq. (v) Putting in (v)
h =2(13)-12 h=2(5)-12
= 26-12 =14 —10-12 = -2
Now from (1) Now from (i)
r:\/(h—1)2+(k—4)2 r:\/(h_1)2+(k_4)2
= r= \/(14—1)2+(13—4)2 _ \/(2_1)2+(5_4)2
= JA3Y +(9) = J169+81 - 1+1 = 2
= J250 Now eq. of circle with centre (2,5)
Now eq. of circle with centre (14,13) and radius /2
and radius /170 (x=2)" +(y=5)" = \/5)2
(v=14) + (=13 = (VB0) | (o (yos) =2
= (x—14)"+(y-13)" = 250
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Question # 5
Find an equation of a circle of radius a and lying in the
second quadrant such that it is tangent to both the axes.
Solution

Radius of circle = r = a

-+ circle lies in second quadrant and touching both the

axis therefore centre of circle is (—a,a)
So equation of circle
(x—(-a)) +(y—a)’ = (a)

= xX*2ax+a*+y* -2ay+a’-a* =0

= X +y -2ax-2ay+a’ =0

Question # 6
Show that the lines 3x—2y =0 and 2x+3y—13=0 are tangents to the circle

X+ y +6x—4y=0

Solution
Suppose ]
L: 3x=-2y =0 z
L: 2x+3y-13 =0
S: x*+y +6x—-4y=0

From S
28 =6 , 2f =—4 , e=0
= g=3 , [f=-2,

Centre C(-g,—f) = C(-3,2)

Radius = r = Jg>+ f*—¢
= (3 +(=2)* -0
= J9+4=0 =13

Now to check [ is tangent to circle, we find

. 13(-3)-2(2)+0|

- Joer 2
=94 _[=18] _
Po+4 VI3V

= 13 = radius of circle

1 ar distance of /, from centr

g‘,_k
ey

=> [, 1s tangent to given circle.
Now to check [/, is tangent to circle, let

2(=-3)+3(2)-13
1 ar distance of /, from centre = ‘ (53 +3() ‘
V2 +3)
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|-6+6-13]  |-13]
- J4+9 - J13

= = 13 = Radius of circle

= [, 1s also tangent to given circle.

Circles touching each other externally or internally
Let C, be centre and 7 be radius of circle S, and C, be

centre and r, be radius of circle S, .
Then they touch each other externally 1f

‘ C1C2‘ =hth
And they touch each other internally if %
‘C1C2’ = |”2_’”1‘

Question # 7
Show that the circles

x2+y2+2x—2y—7 =0 and x2+y2—6x+4y+9 = 0 touch externally.
Solution

Let §,: X+ 4+2x-2y-7=0

S,: X’ +y’ —6x+4y+9 =0

For §,:
20=2 , 2f=-2 ., ec=-7
= g=1, [f=-1,
Let C, be centre and r, be radius of circle S, S;
then S

Cl(_ga_f) = Cl(_l’l)
Radius = = Jei+ fr-c
= JO*+(=1>=(=7) = JI+1+7 = 9 = 3

For §,:
2¢=-6 , 2f=4 , ¢=9
= g=-3 , f=2
Let C, be centre and r, be radius of circle S, then
Cz(_g’_f) = G, (3’_2)
Radius = r, = \/g’+ f*—c
= J(3+(2°-9 = o+4-9 = 4=2
Now circles touch each other externally if
|C1C2| =K+r
= JB+D) +(2-1)> =3+2
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— J16+9 =5= J25=5 = 5=35

~ Hence both circles touch each other externally.

Question # 8
Show that the circles

X+ v +2x—8 = 0 and x* + y* —6x+6y—46 = 0 touches internally.
Solution
Suppose S X +y"+2x-8=0
S,: X +y —6x+6y—46 =0
For §;: 2¢=2 , 2f=0 , c=-8
= g=1 , f=0
Let C, be centre and 7, be radius of circle S, then
C (~g—f) = C(~1,0)

Radius = 7, = /g°+ f*—c

= JO*+(0°+8 = 9 =3
For §,: 2g=-6 , 2f=6 , c¢=-46
= ¢g=-3 , f=3
Let C, be centre and r, be radius of circle S, then
Cz(_g,_f) - C2(3’_3)

Radius = r, =\gi+f -c
= 3P +(-37—(46) =+0+9+46 =64 =38

Now circles touch each other internally if
1CC,| = |n-n|= JB+1’+(3-0) = |8-3|

= J1I6+9 =[5] = 25=5 = 5=5

Hence circles are touching each other internally.

Question # 9
Find an equation of the circle of radius 2 and tangent to the line x—y—-4=0 at

A(1,-3).
Solution mﬂgeﬂ‘
Given: Radius r = 2, P»\\’E
Tangent: x—y-4 =0 at A(1,-3) N
Suppose C(h,k) be the centre then
|AC| =2

= \/(h—1)2+(k+3)2 =2
On squaring
(h=1)"+(k+3)" = 4
= W -2h+1+k*+6k+9-4 =0= W +k*-2h+6k+6 =0 ........(4)
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Now slope of radial line AC = %
Slope of line tangent = o =1
Since radial line is L ar to tangent, therefore
(Slope of radial line) (Slope of tangent) = -1
s (ﬂ)(l) - _1
h—1
= k+3=-(h-1) = k=-h+1-3 = k=-h-2.... (i1)

Putting in (i) 4% +(~h—2)" =2h+6(~h—2)+6 = 0
= W +h+4h+4-2h-6h-12+6=0= 2h*—4h-2=0 = h*-2h—-1=0

. 24 /(=2)> —4(1)(-1) Putting 4=1-+/2 in (ii)
2(1)
_Zi /4+4 _2i\/§ k:—1+\/§—2:> k:—3+\/§
- ) 9 Now equation of circle with
tre (1—+/2,-3++/2) and radius 2.
_ Zijﬁ _ {23 cenre( \/_2 \/_) and ra 1:13
(x=0-V2)) ~(y-(3+V2)) = @
: B 2 s 5 "
Putting 2=1++2 in (ii) — (x—1+\/§) —(y+3—\/§)) =4
k=—-1-v2-2
= k=-3-2

Now equation of circle with
centre (1 + \/5 -3-— \/5) and radius 2.

(x=0+v2)) = (y-(3-v2)) = @
= (x—l—\ﬁ)z—(y+3+xﬁ))2 =4
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Equation of tangent and normal to the circle
Consider an equation of circle

X4y +2ex+2f+c =0
Then equation of tangent at (x,,y,) is
xx+yy+g(x+x)+f(y+y)+e=10
The equation of normal at (x,,y,) is

(y=n)(x +8) = (x—xl)(yl +f) (See proof at page 257)

Question # 1
Write down equations of tangent and normal to the circle

(i) x*+y* = 25at (4,3) and at (5c0s8,5sin )

(i) 3x* +3y* +5x—13y+2 = 0 at [1,?)

Solution ¥y =25
Differentiating w.r.t. x
dy
2x+2y— =0
dx
dy dy b
= 2y— = —2x = = = ——
ydx dx y
At (4,3)
_ @y 4
Slope of tangent at (4,3) = m = = =—3

Now equation of tangent at (4,3) having slope —%
y_gz_g(x_a,) = 3y-9 = —4x+16

= 4x-164+3y-9=0 = |4x+3y-25=0

Since normal is L ar to tangent therefore

1 1 3
Slope of normal at (4,3) = “m STTa3 T 1
Now equation of normal at (4,3) having slope %
y=3 = %(x—4)
= 4y-12 =3x-12 = 3x-12-4y+12 =0

= |3x-4y =0
At (5c0s8,5sin6)




FSC-II / Ex. 6.2 - 2

Slope of tangent at (5c0s6,5sin8) = m = iy = — 50,059 _ _coso

i (5c0s8,5sin80) Ssiné siné
: : : cos @
Now equation of tangent at (5cos 8,5sin8) having slope — <nd
: cos @
y—35sin8 = _smﬁ(x 5cos6)
= ysin@—5sin*8 = —xcosf+5cos’ 6
= xcos@+ ysin@ = 5sin® @+ 5cos’ 6
= xcos@+ ysinf = 5(sin29+00329)
= xcos@+ ysin€ = 5(1)
= | xcos@+ ysind = 5
Since normal are | ar to tangent therefore
Slope of normal = _1_ sind
P ~ m  cos@
: sin @
Now equation of normal at (5cos8,5sin ) having slope 030
: sin @
y—5sinf = COSH(X—SCOSH)

= ycosf—5sinfcosf = xsinf —3sinfcos b
= xsin@—5sinfcos@ — ycos@+5sinfcosf = 0

= | xsin@— ycos@ =0

(i1) [Alternative Method]
3x*+3y*+5x—=13y+2 =0
5 13 2

= x’+y° +3x—7y+§—0
Comparing it with general equation of circle
5 13 2
=3 . =3 . =3
L5 _ B
£7% - 6

Now equation of tangent at (xl, yl)
xx+yy+g(x+x)+ f(y+y)+ec=0

Here (x,,y,) = (1,%)

10 5 10} 2
— 1-x+?-y+€(x+l)—g(y+?j+§ =0

SRR O E =
A T S A TR
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N E 7 157 _ 0
6" 6718
= 33x+21y+157 =0
1s the required tangent.

Now equation of normal at (x;,y,)
(y=y)(x+8) = (x=x)(3+f)

Here (x,,y,) = [1 %)

= (55l

= (-0 eonf2) = e

= Jx—"7-— 11y+¥—0 = 7x—11y+83—9=0

= 21x-33y+89 =0
1s required equation of normal.

Question # 2
Write down equations of tangent and normal to the circle

4x* +4y* —16x+24y-117 =0
at the point on the circle whose abscissa is —4.

Solution
4x* +4y* —16x+24y—-117 =0 ........ (i)
Since abscissa = —4, so putting x=-4 in given eq.

4(-4)° +4y? —16(—4)+24y—-117 = 0
= 64+4y>+64+24y-117 =0
= 4y"+24y+11=0
244(24)? —44)(11)

- 2@
_ —24%576-176 _ —24+£+400
- - 8
—24+20
= y=—g—
_ =24+20 or _=24-20
= —— y = .
= = —l r = _E
y="35 0 y=-3
: 1 11
So we have points | 4,—= | & | 4,——=
2 2
(i) = x*+y —4x+6y—£ =0

4
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Comparing it with general equation of circle

2¢=-4 , 2f=6 |, Cz_%
Now equation of tangent at (xl, yl)

xx+yy+g(x+x)+f(y+y)+te=0

1
For (x,y) (—4,—§J

Solve yourself as Q # 1(i1)
11
For (x,y) = ( j

Solve yourself as Q # 1(ii)
Position of the point with a circle

Consider the general equation of the circle

X4+ +2gx4+2fy+c =0
The point P(x;,y,) lies on the circle if

XP+yi+2gx +2fy,+c =0
The point P(x,,y,) lies outside the circle if

X+ yl+2gx +2f)+c >0
And the point P(x,,y,) lies inside the circle if

X+ yl+2gx +2f,+c <0
Question # 3

Check the position of the point (5,6) with respect to the circle
(i) x*+y* =81
Solution

(ii) 2x° +2y* +12x—8y+1= 0
(1) x*+y? =81

= xX’+y°-81=0
To check the position of point (5,6), Putting x=5 & y=6 on L.H.S of (i)
(5)° +(6)°—81 = 25+36-81

-20 < 0
Hence (5,6) lies inside the circle.

(ii) 2% +2y* +12x—-8y+1= 0

= X+ +6x—4y+% =0

To check the position of point put x=5 & y=6 on L.H.S of (1)
(5)% +(6)* +6(5) —4(6) +%
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= 25+36+30—24+%
= g > 0
2

Hence (5,6) lies outside the circle.

Length of tangent to the circle
Consider equation of circle

K H+Y +2ex4+2f+c =0

If d denotes length of tangent from point
. PQxy,yy)
P(x,,y,) to the circle then >

d = \/x12+y12+2gx1+2fyl+c

Question # 4
Find the length of the tangent drawn from the point (—5,4) to the circle

5x*+5y* =10x+15y—-131 = 0

Solution  5x* +5y*—10x+15y—131 = 0
131

= x2+y2—2x+3y—T =0
Now length of tangent from point P(x;,y,) is

d = \/x12+y12+2gx1+2fj/1+c
For (x,,y) = (-5,4)

d = \/(—5)2 +(4)°—2(-5)+3(4)

BE]

= \/25+16+10+12—g

5
f184 f 46 .
= ,[— = 2,/— units
5 5
Question #5
Find the length of the chord cut off from the line 2x+3y = 13 by the circle
x*+y? = 26
Solution 2x+3y =13 ........... (1) B
4y =26 ... (ii) A
From (1)
2x = 13-3y
R ) (iif)

2
Putting in (i1)
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2
_ 2
- 169 7iy+9y +y* = 26
_ 2 2
N 169 78y:9y +4y" _ 26

= 13y*—=78y+169 = 104
= 13y* =78y +169-104 = 0
= 13y*=78y+65 = 0
= y*—6y+5= 0
= ¥y -5y-y+5=0
= y(y-5)-1(y-5)=0
= (y=5)(y-1)=10
= y=5 o y=1
Putting in (iii)
‘= 13-3(5) L 13-3(1)
2 2
=—] =5

= (-1,5) and (5,1) are end points of chord intercepted.

So length of chord = \/(5 +1)° +(1-5)°

= J36+16 =452 =213

Question # 6
Find the coordinates of the points of intersection of the line x+2y = 6 with the circle :

¥ 4+y?=2x-2y-39 =0
Solution  x*+y*-2x-2y-39=0.......... (i)
xX+2y =6 .......... (11)
Just solve (1) & (i1) fo get the points

Equation of tangent to the circle having slope m mn

Consider an equation of circle
X2 s y2 — Cl2

Then equations of tangents parallel to the line having

slope m are
y = mxtavl+m? "
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Question # 7
Find equations of the tangents to the circle x* + y* = 2
(i) paralleltothe x—2y+1= 0
(11)) perpendicular to the line 3x+2y = 6
Solution +yt =2
Centre of circle is at origin with radius a = 2
i) Letl: x=2y+1 =0
Slopeof [ = m = _L = 1
-2 2
Since required tangent is parallel to /

. Slope of tangent = m = 5

Now equations of tangents are

y = mxtayl+m?

= y = lxi 2 é
2 4
1 10 10
= y=—xt,/— = y=—xt——0
YT d 2

= x—2yi\/1—0 = (0 are the req. tangents.

(11) Do yourself as above

Question # 8
Find equations of the tangent drawn from

(i) (0,5) to x*+y*> = 16
(i) (-1,2) to x* +y* +4x+2y = 0
(iii)(—1,2) to (x+1)° +(y-2)" = 26 Wt
Also find the point of contact. 0.5)
Solution
@) ¥ +y* =16
= radius of circle is 4 with centre 0(0,0)
Let slope of required tangent be m, then eq. of tangent
passing through (0,5)
y—=5= m(x-0)
= y—-5= mx
= mx—y+5=0............ (1)
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Now since (1) 1s tangent to circle, therefore
Radius of circle = _Lar distance of (i) from centre O(0,0)

|m(0)-0+5]
= 4 =
m’ +(-1)
:4:L = dm’+1 = |5|
m* +1
On squaring

2 2
(#1+m?) = 5|
= 16(m2+1) =25 = 16m>+16 = 25
= 16m*> = 25-16 = l6m*> =9

:>m2:2 :>m:ié
16 4

3 S
When m= 7 putting in (i) When m = —%, putting in (i)

3
Zx_y+5: 0 —%x—y+5: 0
= 3x=4y+20 =0 = 3x+4y-2=0

(ii) ¥ +y*+4x+2y =0

Comparing it with general equation of circle

Wehave 2¢g =4 , 2f=2 , ¢c=0
= g= 2 , f=1

Centre C(-g,—f) = C(-2,-1)

Radius = \/g*+ > —c =20 +1)*=0
=V4+1 =5
Let m be a slope of required tangent, so equation of tangent passing thorough (—1,2)
y=2 = m(x+1)
= y—2=mx+m
= mx—y+(m+2)=0............. (1)
“* (1) 1s tangent ot circle,
. Lar distance of tangent from centre (—2,—1) = Radius of circle

m(=2)—(=1)+ (m+2)| _ 5
Jmy* +(=1)’

—2m+1+m+2| _

=

m* +1
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= ]—m+3| = \/g-\/m2+1
On squaring
m?—6m+9 = 5(m2+1)
= S5m*+5-m*+6m—-9 = 0
= 4dm* +6m—-4 = 0
= 2m*+3m-2= 0
= 2m* +4m-m-2 = 0
= 2m(m+2)—1(m+2) =0
= (m+2)(2m-1)= 0
= m+2=0 or 2m-1=0

= m=-2 or m:l
2
Putting value of m in (1) | |
—2x—y+(-2+2)=0 Ex_y+(§+2] =0
= -2x-y+0=0 1
= —x—-y+—-=0
= 2x+y=0 2 2
= x—2y+5=0
(iii) (x+1)"+(y-2)" = 26

= (x— (D) +(y-2)" = (\/%)2

Centre of circle is (—1,2) and radius /26

Now do yourself as above.
Note: To find point of contact, solve equation of tangent and circle.

