Exercise 2.5 (Solutions)rage 7o
Calculus and Analytic Geometry, MATHEMATICS 12

Some Important Derivative Formulas

o ic =0 where ¢ 1s constant o — x'=px"!
dx dx
. isinx = COSX oitan x=sec?x e — CSCX=—CSCXCOtX
dx dx dx
d . d _ 5 _
e — COSX=—Sinx e cotx=—csc’x e —secx= secxtanx
dx dx
d .. 1 d 1 d . 1
o —Sin ' x=——— o = Tan'x= o —Sec 'x=
dx 1-x? dx 1+x32 dx wxt =1
- - -1
° iCos_lxz ] . iCOI_le 12 . iCsc‘lxz
1—x2 dx 1+x dx x\/xz—l

Question # 1
Difference the following trigonometric functions from the first principles.

(i) sin2x (ii) tan3x (iii) sin2x+cos2x (iv) cosx’
(v) tan®x (vi) tanx (vii) cos+/x
Solution

(1) Suppose y=sin2x
= y+0y=sin2(x+9x)
= Oy=sin2(x+dx)—y
=sin2(x+0x)—sin2x

Dividing both sides by Jx
Oy _sin(2x+2dx)—sin 2x

ox ox
5 2x+20x+2x) . (2x+20x—2x
cos sin
B 2 2
B ox
~ 2cos(2x+dx)sin(JIx)
B ox
Taking limit as ox — 0
e Sy _ o 2cos(2x+Jx)sin(Ox)
0x—0 5)(; 0x—0 5x
dy . sin(Jx)
- = 2 }}%cos(2x+5x)- 5
. . sin(dx)
= 251%g10cos(2x+§x)-£r£10 5
= 2 cos(2x+0)-(1) L L

-0 @
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= ﬂ = 2cos2x

dx

(11) Let y = tan3x
= y+dy = tan3(x+Jx)
= Jy = tan(3x+3dx)—tan3x

_ sin(3x+3d0x) sin3x  sin(3x+30x)cos3x—cos(3x+3dx)sin3x
B cos(3x+35x)_cos3x - cos(3x +30x)cos3x
sin(3x+30x—-3x) sin(36x)
 cos(3x+35x)cos3x  cos(3x+35x)cos3x
Dividing by Jdx
sy 1 sin(3Jx)

Sx  Ox cos(3x+35x)cos3x
Taking limit as dx — 0

. Oy sin(30x)
Iim — = lim
a=0 gx w0 gx cos(3x+39x)cos3x
in(30.
L3 = lim sin(30x) : L 2 xing and +ing 3 on R.H.S
dx 0  Ox cos(3x+30x)cos3x 3
in(30.
— 4 i sin(36x) . 1
00 39x  o0cos(3x+30x)cos3x
= 3(1)- 1
cos(3x+3(0))cos3x
B 3 B 3
cos3x cos3x cos’3x
= L 3sec?3x
dx
(111) Let y = sin2x+cos2x

= y+dy = sin2(x+0x)+cos2(x+x)
= Jy = sin2(x+8x)+cos2(x+dx)—y
= sin2(x+Jx)+cos2(x+x)—sin2x—cos2x
= [sin(2x+26x)—sin2x |+ cos(2x +28x) - cos 2x |

{ (2x+25x+2x) ) (2x+25x—2xﬂ
= | 2cos 5 sin »

[ 2x4+20x—2x) . (2x+26x—2x
+| —=2s1n > sin ”
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= 2cos(2x+ 0x)sin(dx)—2sin(2x+ dx)sin(JIx)
Dividing by dx

.1 2c0s(2x+dx)sin(Sx) —2sin(2x+ 6x)sin (5x) |
ox  Ox
Taking limit as dx — 0
. Oy .1 . . .
(gr_%g = ;i%5[2003(2x+5x)sm(5x)—231n(2x+5x)sm(5x)]
in(o in(o
D tim cos(2x+ 62) lim SO 2 fim sin (2 + 8 fim S0
dx 0x—0 0x—0 ox 0x—0 0x—0 ox
= 2cos(2x+0)- (1) 2sin(2x+0)-(1)  Since lginolsmg =1
= dr_ 2cos2x—2sin2x
dx
(iv) Let y = cosx’

