Exercise 3.2 (Solutions) rage 130
Calculus and Analytic Geometry, MATHEMATICS 12

Theorem on Anti-Derivatives

1) j cf (x)dx = CI f(x)dx where c is constant.

i) [[f )+ g@]dr=[ fodvt | g(dx

Important Integral

Since %x”*] (n+1)x"

Taking integral w.r.t x

J.%x”+ldxzj(n+l)x"dx

= %= (n+1)J. x"dx

n+l
where n#—1

= J'x dx—n+1

If n=-1 then
S
_[x dx—jxdx (herex#0)

Since iln xX= l

dx X
Therefore Ildxz ln‘ x‘+c
X

Note: Since log of zero and negative numbers
does not exist therefore in above formula mod
assure that we are taking a log of +ive quantity.

Question # 1
Evaluate the following indefinite integrals.

(1) J.(sz —2x+1)dx

(ii) J‘[x/)_c+%jdx,(x>0)
(iii) _[ ( x+1)dx,(x>0)
@iv) _[2x+3 dx

(
W [(Vx+1) dx(x>0)

(x) ———dx,(x>0

| T (x>0)

D) Ie Tt+e

Solution

(i)J(3x2—2x+1)dx=3j.x2dx—2jxdx+_[dx
3 x2+1 xl+1
—3~m—2-1+1+x+c
3 .X3 x2
—3'?—2'7+X+C

=X —x"+x+c

(ii)j[\/;+%]dx:j£x;+x 2jdx

(iii) [x(v/x+1)dx :Ix(x; +1]dx
=J'(x% +xjdx

=_[x%dx+jxdx
~ x%ﬂ

+1

1+1

1+1

+

+C

3
2

+Z +c
2

[\)[L"|><N\m

Important Integral

Since %(a)ﬁb)m =n+1)(ax+b) -a

Taking integral
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I%(ax+b”+ldx j(n+1) ax+b)" - a dx
= (ax+b)'7+1=(n+1)-af(ax+b) dx
. (ax+b)"
=5 .[(a,x+b) dx_i(rﬁl)'a
1+1
(v) [(2x+3)2 dx = (21x+3)
(§+1 2
(2x+3)%

1 3
23(2x+3)2 +c

) j(\/}+1)2dx = [(Wr)? + 23 +1)dx
=J’(x+2(x)%+ljdx

:J‘xdx+2_[(x);dx+jdx

1+1 5“

SEN, SR
T 1+1 1
w il

) I(\/;—%jzdx :j(x%—zjdx
=J.xdx+J%dx—2J.dx

2
=%+ln|x|—2x+c

3x+2

12

) _[ 3x+2

e

dx

I3_x+idx

72T p
=I 3)61/2 +2x° 1/2)d)c
= 3I Mdx+ ZI xVdx
Now do yourself.

1g Ly 2 L
2 2 2 2
:1y—+ y1 te :y?+yT+c
S S | 2 2
2 2 2 2
B 1
==y2+2y?+c
Z
2
fix) I@dg_ 06— 2J_+1
Jo - Js
J[ V) 2\/_ jdﬁ
Jo Jo e
:j[m-zm‘zjde
Ly Ly
2, 2
-5 —20+ 4 +c
L Ly
2" 2
3
2 2
‘97—29+‘9/
2 2
59 —-20+260%*+c Ans
2
(1—\/;) 1— 2\/;+x
®) [t = [
7 Jx

f(f = | F)e
=j(x‘5—2+x5jdx

=Lan L
X x2
= —-2x+—++c¢
L L
2 2
1 3
x2 2
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1 3

2 . 2
=2x2 — 2x+2x2+c A (XlV)Itan x dx

3 Solution
Important Integral (1) J. dx
. d e o Nx+a+~Nx+b
eknow — e =a-e :I dx .m_m
Taking integral Vxta+yx+b x+a—-x+b
J.%e‘”dx:jwe”dx I\/x+a—\/x+
x+a—x—b

= e“":aje“xdx

x+a 2— x+b
~ jlaral e,
= | fera=E e |
D) :a—b J.(x+a) dx—f(x+b)5dx}
Also note that '[ e dx = - L
1
1| (x+a)?™  (x+b)
(i) fe%rex dx =| ) s Tab| T |
e’ e e L 2 2
x 3 3
=I(€ +1)dx 1 ()C+Cl)2 (_x+b)2
= - +c
= [e*dr+[dx a-b| 3 3
" L 2 2
. =e +x+c Ans ) 3 3
Question # 2 =m[(x+a)2 —(x+b)2}+c Ans.