Question #9
Find an equation of the chord of contact of the
tangents drawn from (4,5) to the circle B
2x% +2y° —8x+12y+21 = 0
Solution

Given: 2x’+2y*—8x+12y+21 = 0 “.5)

= x2+y2—4x+6y+%: 0 0
Comparing it with general equation of circle
20 =-4, 2f =6, c:%

s g=~2, f=3
Let the point of contact of two tangent be P(x,y,) and Q(x,,y,)
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Eq. of tangent at P(x,,y,)

xx+yy+g(x+x)+ f(y+y)+c=0
= x1x+yly—2(x+x1)+3(y+yl)+% =0

= x1x+y1y—2x—2x1+3y+3yl+% =0

Since tangent is drawn from (4,5), therefore

= x4)+ yl(S)—2(4)—2x1+3(5)+3y1+% =0
21
= 4x1+5y1—8—2x1+15+3y1+7 =0

= 2x1+8y1+% =0

= 4x,+16y,+35=0 ......... (1)
Similarly equation of tangent passing through Q(x,,y,) and (4,5) gives
4x,+16y,+35 =0 ......... (11)

Egs. (1) and (i1) show that both points P & Q lies on the line
4x+16y+35 =0

So it is the required equation of chord of contact.
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Question # 1
Prove that normal lines of a circle pass through the centre of the circle.
Solution Consider a circle with centre at origin and radius r.

+yt=r
Differentiating w.r.t. x
2y P 20 = 2yP oy o DX
dx dx dx Y
Slope of tangent at (x,,y,) =m = dy S
ax (x1.1) N
Since normal is L ar to tangent therefore
1 | y
Slope of normal at (x,, = —— =~ = £L
P ( : yl) m —x/ % X
Now equation of normal at (x,,y,) having slope %
1
Y1
y—n ==-(x—x
=2 x-x)

= XY =XY = X=X
= W = YE smsaeimsmameaenns (1)
Clearly centre of circle (0,0) satisfies (i), hence normal lines of the circles passing
through the centre of the circle.

Question # 2

Prove that the straight line drawn from the centre of a circle perpendicular to a
tangent passes through the point of tangency.

Solution Consider a circle with centre at origin and

radius r.
2

4yt =1t
Differentiating w.r.t. x

2x+ ZyQ =0
dx

dy
= 2y—=—=-2x = = =-—,
ydx dx y

Slope of tangent at (x,,y,) =m = — = —--L,

Slope of line L ar to tangent = L. = L =N

m B —x/y) X
Now equation of line perpendicular to tangent passing through centre (0,0)

= A
y=0 xl(x 0)
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= XY T VX i, (1)
Clearly the point of tangency (x,, y,) satisfy (1), hence the straight line drawn from

the centre of circle perpendicular to a tangent passes through the point of tangency.

Question # 3
Prove that the mid-point of the hypotenuse of a right triangle is the circumcentre of
the triangle.

Solution  Let OAB be a right triangle with ‘ 0A| =a, |OB ‘ =b.
Then the coordinates of Aand B are (a,0) and (0,b) respectively.
Let C be the mid-point of hypotenuse AB. Then

coordinate of C = (a;_o,%) = (2,2).

o103 -(3-)
gy

<

a ? b ’
B - J(__o) o : x
2 2
2 2
T
\/2 2
a> b’
= —_t —
4 4
2 2
|co| = \/(0—3] +(0—9j
2 2
a> b
4 4

Since ]CA| = |CB| = ‘CO , therefore C 1s the centre of the circumcircle.

Hence the mid-point of the hypotenuse of a right triangle 1s the circumcentre of the
triangle.

Mean proportional
Let a,b and ¢ be three numbers. The number b is said to be mean proportional

between a and b if a,b,c are in geometric means or

b a
b* = ac or —_ = —,
a ¢
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Question #4
Prove that the perpendicular dropped from a y
point of a circle on a diameter is a mean

proportional between the segments into which ey
it divides the diameter.
Solution  Consider a circle of radius r and
centre (0,0), then equation of circle
5 B o] ¢ A x

2+yt =7
Let A and B are end-points of diameter of
circle along x-axis, then coordinate of A and B
are (—r,0) and (0, r) respectively.

Also let P(a,b) be any point on circle and
Lar from P cuts diameter at C. Then coordinate of C are (a,0).

Since P(a,b) lies on a circle, therefore

Now

ACI = \/(r+a)2—(()—0)2 = r+a.

Il
=
—_
~
I
Q
~—
)
I
—
(-
I
=
~—
)
Il
~
I
Q

CB|

PC| = J(a—a) +(b-0)" = JO+b* = b.

Now

AC|-ICB| = (r+a)(r—a)

_ 2
= a’+b"-a’ from (1)
= p* = |PC|
= |acl|cB| = |pc||pc| = [ACl o 1PC
7c| ~ [cal

= IPCI 1S a mean proportional to |AC I and ICBI.




Exercise 6.4 (Solutions)rage 251
Calculus and Analvtic Geometrv. MATHEMATICS 12

Question # 1
Find the focus, vertex and directix of the parabola sketch its graph.

i) ¥y =8x (i) x* = —16y
(iii) x* = Sy (v) y* =-12x
v) X =4(y-1)
(vi) y* =-8(x-3)
(vii)(x—1)" = 8(y+2) (viii) y = 6x’~1 <«———gg
(ix) x+8-y*4+2y=0 1
x)x*—4x—-8y+4 =0
Solution \
(i) y =8
Here 4a =8 = a=2
Vertex: 0(0,0)

The axis of parabola is along x-axis and opening of parabola is to the right side.
Focus: (a,0) = (2,0)
Directrix: x+a =0

= x+2=0

=0

x+ 2

4(2’0) f >

(i) x* = —16y ty-4=0
Here 4a =16 = a=4 L
0.0}

Vertex: 0(0,0) T x
The axis of parabola 1s along y—axis and @ _4);

opening of the parabola is downward.
So Focus: F(0,—a) = F(0,—4)

A
A\

Directrix: y—a =0
= y-4=0
() x* =35y

5 :(0,5/4)
Here 4a =5 = a:Z

t (0.’0) —t—— X

A

And vertex: 0(0,0)

The axis of the parabola is along y-axis and
opening of the parabola is upward.

Focus: F(0,a) = F(O,%)

ley+s5=0
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: : 5
Directrix: y+a=0 = y+Z:O

= 4y+5=0

(iv) y? = —12x
Here 4a=12 = a=3
And vertex: 0(0,0)
The axis of the parabola is along x-axis and opening of

the parabola is to the left side. _:(0’0)

Focus: F(-a,0) = (-3,0)
Directrix: x—a =0
= x—-3=0

x-3=0

v) x> =4(y-1) ... ()
Put X =x , Y =y-1
= X’ =4Y ... (ii)
Here 4a =4 = a=1
And vertex of parabola (ii) is O(0,0) with axis of oD
parabola is along Y —axis open upward. ol 55
* Vertex: 0(0,0) i
= X=0, Y=0
= x=0 , y-1=0 = y=1
= (0,1) is vertex of parabola (i)
Now focus: F(0,a) = F(0,1)
-~ X=0, Y=1
= x=0 , y—-1=1
y=1+1 = y=2
= (0,2) is focus of parabola (i) R

Directrix of parabola (i1) is
Y+a=0 = Y+1=0 T
= y—-1+1=0 T

= y = 0 1s directrix of parabola (i) ‘ w t / >

(vi) Do yourself T

vii) (x=1)" = 8(y+2) coveennnne. (i) - =0
Put X =x-1 , Y=y+2 in(i)
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Here 4a=8 = a=2
Axis of parabola is along Y-axis open upward with vertex of (0,0)
= X =0 , Y=0
= x—1=0 , y+2=0
= x=2 , y==2
= (1,-2) is vertex of parabola (i)
Focus of (i) is  (0,a) = (0,2)

= X=0 , Y=2
= x-1=0, y+2=2
=% ¥ =1 , y=0

= (1,0) is the focus of given parabola (i)
Directrix of (i1)

Y+a=0 = Y+2=0
= y+24+42=0 = y+4 =0 isdirectrix of given parabola.
(viii) y = 6x° -1

= 6x' = y+l = X :é(y+1)

Now try yourself
(ix) x+8—y*+2y =0 ) A
= y'-2y =x+8 E —
= y*—2y+1 = x+8+1 S 1
+
= (y—l)2 = x+9 P +
Put X =x+9 , Y =y-1 - x >
901 _
Y2 =X (/?’: \\‘F( 35/}4’1) } o
Here 4a=1 = azi
The axis of parabola is along x-axis and [ e
it is opening to the right side. Y Vi

Vertex of parabola (ii) is (0,0)

= X=0 , Y=0

= x+9=0 , y-1=0

= x==9 , y=1

= (-9,1) is vertex of the parabola (i)

Focus: (4,0) = (l,oj

4
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=

—

X =— , Y =0
4
x+9—l —-1=0
4 0 7
5=l g 1=0
4 Y
35
X = =1
J y

(_?,1j is focus of parabola (i)

Directrix of parabola (i1)

X+a=0

= X+l:O
4
1
= x+9+—=0
4

= x+ %T7 = 0 1s directrix of parabola (i)

(%) Do yourself as above

Question # 2

Write an equation of the parabola with given elements.
(i) Focus (-3,1) ; directrix x=3 (ii) Focus (2,5) ; directrix y=1
(iii) Focus (—3,1) ; directrix x—2y—3=0 (iv) Focus (1,2) ; vertex (3,2)
(v) Focus (-1,0) ; vertex (—1,2) (vi)Directrix x=-2 ,Focus (2,2)

(vii)Directrix y=3 ; vertex (2,2)

(viii) Directrix y =1, length of latusrectum is 8. Opens downward.
(ix)Axis y=0 , through (2.1) and (11,-2)

(x)Axis parallel to y-axis, the points (0,3),(3,4)and(4,11) lie on the graph.

Solution

(1)

Focus: F(-3,1)

Directrix: x =3 ie. x—-3 =0

Let P(x,y) be any point on parabola then by definition
| PF | = Lar distance of P(x,y) from directrix

2 | =3 ’

= J(x+3) +(y-1) T

= \/x2+6x+9+y2—2y+1 :‘x—3‘
On squaring
= X" +6x+9+y°—2y+1 = x*—6x+9




FSC-1I / Ex. 6.4 - 5

= X +6x+9+y —2y+1-x"+6x-9 =0
= Y +12x-2y+1 =0
is required equation of parabola.

(ii) Do yourself as above.

(iii) Focus: F(-3,1)
Directrix;: x—2y-3 =0
Let P(x,y) be any point on parabola, then by definition of parabola
| PF| = Lar distance of P(x,y) from directrix.
2 | x—2y-3 |

= J(x+3) +(y-1) g

= P +6x49+ )7 —2y+1 = %

= V5P +6x+9+)>—2y+1 = [x—2y-3]
On squaring both sides
S5(x7+6x+9+y" —2y+1) = x* +4y” +9—4xy +12y — 6x
= 5x7+30x+45+5y* =10y +5-x*—4y*—9+4xy—-12y+6x = 0
= 4x*+y*+36x—22y+4xy+41=0
is required equation

(iv) Given: Focus (1,2), Vertex (3,2)
Focus and vertex implies that axis of parabola is parallel to x-axis and opening to
left side. Therefore eq. of parabola with vertex (3,2)

(y-2)" = —4a(x=3) ... (i)
Now a = Distance between focus and vertex
= JB-1)+(2-2) = ax0 =2
Putting in (1)
(y-2)" = -4@2)(x=3) = y>—4y+4=—8x+24
= Y —4y+4+8x-20=0 = y*—4y+8x—20=0 isreq.eq.

(v) Do yourself

(vii) Directrix: y =3 1ie. y—3=0
Vertex (2,2)

Since axis of parabola is parallel to y-axis (because directrix is parallel to x-axis).
And opening is downward.
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So equation of parabola with vertex (h,k) = (2,2)
(x—h) = —4a(y—k)
= (x-2) = —4a(y-2)
Now a = Distance of vertex (2,2) from directrix
2-3]  _[=1

“Jorear 1)
Putting in (1)
(x=2)" = —4()(y-2)
= x—4x44 = —4y4+8 = 2 —4x4+d+dy-8 =10

= x*—4x+4y—4 =0 isrequire equation.

(vii1) Directrix: y =1
Latusractum = 4a =8 = a =2
Parabola is open downward
. Consider vertex = (h,—1)

And equation of parabola
(x—h)2 = —4a(y—k)
= (x—h) = -4Q)(y+1) = xX*—2hx+h> = -8y-8
= x*—2hx+8y+h*+8 =0 isreq.eq.

(ix) Axis of parabola: y =0
Let vertex is (h,k)
" 1t lies on x-axis ... k=0
Now equation of parabola with vertex (4,0)
(y—O)2 = 4a(x—h)
= y> =da(x—h) ..cccc..... (i)
"+ (2,1) lies on parabola (i)
s (D) =4a(2-h)
= 1=4a(2=h) e (ii)
Also (11,-2) lies on parabola (i)
(-2)* = 4a(11-h)
= 4 =4a(l1-h)
= 1= a(ll=h) oo, (iii)
Dividing (1) & (i1)
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1_ 4a(2—h)

1 a(ll-h)

1 = 4(2-h) = 11-h = 8—4h
(11-h)

= 4h-h=8-11 = 3h=-3 = h=-1
Putting in (i1)
1= 4a(2—(—1))
= 1 =4a(3) = 1=12a = a=—
Using in (1)
Y = 4(%)&—(—1)) = 3y" = x+1

= 3y’—x-1=0
is the required equation.

(x)  Axis parallel to y-axis, then points (0,3), (3,4) and (4,11) lie on the graph.
Equation of parabola axis parallel to y-axis with vertex (/,k)
(x—h)" = da(y—k) cccoo...... i)
*+ (0,3) lies on parabola (i)
. (0-h)* = 4a(3-k)
= I’ =12a—4ak ............. (ii)
Also (3,4) lies on parabola (i)
(3-h)’ = 4a(4-k)
= 9-6h+h’ =16a—4ak
= I —6h+9 =16a—4ak ................ (iii)
Also (4,11) lies on parabola (i)
(4-h)* = da(11-k)
= 16-8h+h’ = 44a—4ak

= KW -8h+16 = dda—4ak ................ (iv)
Subtracting (i1) & (iii)
h? = 12a—4ak
h? —6h+9=+16a—4ak

Now subtracting (iii) & (iv)
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h* —6h+9 = 16a—4ak
h>—8h+16=+44a—4ak
+ = = +

2h—T==-280 cceveveeveveeurunnnnn. (vi)
Multiplying (vi) with 3 and subtracting from (v)
6h—21 =-84a
+6h—9 = —4a
—12=-80a
12 3
= la=— = —
80 20

Putting in (v)

6h—9 = —40[ | = 6h=9->=22 - |n-=
20 575

D

Putting value of a and h in (i1), we get

2
5 20 20 25 5 5
= g zg_ﬁ = ik — _i = k — _i
5 5 25 5 25 15

Now putting the value of @, 4 and k1n (1), we get

B R N

, 14 49 3 4 , 14 49 4
= X——x+—=—y+— = X ——x——y ———=0
5 25 57 25 5 57 25 25
= xz—&x—éy 220
5 55

= 5x*—14x-3y+9 =0
is the required equation.

Question # 3
Find an equation of the parabola having its focus at the origin and dirctrix parallel to the
(1) x— axis (1) y—axis
Solution
(1) When directrix 1s parallel to x-axis

Suppose F(0,0) be focus and equation of directrix be

y = h (parallel to x-axis)
Le. y—h =0
Now let P(x,y) be any point on parabola the by definition of parabola
|PF| = Lar distance of P(x,y) from directrix
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—h‘

= J(x=0)+ y—02:|y—

J(x=0) +(y-0) o
5 2_|y—h|

= Jx'+y° = 1

On squaring
= +y =y -2hy+h* = X+y -y +2hy-h* =0
= x*+2hy—h*> =0 isreq. equation.

