Deduction

{ % _ I
Lim LL ] = logee = 1

x —» () X
We know that

_ at—1"
Lim ( ] = log.a

x— X
Put a = e
, (¢ =1
Lim [ - = logee = 1

x —» 0 \ X A

Important results to remember

(1) Lim (¢) = o (i) Lim (¢") = Lim (Tx =0
X =t X = —m x»-m A€
(a
(111) Lim L—) = 0 , where a is any real number.
' x—+x WX

EXERCISE 1.3

Q.1  Evaluate each limit by using theorems of limits.

(i)  Lim (2x +4) (i) Lim 3x’=2x +4)
=3 =1
(iii) Lim\x*+x+4 (iv) Limx\/x’ -4
x—»3 =32
. 2x° + 5x
(v) Lim(\x*+1-+x*+5) (v) Lim~-
Solution:
(i) Lim (2x+4) = Lim (2x) + Lim (4)
=3 =3 x—3
= 2 L_in} X+ 4
= 23)+4=6+4 = 10 Ans.
(i) Lim (3x’=2x+4) = Lim (3x’) = Lim (2x) + Lim (4)
x—1 x—=1 x—1 x—=1

= 3Limx —2Limx +4
x—1 x—1

= 3(1)*-2(1)+ 4

=3-2+4

=5 Ans.

(iii) L»i[?-\/?iﬁl = [Lim (% + x + 4"
X=p x—3
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Important Limits

. x"'=a" _ ..
I. Iim =na"", where n is integer and a > 0.
x—>a X—d
. Nx+a—+a 1
II. lim \/_ =

x—0 X 2\/5 ’

111. lim(1+lj —e.
n—0 n
1

IV.  lim(1+x)* =e.

X—>00

V. linoqax_lzlna,where a>0.
VL lim&—l=le=1.
x—0 X
VII. If @ is measured in radian, then lelrrol 5126? =1.

Question # 1
(1) ling(Zx +4) = 11n;1(2x) + 11n;1(4) = 21in;1(x) +4 =2(3)+4 =10.

(i) lim(3x* —2x+4) =3(1°-2()+4 =3-2+4=5.

x—l1

(i) limVx+x+4 =3’ +B)+4 =\0+3+4 =\16=4.

x—3
(iv) lin;lxx/xz —4 =22°-4=0.
W lim(Jx 1= +5) =tim(Vx 1) -lim (V5

- (V@ +1)-({@r+s)
=J8+1-v4+5 =J9-J9 =0.

2x* +5x  _2(2)'+5(-2) _-16-10 _-26 13

(vi) lim — A
x>2 3x-—2 3(-2)-2 —6-2 -8 4
Question # 2
3 2
() Em X =% _im x(x”—1) _tim x(x+1)(x—1)

==l x+1 =1 x+1 x—>-1 x+1

= limx(x—1)  =(-D(-1-1) =2

(i1)

7 = =

. (3x7 +4x L x(BxT+4) . 3x*+4 3(0)+ 4
lim = lim————~ lim =
X +x =0 x(x+1) =0 x+1 0+1

x—0
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. x -8
) lm————
(1) 2 x> 4 x—6
—lim x —(2) _lim (x—2)(x*+2x+4)
2 x> +3x—2x-6 =2 x(x+3)—-2(x+3)
(x=2)(x* +2x+4) i (x> +2x+4)

=2 (x+3)(x—-2) =2 (x+3)
(@' +2+4) 12
(2+3) 5
3 2 _
(i) liIIllx 3)2 +3x—1
x> X —x
-1y’ =
B C ) B C )

x>l x(x —1) -l x(x—1)(x+1)

(- (o))

=lim~—~— =lm———— =0
=1 x(x+1) =1 (1) (1+1)

3 2 2 1 2
(x +xJ - x*(x+1) i

o (x+1)(x=1) x> (x—1)

_ () 1

(v) lim

(-1-1) 2
2 2
(vi) 1im—2f 33 _ lim —2(x 1)
x—>4 x° —4x x4 x*(x—4)
2Ax+4)(x—4
s )(x=4) ~ lim 221D
x—4 x(x_4) x—4 X
_24+4) 16 _,
4? 16 '
o VX2 =2 (2
(vil) lim
x—2 x_z A—)Q X — 2 \/;+\/_
2

