Exercise 2.6 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12

2.10 Derivative of General Exponential Function (Page 80)
A function define by
f(x)=a* where a>0, a#1

is called general exponential function.

Suppose y=a*
— y+§y:ax+§x — 5y:ax+§x —y
= Sy=a*"%* —q* Since y=a*

= dy=a*(a®* -1)
Dividing by 6x
dy _ a*(a® -1)

ox ox
Taking limit as dx— 0
oy a*(a® -1)

lim === |im
ox=0 §x  0x—>0 ox

= Y im a* a1 = ay_ a® lim a’ -1
dx x>0 ox dx =0 Ox

X

= i(ax): a‘.lna Since }rig%a =lna

dx

X

Derivative of Natural Exponential Function
The exponential function f(x)=e", where e=2.71828..., is called Natural

Exponential Function.

Suppose y=¢e"
Do yourself ... Just Change a by e in above article. You’ll get
d,_
dx

2.11 Derivative of General Logarithmic Function (page 81)
If a>0,a#1 and x=a’, then the function defined by y=log,x (x>0) is

called General Logarithmic Function.
Suppose y =log, x
= y+oy=log,(x+0x) = Jdy=log,(x+dx)—y
= oy =log,(x+Jx)—log, x

= log, ()Hjx j Since log, m—log,n=log, %

Dividing both sides by dx

oy 1 X+0x
g_éklog“( J
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Taking limit as 0x — 0

.oy .. 1 X+0x
}}E‘oa—}}%ﬁloga( p j
dy .. 1 ox

- a—}iﬂ%al‘)ga(”ﬂ

T | ox
= M, 5 08 [“7}

= ﬂ :llim iloga[l+5—xj

X x0x500x X
dy 1.. 0x a
=% i ;élir%nologa [1+7)

dy 1 (L S )
= E_xlog“[ }r£10£1+ x] }

Ay 11
= g = logae
= 9(log,x)=1 1
dx\ OB x log, a
d 1
“ =

- dx(og“x) xIna

+ing and Xing by x

Since mlog, x=log, x™"

1
Since lim(1+ x)? —e
x—0

1
log, a

Since log, b=

Since log,a=Ina

Derivative of Natural Logarithmic Function

The logarithmic function f(x)=1log, x where e=2.71828...1s called Natural
Logarithmic Function. And we write In x instead of log, x for our ease.

Since = Inm—In nzlnm

Suppose y=Inx
= y+oy=In(x+dx) = Ooy=In(x+dx)—y
= Oy=In(x+dx)—Inx
~ 5y:1n[x+x5xj

:1n(1+5—x]

X
Dividing both sides by ox
oy 1 ox
- = =Inl1+==
ox Ox n[ X ]
Taking limit as 0x — 0

.0y .. 1 ox
jim = =lim <—In [“ 7}

n
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+ing and Xing by x

Since mln x =In x™

dx x 0x—0 X
= ﬂz—lr{ﬁm [1+5—x]ﬂ
dx x x—0 X
1
—_— a_1 Ine Since lim (1+x)*=e
dx X x—0
d 1 : _ _
= a(ln x)= - 1 Since Ine=1log, e=1
d 1
2 (Inx)=—=
- dx(nx) .
Exercise 2.6 (Questions)
Question # 1
Find f'(x) if
1
(i) f(x)=e""! (ii) £ (x) = X, (x % 0) (iii) f(x) = ¢ (1+Inx)
(iv) fx) = — V) f(x) = In(e +e™) i) f) = S5
e +1 e +e
(vii) f(x) = \/ln(e2x+e_2x) (vii) f(x) = InJ(e* +e )
Solution
O flx) =™
Diff. w.r.t x
da _ 4 e
dx 7 dxe
’ _ Jx-l d \/_
= x) = e —|vJx—1
£/(x) ——(Vx-1)

1 V-1
= eﬁ_1 (%x 2 —0] =2 Ans.

1

(i) f(x) = xe*
Diff. w.r.t x
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d —_— X
af(x)— xe