11) When directrix is parallel to y-axis.
When directrix is parallel to x-axis
Suppose F(0,0) be focus and equation of directrix be

x = h (parallel to y-axis)
ie. x—h=0
Now let P(x,y) be any point on parabola the by definition of parabola
| PF| = Lar distance of P(x,y) from directrix
2 | x—nh ’

= J(x=0)+(y-0) = —L_
J(x=0)’+(y-0) o
= Jxi+y® = | 5|

1

On squaring
= X+y =X -2x+h? = F+y -x4+2i-h* =0

= y*+2hx—h* = 0 is req. equation

Question # 4
Show that an equation of parabola with focus at (acos@,asin) and directrix
xcosa+ysina+a=0is (xsina— ycosa)’ = 4a(xcosa+ ysina)
Solution  Focus: F(acosa,asinQ)
Directrix: xcosa+ ysinad+a =0
Let P(x,y) be any point on parabola then by definition of parabola
‘ PF ‘ = L ar distance of P(x,y) from directrix

> |xcosa+ ysina+al

= \/(x—acosa)2+(y—asin0()

Jeos? @ +sina

On squaring

2 |xcosa’+ysin05+a‘2
- 1

= x’—2axcosa+a’cos’a+ y* —2aysina+a’sin*a

(x—acosa)’ +(y—sina)

= xcos’ @+ y*sin® @ +a* + 2axcosa + 2aysin & + 2xysin arcos &
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= x*—x’cosd+ ¥ —y° sin0(+az(cos20(+sin2 a)
=a’ +2axcosa + 2aysin & + 2xysin cos & + 2axcos & + 2aysin o
= x (1— cos’ 0{) +y? (1— sin® a') +a’(1)—a® —2xysinacosa
=4axcosa+4aysina
= x’cos’a+ y’sin’ @ —2xysinacosa = 4a(xcosa+ ysina)
: 2 :
= (xsin@—ycosa)” = 4a(xcosa+ ysin@)
is equation of parabola which is given.

Question # 5

Show that the ordinate at any point P of the parabola is a mean propositional between
the length of the latusrectum and the abscissa of P .

Solution

Consider equation of parabola

y* = dax
= y-y=4a-x
4a
S da_y
y X
latus ractum _ ordinate
ordinate abscissa
= ordinate is mean proportional between latus rectum and abscissa.

Question # 6

A comet has a parabolic orbit with the earth at the focus. When the comet is 150,000km
from the earth, the line joining the comet and the earth makes an angle of 30 with the
asix of the parabola. How close will the comet come to the earth

Solution Suppose earth be at focus which is origin and V (—a,0) be vertex of
parabola.
Then directrix of parabola;
% = —2a A
= x+2a=0 S
Let comet be at a point P(x, y) then by definition of S
parabola 3
|PF] = Lar distance of P(x,y) from =
directrix

|x+2a’

= J(x=0)’+(y-0) - oo

= xz+y2 = |x+2a|

On squaring
xz+y2 = (x+2a)2 ........... (1)
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Also by Pythagoras theorem in A ABC
|oA| +| AP|" = |OP |
= x+y> = (150000)" .............. (ii)
Comparing (1) and (ii)
(x+2a)” = (150000)>

= x+2a =%+150000 ............... (iii)
Now from right triangle OAP
cos30° = M = \/5 = X
~ |oP 2~ 150000
= x= @(150000)
Using in (iii)
§(150000)+2a = +150000
J3
= 2a = J_r150000—7(150000) = 2a = +150000—+/3(75000)
= 2a = 75000(+2-+3) = a=37500(+2-+3)

Since a is shortest distance and can’t be negative

Therefore a = 37500(2—\/§)Km

Question # 7

Find an equation of the parabola formed by the cables of a suspension bridge whose
span is a m and the vertical height of the supporting towards is b m.

Solution  Consider equation of parabola

with vertex O(0,0)

= A4dy . () [; b]
Since P(%,bj lies on parabola 119
a a’
(—j =4d(h) = d = — 0(0,0)
2 1 a B

Putting in (1)

2
2 a
x =4 —
(16b]y
2
, a . . .
=% ¥ = ) required equation.
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Question # 8

A parabolic arch has a 100m base and height 25m. Find the height of the arch at the
point 30m from the centre of the base.

Solution Suppose equation of parabola

with vertex (0,0) P(50 , 25)
X =4ay oo (i) B
From figure, we see that P(50,25) lies on 25
parabola. A
(50)° = 4a(25) C0g

= 2500 = 100q = a=25
Putting in (1)
x* =425y = x* =100y

When x = 30
(30)* = 100y
y=a2 o =0
100
~ Hence the required height = 9m
Question #9

Show that tangent at any point P of a parabola makes equal angles with the line PF
and the line through P parallel to the axis of the parabola, F' being focus. (These
angles are called respectively angle of incidence and angle of reflection).

Solution

Suppose the parabola
yi=dax ............. (1)
Let P(x,,y,) be any point on parabola, then
yvio=dax, ... (i)
Now differentiating (1) w.r.t x
2
iy2=i4ax =% 2y@:4a = b _2a
dx dx dx dx y
dy 2a
Slope of tangent at (x,y,) = m, = — = 22
Ay N
Now slope of PS = m, = -~V
X, —a
D
% —8

Now slope of line parallel to axis of parabola = m, =0

(because axis of parabola is along x-axis)
Let 6 be angle between tangent and line parallel to axis of parabola, then
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2a _ 0 2%
tang, = A" i = 1y1
Ty (@)(0)

Vi
= tanf, = a (111)
i
Let 8, be angle between tangent and PS, then
tan@, = =
1+ m,m,
5 _Z2a ¥ —2a(x —a)
_ x—a __nx-a _ y© —2ax, +2a’
L[ ) 2a Y —a+la Y (% +a)
x—a)l y X —a
_ 2
_ 4ax, —2ax +2a from ()
(% +a)
_ 2ax,+2a* 2a(x +a)
yi(x +a) y(x +a)
2
= tanf, = — .......... (iv)
N

From (iii) and (iv)
tang, = tané, = 6, =20,
as required




2 3 3 ol

. X N X vy
-y | = — —_— =
(1) . 4 b2 1 (11) 2 T 1

Special case of an Ellipse
Circle is a special case of an Ellipse. In circle '™ = 0
Parametric Equations of an Ellipse
x=acosB, y = bsinO are Parametric Equations of Ellipse.
Important points about an Ellipse

" 3_2 <y
2t tp? T 1 b Tl T 1
(1) Eccentricity (1) Eccentricity

e = T2 e = T

(ae)’ = a’—b’ (ae)) = a’—b’

¢’ = a’ - b’ ¢’ = a’— b’ where ¢ = ae
(2) Foci (x ae, 0) or (£c, 0) (2) Foci (0, = ae) or (0,=c¢)
(3) Length of major axis = 2a (3) Length of major axis = 2a
(4) Length of minor axis = 2b (4) Length of minor axis = 2b
(5) Equations of directrix x : x = ig (5) Equations of directrix : y = ig
3 A 2b’ _ i 2b’
(6) Length of latus rectum = a (6) Length of latus rectum = N
(7) Center (0, 0) (7) Center (0, 0)
(8) Vertices (+ a, 0) (®) Vertices (0, + a)
(9) Covertices (0, £Db) (9) Covertices (£ b, 0)
Note:

If center is other than (0, 0) then
equations of ellipse be comes

x-h’ -k’ (x-h)’ (y-k)’

o & 7t =

EXERCISE 6.5

Q.1: Find an equation of the Ellipse with given data and sketch its graph.
(i) Foci (£3, 0) and minor axis of length 10.
(Lahore Board 2009)
Solution:



Given (£ ae, 0) = (£3,0)

y-axis
M

(0.9)

X' € > X-axis
(-+34, 0) F(30) (+/34, 0)
v
yl
ac = 3
== C =3 Also 2b= 10 => b =5
We know that ¢’ = a b
(3) = a’ =5
9 = a’-25
9 + 25 = a’
a’ = 34 == a = = \/’T4l
Required equation of the ellipse is 2T = 1
34 25
Here vertices are
= (+a,0)

(/34 0)

Covertices are (0, £ b)

(0,£5)



(ii) Foci (0,— 1) & (0, —5) and major axis of length 6.

Solution:

We know that center

Also we know that

C = distance between centre and focus

C= ~O-07+=3+1y

C= /4
Given 2a

a

2
6
3

We know for Ellipse

=

C
4-9

With center (0, — 3),

(0,0) .
X-axis
= mid point of foci
3 (’0 +0 —1- 5]
N L2 Y 2
= (0,-3)
= az _ b;-l — (2)3 —_ (3)3 o bl
= _|* = b =35

required equation of the ellipse is

b

by (K

= ]

a

(x-0)  (y+3)
NEE



(iii) Foci (- 3\/3 ,0) & Vertices (=6, 0)
(Lahore Board 2009)

Solution:
(0,3)
(6, 0)
(-6, 0) (0.0) X
(0,-3)
(fae,0) = (=33,0) & (+a,0) = (£6,0)
ae = 33 a = 6
c = 33 a = 6
We know that ¢ = a-b
3P = (o -v
27 = 36-b = b'=9
Required equation of ellipse is % + 'ET =1
Xy
3679 T
Covertices are = (0,£b)
= (0,+3)
(iv)  Vertices (-1, 1), (5, 1) foci (4, 1)& (0, 1)
Solution:
2a = [VV'| 2c = |FF|
2a =G+ +(-1) 2c = AJ(0+4)+(1-1)
2a = [36 2 = [16
2a =6 2c =4
[a = 3‘ ¢c = 2
We know that ¢ = a-b
27 = @3y-v



b = 5
Now center of ellipse = (h,k) = mid point of foci
4+0 1+1
- L2 02

with this center required equation of ellipse
52 2
x-h" -k
.+ b

a b =1
o x=2) (1)
1.€e; 9 + 5 =1
Y-axis

n

3
(v) Foci (= \/5 , 0) & passing through (5 s \/Ej
Solution:

Given (fae, 0) = (ﬂ:‘\/g ,0)
E = \ﬁ we know that ¢ = a’—b’

W5y = a-w
5 = 2_ 2
= = 5+b° ... (1)
Since Ellipse is 7 + Xz = 1
a b
. : . (3 L 3
and it is passing through point | 5 , \/3 thercfore it becomes a2 T | (

from (1) we have a’=5+b> Putin (2)



Gyt !
Ob” + 12(5 + b?) |
4b” (5 +b°)
Ob*+ 60+ 126> = 20b° + 4b
4b* — b - 60 = 0
o~ —EDEVED —4(4) 60)
2(4)
, 14961
B = 8
B 1£31
- 8
. 1 +31 1 -3l
bt =Ty 8
(0,2)
(0. 2)
2 _ 32 > _ =30
b =3 ., b = g
b =4
Required equation of Ellipse
.S A
a- b
Xy
1.€; 9 +4 =1

9 3

Vertices (+a,0) = (£3,0)
Co-vertices (0, +b) = (0,+2)

(solution not possible)



3
(vi)  Vertices (0, £5), eccentricity =2

5
Solution:
Vertices (0, +a) = (0,+5)
~ 3
a =5 ¢ =3
3
ac = ng
== C = 3
A y-axis
(0, 5)
DN 0.0 ] 30 xaxs
¥ (0,-5)
Y
We know that
o2 _ a’ — b’
37 = (6F-v
9 = 25-b
b> = 16
Required equation of Ellipse is
2 2
6t a5 !
Co-vertices
(=b,0) = (+4,0)

Foci = (0,£c¢) = (0, £3)



(vii) Centre (0, 0) focus (0, — 3), vertex (0, 4)
(Lahore Board 2011)

Solution:
(0,—c) = (0,—3) a = 4
c =3
) 2 _ e
We know that e~ = a_q:_
(ae)” = a’ — b’
S = -
(3 = 16-b
9 = 16-b’
b® =16-9 = b'=7
Required equation of ellipse is §+%E =1
oYX
= Jet7 = 1

Its vertices are (0, £ a)
Covertices (b, 0)

I
S

H_
B

Il
m
=
E

Coordinates of foci = (0, = ae)
_ 3.
= (0,£3)
M
y-axis
(0,4)
(-A[7,0)
X c X




(viii)  Centre (2, 2) major axis parallel to y-axis and of length 8 units, minor axis
parallel to x-axis and of length 6 units.
Solution:
Center (2,2)also2a=8 == a = 4
2b= 6 => b =3
(y —lk) Lx=h)

Equation of ellipse is . b2 =1

-2 x-2

= 16 T 9 1
Its vertices are (0, + a) = (0,+2)

, _a-b  16-9 7 A7
and e = T T = 16 =16 — ¢ =74
_ 41T _

Coordinates of foci = (£ae,0) = (+ %1[ Oy = (= \ﬁ ,0)

(y-2.x-2) = #[7.0)
y =2+7 , x =2

Thus fociare (2,2 +4/7) &  (2.2-4/7)

For vertices, we have x—-2 = 0 y—2= =*a

x= 2 y =2+4 = 6,-2
So verticesare  (2,6), (2,-2)
Next we have Xx-2=xb , y-2=0
X =2+3, y = 2

So covertices are (5,2) & (- 1, 2)




(ix)  Center (0, 0) symmetric with respect to both the axes and passing through
the points (2, 3) and (6, 1).

Solution:
We know that equation of ellipse with center (0, 0) is given by

<2 2
2!
Since it passes through the points (2, 3) & (6, 1)
£+Z=] (1 l§+*1;- = 1 (IT)
a- b" a b"
Subtracting
4’ +9a° = a’b’
—36b% + a’ = —a’b’
~32b" + 8a = 0
8a® = 32b°
a’ 4b° Put in (I)

7 =1

=p

|
Jo I

b/_

—_

+
9
_— — l

b’

Required equation of ellipse is

_l_

. ¥y _

20710 1
Vertices are (+a,0) = (+ \[ﬁ) 0Oy = (= Z\fﬁ) .0)
Covertices (0, £ b) (0, £ m )

Foci (30, 0)
ny-axis
(0,410)

(- 2470, 0)/\(%’% 0)
K C(0, 0) x-axis

(0,-410)

=



(x) Center (0, 0) major axis horizontal, the points (3, 1) (4, 0) liec on the graph.
Solution:
We know that equation of Ellipse with center (0, 0) is

LS A
L b |

Since it passes though the points (3, 1) & (4, 0)

For (3. 1) For (4, 0)
9 1 _ 16 0
Ez+t—)z = ] (1) Er+gz= 1 (2)

Put in (1)

CI

16 b

| 9 7 > 16
v - '"T6 = 16 b = 7

Requiredﬁequatﬁion of ellipse is
LS S
" + b’ =1
¥y _

6 16 !
X Iy _
6 16 !
Vertices (xa,0) = (£4,0)
4

Coverti 0, +b = (0,+ =

overtices (0, £b) ( \/:!)

6
Foci (t4‘\/;,0)

{(-4.0)

xl\

L
N




Q.2: Find the center, foci, eccentricity, vertices and directrix of the ellipse whose
equation is given.

