Exercise 2.8 (Solutions)erage 101
Calculus and Analytic Geometry, MATHEMATICS 12

Taylor Series Expansion of Function

n’ n’
f(x+h):f(x)+hf'(x)+af”(x)+§f”'(x)+....

Maclaurin Series

2 3
Flx)= f(O)+Xf'(O)+%f”(0)+% F70)+...

Question # 1

Apply the Maclaurin series expansion to prove that:

2 3 4
X X X

1) Inl+x)= x—+———+......
1) Ind+x)= x >t 372

2 4 6
X X X

(1) cosx= l-—+———+......
2! 4! 6!

3

2
X
m) 1+ —1+———+—+ .....
(1t) * 278 16

. X X
av) e'= 1+x+§+—+ .....

(v) e* = 1+2x+42—’+—+ .....

Solution
(1) Let f(x) = In(1+x)
= f(0) In1+0) =

oy = A4 _
f(x) = y Inl+x) = Ton

X
, 1
=— =1
= =15
P = L= —(14x)7
dx
= f7(0) = —(1+0)" = -1
f(x) = dx[ A+x0)7 ]| = +20+2)7
= f7(0) = 20+0)” =
F0 = Loex) = —6(142)"
dx
= f™0) = —6(1+0)" = -6
By Maclaurin series
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2 3
F(X)= £(0)+xf"(0)+ % £7(0) + % F7O) 4.

2 3 4

X X X
= In(l+x) = O+x(1)+?!(—1)+§(2)+z(—6)+

oooo

2 3 4
_ . X X X
= ¥ 2-1+3.2.1(2) 4-3‘2‘1(6)+ ......
X Xt
= x— T+t
2 3 4
(i) Let f(x) = cosx = f(0) = cos(0) =1
f(x) = icosx = —sinx = f(0) = —sin(0) = 0
dx
f(x) = di(—sinx) = —cosx = f7(0) = —cos(0) = —1
X
7(x) = di(—cosx) = +sinx = F7(0) = sin(0) = 0
X

fMx) = disinx = COosx = f™(x) = cos(0) = 1
X

fU0) = dicos)c = —sinx = f"(x) = —sin(0) = 0
%

£ 0) = di(—sinx) = —cosx = f"(0) = —cos(0) = -1
x

Now by Maclaurin series

2 3
()= f0)+xf'(0)+ % £7(0) + % F7(0) + ...,

2 3 4 5 6

= cosx = ]:+xan-F%i(—1)+%i(oy+éﬁ(n-F%5(0y+%;{—1)+

......

2 4 6

= 1+0-qo+ 04
21 Al !

_ L x,.x x

—_— 21 4! 6' oooooo

= (1+x)2 = £(0) = 1+0) = 1

- %(Hx)%a) - %(Hx)‘%
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3
= 10 = - (1+0) = —%

= f7(0) = —(1+0)‘%= %

Now by Maclaurin series

......

F)= £(0)+x£/(0) + % £70)+ % £7(0)+

1 x? 1Y x* 3
= l+x = l+x—+=—| — |[+=—-2+

-----

2 21\ "a) 3
1 X 1) x° 3
— 1_|_x_+— —_ | ——.....
2 2 4 6 8
X .xz .x3
= 1 ———+_ .....
2 8 16

(iv) Let f(x) = e = f(0) = ¢ =

P = L) e s o) = =

By Maclaurin series

oooooo

F(0)= F(0)+x£'(0) + % £7(0)+ % F70)+

2 3
X

= ¢ = 1+x(1)+§—!(1)+%(1)+

= 1+x+x—2+x—3+
B 201 31 7T

(v) Let f(x) = e = f(0) =¥ =¢" =1
’ d 2x 2x
f(x) = E(e ) = 2e
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= f(0) = 2" =20 = 2
” d 2x 2x 2%
f(x) = Za(e ) = (2 )—46
= f7(0) = 4 = 4(1) =4
»” d 2x 2% 2x
F7(x) = 4—(e™) =4(2¢) =8¢

)
= f7(0) =8 =38
By Maclaurin series

F(x) = £(0)+x£'(0) + % £70)+ % £70)+

......

2 3

2 _ XX
= & = Q)+ 5@+ 5B+

4x*  8x°

= 1+2x+7!+?+ .....
‘Question#Z
Show that
2 3
cos(x+h) = cosx—hsinx——cosx+-—sinx+......
(x+h) 2 3

and evaluate cos61" .
Solution Let f(x) = cosx

f(x) = —cosx = —sinx

dx
” d .

f’(x) = ——sinx = —cosx
dx

f7(x) = _ 4 cosx = —(—sinx) = sinx
dx

By Taylor series

2 3
f(x+h)=f(x)+ hf’(x)+%f”(x)+%f”’(x)+....

2 3
= cos(x+h) = cosx+h(—sinx)+%(—cosx)+h—'(sinx)+

2 3

= cos(x+h) = cosx—hsinx——cosSx+—sSinx+......
(x+h) B 3
Put x=60° and h:r:% — 0.01745 rad
2 3
0.01745 0.01745
cos(60+1):cos6()—(0.0l745)sin60—(—)cos60+( )

————sin60 +......
12 13