= f(x) = x3d—e; et —x°

(i) f(x) = &' (1+Inx)

Diff. w.r.t x
%f(x) = %e"(l-klnx)
, o d d .
= f(x) = ¢&—(1+Inx)+(1+Inx)—e
dx dx
= ex(0+lj+(1+lnx)ex
%

= fl(x) = ex(l+1+lnxj or f'(x) = ex(1+x(

X

1+1nx)]

X

X

e
e +1

iv) fx) =
Diff. w.r.t x

d d e
Fiicle a(em]

(¢ +1) Lo —er L (e +1)

- f’(x) = dx zdx
(e_x+1)
(e H)er—e (e (=D +0) (e H1+e)
B (e_x +1)2 B (e_x +1)2
, ex(2e"x+1)

(e_x -|—1)
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V) f(x) = In(e"+e™)

Diff. w.r.t x
%f(x) = %ln(ex+e_x)
’ _ 1 i X —X
= J = (ex+e_")dx(e e )
1
— X =% _1
(ex+e—x)(e +e(-D)
= f(x) = ez—e:i or f'(x) = tanhx * tanh x = ilz::
e
vi) fo) = L4
e +e
Diff. w.r.t x
d _ dje”—&™
Ef(X) - dx(e“x-l—e ”J
ax —ax d ax —ax ax —ax d ax —ax
e e )< e e )
(e“”‘+e_‘”‘)2
B (e” + e_“x)(e“"(a) —e_“"(—a)) —(e“x —e““)(e“x(a)+ e“”(—a))
(e‘“+e_”’“)2
_a(e“x+e_“x)(e“x+e“”‘)—a(e”—e_“x)(e“x—e_”)
B (e“x+e_“")2
a[(e‘“ + e"”‘)2 —(e‘” —e"“")ﬂ
- (e“x+e_“")2
B a[(em +e ™ 4 2e%e ™) — (e + et — 26‘“6“”)]
B (e”"+e_“x)2
_ a[ez‘“ te 42— eQ‘“2 —e7" + 2} P
(e“x+e_‘“)
= f(x) = g2 Ans.
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(vi)  f(x) = \/ln e +e‘2x)
= %f(x) = [ln(e te 2")]2

= f(x) = %[ln(ezx+e‘2x)]_%i1n(62x+e—2x)

d 2x —2x

- ' ~ (¥ +e
2[1n(e2x +e-2x)]% (" +e) Z )
1

i =

e2X(2)+e—2)€(_2))
2\/ln e Tte 2x e Tte

2(62)( _e—Zx) (e2x e—Zx)
= - = Ans
2\/1n e “te 2" e Tte ) e e \/ln e e’
(viii) f(x) = In (e +e )
1
= ln(ez"+e_2")2 = f(x)— ln(e +e 2)“)  Inx" =mlnx

Now diff. w.r.t x

d 1 d 2x —2x

—f(x) = — —In(e”" +e

dxf( ) 2 dx ( )

Now do yourself

Question # 2
Find 2. if

dx
i)y = P*Invx (i) y = x/lnx (iii) y = ﬁ

2_
av) y = lenl (V) y = ln1/x2 1 (vi) y = 1n(x+\/x2+1)
X x +1
(vii) y = In(9-x%)  (vii) y = ¢*'sin2x (ix) y = e (x’ +2x" +1)
(x) y = xe™ (xi) y = 5¢° (xii) y = (x+1)
- Vi =1 (x+1
(xiii) y = (Inx) (xiv) y = = ();2 )
(x3+1)