(i) 1i(z+4yz = 16 (Lahore Board 2009 (Supply))
Solution:
xX'+4y' =16
Xy
TR
Here a° = 16 b* = 4
,  _a-b  16-4 12 3
¢ I 16 16 4
RE
¢ T2
Foci are = (¢, 0) = (= 2\/3,0_)
Verticesare =  (xa, 0) = (£4,0)
Directri - .1 => . S §
irectrix are X = & o = X = 35 = \/_?
2

Clearly center of ellipse is (0, 0)
(i) 9x*+y* =18

Solution:
9x* + y2 = 18
S G
> T !
as = 18 b’ =2
, _a-b _18-2 16 8 22
© T a2 T 18 T8 9 ¢ 73
foci are = (0,£¢c) = (0,+4)
vertices are = (+a, 0) = ( 3\/5,0)
L a _ X2 9
directrix are = y = o = i2 > = +5
3

Clearly centeris (0, 0)



(i)  25x*+9y* = 225
Solution:

25x N 9% :
225 225
5+ 3 - (1)
a> = 25 & B> =9
Eccentricity
, _a-b  25-9 16
i T
foci = (0,%+c¢) = (0,=4)
vertices = (0, +a) = (0,=5)
Center = (0,0)
. . a 5 25
Directrix y = :hg = iz = i?
5
: X 2
w @B a2
Solution:
Let 2x-1 = X y+2=Y
Given equation becomes
XT+T—6 = ] Here a> = 16 , b’ =
a-—b” 16 -4 12 3
¢ ="F 6 "1 ~4
Eccentricity
_ A3
!
Center:-  For center put X = 0, Y =20
2x—-1 =0 y+2=0
X = % y = -2

1
Required center is ( 55" 2)

Foci (0, + ac) =




(X, Y) = (0,£2/3)
Qx-1,y+2) =  (0,£21/3)
2x-1 =0 y+2 = +24[3
1
X =5 y = -2+ 2\/3
1
Required foci are(i,—zi 2\]3)
Vertices (0, + a) = (0, + 4)
(X,Y) =  (0,£4)
2x-1,y+2) = (0, = 4)
2x-1 =0 y+2 = +4
I
X =5 y = —2+4
y = -6, 2
Vericeswe (3.~ o). (5. 2]
ertices are 2 > — . 2
% a a
Directrices Y = :I:g
b2 =it
s 3
2
8 8
+2 =+—F = = _2+—F=
Y \3 Y \3
(v) x*+16x+4y'—16y+76 = 0
Solution:
x>+ 16x +4(y2 ~4y)y= -76
(X + 16X+ 64)+4(y —dy+4) = —T6+64+16
(x+ 8 +4(y—-2) =4
(x+8)° 4y-2° _ 4
4 4 T4
(x +8)° S
‘—_4 +(y-2) = 1
Let
Xx+8 = X, y—-2=Y



& + Y_ p— ] v \11‘ o]

4 .~ (an cllipse)

a® = 4 b* =1 e’ =
3

For the center Put X = 0, Y
x+8= 0 ' y—
Xx = -8 , y

Required centre (— 8, 2)
Foci = (£ae,0)
7
(X.Y) = (iz(ﬁﬂ),o)
(x+8,y-2) = (x/3.0)
x+8 = i\ﬁ y—-2=10
X = —Si\ﬁ y =2
Required foci are (—Si\E , 2)

Vertices are = (xa,0)
(X, Y) = (xa0)
x+8 = +2 | y—-2 =0
X = -—-8%2 y = 2
Required vertices are (— 6,2) &
Directrix X = + %
+8 = & 2 = + 4
X : 3 ‘\j§
2
4
= R4 =
" \3

(vi)  25x% +4y* — 250x — 16y + 541
Solution:

25x%7— 250x + 4y” + 16y

25(x>— 10x) + 4(y* — 4y)

25(x*= 10x +25) + 4(y* — 4y + 4)

(—10,2)

— 541
— 541
— 541 +625+ 16



25(x —5) + 4(y - 2)°

Dividing both sides by 100

(x=57  (y=2)

=1

100

4 25
Let
x-5 =X y—-2 =Y  above equation
Becomes
x2 2 .
e +25 =1 (an Ellipse)
a® = 25 b* = 4
a’ b’ 25-4 21
¢ T2 25 - 25
N
© -5
For Center Put X =0, Y =20
(x—=35,y-2) = (0,0)
x-5 =0 y-2=10
x =5 y = 2
Center 1s (5, 2)
: _ 21
Foci = (0,+ae) = (0,5 3 )
(X.Y) = (0.%421)
(x-5,y-2) = (0,£\21)
x—=5 = 0 , y-2= 421
X = 5 : y=2 :I:\/E
Foci are (5, Zi\/ﬁ )
Vertices (0,+a) = (0,%+5)
(X,Y) = (0,+5)
(x-5,vy-2) = (0,£5)
x-5=10 , Yy—-2==%£5
x=35 , y=2=£5
y=7,—-3
Verticesare (5,7) & (5, 3)



Directrix are

Yy = =

5
T
5

o |

25

y = 2= 2

Q.3: Letabea+venumber and 0 <c <a. Let F(- ¢, 0) & F'(c > 0) be two given points.

Prove that the locus of points p(x, y) such that |PF|+ |PF|=2a is an ellipse.
Solution:

Given P(x,y) , F(-¢c,0) , F(c,0)

IPF| +|PF| = 2a

VX0 +(y=0)" #A(x—) + (y-0)" = 2a

Jx+o+y = 2a-Jx—cf +y’

Squaring on both sides

N+ +y' T = 2a-\Jx-o+y' T

(x+c)2+y2 = 4az+(’x—c)2+y;—4a (x+c)y +y

x3+c3+20x+y3 = 4;13+x2+cz—20x+y2—4a\f(x—c)‘+y‘

4ex — 4a’ = —4a \/m

(Dividing by 4)

(cx—a’)=—a|(x—c) +y

Again Squaring

(cx -2’ = Fafx-oT YT

Y 3 L 2 » 2 2 o
¢’x*+a'—2cxa’ = a“(x"+c¢ —2ex+y)
2.2 4 2 2.2 2.2 2 2.2
c’x"ta —2cxa~ = a’ x"tac —2cxa tavy
2.2 2 2 2 2, 2 2
X(c"—a)—ay = al(c—a)

Dividing throughout by ¢* — a’

%2 Ay -2 ()

- C;. _ a,;
We know that for ellipse ¢© = a’— b’ => ¢'—a° = —b’putin(l)
, o ay 5



22

X3+a_x_ = a

b,:
(Dmdlng throughout by a %)

X°  a'y B a’

? a b“ Coa”

x L - which is an ellipse

Q.4: Use problem 3 to find equation of the ellipse as locus of points P(x, y) such
that the sum of the distances from P to the points (0, 0) & (1, 1) is 2.

Solution:
Given P(x, y), F(0, 0) & F'(1, 1) Also given that 2a = 2
For ellipse we know that
IPF| + [PF'| = 2a
V=07 +(y-07 +Jx-D+y-1)7 =
Wy A=D1
\/()-:—l_)z—(y—l)2 = 2-—+/x"+y  Squaring
=17 +(y-17 =4+ +y) -4 +y
X+1-2x +y'+1-2y = 4+x3+y3—4\/;‘+ﬁy‘5
—-2x-2y—-2 = —4~\x"+y
X+ty+1 = 23/x"+y (Dividing both sides by 2)
Again squaring
xt+tyt+1)y? =  @XF+y )
XAHY F1+2xy+2y+2x = 4 +Y)
4xT+4y' X —yP - 1-2xy-2y-2x = 0

_|_
+

Il
22

3T+ 3y -2xy-2x -2y -1 =0 required ellipse
XX v . 2b*
Q.5:  Prove that latusrectim of ellipse 2 Tp T 1is “a

Solution:
The given ellipse is
X’ L -
R : (1)
From the figure, the points A(c, h) & B(c, — h) lies on ellipse (1) therefore.
For A(c, h) equation (1) becomes
¢ W

—'r—|——*r_]

bh



K5
b= a
hi B a’—c’ 5
b a )
For ellipse, we know that
C2 _ az_bl
=> b* =a -¢ Putin (2)
h_ b
b~ a
4 2
a a
N y-axis
«— * . >
X' (0, 0) F(c, 0) X-axis
_/B(c, -h)

Points A & B becomes

B
Alc, 7 ) and B(c, - 77)

Length of Latus rectum AB

> (2E Ej
(=0} a  a.
[—sz}‘ B 4b
a B a2
2b’
= . Hence proved.




Q.6: The major axis of an ellipse in standard form lies along the x-axis and has

length 4\ﬁ . The distance between the foci equals the length of minor axis.
Write an equation of the ellipse.

Solution:
Since the major axis of the ellipse lies along x—axis so its equation 1s
2
a2 T e L (1)

bu
By the given condition 2a= 4\/§

= a-2p

We know that

Distance between foci = length of minor axis
2c = 2b
= C = b
Since for ellipse ¢* = a”— b’
b’ = a’-b’
) ) , a
2b° = a’ = b = 5
_ r _ @2y _ 8 _
= b =" = 2-4
Putting values of a & b in (1)
Xy . . |
i % =1 Required equation of ellipse

Q.7:  An astroid has elliptic orbit with the sun at one focus. Its distance from the
sun ranges from 17 million miles to 183 million miles. Write on equation of
the orbit of the astroid.

Solution: (Lahore Board 2004)

From the figure we have

From the figure
we have

—17 183

Elliptic Orbit of astroid




Greatest distance of astroid from the sunisa + ¢ = 183 (1)
And least distance of astroid from the sun 1s

a-c¢ = 17 (2)
Adding (1) & (2)
atc = 183
a—c = 17
2a = 200
a = 100 Putin (1)
100+¢c = 183
C = 83
For ellipse, we know that
¢ =a-b == b =a-¢
= b’ = (100)" - (83)
b> = 3111
Required equation of the orbit of astroid is
2
AR
<2 2
(100’ +3107 = |

X N e
10000 3111

=1 Ans.

Q.8: An arch in the shape of semi ellipse is 90m wide at the base and 30 m high at
the center. At what distance from the center is the arch 20\/5 m high?
Solution: (Lahore Board 2004)

30 2002
90
o o <.y |
Let the equation of the semi-elliptic are be Z | I (1)

Since the arch 1s 90m wide at the base



Q.9:

so 2a= 90 == a = 45
Since arch is 30 m high at the center, so
b = 30, puttinga & b in (1)

. 2
@_v +(_3%)‘j =1 ... (2)
Let d be the required distance from the center when arch 1s 20 \ﬁ m high.
Putting x =d . y = 2(}\ﬁ in (2)

d’ 2002 )

@sy T ooy T
d 800
2025 900 -
¢ 800
2025 17900
N 100
d = 500 X 2025
) _(45)°
oo
45
d =3 = 15 meter

The moon orbits the earth in an elliptic path with earth at one focus. The
major and minor axes of the orbit are 768, 806 km & 767, 746 km
respectively. Find the greatest and least distances in astronomy called apogee
& perigee) of the moon from the earth.

Solution:

By the given conditions
2a = 768806 == a = 384403

2a
N
atc — -G
A Earth B

2b = 767746 == b = 383874

Since \/EZ = ja"—b"



¢ = /(384403)" — (383874)°
20179 km
The greatest distance
atc = 384403 +20179
404582 km
The least distance
a—c = 384403 -20179
= 364224 km

C

Il

Hyperbola

Let e = | and F be a fixed point and L be line not containing F. Also let P(x, y) be
any point in the plane and [PM| be the perpendicular distance of P from L. The set of all

PF
the points P(x, y) such that IIH/II‘I =e > | 1s called hyperbola.

Key points about Hyperbola

(1) Equation (Standard form) (1) (Lahore Board 2009)
2 2 B Xi 2 )
a %j - A
., atb’ | L, attb?
(2)  Eccentricity e” = — 7 (2)  Eceentricity e’ = ~_7-
(ae)3=al+b3 = =32 + b (ae)z = 22+
(3)  Foci (+ ae, 0) ¢’ = a’+ b’
Foci 0, + ac
(4) Directrix  x = ig &) oct (0, + ac)
- - _ 2
(5) Center (0. 0) (4) Directrix y = £%
(6) Vertices (=a,0) (5) Center (0, 0)
(7) Covertices (0, +b) (6) Vertices (0, + a)

(7) Covertices (£ b, 0)

2b°
Length of latus rectum is 4

If center is not (0, 0) then equations become
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EXERCISE 6.6

Q.1:

Find an equation of the hyperbola with given data. Sketch the graph of each.
(i) Center (0, 0} Focus (6, ) .
Selution:

Vertex (4, 0)
Given (ae, )= {6, ()

(e, 0)=

: (2, 0)= (&, 0)
(0, 0)
C =

a=4
5]



For hyperbola
¢ = a+b’

(6 = (4’ +b’

36-16 = b°

20 = b°

5hoo=

| ><I-J U.J ><?
|

A y-axis

(ii) Foci (£5,0), vertex (3,0)
Solution:
A Y-axis

Foci (£5,0)  Vertex (3,0)
(£c,0) = (£50) (a, 0)= (3,0)



c =5 a = 3

For hyperbola

2 = al+b?

(5= (3 +b’

25 = 9+p’

16 = 9+b’

16 = b’

Required equation of hyperbola is
L Lo

% - % =1 Ans.

(iii) Foci (2t S\E ,—7), Length of the transverse axis 10.
Solution:

(tae,0) = 2+5/2,-7)

Fociare 2+5\2,-7) & F 2-52,-7)
Also given 2a = 10

a =35
Center = mid point of foci
2+ 52+2-52 —7—7)
a L 2 > 2
Center = (2,-7)
We know that
¢ = distance between center and focus

= Je-2-527+7+7° =[50

For hyperbola
y = a’+b’

C

(f50)" = (57 +b°
50-25 = b’

25 = b’

b’ = 35

with center (2, — 7) equation of hyperbola is
(x=h)’ (y—k)

=1

=1 Ans



A y-axis

NN 00) Toxis
e
F

B

Centre

(2,7)

h 4

(iv)  Foci(0,£6), e = 2 (Lahore Board 2011)
Solution:
Foci (0,+c) = (0,+6)
c =6, e =2
ac = ¢
6
N
aY
' F(0,6)
V(0,3)

w
>

For hyperbola

c = a+b
6y = 3y +b
36-9 = b’

b’ = 27

Equation of hyperbola is



[

|4, Ol
Il

=1

o r<tu mldr‘:t-)

27
(v)  Foci (0, £ 9) directrix y=+4
Solution:

Foci  (0,+ae)= (0,£9)

ae= 9 | +4 =
. -9 - &
=> c =9, ¢ =7
.
~ 3(4) -9
a’ = 36
For hyperbola
o2 = 22+ p?
(9 = 36+0b’
81-36 = b’
b> = 45
Required equation of hyperbola is
y_X
a- t_)"r 1
y X
36 45
<x‘

o |

|

w W



(vi)  Centre (2, 2) horizontal transverse axis of length 6 & eccentricity e = 2.
Solution:

Centre (2,2) & 2a=6=> &e=2

c=ae = 3(2) = 6

For hyperbola

2 = al+ b

(6= (3) +b°

36-9 = b

b* = 27

with centre (2, 2) required equation of hyperbola is
x=h’ -k’

= 1

a b
x-27 (y-2y _ |
9 27
foci are (ae,0) = (+£6,0)

(x=2,y-2) = (£6,0)
X—2 = %6 y—-2=0

X=+6+2 y=2
x=8,-4 y=2
F(8,2) & (-4, 2)
y-axis
Centre
®

(vii) Vertices (2, £ 3) and (0, 5) lies on the curve.
Solution:
Center of the hyperbola = mid point of vertices

(242 3-3)
- U2 T2

Center = (2,0)




Since V. = (2,3) & V = (2,-3)
2a = |[VV| J2 -2 +(3+3)° =6
a = 3
With center (2, 0) equation of hyperbola is
(=K’ (x-h"
a.-; - b;
(y-0" (x-2)
y-axis
(0.5)
(2,3)
) 0 x—axi:s
/_ (2,-3)
Since (0, 5) lies on (1)
25 4
9 b
25 4
o ~ 17y
16 4
9 b
2 _ 2 : Y (x-2° _
b =2 (1) becomes 9~ -

(viii) Foci (5, - 2) (5, 4) & One vertex (5, 3)

Solution:

Center = mid point of foci

Center

(5—5
2 L]

5. 1)

_2+4)



C = distance between center & focus
= AJG-57+(1-4y

-\

= 3

a = distance between vertex & center
= NG-5+G-1)

2
a = 2
For hyper bola
021 = asz'1
(3 = (2P +b’
9-4 = b’
b> =5

with center {'5,? 1) requiregi equation of hyperbola is
(y=k) (x=hy

a b2 = 1
-1 =5 _
4 5
The second vertex is
(5,1-2)
S,-1)

A
=

> .
X-axis



Q.2: Find the center, foci, eccentricity, vertices and equations of directrices of
each of the following. (i) xz—yz =9

Solution:
S
9 9
= a2 =9, b'=9

foci = (£¢,0) = (£31/2,0)
Vertices = (+a, 0) = (+3,0)

Directrix x = + =

Directrix x = i\ﬁ

Center 1s (0, 0)

G) 4 -9 =1

(]

eccentricity e = 5

|
I
—_—
%‘
=

foci = (¢, 0)
Vertices = (£a,0)

[
—
H_
o
=
R

Directrix x = + =



Center 1s (0, 0)

y x
(iii) 16~9 = 1
Solution:
Yy oxo
16 9
a> = 16 ., b =09
= a4+ b
16 +9
¢ = 25
.- c
eceentricity ac = ¢ == ¢ =3 ==
_ 3
€ T 4
foci = (0, +c¢)
= (0,+5)
Vertices = (0,+a) = (0,£4)
a
Directrix y = iE
T SR [
Directrix y = ii = £
4
Center s (0, 0)
Vv
(iv) ‘I—xz =1
Solution:
v
4 1 -
Center = (0, 0)

=4, b=



(%]

¢ = a+b’
= 4+1

[
[ ] [o%]

eccentricity ae = ¢

foct =
Vertices

a

Directrix y =

Directrix y = =+

= =+

x-1)" -1’

P Al

=

(0, #c)
(0, + a)

+=

(v) 2 9 =
Solution:
let x-1 = X
X Y
2 2 B
a’ =2 ,
ac = ¢

Eccentricity

Coordinates of foci

(X, Y)
x-1, y=-1)
x—]1 = i\/ﬂ

X li\/ﬁ
(1+-[11, 1)

Put X =
x—1 =

foci
For center

C

o

Il
—_—
=

H_
]
—

cenere =

(1, 1)




Vertices (X, Y)

x-Ly-1) = (/2,0
Xx—1= %42 = y-1=20
X = 1:1:\/5 y =
Verticesare |(1+ /2, 1) , (1-+2,1)
Equation of directrix
X =%
c
Lo a2
. NI
2
| = 1=
X 11
|y 2
X =1+ ——
11
L wt+2)? (x-2)
N TR
Solution:
Let y+t2=Y% , Xx—2=

Given equation becomes

Y oX

9 16 !

a’ =9, b= 16 Z = a’+ b’

== C = x5

ae = ¢

. C B
Eccentricity => e = =3
Foci (X,Y) = (0,+¢)

(x-2,y+2) = (0,£5)

x-2=10 , y+2= %35

x=2 , Yy = 245

y = -73

Foci 2,-7) , (2,3)




For the centerput X = 0 Y =20
x-2 =0 , yt2=10

x =2 .y = -2

Center (2, - 2)

Vertices (X, Y) (0, +a)
(x—2,y+2) (0,+3)
x-2=0 y+2=+3
x=2 y -2+3

[l

Vertices
(2,-3) & (2, 1)
Equations of directrices are

Y ==

y+2 =+

La|n | |8

9
y =—2i§ Ans.

