Exercise 3.4 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12

Integration by Parts

If u and v are function of x, then
J‘uvdxzu_[vdx—j(].vdx)-u'dx

Question # 1

Evaluate the following integrals by
parts add a word representing all
the functions are defined.

(i) J. xsin x dx
mnjxmxdx

(V) I 2 In xdx

(vii) I tan~' x dx

(ix) .[ x? tan”! xdx
(x1) J. ¥ tan”! x dx
@m)ﬁm*xm
(xv) J. e* sin xcos x dx
(xvil) J‘xcos2 xdx
@m)ﬁmxfm:

xsin~ )C

Jie

Solution
(i) Let Iz_[xsinxdx
Integration by parts

(xx1) .[

u=Xx
y=sInx
(mjmxﬁ

v) J ¥ In xdx

(vi) I x* In xdx
(viii) [ X" sin x dx
(x) J.xtan‘1 xdx
(xii) J. x° cos xdx
(xiv) _[ x sin™ x dx
(xvi) I xsin xcos xdx
(xviii) j xsin® x dx

(xx) I In(tan x) sec’ xdx

1 :x-(—cosx)—J‘(—cosx)-(l)dx

=—xcosx+jcosxdx

=—XCOSX+sin x+c

(ii) Let I:Imxdx

=jmx4dx

Integrating by parts

Izlnx-)c—j.)rl dx
X

:xlnx—jdx

=xlnx—x+c

(ﬁ)Lml:jxmxdx

Integrating by parts

u=Inx
Y=

X x 1
I=lng-o— 554
x2

ZTIHX——J.XdX

2 2

X 1 x
PR

1

(1v) Do yourself
(v) Do yourself

(vi) Do yourself

(vii) Let I= J. tan”' x dx

—J.tan‘lx-laix u=tan x
Bl v=1
Integrating by parts
I=tan"'x-x—|x- dx
I 1+x°
=xtan~ x——=
J.1+)c
4—a+f)
e LY - ki —dx
29 1+4x
=xtan™' x—Eln’ 1+x2‘+c
(viii)  Let I=[x*sinx dr U=
Integrating by parts v=sinx
I =x*(~cos x)—f(—cos x)-2x dx
:—xzcosx+21x cos x dx u=x
Again integrating by parts V=Cosx

I =—x"cosx+ 2(x sinx—J.sinx (1) dx)

=—x"cosx+2x sinx—2(—cosx)+c¢

=—x’cosx+2xsinx+2cosx+c

(ix) Let 1 :Ixz tan”" xdx — .
Integrating by parts V=g
3 3
X X 1
[=tan'x-=—[=- dx
3 3 1447
]
X
=Z_tan "' x—=
3 J.1+)c
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3

_X
—tan
-3

_X
—tan
-3

3
X
=—tan"

3

3

X
=—tan
3

3

x——_[(x—l_:; ]dx

X——jxdx+——j

+)C

1 x>, 11 2x

oy Tty e

21 a(1+x2)

__+__
- 6 67 1+x° ax

2

X - X
=—tan lx——+—€1n‘ 1+x2’+c

3 6

(x) Let [ =J.xtan_1xdx

Integrating by parts z : ;an_l b
I=x72tan’1x—_l.x72-1+x2 dx
x—zztan x——jl+x
:x—zztan‘lx—% —l-ffxz_ldx
=x—22tan‘1x—% [%—Wjdx

2

—x?tan x——jdx+ 2.[

2

2

(xi) Let I= jxg tan~' x dx
Integrating by parts

I=tan'x- ——j T 1
+x?
4 4
X o LrXx
= 4tan X 1 1+x2d
4
=%tan_1x
— (x2—1+ 1 jdx
4 1+x?
=—4tan_1x——Ix2dx+ljdx_
4 4 4

1+x

X 1
==—tan ' x—= || 1- dx
2 I( 1+x° j

X _ 1 1 N
=—tan lx—§x+§tan "X+c Ans.

u=tan ' x

4

_x_tan_IX——x—3+lx—ltan_1x+c

4 43 47 4

—x—4tan x—x—3+ X—ttan x+e
4 12 4 4

(xi1) Do yourself as Question # 1(viii).

(xiii)) I= j sin™! xdx
=J. sin”' x-1 dx

Integrating by parts

I:sin_lx-x—J.x
1—x

1
= xsin” x—[(1-x") 2 (0)dx
— . —1 1 ) -
=xsin” ot 2 [ (1) 2 (-22) dx

i =l 1 2_ld 2
= XxSsin X+—f(1—x ) 2—(1—x ) dx

1(1=x) -
=xsin” x+——"2  +¢
2 1
_§+1

= xsin~ x4 LTX) )2
2 1
i

=xsin” x+v1=x* +¢

(xiv) Let I = _[x sin”! x dx
Integrating by parts

jx_.;
2 [1_x2
X 1¢ —x°

—751n x+5jﬁdx

)Cz._ 1]_x_1

A I
—2s1n x+zf —_—
2
Z_sin'x+
2 2I[J1 x* \/1 x?

