Exercise 3.3 (Solutions)rage 137
7Ca-_CI._I|_US a_nd A_nalytic_ Geometry, MATHEMATICS 1:27

Evaluate the following integrals:
Question # 1

J‘ —2%
N

Solution

Let 1:[

idx
Va4 -x°

Put r=4-x = dr=-2xdx

So 1=[% =j(t) 2 dt
Jr
.__l+] l
2 2
USSR
— =] i
2 2

—I x+2 +9 —I x+2
Put r=x+2 = dr=dx

o = II 2432

1 at
=—Tan —+
3 lan gt

= %Tan"1 x;Z

+C

Important Integrals

) d i x a
Since ETan [E] = e
By Integrating, we have

Tan™'| = | = [52
an [aj Ia2+x2dx

1
_a‘ja2+x2dx
1 _1 1 X
= -[a2+x2 dx—ETan (E]

Similarly

[—&_ = i 2
e _ 1o -

Jm— = oS

Question # 3
xZ
4+ x°
Solution

2 1

J.ijz dx 4+ x° ixz
2
:j(l— fxzjdx %
—jdx 4I4+x

_ dx
_x_4j(2)2+x2

g Ly X
=x—4 2Tcm [2j+c

=x—2 Tan™ [%)+c

Question # 2
J‘ dx
¥’ +4x+13
Solution

let I=|—""—
J.x2+4x+13

dx

| X +2(x)(2)+(2)2 —(2)2+13

| (x+2)° —4+13

Question # 4

1
-[xmxdx

Solution

Suppose [ = I =
X x

—I— —dx

Inx x

Put f=lnx = dt:ldx
X

So I:Hdz =In|t|+c

=ln|1nx‘+c
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Question # 5
'[ e +3
Solution

dx

Put t=¢"+3 = dt=e€"dx
sz%zln\:\w

e"+3l+c

=In

1
= 2(tanx)2 + ¢ = 2Jtanx + ¢

Question # 6

x+b 1 de

(x2 +2bx+ 0)5

Solution
x+b dx

Let I=| 1
(x2 +2bx+ c)E

Put t=x"+2bx+c

= dr=(2x+2b)dx = dt=2(x+b)dx

= (a7 +2bx+ c)5 +¢

=~x*+2bx+c+¢

Important Integral
_fsecH 08 = J- sec O (sec6+tan6)
sec@+tand
_ J- sec’ @+secOtan 6
secd+tané@
B J- sec &tan 8 +sec” 8
secd+tand
Take r=secd+tand
= dt= (sec2 @+ sec @ tan 0)d6

So jsece d@:j%dz
=In|t|+c
=In|secO+tan 8 |+c

= jsecH d@=1In|secf+tané |+c

Similarly
_fcosec& dé = 1n| cosec0—00t6‘+c

See proof at page 133

Question # 8
(a) Show that

_dx
Vxt—a?
(b) Show that

2
axX X
al—-x dx——Sn1—+§\/a2—x2+c
a

2

+c

x+\/x2—a2

=In

Solution
dx

(a) Let I:ﬁ
X —a

Put x=asecé = dx=asecOtan b db

Question # 7
J- sec’ X

Jtan x

Solution

sec” x
Let I—Im

Put r=tanx

dr 2
I=|l—= =\t ?%dt
J4 -]
—%4—1 %
+ C :t1—+c

— dt=sec’ x dx

t

I
—= ]
2 2

So I:J- asec@tan@ dé
(asecO)’ —a®

asecBtan@ db

_J‘\/a2 (sec26’~1)
=J-asect9tan0 dé
Va*tan* @
* l+tan” @ =sec’ @
_J-asecé?tané? do
B atan@
=ln‘ sectﬁ’ﬂané’|+cl

=In|secd++/sec’ 61 ‘—l—cl

= Isec@ de




2
x X _
=In| =+ /_2_1 +e x=asec@
a a X
—=seclH
X ¥ —a’ “
=In|—+ 7 | +6
a a
X ¥ —a’
=In|—+ +¢
a a
x+\Vxt-a?
=In uals
a
=In|x+vx’—a’ |-lna+c
=In|x+vVx*—a* |+c
where c=—Ina+c
(b) Let I = a® —x*dx
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2
a 1 X
A
a

3 2\/61 —X +c

Put x=asin@ = dx=acos@dl

So 1=j\/a2—a2 sin’@-acos@ do
=J.,/az(1—sin2 9) -acos@ de

=J-\}azcoszﬁ-acosﬁ d@  l-sin’ 6=cx 0
:jacosﬁ-acosé?dﬁ
=a2jcos29d0 . cos’ g = LT C0s20
2
1+cos20 a>
R et ?I(1+00329)d6’
a S1n26
7(94‘ )
aQ( 231nl9c050j
=—| 0+ +c
2
2
%(9+s1n0\/1 sin’ )+c -
4 2 X _sing
=& | sint 242 l—x—2}+c a
2 a a a X
sin'==6
8 gt E B ‘
2 a a a’
= ’ SlnAIE-FEﬂ +c
a a a
2
=% Sin"l—+i2\/az—x2 j-l—c
a

Evaluate the following integrals:
Question # 9

IL

%
(1+x)

Solution

etlj

1+x )