Solution

() y = Flnx
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1

2 1 _ 2 .. m_
= y = x’In(x) = y = Ex In x s Inx" =mlnx
Now diff. w.r.t x
Q = lilenx
dx 2 dx
= l( 2iln)H—lnxi)czj
2 dx dx
(5,1 1 1
=—|x-—+Inx(2x)| = —x+xlnx or —x+2xInv/x  Ans.
2 X 2 2
(i1) y = xvInx
Diff. w.r.t x
1
@ _ i)c(ln)c)2
dx dx
1 1d
= x—(Inx)2 +(Inx)2—(x)
X dx
_1 1 1
= x-—(Inx) Zi(lnx)+(lnx)2 1) = al 1(lj+(lnx)2
dx 2(Inx)2 \ X
1 1+ 2Inx
= ++/Inx = Answer
2/In x 2+/In x
Gi)y y = —
In x
L dy i(i)
dx dx\ Inx
lnx@—xilnx ln)c(l)—x-l 1 1
= dx _ dx = x o A Answer
(Inx)’ (Inx)’ (Inx)’
@1v) y = lenl
X
= y = x’Inx" = y =—-x"Inx
Now do yourself.
2_
V) y = In = 1
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1
= = In ¥ o1y = = lln x -1
4 x*+1 u 2 | x*+1

Now diff. w.r.t x
2 S
dy_1d, (@
dx 2 dx x +1

_1 1 dfx-l
2 (xz—l) de\ x* +1

1 (x2+1)(2x)—(x2—1)(2x)]

2(x* 1) (o +1)

1 2x(x2+1—x2+1) 1 x(2) 2x
— . = . = ns.
2(x* 1) (x* +1) (2 -1) ((+1) ] (x*-1)
(vi) ¥ = ln(x+\/x2+1)
Diff. w.r.t x
Yy _ 4 N
e dxln(x+ X +1)
_ 1 d( \/2—) ~ 1 [ 1y, v3d j
= —(x+Vx"+1) = I+—(x"+1) “—(x"+1
x+x"+1dx x+Vx" +1 2( ) dx( )
1 1 1 X
= 1+ (2x = 1+
x+x’ +1 2(x2+1)% ( )] x+\/x2+1( \/x2+1]
2
_ 1 X +1+x _ 1 Answer
x+vVxt+1 x+1 ¥ +1

(vii) y = In(9-x7)
Diff. wr.t x
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1 d 1
= —(9-x%) = (=2

9—x° dx( x) 9—x2( x)
& _ -

dx 99—

(viii) y = e *'sin2x
= = = ie‘“ sin2x
dx dx
= ¢ isin 2x +sin 2xi e
dx dx
= ¢ "cos2x (2)+sin2x e (-2) = 2¢7*(cos2x —sin2x) Answer

(ix) ¥ = e_x(x3 +2x° +1)

Diff. w.rt x
ﬂ = ie_x(x3+2)c2+1)
dx dx
-x d 3 2 3 2 d —X
= e —(x +2x +1)+(x +2x +1)—e
dx dx
= ¢ (3x7 +4x+0)+(x* +2x7 +1) € (=1)
= e‘x(3x2+4x)—(x3+2x2+1)-e_"' = e_x(3x2+4x—x3—2x2—1)
= e"‘(—x3+x2+4x—1) Answer
(X) ¥ = xesinx
Diff w.r.t x
ﬂ — ixesinx
dx dx
d sinx sin x d
= X— +e" —x
dx dx
sin x d . sin x sin x sin x
= x-¢""—sinx+e" (1) = x-e" cosx+e
dx
= " (xcosx+1) Answer
(x1) Do yourself
(xii) y = (x+1)

Taking log on both sides
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Iny =1In(x+1)" = Iny =xIn(x+1)

Diff w.r.t x
d d
Liny =L xin(x+1
—lny dxxn(x )
= 1Y L () (xr )P
y dx dx dx
= L ) e (1))
x+1dx
dy X
— = y| —(1)+In(x+1
= dx y(xﬁ—l() n(x )j

= (x+1)x[i+ln(x+l)j Answer
x+1

In x

(xiii) y = (Inx)