(vii) 9x" —12x—-y*—2y+2 = 0
Solution:
9x* — 12x—y2—2y = -2

9(x’ —%x)—](yl+2y) = =3

4 4 ,
I ~3x+g) =1 (P +2y+1) = ~2+4-1

2 bl b
Ox —3V-1(y+1y =1

. 1 1 (1)

L g—X
et X-3= ,

e =
4
Il

Y  Equation (1) becomes

1 - 1 which represents hyperbola



s =g s b> = 1
1 10
, a’+b’ 9 9
¢ =" - T = 7T -Ww
9 9

e =y o= . 0

Coordinates of foci (X,Y) =(=C = 0)

2 . 10
2 10
X-3 = 93[ y+l=(
2 10
2410
X = 3 y = —1
2+J10
Foci ( 3 - 1)
Forcenterput X=0 , Y = 0
2
X-3 = 0 . y +1 =20
2 2
X =3 y = -1 Ccntcr(g,—l)

Vertices (= a, 0)

(X+Y) = (il’ 0) Equation of di;ectrices are
X = %=
2 v 1 &
x-3.y*D) = (.0 ) 1
2 _ 1 _ AR R L
X-3 = %3 y+1=20 ) 1
2.1 AEERENIT
X = 3 i3 y = —1
1
Vertices (1. - 1) . (g,—l)




(viii) 4y’ +12y—x*+4x+1 = 0
Solution:
4y +3y) -1 (x*—4x) = 1

, 9. )
4(’y”+3y+z)—1 (x"—4x+4 = -1+9-4

4(y+%}z—l {‘X—2)2:4

§ i
(y+ 2_] (x -2)°
1 4

3
Let y+5 =Y , x—-2=X
Equation (1) becomes
Yy Xx? |
14 - 1 (Represents a hyperbola)
a> = 1 \ b* = 4
& = a+b’ = 1+4=15 =
5
Eccentricity ag=¢c => e = g = ll[ =
Foci (X,Y) = (0, +¢)
3
(x=2,y+5) = (0. #1[5)
3
x-2 =20 yty=+# 5
X =2 y = 5 % 5
, -3
Foci (2,—ﬂ:\f§)
For center Put X =0,Y =20
3
x-2=0 . yts= 0
-3
x =2 y = 5

. T
Center (2, 3 )

Vertices (X,Y) = (0,+a)




(x -2 y+%) = (0,+1)
3

x-2 =0 y t+5 = +1
-3

x = 2 y =7:|:1

-1 -5

Y= 32

-1 -5
2.5) . 2.735)

Equation of directrices are

Vertices are

a
Y = ig
3 1
y+§ = :I:E
-3 1
y =5 i\E Ans
(ix) xz—y2+8x—2y—10=l}

Solution:
x2+8x—y2—2y = 10

(x> +8x+16)—(y +2y+1) = 10+16—1

(x+47—(y+1)’ =25
x+47 @+ (i
25 25 ;
Let x+4 =X ) y+1=Y
i X2 y?
(1) Becomes 2525 ~ 1
a = 95 b= 25 = al+ bl
ae = ¢
Eccentricity ¢ = g — 3@ = S_\SQ — \/E
Foci = (¢, 0)
(X,Y) (ﬂ:S\ﬁ,O)
(x+4,yt+1) = (iS\/i,U)
x+4 =£5\2 ,  y+1=0
x = —4+542 y = 1

(which represents hyperbola)

=50 == ¢

(—4+52,-1)



For center put X=0, Y =0

xt+4 = 0 , y+1=10 = X = -4 |
Center (—4,-1)
Vertices (X,Y) = (+a,0)
(x+4, ytl1) = (£5.0)
x+4 = +£5 yt1=20
X = —44+5 y = —1
= =91

Vertices -9,-1) & (I,-1)
Equations of directrices

X = :I:g
x+4 = ﬂ:i
\2
X - —4ii Ans
\/5' -
(x) 99—y -36x-6y+18 =0
Solution:
9x* —36x — ' — 6y = 18
9(x* —4x) — I(y° + 6y) = 18
9(x3—4x+4)—1(y +6y+9) = —18+36-9

o(x —2)"~ 1(y+3) =9
(x-2)" (y+3)

] - | =1 (1)
Letx-2 =X, y+3 =Y  Equation (i) becomes
X Y
1 9
aa =1, b =9
¢ =a+p = ¢ =1+9 =10
ae = ¢
10
Eccentricity e = g = 31[ e = \/ﬁl
Foci (+c. 0) = (+/10,0)
(X.Y) = =4/10.0

(x-2, y+3) = (/10,0



x-2=+8[10 , y+3=
X = 2i\m) , y = -3
Foci (2i\/ﬁ), ~3)

For center Put X =0 , Y =0
x—-2 =10 y+3=10
X = 2 \ y = =3 |center (2,—3)|

Vertices (X, Y) = (+a, 0)

x-2 = *1 y+3=0
=21 vy = -3
x =31 ., y=-3 Vertices (3, — 3), (1, — 3)|

Equations of directrices

X = 2+ —/— Ans
10
Q.3: Let 0<a<c and F(-¢, 0), F'(c, 0) be two fixed points. Show that the set of

points P(x, y) such that [PF| — |PF'| =+ 2a is the hyperbola
x_z ‘.“2 — l
a’ cl-a’

Solution:
Given F(-¢,0) , F(c, 0)and p(x,y)
Also |PF|—|PF'| = 2a
V& +(y-07 — \Jx-0 +(y-0)
Squaring on both sides
Gx+e+y' Y = Qatx-cf +y )
X>+c +2ex+y = 4+ x +ct-2ex+y +tdar/(x—c) +y
4ex —4a’ = 4a’ \/xE +¢” - 2cx + y2
4(cx —a’) = 4a’ \fxE +¢” - 2¢x + y2
Again Squaring
¢x* +a’—2cxa’ = a’(x> + ¢’ —2ex + yz)

2

2a




2.2 4 2 2.2 2 2 2 2.2
cX"+a —2cxa” —ax —ac +2acx—ay =0
2,2 2 2.2 2 2 2
X“(¢c"—a’)—ay = a” (¢c"—a’)

T . 2
Dividing throughout by ¢” —a”
2,2 2 2 2 2,2 2
X(c-—a’) ay a’(c—a)
2 2 — 2 = - -
c"—a c’—a ¢’ —a
2 2
, A’y )
‘(- - & L — a—
¢ —a
2 2
o g 3 X y
Dividing throughout by a” LR 1 Hence proved.
R

Q.4: Find an equation of the hyperbola with foci (- 5, -5) & (5, 5) vertices (- 3\/.;. R
~3\/2)and (3\2,3\)2).
Solution:
Since 2a = distance between two vertices
2a = \JG\2 +3/2)2+(3\2+3\2)?
20 = \(6\2)+(6J2) = \T2+72 =144 = 12
2a = 12
Also given F(-5, — 5) & F'(5, 5). Let P(x, y) be any point on the hyperbola such
that [PF|—|PF'| = 2a
NE+5) +(y+5)° \x-5+(@y-5" =12
Squaring \/(x +5)° + (v + 5)E =12+ \/(x —5) + (v — 5)2
XC+25+10x+y +25+10y = x*+25—10x +y* +25— 10y + 144 + 24
Vx=5) +(y-3)
20x +20y - 144 = 24~[(x -5 +(y-5)
4(5x + 5y - 36) 4[6J(x—5) +(y—5)]
Again squaring on both sides
(5x + 5y —36)° = 36(x*+25-10x+y +25— 10y)

25x7 + 5y* + 1296 + 50xy — 360y — 360x = 36x” + 900 — 360x + 36y” + 900 — 360y
25x” + 25y + 1296 + 50xy — 360y — 360x —36x” — 900 + 360x — 36y° — 900 + 360y = 0
11x*—50xy—11y*+504 = 0 Ans

X
Q.5: For any point on hyperbola the difference of its distances from the points
(2,2) & (10, 2) is 6. Find an equation of hyperbola.
Solution:
Given 2a=6 F=1(2,2)& F = (10,2)
Let P(x, y) be any point on the hyperbola, such that
|PF| - |PF'| = 2a



V-2 +(y—2) —\(x-10+(y-2° =6
V=2 +(y-2) = 6+~/(x—10)"+(y-2)’
Squaring
X +4-—4x+y +4-4y =36 + x° + 100 — 20x + Y + 4 — 4y + 12
\J(x = 10y + (y - 2)
16x - 132 = 124/(x - 10)* + (y - 2)°

4(4x -33) = 12~/(x - 10)" + (y - 2)°
4x - 33 = 3:J(x— 10y + (y - 2)°
Again squaring

16x> + 1089 — 264 = 9(x> + 100 — 20x + y* + 4 — 4y)

16x° + 1089 — 264 — 9x” + 900 + 180x — 9y" — 36 + 36y = 0

7x*—9y* — 84x + 36y + 153 = 0 Ans
Q.6: Two listening posts hear the sound of an enemy gun. The difference in time is

one second. If the listening posts are 1400 feet apart, write an equation of the
hyperbola passing though the position of the enemy gun.
Solution:

Since the difference in time 1s one second, so let the listening posts F&F' near the
second of the enemy gm after t, t—1 seconds respectively. It P is position of enemy then
IPF|-|PF| = 22 ... (1)

Since posts are 1400 feet apart, so

2¢ = 1400 == ¢ = 700

since distance = (Velocity) (time)

So PF| = (1080) t & |[PF'| = (1080)t—1)

Putting these values in (1)

(1080)t - (1080)(t—1) = 2a

1080t — 1080t + 1080 = 2a
1080

a = = 540
For hyperbola, we know that ¢ = a’+b’

(700" = (540)" +b°

b~ = 490000 —291600

b> = 198400

22
Required equation of hyperbola is Ef—b; = 1
2 X 1 Ans

291600 ~ 198400



Tangents to Conics
(1) Parabola
Equations of Tangent in different forms

(i) Point form:
The equation of the tangent to the parabola
y~ = 4ax at the point (x, y) isvy; = 2a(x +x;)

(ii) Slope form:
The equation of the tangent to the parabola

-

y~ = 4ax in the term of slope ‘m’ is
y = mx+i (. ¢ = 1)
m m
Note:
The equation of tangent at (x;, y;) can also be obtained by replacing x’ by xx,. y2

1 1 xy1 + yx
by }’)’lsXb)’E(X+X1).-ybyi(eryl)and Xy by ]2 ]

(II)  Ellipse
Equations of tangents in different forms.
(i) Point form:

a2

X s . .
Equations of the tangent to the ellipse T %* =1 at point (xy, y;) 18

L IR S
a b
(ii) Slope form:

.l 2

. . X . .
The equation of the tangent to the ellipse = + # =1 in terms of slope m is

y = mx£ijam +b° (v ¢ = tijam +b)
(I11) Hyperbola

Equations of tangent in different forms
(i) Point form:

2

>€
°'J‘<. "

The equation of tangent to the hyperbola a -
=g
a b
(ii) Slope form:
The equation of tangent to hyperbola in terms of ‘m’ is

y = mxi\/m (’c=i\fm)

=1 at point (X1, y;) is



(IV)  Circle
Equations of tangent in different forms
(i) Point form:
Equation of tangent to the circle at (x, y;) 1s XX + yy; = a’
(ii) Slope form:
Equation of tangent is terms of slope ‘m’ isy = mx £a\/l + m"
(.. ¢t =a (1+ m:)

Equations of Normal

(i) Parobola y2 = 4dax is at (xq, ¥1)
— I‘l
Y-y = %a (x—x1)
X2 v

(ii)  Ellipse :a_z +17 =1 at (X1, yp) is

4 )

ax by 242

Xi Vi - 4-b

Xy

(iii) Hyperbola 2 b =1 at (X, v1) is

xa' yb®

28 . _

X ¥i

EXERCISE 6.7

Q.1: Find equations of tangent and normal to each of the following at the
indicated point.
(i) }-‘2 = 4ax at (atz, 2at)

Solution:
Equation of tangent at (at’, 2at) is
Yy = 2a(x+x)
y(2at) = 2a(x+ atz)
2ayt = 2ax + 2a’t’
2ayt = 2a(x + at:')
yt = x+at’
And equation of normal at (at’, 2at) is
y-yi = —E?I'X—xl)

— 2at 5
y—2at = 72 (x —at”)

(4




y—2at = —tx +at’

tx +y —2at—at® = 0
2 2

(ii) :_2 + )b_z = 1 at(acos0,bsin0)
Solution:

. . XX 1
Equation of tangent 22 + ng‘ =1

x(a cos 0) N y(b sin 0)

a” b’ =1
X cos 0 + Xsin() = 1
a b
and equation of normal
alx b:1 ) 9
X1 Yi
a’x b* .,
y = a“_ _ b.'_

acosd  bsind

ax by a? _ b2

ax sech — by cosec = a’ — b’

cosO  sin®

oy
(iii) - F = 1 at (a secO, b tan0)
Solution:

Equation of tangent

a b

X a sech ybtan6

a a b’ B
X oo — L oan _
a sech b tan0 1

And equation of normal

xa~ b? B 5
— + L — aa + b.;
X] Y1

xa’ N yb*
asecO btan0

Xa b 2 5
2a_ . Yo _ 2 L h?
secH tan© a“+b

2 .