— dx=sec’0do
| J- sec HdH

Put x=tan@

(1+tan’ 8) 2

Iw * l+tan” @ =sec’ @

(sec” 6)2
:J- sec’8dé
sec’ @

_Ise

_siné
cos @

_[ cos@df =sinb+c

+c

-cos@ + ¢ =tan@-

sec @

tan @ - +c

1
J1+tan’ @

X
= +C

Vi+x*

x=tané

Question # 10

1
J. 2 -1 dx
(I+x7) Tan "x
Solution

Let I:_[ 1

(1+x*) Tan™'x
1
+x%)

dx

- I Tan_lx‘ (1

= dt= dx

Put r=Tan'x 5
1+x

So I:J‘%dt =In|r|+c

:ln’Tan‘lx‘-i—c

Question # 11

J‘,Ht—idx
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Solution

Let I:J.1/}J_r—idx

Put x=sin@ = dx=cosé@db

_ /1+sint9
So I—I s cos@de

_J-\/1+sin¢9.1+sint9'
B l-sin@ 1+siné

0s@dé

1+ sin 0
—I -cos@de
1 sin’

(l+sin0)“
:I —2-0030d0
cos
:J- 1+sin6?.C
cos @

0s0d6 = (1+sin6)de
=60-cosf+c

=@0—1-sin*@+c ‘ L
:Sin_lx—m+c s a=0

x=sinéd

Question # 12
J- sin &
1+cos’ @
Solution

de

Let J:IL‘ZM
1+cos“ @

Put t=cos@

= dt=—-sinfdf = —dt=sinfdb
—dr _ ¢ di

1+ 147
=—tan"'t+c

=—tan"' (cos@)+c

Question # 13

Nk

Solution
ax
! ZJ. ﬁ &
X
:aj —— m dx

Let

Put s=x> then ¢*=yx*
dt=2xdx = %dr=x-dx
ldt

So I:aj

\ja —[

Question # 14

J' dx
N7 —6x—x*

Solution

IZJ'L
\/7—6)c—x2

_J‘J x 2 +6x— 7

_j\/ (¢ +23)(0+(3) -(3)*-7)
dx

J-(c+3-16)
:jL
V16— (x+3)°

Put t=x+3 = dx=dt

= =J' dx
Jie=12 @’ =@
= Sin”’ [%j+c
= Sin! (XTH]+C

Let

So

Question # 15
J- COS X
sin x-Insin x
Solution
COS X
Let [ :J. —_
sin x-Insin x
1 CcoS X
[k
Insinx sinx

Put t=Insinx = dr= -cos x dx

S x
So I:J'%dt =In|r|+c

:lnllnsinx‘+c




Question # 16

I cosx[ln,smxjdx
sin x

Solution

Let I:Jcosx ln:smx dx
sin x

COS X
sin x

—j Insin x

) 1
Put t=Insinx = dfr=——-cosxdx

sin x
No do yourself
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[E—

:_IL
24 F+D* +(2)°

1 1 af t+l
=3 2Tan ( > )+c

1, (x4
= 4Tan [ > ]+c

Question # 17
J- xdx

A42x+x°
Solution

Lt 1=

2_[ 2x dx

X’ +2x+4
+ing and —mg 2 in numerator.

. Fe (2x+2) 2
2 X +2x+4

_lj-( 2x+2 2 de
27\ X +2x+4 X +2x+4

J' 2x+2 l 2 dx
) x* +2x+4 2 x4+ 2x+4
jx(x +2x+4) I
2-[ X +2x+4 _5 X+ 2x+1+3
:%ln‘x2+2x+4‘— d >
(x+1)2+(\/§)
1 2 1 _1x+1
=—In|x"+2x+4|—-——=Tan ——+c¢

Question # 19

(-3 «

Solution

1
Let I= cos(\/——fﬂx[— ]
f E
Put l=\/_—£
2
(1= 1 _Lf 1
= a’t-(zx 2]a’x = dt-z[\/; ljdx
1
= 2dt=|—-1|dx
)
So I:Icost-2dt
:2Icostdt

=2sint+c

Question # 18
X
—— dx
J. X +2x2+5
Solution
X
let = | —————
I 23 +5
then 72 =x"

dx

Put r=x"

di=2xdx = %dt=xdx

1
i {

dt
So I=[—2— =——[-——%
It +2t+5 2jt2+2ﬁ+L+4

Question # 20
j‘ x+2

Nk

Solution

Let I:_[

x+2

Vx+3

Put ¢t=x+3 then t—3=x
= dr=dx

dx

-3+2

Vi

I rdv =[] ——7|d
< 02 (0

—j[(t)z—(r) 2]

1 L, |

+1
(t)2 _0 L (t‘)2 (12
= +c= el
;+1 —é+1 % %

.
3 1
@—2@@)2%

dx

So I:_[t
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Question # 21
J' de
sin x4+ cos x
Solution
sin x +cos x
=J- ] 1 dx
——(sin x+cos x)
«E(
:I 1 1 1 x
——=Sin X+——=CoS X
V2 2
T 1 )
Put COSz—ﬁ—SIHZ
So 1=j ~ L . dx
sin —-Sin X+ CcOS—--COS X
4 4

J.;ﬁdx zjsec x—% dx
cos[x—zj [ j

Sec x~£ + tan x~£
4 4

=In +c

Question # 22

dx
I3

—Sin X+ —-COS X
2 2

Solution

Let Izj

dx

3

—sinx+—~-Ccosx

2 2
NE]
2

- cosZ
' "3
1

S

Ve . T
COSgSll’l.}C‘FSln?COSX

:J. L :J. cosec[x+£] dx
) T 3
Sln[x+3j

cosec| x+Z |—cot| x+Z
3 3

=In +c