Taking log on both sides
Iny = In(lnx)"™ = Iny = (Inx)-In(lnx)
Diff w.r.t x
%lny = %(lnx)-ln(lnx)
= %% = (lnx)%ln(lnx)+ln(lnx)%(lnx)
= (lnx)-Li(lnx)Jkln(lnx)-l
In x dx X
B 1+ln(lnx) _ 1+In(Inx)
Cox X - X
_ dy _ , 1+1In(Inx) _ dy _ (lnx)lnx 1+1In(Inx)
dx X dx X
!
_ x=1(x+1 (x+D(x=D)2(x+1
NN 1120 R ) xe1)
(x* +1) [(x+1)(x2—x+1)]2
1 1 3 I
2 (v _1)2 3 e 1\2
L, e (x+1) y - DG

(x+1)g(x2—x+1)% (x+1)%(x2—x+1)%
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D=

(x-D

(x2 — X+ 1)

Taking log on both sides
(x—1)?

(x2 - x+1)%

= y =

oo

Iny =1In

= ln(x—l)% —ln(xz—x+1)%

1 3.,
= Iny = —In(x—-1)—=In{x" —x+1
y = nG=D-2 ( )
Now diff. w.r.t x
1
Ly = —iln(x—l)—%diln(xz—xﬂ)

dx 2 dx X
1 dy 1 1 d 3 1 5
L A I - S S S
- y dx 2x—1dx(x ) 2(x2—x+1)dx(x o )
1 3 1 3(2x-1)

2x-1) = 2(x=1) - 2(x2—x+1)

2(x—1) 2(x2—x+1)(

dy :y[x2-x+1-3(zx-1)(x-1)]

3 ——
dx 2(x—1)(x2—x+1)
(x—l)% xz—x+1—3(2x2—x—2x+1)
) (32— x+1)’ 2(x=1)(x* —x+1)
X —x+1-6x" +3x+6x-3 _ —5x> +8x—2
- 3, = 1 3
2(x—1)1_%(x2 —x+1)2 1 2()6—1)5()62 —)H—l)2
2_
N Q _ S5x"—8x+2 - A,
dx 2\/)c—1()cz—x+1)2
x+22-\/x—1
xv) y = ( 2)
X +x-2
oy = (x+2)2-\/x—1 oy = (x+2)2-\/x—1

P +2x—x-2 ’ o \/x(x+2)—1(x+2)
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(x+2) Va1 | :

\/(X+2)(x—1) - (x+2)2_5:> ? = 2P

Now diff. w.r.t x
3
Y _ i(x-k 2)2
dx dx

= P =

Do yourself

2.1.3 Derivative of Hyperbolic Function (page 85)
The hyperbolic functions are define by

e —e " e+ e’

sinhx = , xR ; coshx = 5 , XER
sinhx e'—e™
and tanhx= = — , XER
coshx e +e™
The reciprocal of these functions are defined as;
csch x= _1 = 2_ , xe R—{0}; sech x= 1 _ 2_ , X€ER
sinhx e —e™ coshx e +e*
1 X —X
and cothx= = ex+e_x , xe R—{0}
tanhx e —e
and there derivatives are
(i) i(sinh x) = coshx (ii) i(cosh x) = sinhx
dx dx
d 2 . d 2
(iii)— (tanh x) = sech’ x (iv)—(coth x) = —csch® x
dx dx
(V)i(sech x) = —sech xtanh x (Vi)i(CSCh x) = — cschx coth x
dx dx
Proof:
. d , . d(e —e” d(1 _ 1d _
i —(sinh x)=— =—| —(e"—e") |=——(e"—e"
() dx( ) dx( 2 ] dx(2( )J 2dx( )
:l(i x_ie_xj:l(ex_e_x/ e_x)
2\ dx dx 2

(11) Similar as above.
(ii1) See the below (iv) proof.