OR xacos® +ybcot =a +b”

2, 12
= a +b



Q.2:

Write equation of the tangent to the given conic at the indicated point

(i) 3x* = — 16y at the points whose ordinate is — 3
Solution:

3x* = —loey ... (1)

Puty = —3in

3xF = —16(=3)

¥ = 48 => x’ = 16

= X = x4

Hence points are
4.-3) & (-4,-3)
Now diff. (I)w.r.t ‘X’

6x = - lvﬁgﬁ

6x dy

~ 16 dx

d -3

& T

Also m = %Eh_.-;._gj - ?3(4) = %

Equation of tangent at (4, — 3) is Equation of tangent at (— 4, — 3) is
Y=Yy = mx-xp) Y=V = m(x-x)

-3 +3

y+3 = 5 (-9 y+3 = 5 (xt4
2y + 6 = -3x +12 2y +6 = Ix+12
3x + 2y - 6 3x -2y = -6
IXx+2y-6 = 0 Ix-2y+6 = 0
(ii) 3x*—7y* = 20  at points wherey=—1.
Solution:

3 -7y =20 ... (1)

Put y = -1 in (1)

3 -T7(-1)° = 20

3x° = 20+ 7

3x* = 27 = x)=9 = x = +3

Thus the required points on the conic are (3, — 1) & (— 3, 1)



Now diff (1) w.r.t. *x” we have

d

6x— 1y = 0
dy

143 = 6x

dy _ 6x _ 3x

dx 4y Ty

Now m = Slope = %EIH, 1) :%Also mzc_]a:)%h;. ].):%
Therefore equation of tangent at (3, — 1) is Equation of tangent at (- 3, 1)
Y=V = mx-x) Y=V = mx-x)
y+ 1 - _7_9(x_3) y+1 - %(xﬂ)
Ty +7 = -9x +27 Ty +7 = 9x + 27
oOx + Ty = 20 Ox — 7y = -20
Ox +7y—-20 = 0 Ans Ox -7y +20 = 0 Ans
(iii) 3x -7y’ +2x—-y—48 = 0, at point where x =4
Solution:

3P -7y +2x—y—-48 =0 . (1)

Putx=4 in (1)

34 -7y +2(4)-y-48 = 0

48 -7y +8—-y—-48 =0
= —Ty'-y+ 8 =0 = 7W+y-8=0

7y +8y-Ty—-8 =0

y(7y +8)—1(7y+8) = 0

(Ty+8)(y-1) =0
Either

Ty +8=0 y-1=0

-8
y =7 » y=1

-8
Therefore, required points on the conic are (4, K2 Y& (4, 1)
d d
Now diff. (1) w.r.t. °x’ 6x — 14ya¥( +2 —H% =0

(— 14y - 1) gﬁ = —6x-2



dy o6x +2

dx 14y +1
d 6(4)+2 26 d v 6(4)+2 26
m = aim_.} = W=1—5 Also m = a§|(4~_§}= 3 T
' 14 El + 1
) , ) g
Equation of tangent at (4, 1) is Equation of tangent at (4, 7 )is
y-yi = mXx-x)
26 Y- ¥ - m(x — X1)
-1 = 59 8 26
+= = — (x —
15y 15 = 26x-104 L 15 (x=4)
26— 15y -89 = 0 Ans 105y — 120 = —182x + 728
182x + 105y — 608 = 0 Ans

Q.3: Find equations of the tangents to each of the following through the given point
(i) X’ + y2 = 25, through (7,-1)
Solution:
xz+y2 = 25 => r =5
We know that condition of tangency for the circle is
¢> = r (1 +m)
2= 25(1+m)
= ¢ = £51+m’
Let the required equation of tangent be
y = mx+c ...(1) Putting valucof Cin (1)
y = mx+5+/1+m° ... (2)
Since tangent line passes through point (7, — 1), therefore
~1 = Tm=5+1+m"
S5Aa/1+m° = Tm+1 Squaring

25(1+m’) = (Tm+1)°

o
Il

25+25m°> = 49m’+1+ 14m
—24m’ — 14m + 24 =0

12m* + 7m — 12 =
12m*+ 16m—9m— 12
dm(3m+4)-3(3m+4)
(3m +4)(4m — 3)

_ -4 _
m = 3 m —

0
0
0
0

[ ]



3
with m = 3 e (2) becomes withm = 4 (2) becomes
4 16 3x 9
y = —gxiS 1+3 y = IiS 1+E
4 5 3x 25
= —3xd 5 3 = 2t
3y = —4x+£25 4y = 3x +25
4x +3yx25 =0 Ix—4y£25 =0
(i) y* = 12x  through (1, 4)
Solution:
y3 = 12x
As standard form 1s
y2 = 4ax
4a = 12 == a = 3

Lety=mx +c ..... (1) be the required equation of tangent. For Parabola we know

that condition of tangency is ¢ = m m putimn (1)

Since tangent line passes through point (1, 4)
So(2) becomes

4 = rn+i s dm = m’+3
m
m’ — 4m + 3 =0
(m-1)(m-3) =0
m= 1 , m= 3 Putin (1)
3
y = x+3 & y = 3x+m
3
X-y+3=0 y = 3x+§
y = 3x+1
3x-y+1l =20 Ans
(iii) x*-2y* =2  through (1,-2)
Solutioy: i
X*=2y =2
<y
2 -1 1
= a'=2 b* = 1



For hyperbola, we know that condition of tangent is
2 2 2

) 2
c = am —b"

> ¢& = 2m'-1 => c = ++2m" -1
Let y = mx + ¢ be tangent to the given hyperbola then y = mx ++/2m™ -1 (1)
Since (1) passes through (1, — 2) (1) becomes

-2 = m=y2m -1
~2-m = +£42m -~ 1 Squaring
4+m*+4m = 2m -1
2m’~1-m’—4m-4 = 0
m-4m-5 =0
= (m-5)m-+1) =20
= m=5 m=-1

I
v

Putting values of m in (1) we get

y = S5x+£+/2(25)-1 " y = —x+ 21
y = 5x£1/49 ) = —x=1
y Sx+7 , y+x £1 =0
Sx—-yx7 =0 Ans
Q.4: Find equations of normal to the Parabola y* = 8x, which are parallel to the line

2x + 3y =10.
Solution:
y* = 8X ... (1) 2x+3y = 10 ... (2)
Diff, (1) w.r.t. °x’ m; = Slope of line
dy ~ —coeffofx
Y 8 ~ coeffofy
dy _ 8 _ 4 _ 2
dx 2y vy 3
_dy 4
R
m; = Slope of normal = _—4X
Since normal and given line are Parallel
1M, = ma
_ -2 8 .
—42 =3 =y =3 Putin (1)

@T = 8x



64 . -8
o9x8§ N X709
. . 8 8.
Required point ( 9°3 )
Withyzg,ml become
_ 81 -2
me = 73Xy T3

) ) 8 8 .
Required equation of normal at ( 9°3 ) 1s

Y-y = m(x—-x)
8 -2 8
y=3 =73 &)
9% — 8
3y_8 = _2( o] ]
27y-72 = —18x+16

18x +27y—-88 = 0

2

2
Q.5: Find equations of tangents to the ellipse%+ y" = 1, which are parallel to the

line2x -4y +5 = 0.

Solution:

<Y ) _

4Jrl—l 2x—4y+5 =0

> ) _ —coeffofx -2 1
= a=4, b=1 M= coeffofy ~— -4 ~ 2
We know that condition of tangent for ellipse is

2 = admi+b?

¢ = 4m’+1

C = ++/4m’ + 1
Since tangent is parallel to line 2x —4y +5 = 0

1
Slope isalsom = 5

[ 1
s = + 4z+1 =:i:\f§

Let the equation of required tangent by
y = mx tc



x—2)fﬂ;2\/'§

Q.6:

y = ax 2D

2y = x + 22

0 Ans

Find equations of the tangents to the conics 9x* — 4y2 = 36 Parallel to
S5x-2y+7=0.

Solution:

9x* — 4y’ = 36

XI _ % - (Dividing by 36)
a’ = 4 i b’ =9
5x=2y+7 =0

I~ | h

m = slope ofline =
For hyperbola, we know that
¢ = a’m - b’
¢ = 4m’ -9

5
Since tangent and given line are parallel so their slopes are same. Thus m = 5
) 25
¢ =415 1]-9 ¢ =16 == ¢ = =4
4 )

. : . 5
Let y = mx + ¢ be the required equation of the tangent then y =5 x + 4

2y= 5x+8
Sx-2yx8 =0 Ans.

Q.7: Find equations of common tangents to the given conics.
i) x*=80y & x*+y = 81
Solution:
x> = 80y ..(I1) X+y: = 81 .. (2)
Let y = mx+c (3) be the required common tangent. Let a be radius of circle

then (2) becomes a’= 81 Putin (1)

x> = 80 (mx +c)

x> — 80mx—80c = 0

For equal roots, we know that Disc = 0
b’ —4dac = 0

(—80m) —4(1)(~80¢c) = 0

80(80 m” +4c) = 0



80m’+4c =0 ¢ = —20m°

Condition of tangency for circle is ¢* = a’ (1 +m?) (4)
(-20m*)* = 81(1+m’)
400m* = 81+8Im’

400 m* — 8lm*-81 = 0
By Quadratic Formula

> — (-81) £/(— 81)" — 4(400)(-81)
meo- 2(400)
~ 81=4[136161 9
800 16
3
m = :I:f_—1
¢ = —20(19—6) - _4£
Putting valuesofm& ciny=mx + ¢
3 45
y T E3X 7%

4y = £3x-45
+3x—4y—-45=0 Ans.

(i) y'=16x & x* =2
Solution:
y' = 16x ...(1) XX =2y .2
y2 = 4ax
da= 16
a = 4
a
We know that condition of tangency for Parabola is ¢ = "
4
> = —
m
Let v = mx+c ... (3) be required tangent
4 o
then y = mx + Putting value of y in (2)
2 4 2 2
x> = 2(mx+a) == mx = 2mXx+8
mx’ — 2m’x—-8 = 0

For equal roots, we know that Disc = 0



ie; b —dac =0
(-2m’) —4(m)(-8) = 0
4m*+32m = 0
4m (m*+8) = 0
m= 0 _ m = -8 m =
Equation of tangent is
y = mx +c¢
4
y = -2x+—5
y = —-2x-2
|2x+y+2 = 0| Ans.
Q.8: Find the points of intersection of the given conics.
22 : 2
(i) B*g=1 & FT-%-=1
Solution: i j i i
X~ - X" -
Bte =1 & FT-%=1
8x* + 18y" = 144 XX—-y =3
4x*+9y* = 72.(1) (Dividing by 2)
Multiplying Eq. (2) by 9 & add in (1)
9x? — 9y* = 27
4 +9y = 72
13x = 99
5 99 99
X =73 => X = i’\/%
Put in (2)
99
Y =3
99 .
-3y
99 — 39 5
13 7
) 60 60
Y =13 => y = 13



. . . 99 60
Points of intersection are =+ ﬁ , = ﬁ Ans.

I
"

i) x*+y’ =8 & x-y
Solution:
X+y =8 ..(1) X—y =1 ..(2)
Adding (1) & (2)

Xty =8
2oV o= ]

9 2 9 3
2x =9 = X' =5 == x—iﬁ

7
-

(i) 3 -4y’ =12 & 3y -2x" =

Solution:
3P -4y = 12 (1)
3},12 2 =T (2)

Multiplying equation (1) by (2) & (2) by 3 and adding
6x>— 8y = 24
~6x*+ 9y* = 21
Y= 45 =y = 2445
Put in (2)
~2x7+3(45) = 7
~2x*+135 =7
135-7 =2
128 = 2x
X’ = 64 => x = £8
Hence points of intersection are

(+8 . i\/ﬁ) Ans.




(iv) 3x*+5y° 60 and X' +y'= 124

Solution:
3T +5y = 60 ... (1) ox’+y = 124 .. 2)
Multiplying (1) by (3) & Subtracting from (2)
ox*+ vy = 124
—ox*+15y" = — 180
— 14y = —56
y =4 = y = +2
Put in (1)
9x° +4 = 124
9x* =

1
» 120 40 40
X T 9 T3 x =\ /3
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" EXERCISE 6.8

1. Fihd an equation of each of the fo'llo‘wing with respect to new
parallel axes obtained by shifting the ongm to the indicated points.
() 'x2+16y—16-0 O'(o 1 |

Solution.  + 16y - 16 = 0 .. (1), 0’ (0,1 = (b )
Equations of transformation are : |
x = X+h=X+0 = X , y Y +h=Ya4l

Substituting these values of x,y into (1) we have

| X 4160+ 1)-16 = 0 |

or X2+16Y+161-16;'0' = X4 16Y =
| is the required transformed equatio‘n ‘

(ii) 4x2+y2+16a:-10y+37-0 0’ (-2,5)

Solution. 4 + 3% + 16x~ 10y +37 = 0 ..(1), 0’ (-2,6) = (b k)
Equations of transformation are’ |
* = X+h=X-2, 5y =-Y+k= Y+5

Substituting these values of x,y into (1), we have




FSc-1I/ Ex 6.8 2

- e r e w wrwmw s e

g e e -y . - . " )

4 X- 2)2+(Y+5)2+16(X 2-10F +5 +37 =0 -
Lor 4(X2 4X+4)+(Y2+10Y+25)+16(X 2) - 10(Y+5)+37- o

or 4X?_ 16X+ 16+Y2+10Y+ 25+16X~-32-10Y-50+37 = 0
or 4X%2 + Y2 - 4 = 0 isthe required transformed equatlon |
(iii) &x’+4y2+18x-16y—11 =0, 0’ (-1,2)
Solution. 9% + 4 + 18x - 16y =11 = 0 .. (1), 0’ (- 1,2)= (h, k)
Equation_siof _trans'formatiqn are - | B i '
£ = X+h=X-1, y = Y+k= Y + 2
Pupting these vah_les of x and y into (15, we have - | o
9 (X- 12+ 4 (Y + 27 + 18(X - 1)_;-16(Y+ 2)-11 = 0
or 9(XP-2X+ D+4(Y? + 4Y + 4)4;18(X-—1)-_-16(4Y.'+ 2)-11 =0
Cor  OX- 18X +9+4YP+ 16Y+ 16+ 18X~ 18-16Y-32—11 = 0
or. 9X2 + 4Y> - 36 = 0 is the requjréd'trahsformed equation.
(iv) a® - y*+4x+8y_11-0 0 (-2,4)

'Solutlon. 2 - y2+ 4+ 8 -11 =0 - ..(D, O (-2,4) = (h k)
Equations of transformation are \ . ' ' .
.x=X+h_X2,y'= Y+k=Y+4.‘

Substituting these values of x and y mto (1), we have -

| X -2 - (Y +4°7+4X-2)+8F +4)-11 = 0

or - X2 - 4X +4 (Y2 +8Y + 16)+4X - 8 + 8Y + 32~ 11 = 0

or  X’-4X+4- Y2—8Y—16+4X 8+8Y+32-11=.'0

or X?*-Y%?+1 = 0 is the required transformed equatlon

(v) sz 4y'2+36x+8y 4 =0, 0’(—2 1) -

Solutxon. 91,2 4y + 36x + 8y — 4 =0 (1) 0’ (—2 1)-(h k)

Equatlons of transformation are -~ |

x = X+h=X-2, y = Y+k= Y41

Substltutmg these values of x and .y mto (1), we have |

| 9X - 27 -4 + 1?+36(X - 2+8(Y + -4 = 0 _
or 9% - AX + D42+ 2V + D436 (K - D+8F + 1)=4 = 0
Sor  OX? - 36X+ 36 - 4Y-8Y -4 + 36X - 72 + 8Y + 8 — 4 = 0

-
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, i:,f . e v = ----——--‘-v— 55 s : : \ = - -
~or 9X? - 4Y? - 36 = 0 isthe required transformed equation. .
2. Find coordinates of the new origin (axes remaining parallel) 80 |

that first degree terms are removed from the transformed equation
of each of the following. Also find the transformed equatxon.

i - 20?+24x+12y+24=0 -
,-,'Soluuon.-."m:2 2y2+24x+12y+24 0 B ¢ § I
 Let the coordmates of the new origin be o', k). |
| Equations of transformation are
| ‘x.”= X+h, ¥y = Y+k
Substituting these values of x,y into (:1), we get
BX+AP-2(Y+EP+280 X+ M +12(V+H)+24 = O
or  BOCR+2XK+h)-2 (V242U +E)+2U X+ N+ 12T +R+24 = 0
or  3X%+6hX+3H2—2Y?— 4KY — 2% + 24X +24h +12Y + 12k 424 = 0
or  8X?-2Y2+X (6h+24)+Y(~dk+12)+8h% +24h 22 + 12k +24 = 0
| | | ' . L(2)
To remove first degree terms, we have , 7 . |
eh+U=0 = h=-4 RS T
and -4k+12°=0 = k=3 - |

Newongm is O (-4, 3). Puttmg h = —4 and ' k =- -‘3 into (2), the )
transformed equation is : s ", .