= y+0y = cos(x+Jx)’
= Oy = cos(x+0x)* —cosx’
2, .2 2 2
_ _Zsin((x+§x) +x ]Sin((x+5x) X ]
2 2
X2+ 2x8x+ Ox* + x* in X2+ 2x0x + Ox* — x*
2 2
2x% + 2x0x + Ox* ) . (2x§x+§x2]
.sin| ——————

= —2sin

= —2sin
2 2

2
= —2sin x2+x5x+%j-sin[x+%j5x

Dividing by Jx

2
Q: —i-Zsin x2+x5)c+Ji -sin(x+@j5x
ox ox 2 2

0.
xing and +ing (x+7x] on R.H.S

%)

, i

= Q = — isin x2+x5x+§i -sin(x+§]§x s 2)
Ox ox 2 2 B

: ox
S5i2 sm(x+7]5x S
= ~ 2sin()c2 +x0x+ J 5 '(x+—)
2 (x+7xj ox 2
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Taking limit as x — 0

&),
s 51 sin| x+ 5 X S
h'm—y:—]jm 2sin| x* + x0x + . xX+—
5xe05x ox—0 2 ( 5)(:] 2
x+— [0x
i 2 ]
. ox
dy . ( ) é'xzj : sm(x+2j5x : (
= — = —2limsin| x” + x0x+— |- lim - lim
dx 0x—0 0x—0 ( 5)() 0x—>0
x+— |0x
2
= —2sin (2" +(0)+(0))-(D- (x+ (0))
= L — 2 xsin x°
dx
(v) Let y = tan’«x

= y+Jy = tan’(x+ 5x)

= Jy = tan’(x+Jx)—tan’x

(tan(x+ &x)+ tanx)-

(tan(x+ &x)+ tanx)-

(tan(x+ &x)+ tanx)-

(tan(x+ &x)+ tanx)-

Dividing by Jx

(tan(x+ &x)+ tanx)- (tan (x+ dx) — tanx)

sin(x+Jx)  sinx
cos(x+0Jx) cosx
sin(x+ dx)cosx —sin xcos(x+ Ox)

cos(x+ dx)cos x

sin(x+dx—x)

cos(x+ ox)cosx

sinox

cos(x+ dx)cosx

% L(tan(x+ 5x)+ tanx)- i 0%
ox  Ox cos(x+ dx)cos x
Taking limit when dx — 0
lim 22 = limi(tan(x+ 5x)+ tanx)- i o7
00 §x 00 5x cos(x+ dx)cos x

1m
Sx—0

cos(x+0)cosx

dy . (tan(x+Ox)+tanx| . (sindx
= ( s s

cos(x+ dx)cos x

B [tan(x+0)+ tanx] .

_ tanx+tanx 2tanx

COSX -COSX COSZX

|
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= L) = 2tanx sec’x
dx
(vi) Let y = +tanx
= y+dy = tan(x+Jx)

= Jdy = \/tan(x+§x)—\/tanx

= (\/tan(x+ Ox) —\/tanx)-[

tan (x+ 6x)—tanx

1/tan x+ 5x ++/tanx

B sin(x+ Jdx) sinxj

B ,/tan(x+5x)+ tan x (COS()HJx)_cosx

Now do yourself as above.

tan(x+ Ox) ++/tan x
tan(x+ dx) ++/tan x

(vii) Let  y = cosv/x
= y+0y = cos/x + 5x
= 8y = cosvx+dx—cosv/x
2 2

= —2sin

Dividing by Jx
2 Jx+ox+x ) . (Vx+6x—+x
sin sin
sy 2 2
Sx ox
Taking limit as ox — 0
o x/x+§x+\/;] Sin(\/x+5x—\/)—c]
2