(iv) dicothx:i(e e ]

X dx\ e —e
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X —X d X —X X —X d X —X
_(e —e )dx(e +e )—(e +e )dx(e —e )

(=) =(e"+e™)
=)
_ (T te —2efe) —(eM +e T +2ee )

()

82x+e—2x_2_82x_e—2x_2

(v) di(sechx):i( 4 ):i2(€x+€_x)_l=2di(e"+e—)‘)_l

i3 dx\ e +e" ) dx x
:2[(_1)(a+e—x)+‘%(e ve )}
:—2(e"+e_x)_2(ex+e_x(—1) N - (ex—e )

(e" +e
_ A=) 2 (ef=eT)
- (ex +e‘”‘)(e" +e_x) - (ex +e"‘) (ex +e‘x)
=—sech xtanh x
(vi) Do yourself as above (v).

2.14 Derivative of Inverse Hyperbolic Function (page 86)
(i) isinh‘1 x= ! (ii) icosh_1 x= !

dx V14 x° dx = —1

o d q 1 ) d 3 1
1) —tanh™ x= iv) —coth™ x=

(ant) dx —x° (1) dx 1—x

2



FSc-1I / Ex- 2.6 - 14

(v) isech_1 = _—1 (v1) icsoh_1 x= 1

dx xy1-x° dx a1+ x°
Proof:

(i) Let y=sinh"'x = sinhy=x
differentiate w.r.t. x.

d 1
—Sinhyzix = coshyﬂzl = 2=
dx dx dx dx coshy
dy 1 g . B
= @ ** cosh”x—sinh" x=1
dx \/l+sinh®y
dy 1
- _—=

r m s sinhy=x
(i1) Do yourself as above.

(ii1)) Do yourself as (iv) below or see book at page 88.
(iv) Let y=coth'x = cothy=x

differentiate w.r.t. x

1
icothyzix = —cschzyﬂzl = ﬂ:—z
dx dx dx dx —csch”™y
> B 12 "+ coth®’ y—1=csch’y
dx —(coth” y—1)
dy 1 1
—J —_— = 3 = 3
dx —coth”y+1 1-coth™y
dy 1
- = scothy=x
N Y
(v) Suppose  y=sech'x = sechy=x
differentiate w.r.t. x
1
isechyzix = —sechytanhyﬂzl = Q:
dx dx dx dx —sech ytanhy
dy -1 2 2
5 — > 1—tanh” y=sech” y
dx  gsech y/1—tanh®y
dy -1
— B _

dx_m wsechy=x

(vi) Do yourself as above
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Question # 3
Find ol if
dx
(i) y= cosh2x (i) y= sinh3x (i) y = tanh_l(sinx),—%<x<§
(v) y = sinh_l()c3 ) (v) y=(Intanhx) (vi) y = sinh™ (%j
Solution
(1) y= cosh2x
Diff. w.r.t x
ﬂ: icosh2x = ﬂ: sinthi(Zx) = ﬂ = 2sinh2x
dx dx dx dx dx
(i1) Do yourself
(iii) y = tanh'(sin x) = tanhy = sinx
Diff. w.r.t x
itanhy = —(sinx)
dx
— sech’ yﬂ = cosx = & _ coszx
by dx sech” y
= % = lctLﬁz .+ cosh>@—sinh’>6 =1
o Aty . 1—tanh* @ =sech’* @
COS X :
= — .+ sinx=tanhy
l—sin” x
= coszx D~ secx
COS™ X X
(iv) y = sinh?(x*) = sinhy = x°
= —sinhy = i)f =3 coshyﬂ = 3
dx dx dx
2
N dy _ 3x
dx cosh y
3x°

R - *+ cosh”® y—sinh® y=1
1+sinh® y
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I S 3x*

. A
1+(x3)2 N mwer

) Do yourself

(vi) ¥ = sinh‘l(%j — sinhy =

Now diff w.r.t x

isinhy = i f — COShyﬂ _ l
& __1
dx 2cosh y x coshE p—sinh® =1
! 2 . 12
- . cosh” y=1+sinh’y
21t sinnty
1 1 1

- = Answer.
Wit/ 2@+ /2 d+x