R, 2Y2+X[6(—4)+24]+Y[—4(3)+12]+3(—4)2+24(-4) 23
v  t20+24 =0
or :3.;'(2 2Y2+X(—24+24)+Y(-—12+12)+3(16) 96 - 2(9)+36+24 =0
or = 3X%- 2Y2+X(O)+Y(0)+48 96 18+36+24 ,
or P _27 -6 =  =
WhiCh is the required tran'sfon_ned equation with new origin ét_(--'4,.‘3)

(i)  26a% + 9y + 50xv - 36y - 164 = 0

Solution. 252 + 9* + 50x — 36y — 164 = 0 SN
Let the coordinates of the new origin be O'(k , k). Equations of transformed
" are " | |
x = X+h L oy'= Y4k

Substltutmg these values of X,y into (1) we get
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25(X+h)2+9(Y+k)2+50(X+h) 36 (Y + k) - 164 = o
or 25X+ 2Xh + 1)+ 9 (V2 + 2¥k + k) + 50X + 50h — 36Y - 36k — 164 = 0
or 25X2+50Xh+25h2+9Y2+18Yk+9k2+5OX+50h 36Y — 364 164 =0
or 25X2+9Y2+(5Oh+50)X+(18k 36)Y + 25h2+9k2+50h -36k —164 0..(2
To reove the first degree terms, we put A |

50k + 50 = 0 '=> 50k = ~50  => Cho=-1
and 18k -3 =0 = 18 =36 = k=2

New origin is 0’ (—-71',2_). |
Putting’ A = ~1, k& = 2 into (2), the transfonfled equ_atioﬁ' is
25X2+9Y2+(-50+50)X+(36-36)Y+‘25('-.1)2+9(2)%50(%1)
S - | - -36(2)-164 = 0
or 25X2+9Y2+(0)X+(0)Y+25(1)+9(4) 50- 72~ 164 = 0
or 25X% + 9Y2 + 25 + 36 - 50~ 72— 164 = o
Cor 25X2 +9Y2-225 = 0 |
 which is the reunred equation Wlth new ongm at (- 1, 2).
| (iif) a? ¥ - 6x+%+7
VSolutlon.x" ¥ - 6x+2y+7 0 . @

Let the coor&mates ‘of the new origin be O’(h R). Equatlons of
transformatlon are : 4

x = X+h , y = Y’+k,

Substitutihg these values of x.,y into (1), we get
L X+RP-(+RP-6 X+ +2(¥+R) 4T = 0
or X2+ 2Xh4 A2 (VY24 2Vh+ K- 6X-6h+2¥ 42 +7 = 0
or X2 Y2+X(2h 6)+Y'(—.‘?.k«i—2)+h2 k2= 6h+2k+7 0 ... 2
"To remoe the ﬁrst gdegree terms, we have ’ :

2% -6= 0 = h=3
and -26+2 =0 ..=> k‘:l

New originis O’ (3, 1). Puttmg h = 3,k = 1 into (2)the transformed
equatlon is

X2 Y2+X(O)+Y(O)+(8)2—(1)2 6(3)+2(1)+7 0
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or i X2_Y2+9-1-18+2+7 = 0

or X2_Y'~1 = 0
whlch is the requlred equation with new ongln at (3 1).
3. in each of the following, find an equatlon referred to, the new
axes obtamed by rotatnon of axes about the origin through the given angle°
) xy=1,0=45
Solutnon. Here ‘g = 5° Equations of ;ransformaticn are
N X-Y
= X s 45 —Ysm45 =X —=-Y.—= =-
) * X BT TR
' o 1 1 X+Y
y = Xsin45 +Ycos4_5 =X.—=+¥.= =

N2 T Nz Y2
Substltutlng these values for x,y into the given equatwn wehave +
X -Y\/X+Y\ " 1 S : »
(\@)(&)'

| w2 _ v2 :

is the requlred transformed equation

(i) TP -8y +y - 9-0,9=tan"12'

| DO

Solution. Here 6 = tan! 2.=  tamd=2-=
=> base=2,1=1 and hypotenuse = V4 + 1= NG

S. - sin@ =—-2-— and cos@ = 1 .

Equations of transformetion are ) -
| x:i'Xcos'B ~ Ysin6 |
| ‘l;_y’=Xsin9+Ycose }
Using the above values _ :
| X -9y

. . { 5
x = X.—m~-Y.— = ~
=X.£+Y 1 _2X+Y

R

Substituting these values for x,y" into the give'n equation, ‘we have
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J A d Rl

X - 2Y X-.2Y Y L EE

7 —8 ) T : e —9:0
) IR )R 0
Bymultiplyin_gby5,v'veget | | .
X?AXY +4Y2\ 22X -3XY 27 ,i4X"+4XY+Y2 -
(S (.o

5 5 5
Cor X 28XY+28Y2-16X2+24XY+16Y2+4X2+4XY+Y2 45 = 0
Cor <EXP445YP-45=0 |
or  X?- 9y? +9 =0

which is the required transformed equation, |

5

‘(iii-)‘ 9x2+A12xy+4y?¢-x'-y‘g0,g
luti - 3 42 2
Solution. Here 6 = tan™. 3 = tamb =73

= 'basé=3,.l_==2 and hypobénusei'.-\f9+4= \13

. 2 ) .. 3
ginf = — and cos@ = —
Equations of transformation are |
x= XcosB® - Ysin® }
- y=Xsin® + Ycos®
Putting values, we have. | o
g o 3 . 2 3X - 2¥
v = X —-Y. = ' )

-y=}(—2—' =2X+3Y ~

Substituting these values for X,y in to the ngen equatlons we have

9 X\/T32_¥) 12(3XV_2Y) \/+_ 3Y) + 3Y X - 2Y
| (3X + ZY) o
Vs )

or .

X2 — 12XY + 4Y2\ . 76X? + 5XY - 6Y2
(S I
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44X2+12XY+9Y2 BX - 2Y + ¥\ _ o
+ - - =
(1T e 00 GX_gry (o oty

or  BIX? 108XY + 367 + T2X% + GOXY — 72¥%+ 16X? + 48XY + 367
-3\]—3X+2\]—1§Y 2V18 X - 3«]‘3Y~ 0.
or . 169X2-5\F§X \J_3Y
or - 13WIB X% - 5X— = 0
“is the requlred transformed equation . - P
(iv) - ,xy+y2 2\sz 2\1§y+2 - o 9-45°
Solution. Here 8 = 45° | ' ‘
Equations of transformation éu'e
| x= Xcos® — Ysind
y= Xsin® + Yéose }

Puttmg values, ewe have

1 1 X—Y
X = Xcos45°—Ysm45° =X.— -Y.
‘ - N2 v2
: - . 1 1 X+Y
= Xsin45°+-Ycos45°=X.-—+Y-——-= o
7 N AR

‘Substituting these expressions for z,y into the given equation, we have

(T D T D)

X2 _2XY + Y2\ (XEP-Y?\ (X%+2XY +Y?
or -2 +
e
i 22X~ Y) 2(X+Y)+2
by x2): X2 2XY+Y2-zx2+2Y‘2+X2+2XY+Y2 AX+4Y-4X-4Y 44 =0
or 4Y° -8 +4 =0 or Y%- 2X + 1 = 0

which is the required transformed equatlon

4, Find measure of the angle through which the axes be rotated so
that the product term XY isremoved from the transformed equatlon. Also
find the transformed equation. ' :
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() 22+6y+10°-11 =0
Solution. Let thé. axes be rota:t_éd through an angle 9 |
Equations of transformation are - | |
P = 'Xcosé)-— Ysing , v ’='-.Xsin9'+ Y cos 6
Substituting into the gwen equation,,we get
2 (X cos 0-Y sin 9)2 4.6 X cos #-Y sin 9) (Xsm 0+ Y cos B)
| +10(Xsin 0+ Yeos 9 - 11 = 0
or 2 (X2 cos? 6— 2XY sin @cos 0+ Y? sin? 6) A
| . +6 (X2 sin Gcos - Y2 sin 6 cos 8+ XY cos® 9 YYsm 6)
+ 10 (X2 sin® 6 + 2XY sin Bcos 9+Y2cos 9) -1 =0
or X2 (2 cos® 8+ 6 sin O cos 6+ 10 sin? B)
+ XY (-4 sin @ cos 8+ 6 cos? B 6 sin? 9+2051n Hcose) :
+Y2(2s1n 60— 63m9cosB+lOcos 9)-—11 =0 L) |
Slnce this equatlon is to be free from the product term ie.;

—4sin @cos 6+ 6 cos® 6—-6sin 6+ 20sinfeos & = 0 -,

, oT —65in29'+16sin9c059+6‘cos29.= )
or 3tan26—8tan6 8 =0 ({by+cos?8) .
| (—8)+\/(—8)2—4(3)(-3) _ 8+V64+36
tan @8 = -
2(3) 6 :
_ 8:+y100. 8+10 8+10 8-10 18 -2
= =6 76 ' 6 6

76

1 . : o .
3, - = tan@ = 3 (as 6 isin the first quadrant)
- => base=1, 1 =3 and hypotenuse = \)1‘{9 = \H(_)

% sin 6 =—3—— and cos 8 = A

T emb= s

Substituting sin 8 e and oS 9 = = m (i)‘,'th.en

feE) @@ )
(- () () ()

L
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. Xy (__ 54 60)
(

12 6
10 10 10
18‘ 1§ 10 o
5= 10 + ) 1._ O,

et W WU P W s e A v —_————— e -

+Y2 6
)
+

a 2 18 90
s 2
or- X ( O)

10 10 1

| + Y 10
or X2+ Y2-11=0 | _
) ay+dr-3y-10=0 R ¢}
'.Solutxon. Let the axes be rotated through an angle 6.
Equation of transformatlon are | _
x = Xcosf-Ysinf;y = Xsinf+ Ycos8 _
Substltutmg into the given equatlon (1), we have
(Xcos 0-Y sin H)(Xsm 9+Ycos 9)+4(Xcos 8-Y sin )
+XYcos 6 XY sin® - 3(XsmB+YcosG) -10 = 0
X'2 sin 8 cos 0+ XY cos? O XYsm 0-Y?sin 0.cos B+ 4Xcos 6
-4Y sin - 3Xsm 9 3Ycos -10 = 0
or - X2 sin @cos 0+ XY (cos? f- smy-&)—Y2 sin 6'cos 6+ X (4 cos 0-3 sin 6)
_Y@4sin6+3cs9 -10 = 0 .. @7
Since this equation is to be frée from the:prod'lict term XY
"i.e.., cos? f-sin?@ = 0 .
or cos?@ = sin?6 = tan?6 = 1 = tand = 1'=>‘0-*‘45°
‘Thus axes be rotated through an angle of 45° So that XY term is removed
from the transformed equatlon =
Settmg 0 = 45° in (i), the transformed equatlon is- ,
© X* sin 45° cos 45° + XY (cos® 45° - sin2 45°) - Y sin 45° cos 45°

+ X (4 c0s.45° ~ 3 sin 45°) — Y (4 sin 45° + 3 cos 45°) - 10 = 0

P | 1. 1 1. 1 1y
Xz.—.—.+XY(O)~Y2-—~—‘-——-'+X4.-—-.-3.—-—'
Y( ~\11—_2-+3 %) 10_0
| 1._ 1.5 L v. L _10=
or 4X272‘ -Yz 5 @ | \,_ 10 =0
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or  XP_Y?4v2 X-7TV2Y-20 =0
is the requied equatlon L E | | Lt 3
(iii) Ba® - Gay+5yz 8 = ; T ,'(1)'
Solution. Let the axes be_rotated through an anglé] 6. |
.Equétion of transformation are 4 R
x = Xcos 9; Ysin 6 .y .= Xsinf + Ycos d
Substxtutmg 1nto the gwen equatlon we get _ o
5 (X cos 8- Y sin.g)? - 6 (X cos 8- Y sin 6) (X sin 6+ cos 6
| o +5(Xsm6+Ycos€)2 8 = 0 |
. or 5(chos 8- 2XYsmﬂcosE?+Y28m H) 6(X251n Qcos 6
| | +XY cc»s2 6 - XY sin® 68— Y2 sin 0 cos 6 )
| +5(X251n26+2XY51n 8 cos 9+ Yo 6) — 8 = 0.
or X2 (5 cos® 8- 6 sin 0cos 6 +.5 sin? H)+XY(— 10 sin 6 cos 8- 6 cos® 6 |
+ 6 sin? 6+ 10 sin G cos 6) -fYQ (5 sin? 6+ 6 sin Bcos O+ 5cos2)-8 =0
Since this‘ eqﬁation is to be free from théproduct term XY |
i.e., —6cos®0— 6sin°6 = 0 LW ‘
or  sin®@ = cos? 0 ;?tan29=“.1' = tanf =1
= 6 = 45° - (as O is in fﬁe ﬁrst,Quéd;épf) |

Setting 0 = 4§° in (1), the transformed equation is
o6 G-om w @)
. +XY(— 0. L j‘: j:) (;[1-_2-) +1<‘)' - ;
~+,Yz (5.'(—\%—5)%. 7 —\}: ‘5 (\(-1_2-)2)

| 5 6 5 5 6 5
| B2 2 T
or X( | | )+XY(O)+Y (2 5 + 2).

ﬁle _

i
<

\.__/
°°:
o
(e

or 2X2‘+8Y2-v#8=04‘=> X2 4 4Y%2 -4 =0

which is the required equation.
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EXERCISE 6.9

1. By a rotation of axes, ei:mmate the xy-term in each of the

foliowmg equations. Identxfy the conic and find its elements -
' -(i} A — day + y'“’ 6 = o
,Soluﬁgn.wvéxy+32—6 2 Q- w KL}

Heré ¢ = 4, b = 1, 2k = -4 theangls 6 through which axes be rotated
to given by . ' _ : ’

o -d 4 2tan § 4
tan2 I T — [ S D P
e a-b T FTT1 3 ™ T _tan?s =" 3

6tanf = 4tan’0-4 =  Atan’O- Gtanf-4 = 0
2tan?0 - Stang -2 = 0 ' : “
_.m(—3}:t*i(m‘3}3w4(2}{-2}

g =
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2
[Unit =6 = . CONIC SECTION 2
349716 0 3+4B _3x5
- 4 N Y
= 2, - % =3 tan® = 2 (as @ isin the first guadrant)
Now fang = 2 = -1 =» bhase= 1, L= 2, hypotenuse= Y4+ 1 = N
gnd =

wf:;

Eguations of transfa%mation become

g_ and cosf =
V5

2

x = Xcds Y sind = '\1' - "7:: Y

' 5 (2)
¥ memﬂ +Yc€}59~ -~X+-"-"Y

: . VB B

Substituting these expressions for ¥ and v mto (1), we gef,

1 2w L 2 N2 1 |
4fm=x - Y tf=X--=V=X+EY

+ X+2-Y2 g 0
(é V5 ) -

4 8 4v., ¢ 16 12 4y, (16 8 -
7 (5 —~5-~&_5)_XE+(—‘5 + 5 +5}XY+(W+~5+

BV 30 =0 = Y=g = Y=oy
represents a pair of lines. To find their equations in xy - plane, we have ‘

¥rom (2), we have

Xx-—ev.: YEx . g
ey = By . @
Multiplying (3} by. 2, we get _ | .
K-4¥ =2V )

Subtracting equation (5) from (6), we get
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3
¥ : . g \
s INTERMEDIATE MATHEMATICS DIGEST - Class XI
} T - VB gL -y
sv= VEy-2V8x = Y= G207 » __
£ A2 ek 0y = VB = G-
S5 NB - |
-yt V6 =0 = % .y+V6=0,2-y-V6=0
(i’ Identify:s® - 2xy+f & - aywo_' ' -
Solution, * - 'ey + 5% - 8x - & = - LD

Here o = 1,56 = 1, 8 = -2 theangle & thoughwhmhaxesbsrommd
is given by ‘ ; _
2 s 222 e = W= W = = &
a-6 1-1 o

Equations of transformation become

' 1 1 XY
= Xcosdh® - Yein4s° = X . = -Y. = = —
. ' V2 N Ne
y = Xsind5® « YVeosds® = X "‘}“+'Y 1 X+Y @

Substituting these expressians for xand y into (1), we get
XY X Y X+Y+X+Y - ¥ 8X+Y o
(- r)(ﬂ(«) (%)% )"

%aﬁ—m¢w>-—«a“ Y+ 3 azhzxyuﬂ}

-E(XMY) f“ﬁ(X+Y}r:0

X2+ Vo204 24 X Y + V-8B X
+8V2 Y -8V2 X823 Y =0

A -18V2X=0 => Y e4V2X (3

whzch represents a paraboia In xy-plane, w we have

~ From 2i), we have

XY= V32 - (@
and X +Y¥Y = 2y ‘ | : {5)

o Adding (3) and (4), we get
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(Unit-6] _ CONIC SECTION Y

X = 2 : R T G gl C A 1)
V2 {a_c;_cy) _ 5

Put the value of X in (4), we get

1. ' ' i ; i
A e -Y =42z = ¥V s -VEx+ = red
ot : | V2.
) ' —2x+x+y _ 1 -
= .-—-.W(yn-x)'
2 ¥z 7
Th =L 4y and ?—'1@. :c}h-
Elements of the parabola are
Focusof (B is ¥ = 0, X = 2 |
1 ' 1
ie, *""(:si-y}w\ﬁ and  —= p~x) =0
x+y=2 and-y-xﬂ{}_.
Adding: z+y = 2
=Xty = 0O
o Dy = 2 = y =1
Pt y = 1 in x+y =2, weget
‘ x4+ l=2 = x=1
1.1 istlgefocusof (1
Vertex of 3}is X = 0, Y = 0
y | ‘
i.e. woe o poy) w0 =D X+ = @
and f}"za p—a) = 0 = -ux-;'y'm_‘o
Solving, weget z = 0,y = 0
Vertex: (0,0) isthe vertex of .-
Axis: Y.a 0 e, Q%(y-—x}nﬂ w} - x-y =0