2
Iim ﬂ = —21lim
Ox—0 5x Sx—0 5X

As 5x=(m+\/;)(M—\/;),puttingin above
s1n( x+5x+x/;] sin( ,x+5x—\/;]
Ay _ 2 2
PR S Y S S ) S Y
sin( x+5x+\/;] sin( x+§x—\/;]
2

. 2 .
= — lim - lim

—
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) [ x+0+\/x]
Sin
2
= D)

N ﬂ _ _Sin(\/;)

(Vx+0+vx) & 2Jx

Question # 2

Differentiate the following w.r.t. the variable involved.

(i) x*secdx (ii) tan’ @ sec’@ (iii) (sin 260 —cos 3(9)2 @av) cos\/; ++/sinx
Solution

(i) Assume y = x’secdx
Differentiating w.r.t x
Db _ ix2 sec4x
dx dx

= x° ise:c 4dx+ sec 4xix2
dx dx

= x’sec4xtan 4xdi (4x) +secdx (2x)
I

= x’secdxtan4x(4)+ 2xsecdx
2xsecdx(2xtandx+1)

(i) Let y = tan’ 6 sec’ @
Diff. wr.t 6

@ _ itan39 sec’ @
dg do

= tan3t9i5,6:0219+sec2 Hitarfﬁ
aé dé
3 d 2 2 d
= tan” @| 2sec@—-sec@ |+sec” | 3tan" @—tan @
do do

= tan’ @(2secd -secOtan ) +sec’ §(3tan’ 0 sec’ 0)

= gsec’@tan’ e9(2tan2 6 +3sec’ 49)

(iii) Let y = (sin26—cos36)’

Diff. wr.t 6
L. i(sinze—cosse)z
d6  de

= 2(sin 26 — cos 30)%(sin 20— cos30)

= 2(sin26 —cos 30)(cos 20 L3 (26) +sin36- L3 (36)}
dé dé

= 2(sin 26 —cos30)(cos28-(2)+sin30 - (3))
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= 2(sin 26 —cos30)(2cos 26 + 3sin 30)

(IV) Let y = COS\/;'f'\/SinX

1 1
= c08(x)2 +(sin x)é

Diff. w.r.t x
dy d ( 1o 1)
— = —| cos(x)” +(sinx)?
dx dx %) ( )

14 1 1
= —sin(x)? xx2+§(sinx) 2E(sinx)

L]
d.
C(1 1) 1 1
= —sin(x)2 > 2 2(smx) 2(cosx)

_ I cosx _Sil’l\/;
2| +/sinx Jx

Question#3
Fmd Y if
dx
(1) y = xcosy (1) x = ycosy
Solution
(1) Since y = xcosy
& = ixcosy
dx dx
- xicosy+cosy@
dx dx

= x(—sin y)ﬂ +cos y(1)
dx

=5 ﬂ+xsinyﬂ = cosy = (1+xsiny)ﬂ = cosy
dx dx dx
o by _cosy
dx I+ xsiny
(i1) Do yourself as above
Question # 4
Find the derivative w.r.t. “x”
. 1 e . 142
(1) cos T (i1) sin Tox
1+2x I+ x
Solution
: . 1
(1) Since y = cos X
1+2x

Diff. w.r.t x
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dy d 1+x
dx dx 1+2x
. 1+x d| [1+x [ 1+x d(luf
= —sIn —_— = —Sin —
1+2x dx| V1+2x 1+ 2x dx\1+2x
g [T l(lmj%i(uxj
B 1+2x 2\0+2x) dx\1+2x
d d
- T+ x l(1+2x]é (1+2x)dx(1+x)—(1+x)dx(1+2x)
1+2x 2\ I+x (1+2x)°
o [T (1+2x) 2 ( (14+2x) (1) - (1+ %) (2)
14+2% (14 x)} (1+2x)’
1
_ —sin I+x  (142x)2(14+2x-2-2x
1+2x 2(1+x)% (1+2x)2
1
. [1+x  (1+2x)2 -1
= —gin : 1 i
I+2x o(14+x)2 | (1+2x)
1. [1+x (1+2x)?
= —sin . T T
2 VI+2x (14 x)7(142x)"2
. dy 1 o I+x

dx i+ x(1+2x)2  V1+2x

(i) Do yourself as above.