Evaluate

) x+a>0
(1) ( j Important Integral
'[ x+a+~/x+b\Xx+b>0 d 1
Since aTan_x:H_ =
X
dx Also %(—Cot‘lx)zl_l_ -
(i) [—=——,(x>0,a>0 *
iy rwayrel )

dx=Tan'x or —Cot'x

X Therefore j
(iv)] (a—2x)2 dx 1+ x°

Similarly = Sin”" Cos™'x
) J' J.\/1—)62
1 1 -1
dx=Sec  x or —Csc™ x
(vi) J'sm(a+b)xdx ‘[x\/x2 -1
(vid) [+/1-cos 2x dx,(1-cos2x>0)

1+e

.. 1-x°

ii ——dx -1
(viii) jlnxx% dx,(x>0) () J.1+xz 1+x2)1—x2
. . — 2
(ix) Ismzx dx _J‘(—1+1+x2)dx :1:)52

1 V4 V4 1 2

(X)-[1+cosxdx’( §<x<§) - 1+x2dx
x )J» ax+b =—x+2Tan 'x+c

ax’ +2bx+c
(xii) I cos3xsin2x dx G .[ dx
Jx+a++/x
d ,(1+COS2X¢O) :I di \/m_\/;
Ve+a+dx Jxva-x

cos 2x 1

(xiii) [ 5
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:I x+a
xﬁ—a X
1
:I x+a2— 7dx
l_j(xw)‘dx-j(x)idx
a_

I 1 1
1 (x+a)? (x)2 e
Tal 1 1

|t

(sra)f (1)

1l (x+a)? Xx)2
a3 3 |

L 2 2

3

2 2 =
=§{(x+a)2 —x2}+c Ans.

(iv) I(a - 2x)% dx

I

_ (a-2x)?

(1 +3e" + 3 + 63"()

:I - dx
e

x 2x €3x
—I[ + - ]dx

:I e_ +3+3e" +ex)dx

= 2%

e
+3x+3e" +

e
= 3 +c

by % X 1 X
=—e "+3x+3e +§e2 +c

Important Integrals
We know %cosax =—asinax
Taking integral
I%cos axdx = —I asin axdx

= cosax:—afsinax dx

cos ax
a

= jsinaxdxz—

d .
Also ——sinax=a-cosax

dx
jcosaxdx sy S
Similarly
J‘se:c2 ax dx= arar
a
Icosecz ax dy= -1
a
j secaxtanax dx = secaax
Icsc axcotax dx=— cscczlax
Also note that
cos(ax+b
Isin(ax+b)dx: —%
sin(ax+b
J'cos(ax+b)dx:¥ and so on.
. ) _cos(a+b)x
(vi) jsm(a +b)xdx = —T+ c

Do yourself

(vii) j J1=cos 2x dx
:.stnﬁxdx sinzx:%
:ﬁjsinxdx =2 (~cosx)+c

=—J2cosx+c

Important Formula

d n+l n d
@ = () [ @] @)

= L] ()] Fw
Taking integral
[ L@l de=[(ne)[F 0] £
= [ =+ ) [[f@]" f(x)dx

[f( )]n+l - B
( +1) ; n#E-—1

(x)

= | [[f@] f0de=

d _
Also aln|f(x)| f( ) - f

Taking integral

In|f(x)|= j J}((x)) dx




ie || J}((x)) dx=1n|f(x)|+c

(viii) Let [= f T X
X
Put f(x)=Inx = f'(x)=—
So I=[[f(0]f (x)ax

[f( )]l+1 _[f(x)]z
=31t =g te
_(ln)c)2
=

(ix) Ism xdx= I(M)dx

1 1
= I(E—Ecos 2xj dx

2J‘dx cos2xdx
lx_l sin 2x
2 2 2

—lx—lsin2x+c
2 4

(x)

1+ cosx
_ 1 dx C082£:1+cosx
2cos > 2 2
2
1 )X tar12 3
2_[sec 2dx > y +c tan2+c
2
Alternative
1 1—cosx
= X
14+cosx 1+cosx 1-—cosx
:j l—coszx dx
1—cos” x
_J~1 cosxdx
sin” x
~J( e
sin“x  sin” x

5 COS X
=J' cosec” x———— |dx
sin x-sinx

= IcosecQ xdx— I cosec xcot xdx

=—cot x—(—cosecx)+c
= Cosecx—Ccot X +c
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) ax+b
xi) Let [=|——"2
&) J’a)cz+2b)c+c
Put f(x)=ax’ +2bx+c

= f(x)=2ax+2b
= f()=2(ax+b) = %f'(x)zax+b

L (x)
2
sz[ (x)dx

If(X) d

1
=5 h[f®)]+e

:Elnlarﬁ)c2+2bx+c‘+c1
Review
e 2sinacos f=sin(a+ f)+sin(a—p)
* 2cosasin f=sin(a+ f)-sin(a—-p)
* 2cosacosB=cos(a+ f)+cos(a—p)

e —2sinasin f=cos(a+ f)—cos(a—f)

(xii) I cos3xsin2x dx

:%IZCOSBxsinZX dx
1 ) )
= I [sin(3x+2x) —sin(B3x—2x)] dx

=%j[sin Sx—sin x| dx

1 —COSSX—(—cosx) +c
2 3
I[COSSX

2| 5

—COSX}-I—C

cos2x—1
14+cos2x
_l=cos2x
1+cos2x
_ J~2sm X

(xiii)
1—cos2x

2
1+cos2x

2

s a2
oSIm o x =

cos? x =

2cos’ x
:—jtan x dx :—J'(seczx—l)dx

:—Iseczxdx+fdx

=—tanx+x+c
(xiv) jtanzx dx :J.(sec2 x—l) dx

=Isec2xdx—jdx

=tanx—x+c¢
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Important Integral

. d 1 d
Since aln| ax+b‘=m-a(ax+b)
= iln‘ax+b‘= a
dx ax+b
On Integrating
=" ln|ax+b[=a.[ax1+b dx
1 _1n‘ax+b|

= Iax+bx a