(AP -(2) e

=lim =lim

=lim ) 1

2 x+x/_ =\/§+\/§ zﬁ
\/? Voo _p Nxahox Jxthedx
0 h—>0 h Jx+h+Jx

(viii) 1

h—>

=lim =lim

2
=2 (x—z)(&+ﬁ) =2 (x-2)(Vx +42)

(m)z_(\/;)z : x+h—x

20 (i) bk R
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h

=lim =lim

e R Lo

| |
_\/x+0 +\/; _2\/;

) S e
(IX) llmﬁ
x—)ax —a
' (x—a)( +xX"a+x"a + .. +a"
=lim :
Ha(x—a)( L™ 20 +am)

(x”'l + X 20+ x"a? + .+ a”"l)

=lim
x—a (x””‘1 +xX"a+x"3d? + .+ am_l)

atvraPa+ad? + . +a!

a'+a"ta+ad" ar + ... +a™"!
a +a" +a" +...+ad"" (nterms)

a" +a" +a" " +...+a"" (mterms)
n—1

na n n—1—-m+1 h n—m
= m—1 =—a —
ma m m
Law of Sine
. . . . siné
If 6 1s measured in radian, then }911]% =1
See proof on book at page 25
Question # 3
) . sin7
) i SIL7X
x—0 X

Put 71=7x :>%=x

When x—0 then 7—0 ,so

. sin7x . sint

11113 = hnolt—

x—> t—

x iz
4 }
711113% = 7)) =7 By law of sine.
—
i) lim22E
x>0  x
Since 180° = rad =TI = rad = x 7 rad
S sin 7%

So  lim22X =1imﬂ

x—0 X x—0
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. 1801
Now put Xt e =—
180 T
When x—>0 then 7—0,so
__sin 7[%80 sin/
m—— = ew
x Y
- % 1ant =—— () = by law of sine
180 x=0 ¢ 180 O
1—cosé@ . l—cos@ 1+cosé@
(ii1) 1 _ = lim— :
-0  sinf@ -0 sin@ 1+cosél
. 1—cos* @ sin’ @
=lim— m
6-0sin @(1 + cos 6?) 6-08in O(1+ cos )
lim sin @ _ sin(0) _ 0 _0
0-0(1+cos@)  l+cos(0) 1+1
(iv) lim 22X
X=>T g —X
Put (=7—x = x=x—1
When x—>x then 7—0,so
[ SIDX sin x _ lim sin(z —1)
XoT T — X t—0 l‘
= thm . sin(;z'—t)=sin(2-£—t)=sint
>0 | 2
= ] By law of sine.
(v) lim s%n P~ limsinax- -
x>0 sin hx x—0 sin bx
. ax 1 . sinax 1
= limsinax-| — = lim - AX —
x—=0 ax . bx =0 gx smbx
sinbx-| — —— b
bx bx
= 9 i 1 = — () — =2 by law of sine
b0 ax sinbx (1) b
-0  px
(vi) lim—— = lim—— = lim——cosx
=0 tan x x—0 SIN X =0 gINn X
CoS X
) 1 1
= lim——-cosx = limcosx = --1 =1
x—0 SIN X m SINX x>0 1
X =0 x
), TS = e
x—0 X 5 1—cos2x
.2 v SN x=
_ limZSII; X 2
=0 x . 2sin’x=1-cos2x
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. 2 . 2
- 211m[smxj :2(limsmxj = 2(1)? =2