Question # 5
Differentiate

(i)  sinx w.r.t. cotx (ii)  sin’x w.rt. cos'x

Solution
(1) Let y = sinx and u = cotx

Diff. y wrt x

dy d .
— = —sinx
dx dx

= COSX

Now diff. u w.r.t x

du
— = —cotx
dx dx

= —csc’x



FSc-Il / Ex-2.5-9

dx 1
= — = ——
du CcSC™ X
= —sin’x
Now by chain rule
dy _ dy dx
du dx du
= (cosx)(—sinzx) = —gin’x CoSx

(ii) Lety = sinx and u = cos*x

Diff. y wrt x
L is,inzx
dx dx
.d . .
= 2sinx—(sinx) = 2sinx cosx
dx
Now diff. u w.r.t x
du d 4
— = —cos'x
dx dx
d )
= 4cos’ x—(cosx) = 4cos’ x(—sinx)
dx
= —4sinxcos’ x
a1
du 4sin xcos’ x
Now by chain rule
dy _ dy dx
du dx du
) 1
= (2sinx cosx)(— : - j
4sin xcos” x
= ——sec’x
| 2
Question # 6
If tan y(1+tanx) = 1—tanx, show that ? = -1
X
Solution
Since tan y(1+tanx) = 1—tanx
I—tanx
= tany =
1+tanx
l—tanx tanf — tan x (z j
= = = tan| ——x
1+1-tanx 1+tan7 - tan x 4
V4
= y=——x

4
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Diff. w.r.t x
dy _ i[z_xj
dx dx\ 4
=0-1= ﬂ = —1
| dx
Question # 7

If y = \/tanx+\/tanx+\/tanx+...oo , Prove that (2y—1)% = sec’ x.
x

Solution
Since y = \/tanx+ \/tanx+ Jtanx +...o

Taking square on both sides

y? = tanx+ Jtan x +Jtan x + .0
tanx+\/tanx+ Jtanx++/tan x + .00

= y° = tanx+y

Diff. w.r.t x
d , d
— = —(tanx+
dxy dx( y)
= 2yﬂ ST SN 2yﬂ—ﬂ = sec’ x
dx dx dx dx

= (2y—1)% = sec’ x

Question # 8
If x = acos’@, y = bsin’ @, Show that a@ +btanf = 0

dx
Solution

X = acos’@, y = bsin’ @
Diff. x w.rt @

= _ i(acos3t9)

de de

= a-300329i(cost9) = 3acos’ @(—sin8)

= ax —3asinfcos’8 = 9 _ _ - 5

de dx 3asinf@cos 6

Now diff. y w.r.t

@ i(bsinm)
do do
= b-3sin20%(3in0) = 3bsin®fcosd

Now by chain rule
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dy _ dy do
ax de dx
= 3bsin’@cos@ —— C -
3asin@cos” 8
= —étanﬁ
a
= aﬂ = —btané = aﬂ +btand = 0
dx dx
Question # 9

Find% if x = a(cost+sint) and y = a(sinz—rcost)
Solution
x = a(cost+sint) and y = a(sint—rcost)
Do yourself