Equation of directrix of (3) is

X = -7 = E2E o = XY 4B .
v B TV S g ke

x4y + 2 = 0 is the divectris in xy-coodinate sysﬁém.
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5 - !NTEHMED IATE MATHENMT!CS DEGQST — Class Xl

(i) Identify:a® + Zyy ¢ 2 5 2 U3 4. 2«{“y+2 0
Solution. 2% + 2y + 32 + 2 V2 2 2VE y 42 = ¢ o (D)
Hete @ = 1, b = 1, 25 = 2 theangle # through which axes be rotated to
given by '

= 2 - 2-. _é o - = AE®
tan?q_ma_bml._.l—g.:?..zg,—g{)*’. _ms..-as

Equations of transformation hecome

*=Xcosd5 - Ysinds® = X, . ¥, & o Sz} .
s . 3 \,ré‘ | ,\f"é ﬁ (2}
1 s X+ ¥

it

il

Y= Xsind5 + Yeosdh = X = 4+ ¥, b 3 At
o . V2 o V2 V2

Suhs;;ituti‘ng these expressions f"or % and y into (1), we get _
X~-¥ X-¥N/X+Y\ X+¥Y2 X =Yy
el kY : s 2 N2

(\fi)z (@ )(ﬁ)'(@% \r(ﬁ)
| . X+Y '
._2 k-
| () e
(Xa 21*11’1—1"‘2}%"(I’f‘i 1’2)*-*("(94-2):}'4»1’2)

- . . +2& ~¥ - 2(X+Y}+2 0
Xt 2XY+Y2+2X2 2Y"+X‘3¢~2XY+Y2¢~4X 4Y - 4%

| o ~ ¥4 4 = 0 '
W-8+d=0 = X_ogry1-g
X =2 (v- g) | . | . (3
Which re#resents & parabola, |
From (i}, we ha\;e
X-Y= y3g | - e @
and X+¥Y< iy | e

 Adding (4) and (3), we get |
W=BxrVly 2X-Bary = x-m-j,écx;y)

Put the valueof X in (4), we get
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{Unit-61] — CONIC SEC??DN '

i

1 e L 3
(x+y}~Y_\f§x::? Y @{x¢y}~¥§x

i
%

il

’ S T 1 :
= Tw 3 d Y - b }
Thus X 7 {x + ¥ an NG (¢ ~ x

Elements of parabola are -

) F vk

i

i e
S~
<&
|
a
H
bt

Focus of 3)is X = 0, ¥ =

i ;
i.e‘,l “\fﬁﬁ x+ 3 = C and

ie,, x+y = 0 and
Adding: x+y .= 0

L4
|
=
ft

Pt  y = in‘:c’byalﬂ'm} 2!

n
H
.
1}
|

Gl

=y
V2
1 is the chus of (1)

Focus; (- @ ,:J%)

Vertex of @is X = 0, Yo3=0 = Y =

4

B2 Eme

L]
<
8
3
e
B
<

i.é., Y

b

L

V2

Soivmg, we got ¥ = —

i

and -2 = % =p y -z

1 ‘ ‘ - -
2 2{"
1 1 '
. zsthevarbex of (3)
' «r)
‘Axis X = 0

Vertéx‘ (—- ‘
e fuk £+ =0
2 ﬁ

== o x+y =0
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Equation of darecmx of {3Y is.
1 1 Y o .
v S S = - = = —
Y2 2.{@ {}z}yx!’)__xy.i}

is the directrix in xy—coc’rciinate gvstem,

Gv) P rayeP-o4 a0

Splution. ©¥* + xy + " - 4 = 0 : .. {1

‘Here @ = 1, b= 1, 2% = 1 theangle # through which axes be rotated

is given by ' T
tan29_-—g—;i~m%—~3~“~w~§=w=f.>23 9P => O = 45°

‘a=-b 11 0

Equations of transformation become

. ¥ 1 X-Y
X = Xeos4B® - Ysin4Bd® = X . -
: TIRTTURT | .
' - -1 i X+Y
¥ o= Xsindh® + Yeosdb=X . —— + ¥V, = = °
T2 ¥z . 42

Substituting these expressions for x and y into (1), we get

'(X Y) Z(XJZY)(X+Y)+(X$2Y) od ««0

(X"’ 2XY+Y2)+(X‘“ - Y")_}(X",é— 2XY + Yﬁ)u‘%;o

2 2
B2+ V4 X -V 4 P e 0V + Y8 =
=8
P | ‘ :
a3 tE T S N )

Which represgents an ellipse.
From (2), we have ‘
X~ Y
X+Y

H

J2a = . s . - (4)
Adding (4) and-(5) 2= V2 x+V2y = X= \r“ & + 3)

#

Subtract:}ng (iv} and (v}

—éymﬁx-_—ﬁy ::blemL " .
2 ﬁ(y x)
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[Unit—-61 CONIC SECTION = .% -
Elements of ellipse are ' o
Centreof (3),is X = 0, Y = 0

!

r+ ) 6 = x+y = 0

-

i - .
ang | —= w2}
B Y

#

i = ~x+y =0 = x=0,y=10

Hence C (0,0 is tkle centre 0;".(1}
Vert:ces of B ares X = 0, ¥ =42 22

X =0 = %(x-r P =0 = xty=0

g

..an“d Y =t N2 =D é(y—«x} :12{2 = -—-x+y:ﬁ4 '
and
= x4y =0 Xty =0
~x+y = 4 1 —x+ym——é g
Adding: 2y = 4 = y = 2 Adding: 2y = =4 = ¥y = =2
o se-yecz | cieye-tn
-2, - o (2,-2)

~2,2),.(2,-2), asverticesof (I)
Equation of majoraxist X = 0 = zx+¥
Equation of minoraxiss ¥ =0 = 2-y =0

Ecentricity: ¢ = X% . "

B

,...E..
| V6
‘Fociaf(a)are .x Y ..M@( )
" 1 1 2
i.e., w(x&y}.—.ﬂ,—w—(x_.;-i\{‘m
V2 e = ()
=  x+y =0, x4y =0
2v8 - L2 48
—XrY m= . ~x oy o= -
V3 ' A3
: 2 V8 998 | b ._ 28 -2+
Adding: &y = “—" = y = = |Adding Iy =-"u" Dy =
- E 3 - 3 Y3
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4 NTERMEDIATE MATHEMATICS DIGEST - Class Xi
T . e _
x-ﬁ-y:i}x?xz\—yx-*:fé’é Xy = O )
' ' 243y 243
o e () -,
r= - o
2v2 -2 -

.He‘nc.e ("""-éj“, “3—2) and (M_é}“’ 3{5) are the foci of (1),
(v) 2 - 6 V3 xy + 1‘33;2 - lﬁ _
Soiutxon. T 6NE ay + 19 - 16 = 0 . (D '

Here a=1,6=13,20 = -6\;3 the ang]e g Lhraugh wh:ch axesbe_
rotated to given by - : :

oh 63 . 63
a-b  7-138 - -6 \;‘3’.

= 20= 60 = 0= 30°

'tan29 =

h

Equations of transformation become’

V3

x = Xcos30°-Ysin30° = X, ‘”é'“'Y‘. % = ﬁ; ~
/ - L (2
y o= Xsin80°+ Ycos 30° = X. ]"2~ +Y g - ‘g,,m"*r‘- _ -

Substituting these expressions for x and y inte (1) we get .

.(\{"x Y)*z H-(«i‘x Y)(X—:—\FY)

13("{-"“’ YT-ie

7(3:{?~2{EX¥'+1'2)MH§(( X +2§me!’" Y*)

+13[X2*2 V3 ¥ + 3}'2)

~16 = 0

(@K% - 14 B XY + 7Y% (1&%.12{5 Xy - 1879
* "4 ) - .

"4
7 o on R 2 ;P
(}.8X2+2ﬁ‘\szY+39Y'} ~16 = 0
21?@~14\@XY¢»7Y"*»~18Y9 12@3:%1@18?%1332
S, _ +26J"XY+39Y9 64 = 0

w#
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{Unit-61 CONIC SECTION o
06X + s«nf-i = B4 ' o
Xt ) - L qE _ ‘ .
= +~-i-w 1 L(3) X+ N3 Y = 2y, . (5)
Which represents an elhp%e Mmtigﬂying (ivy by S , We gét'
© . From (i), we have , ' 3X - V3 ¥ =23 2
V3 X ¥ = 2r ST
Adr_iing (8) and,{6), we get
4X~2y+2\; = %(\f“xm}
Mump]ymg (&) by V3, weget ‘
' NiX+av =23 ¥ 0
Subtracting (7) from (4), we get ' v ‘
| 4Y = 2By - = ‘.Y=%{x"~—'wr3_‘y)
Thus X = % W3 x+ ¥ . and Y = % (x -3y )

Elements of ellipse afe
Centreof (3)is X = 0, Y =0

.X'-:ﬂ . (%(\@x+y}m{}
r=0 (fa-VBy=o0

Solving these equations, weget x = O

‘Hence, C (0,0). centre of (1)
Vertieescf(S)areX w=ta .12

(jwr3x'+y= Y

(-x...ﬁy':o
y=0
and Y= 0

Xmi22 = % (Nr”x+y}~.*i~2 =“»-$ \{3x+y—+4
Y=10 :“:?r%fx»w\fﬁy)z W_‘x—-'\@y*{)
NExey=4 . @ *f§x+:y*“-4 e (6)
x-V3y=0 o (B 2=~y = e AT

_Multiplﬁng (4) by V3 and ad'ding.

these equations, we get

| Multiplying (6} by \’5 ‘and adding

these equations, we get
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‘Equation of major axis; ¥

+
H INTERMEDIATE MATHEMATICS DIGEST - Class Xl
=43 = =13 0 =-43 = x=-13

) => V3y =ox = y3 =dy =1 |[(N=> V3i=x:-18 => y=-l
3, L, - V3 ,- 13, asvertices of (1)

L o Al BT i1 N3
Ecen pl - S o= = sl
ce tr;mty' e " | 5 B

Foeiof (3) are: X u‘:ﬁ\fg,l’x ]

X:vi_-\@ = %(@x+y)m-t'\f§ =x>-\f§;£+y..xt2\f§
Y=0 = 3WBy-m=0 = -x+vViy=0
VBxs+y=2Vi . ® | YBrey=-2V8 . an
ex+YB8y=0 L ® | -xsBy=0 0 LD
Muiﬁzpiymg (8) by V8 and addmg Mulﬁpiying(ll) by NE] and adding
these equations, we get | these equations, we gat
46»=2~7":‘~“=>y-§‘ 4y«-2\f méyrf:““{““
@ = 2\ y = @ MDD F D D=5 2 =\ed)
~—\i’“ -3 ' '
(33 (=3 =By
¢H 50

Hence (2 2) Iné . (:ﬁ,:%@). as foei.of (1},

0=

It

(\@y-x) = 0 = x-v\@y =

(ﬁx+y)w3m\f§x+yz
(vi)  Identify.d#® - day + T+ 126 + 6y - § = 0
So]utwn.ixz 4xy+7y2+12x+6yw9:0 .. (D

Here o = 4 b =7, 28 =4, the angle o Lhmugh wh:ch axes be
rotated to given by

Rirt DO

Equation of minor axis: X =. 0 =
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[Unit-8] CONIC SECTION * __ {2
2tang .4 o Gund = 4-4t? 0 |
- 1 ~tan®g 3 .

4t3£_129+ 6tan -4 = 0 = 2tan’f+ Jtanf-2 = 0
3+ NBFE - A2 - ~3£ 3+ 16

tanm 6 = , . 2{'2} = v“ & 4
_3+%B _ -3%5 _ ., 1 1
—_— y = ..--—2,2 ;-“-}.tml@ 3
Now tanf = %— = basew_Z,uLl:‘l.so hyppte:ﬁse: v+ 1= \r
( 1 9 |
sinf = =z and oo @i
e Vs
Equations of transformations become
i aX-Y
X = chsemYsmG* X --=- Y — =
”\r \[3 .Vrg {2:)
1 v 2 X+ 2Y

= XginG+r ¥Ysinf = X.-=+V. %=

S}:bstitutiné these expressions for x, and ¥ i_z_at,o {i),.We get
Yo, 2K YN X 2PN X + 2V
=TGR )0) ‘(«f%v)-
X + 2¥N ‘
+ 12 9 =0
S AL e

(4;?{2'_ 4XY + Y‘j (2X2 + 8XY 25:’"’) (&I—_@XY + 4}"3)

- E

Q24X - 12Y 6w 1Y o

i NG
16X2 - 16XY + 4% — 8X° — 19XY + 8% + TX + 28XY + 2877
+V5 (24X~ 121) + VB (6X+ 12Y) - 45 = 0
16X% — 16XY +4Y? - 8X? — 12XY + 8¥2 + TX° 4 28XY + 2877 + 24 V5 X
—12VEY+6VEX+12VBY-45 =0
1524402430 VEX 45 =0 = S+ 87+ 6VEX-0=0
3CB+2BEX) 487 = 9 = -30(142\[_5.}{&(\%)2}-?8%#9{15{

X+ B2 |

3 =1 ®

wlrg

SX+VER + 8V = U =5



FSe-I1/ Ex 6.9 13

4t . . .
13 INTERMEDIATE MATHEMATICS DIGEST — Class XIt

which represents zin ellipse. -

From (2}, we have . _
2X-Y = V5« S S W)
X420 = VB y . )

Multiplying (5) by 2 and subtracting from (4), we get.

5 =2V y-vBx = Y= “f"“ (-x +29)
'\ T

Put Y = % (—-x + 2y} in {5},we get

X'*"E'(*x+2y} \r.? s X = “J“ay——*-)';(-—x-q.zy}
VS NG
2 4
NS T 3
. ¥+ “\;’3 \f—g)’
. i v
s = (2 +9)
V5 |

’I‘hus X = (e + y)  and Y = (—x+2} .
For centre of (3) X+€E“0Y+o = xa_«fé Y =0

X =-vE = “';%{2.1'-1-}‘) \fé = ey e-F (1)

Ym‘o_' m:;»j:—ﬁ- wxs Y= O = —x+ % =0 (8)
Muimplymg eqaat:on 23] by 2 we get o ‘
“medy=0- ©

Adding e,quat:on (7) and {9), wé get
B =-8 = ya-t
Equation. (8) .= x = %y = ‘2(»- D=2
Hence € (~2,-1) isthe centre of (1)
Verticesof (3) ate X + V5 =+ V8, Y = ¢
X+V8 =+8,7v=0 '

X-mfa{ ‘%‘ @c+9+ VB = 8

:—.’miH
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(Unit—6] __ CONIC SECTION 14 *
- 2e + ¥ + b = \ﬁ?} .-
% by ;_-*-.5-+\M—£J {1
Y= G => -2+ %y = . .(11).
Multiplying (11) by 2
-2 44y =0 (12)

Addmg eqaation (1) and equatwn {12}, we get;

By' =-45'-+JZ0 = ¥ zﬁ,l%»“\}%
2 =210 F)2- e[

oo

#

) =" x

Similarly, selving X + VE =8, and ¥ = 0, woget

Y NE
X o o2 - ,y.-»-l-‘ 5*

: AE T N E)
+ 4 2+ 5, 5 -,"‘1"“‘ 5 '

are t’he vertices of (1}

L 2“'2 ‘“' 5 ]'—
Eoeentricity:-e:ﬂ‘{a b=q83=-}-—§=',%}.

a V8 8

Fociof(3) are X + V6 =25, ¥ = 0

‘X‘r\r V5 ‘and“ Y =0
X'?‘Jg '\}— - X:O
ZAY o0 = may=0

{5 3
Y=40 = T+ =
Mgﬂti‘p]ying- equation (14) by 2, we get
2 4y = 0- ' d

 Adding (13) and (15), we gét

& =0 =p - = 0
Equation (14) = =z = & = 2 0 =
Similarly, solving X + ¥6 = 3‘_‘4% and ¥ =
We get 2 =wd, y =-2
Thus (0,0),(~4,-2) are the fociof (1).

o (13
. (14

o (15