x—0 X =0 x
(vil) Do yourself by rationalizing
. 2 .
@) 1 = 1m ™ g
-0 @ 6—0
. smn@ . .
=191i13 -}91{)1351n49 =1)-0) =0
. SeCX —COSX
)l
1 1—cos®x
—CoSX
— limCOS)C = lim COS X
x—0 X x—0 X
2 . 2 - .
. 1l—cos"x . sin"x . _sinx sinx
= Ilm———— = lim = lIm——-
=0 xcosx =0 X CcoS X =0 X  CcosXx
_ i S0 e SInX (1) sin(0) _ (1)9 _ 0
x>0 x  x>0coSX cos(0) |
) lime— 2P
x>0 1 —cos gl
2sin2p—0 1
= Ilm—= sinzf: —osY
Y 2 5in? v 2 2
2
%)
=lim sinzp—g- ! —lim sin>2Z. 2 5" 1 >
x—0 2 ; 2q0 x—0 2 p@) (C]H)
sin” =— b o |5
2 ) 2
2 (g0
2
2
sinzp—g ) 1 sinp—g 1 JCa
—lim 2 -(%‘9) . — lim 2 | . ——
x—0 p_@) Sinzig x—=0 p_@ ) qH q (2
2 2 (q_&)z 2 Sln7
2 @
2
2
PE
P S L _ Pl P
) 1rr(} 0 2 T 2 (1) 2 2
g |=0 pv . q6 q (1) q
) sin—
lim — 2
x—0 q_@
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() i tan@ —sin @
60  sin’ @
sin@ . sin @ —sin@cos @
—siné
— lim<os®@ — i cosd
0—0 Sil’l3 7 60 Sil’l3 6
. sin@—sinfcos b . sin@(l—cos@)
= lim — = lIlIm— -
-0  sin” @cosl -0  sin” @cosl
) l—cosé ) l—cos@ 1+cosé
= llmz— = llm 5 .
-0 sin” @ cos @ 0-0sin”“ @cos@ 1+cosl
) 1—cos* 6 i sin’ @
= lim—— = lim——
0-0sin” @ cos (1 + cos 9) -0 sin 90059(1 +¢O8 (9)
i 1 . 1
= lim = lim
-0 cos @(1+ cos 0) 0 cos@(1+cos )

1 1

1
cos(1)(1+cos(1)) 1-(1+1) 2

Note:
. Iy
a) hm(l + —) =e

n—0 n

1

b)  lim(l+x)r=e  where e=2.71828]...
See proof of (a) and (b) on book at page 23

X
. a
C) lim
x>0 x

= log,a or Ina

Proof:
Put y=a"-1 ........ (i)
When x—0 then y—>0
Also from () l+y=a"
Taking log on both sides
1n(1+y)=lnax = In(1+y)=xlna v Inx" =mlnx

1n(1+y)
Ina
a —1 y

Now e = (i)

Ina

Y BE _ fy, 0E

y—>0 ln(l+y) y—0 lln(1+y)
y

= X=



) Ina Ina
= hn(} - = -
in(ly) limln(14p)
y—>
Ina Ina
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v Inx" =mnx

1

o lim(1+x)x =e

x—0

v Ine=

Question # 4

1 2n
(i) lim (1+—j
n—+a0 n

L 12 . 1Y P L
(1) Im|l+-— =| Im | 1+— = g2
n—+c0 n n—>+© n

(iv) lim

(i) lim (1—1 :{lim (1-%
n—+w n n—>+w 7,

4n

L 1
|
Il
ml
| —

v)  lim (1+fj — Tim (1#] * _| Bm (1+ f)“
n—>+o0 n n—>+0 n n—>+o0 n

(vi) lim(I+ 3x)§

x—0

x—0 x—0

1 6
= lim(1+3x)% = [lim(1+3x)3x}

1
2

(vii) lim(1+2x7)

x—0 x—0 x—0

L =2 I 1
(viii) %11)101(1—2}:)%': lim(1—2h)-2n = [11m(1—2h)—2h} =

h—0 h—0

(ix) nm(ij
oo\ 14+ x

2
¥ = lim(1+2x2)§: {lim(1+2x2)2;}

o (1+xYT (1 oxNT (1 YT
=lim| — =lm|—+—| =lm|—+1
X—>®0 X X—o\ X X xXow\ x



FSc-1I / Ex- 1.3 -3

]
={lim(1+lj} = ¢'= !
X—>0 x e

) e%‘—l

(%) hmy— ; x<0
0/ 4]
Put x=-r where >0

When x—0 then r—0, so

e%—l e_%—l e_%—l

Im——— = lim———— =
0 e%‘ +1 =0 e_% +1 e_% +1
_e”-1 _0-1 e_wzizizg
e”+1 0+1 e® o
=—1
Ve _
) BmP = - 3w
x—0 y
e~ +1
1 1 1
5| 1- ¥ -,
= lim . = lim ¢
x—> y 1 x—> 1
e’ 1+— I+—
X 4
1—11 -1 -1
_ N _ e _ e _ 1-0 .
1+L1 1+L 1+ L+0
eﬁ e” o0
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