Derivative of inverse trigonometric formulas
(i) Lsiny=—rt

dx NIE's

See proof on book page 76
-1

1-x*

.. d 4
1 —Cos x=
(i1) -

Proof
Let y=cos™ x where xe [0,7]
= COSy = X
Diff. w.r.t x
d dx . dy
—Ccosy = — = —siny— =1
dx dx dx
dy 1
dx sin y
N Since sin y is positive for xe [0, 7]
I—cos™y
|
1-x°
d _ 1
L Tan x=——
(111) I an 'x o
See proof on book at page 77
. d _ -1
(iv) ECOI 1x=1 e
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Diff. w.r.t x
d d
—coty = —x = —csczyﬂ = 1
dx dx dx
S —
dx cscTy
_1 2 2
= — “ 1+cot” y=csc
l+cot’y Y Y
dy 1
dx 1+ x7
d 1 1
(v) —Sec x=——
dx xVxt =1
Proof
Let y = sec”'x = secy = x
Diff. w.r.t x
isec = ix = sec ytan Q—l
dx Y dx Y ydx
d
&y _ 1
dx secytany
= ! v 1+tan” y=sec’ y
sec yq/sec” y—1
= iSec_lx -1 osecy = x
dx xvx* -1
(vi) iCsc‘l)c:— !

dx xvx' =1

See on book at page 77

Question # 10
Differentiate w.r.t. "x"

(i) Cos'X (i) cot™
da

a
2
iv) Sin'V1-x* (v) Secl[x +1J (vi) Cot‘l(1 2%

(vii) Cos™ (1 = le

1+x
Solution

(1) Let y = Cos_lf
a

Diff. wrt x

L. = L] Cos™ X
dx dx a
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S () P A TS
B 252 a 2 adx
1—()6) 1=
a a
e S N R N S ST
at—x* a at—x* a at —x*

(i) Let y = cot™ X

a
Diff w.r.t x
Ll = icot_lf
dx dx a

@) Tt y = Lsn2

a X
Diff. wr.t x
Q - li Sin_lﬁ
dx a dx X

X
X 5 X 1 1
— — — —_— = —_— A
xz—az( i ) xz—az( ij xx —a’ *

(iv) Let y = Sin~'\J1-x

Diff. wr.t x
Q = iSin_lxll—x2
dx dx

- 1 iﬂ = ; 1 1-x* _%i 1-x?
T ) (i)
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2
(v) Let y = Secl(xz-l_l]

x =1
Diff. w.r.t x
& iSecl(xz_i_lj
dc  dx xr-1
_ 1 _i(x2+1j
241 I 22 +1Y dx| x* -1
IR
) 1 [ =) 5 (2 )~ +1) 5 (1)
x*+1 \/(x2+1)2—(x2—1)2 (x2—1)2
(xz—l) (x> 1)’
1 (xz—l)(2x)—(x2+1)(2x)
2 +1 \/(x4+2x2+1)—(x4+2x2+1) (x2—1)2
(xz—lj' (¢ =)

(x2 —1)2 2)(()62 —1-x7 —1)
(x2+1)-\/x4+2x2+1—x4+2x2—1 (x2_1)2
1 —4x -2

(x* +1)-V4x? (2:(-2)) (F*+1)-2x  (¥*+1) .
(vi) Do yourself as above.
(vii) Do yourself as above.

Question # 11
Show that Q = X if X = tan_l ﬁ

dx x X y
Solution
Since 2 = Tan'2 = y = xTan™ 2
X y y
Diff. w.r.t x
ﬂ = i )cTcm_lﬁ
dx dx y

= xi(Tcm_1 ﬁ] +Tan™ 2 i()c)

dx y y dx
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= X %i(f] +Tan_1—-(1)
(xj dx\ y y
I+| —
y
dy
y()—x—
=X 21 2 7] ax +Tanlx = 2x 2()’_)5@)"‘1
y +x y y Vo +x dc) x
y2
2
Y _ vy X Ay

dx y +x" dx y* 4+ x7 X v +x ) dx x\ ¥+
—_ &y = 2 Proved
| dx X
Question # 12
If y = tan(pTan_lx), show that (1+x2)yl—p(1+y2) =0
Solution

Since y = tan(pTan‘lx) = Tan™'y = pTan'x

Differentiating w.r.t x

d
—Tan™'y = p—Tan'x
dx ¥ e dx

1 d 1 d
Ll ) )
= (1+x2)y1—p(1+y2)20 Sinc:eﬂzy1

dx