2

:%Sln x+2j‘[ 1— _x -

=?s1n Lx+= 'f\/l xdx——

+cC

[=sin'x - -

‘%

)
}dx




2

= I:%sin_1x+%ll—%sin_1x o (@)

Where 1, :‘[\/l—xzdx
Put x=sin@ = dx=cos@d6

= I :lel—sinze cos @ do
=J.\/cos2 @ cos@ do

:J.coszé' deé :I(%j de

1
:Ej(1+cos29) dé

_Lligs sm26’}_c

2

15

2

l_9+ 2sin@cos @ i
2| 2

1
2
1
2

8+ sin s 1—st> @ }rc

sin”! x+ xv1—x? }+c

Using value of [, in (i)

2

=2 gin™ x+%[%(sin‘l X+ xvV1—=x? +c)}

2
—lsin_]x
2
2
=& i e B ) =
—2sm x+4s1n x+4x1 x+2c
—lsin_lx
2
2
=E i Lt g — R e
:>I—251n X 4sm x+4x1 X+2C

(xv) Let szex sin xcos x dx
le o A
:Ej.e -2sin xcos x dx

e ..
=§I€ sin2x dx - sin2x=2sinxcos x

Integrating by parts
1| , —cos2x —cos2x
1 —E[e > _[ > e dx}

1 I¢ .,
_—Ze 0052x+zje cos2x dx

Again integrating by parts

| 1 . s1n2x sin2x
I——Ze cos2x+z( . —j j
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1 1 , sin2x_l .
_—Ze cost+Z(e > 2J e s1n2xj

— e"‘0052x+l ex_sian_I +c
-4 4 2

1 . | R 1
_—Ze cos2x+§e sin 2x 4I+c

1 1 . | R
— I+ZI__Ze c052x+8e sin2x+c¢
5 _ 1 x l X 4
= ZI_ 1 e COSZ)C+8€ sin2x+c

I 5 L o 4
= I——ge cos2x+1oe sm2x+sc

(xvi) Let I = I xsin xcos xdx

1 )
—Efx-Zsmxcosxdx
‘ u=x

=%Jx-sin2xdx v =sin2x

Integrating by parts
_ 1| (—cos2x) f—cos2x
=l oI e

(xvii)Let 1= Ixcosz x dx

:.[x(l+c052xjdx
2
1
=—|x(1+cos2
2jx( cos 2x) dx .
1 1 Vv=cos2x
—ijdx+ij.x0052xdx
1 x* 1| sin2x sin2x
=5 2+2[x j (l)dx}
X1
I+4x s1n2x——_[sm2xdx
—x—2+lx~sin2x—l —EOSAR |,
44 40 2

2

x_+ 1 Xx-sin2x+— 1 cos2x+c
4 4 8

(xviii) Let [= j xsin? x dx
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1—cos2x
Z‘[X(T) dx

:% Ix(l—cost) dx

u=x

1 1
:ﬂm_i X cos2x dx V=C0S2x

Integrating by parts
1 x? 1 [ sin 2x sin 2x
e

T B = i
2 2

(l)de

) 1¢.
xsin 2x+ZJ.sm 2xdx

2

x_ _

4

ad xsin2x+l —Eus 2% +c
4 2

2

4
X

o

Bl = =

) 1
Z xs1n2x—§c032x+c
(mmLmI:Iﬂnm%h
:I(lnx)z-l dx
Integrating by parts
I= (lnx —.fx 2(1nx)
=x(Inx) —2! (Inx) dx
Again integrating by parts
2 1
I=x(Inx) —2[lnx~x—jx-; dx}

(In x)2

a’x

=x(In )c)2 —2xInx+ 2jdx

x(In x)2 —2xInx+2x+c

(xx) Let I= I In(tan x) sec® x dx
Integrating by parts

.sec’ x dx

1
=In(tan x)- tan x—ftan X
tan x

= tan xIn (tan x)—_fse:c2 x dx

=tanxIn(tanx)—tanx+c

¥ .XSll’l .X
@m)Lmlzj s

\/lx _._11

x| V=)

:Isin‘lx-
1—x

__1 sin” x( 2)2(—2x)dx

2

Integrating by parts
2
71=—Llgnt a-x)"
2 A
2
1—2%) A
_J'( A . dx
_1 1 J1- 22
5 1
__l . (1=x7)?
=-5 sin 1
2
1
—_1v2)2
_J~ (1-x°) 1 di
1—x°

=_%[2a—xﬂémn4x—2jd{
N x+J‘dx
= 1= sin” x4 x+c
—x—Jl-x’sin" x+c

Question # 2
Evaluate the following integrals.

(i) I tan* xdx (ii) '[ sec’ x dx

(iv) Itan3 x-secx dx
v) .[ redx

(vii) Iez*' -cos 3x dx

(iit) I e*sin2x cos xdx
(iv) f tan’ x-sec x dx
(vi) I e “sin2xdx
(viii) I cosec’ x dx
Solution

(i) Let I= I tan* xdx

:ftanzx-tan2x dx

:J‘tan2 x(seczx—l) dx

= J'(tan2 xsec” x —tan’ x) dx
:J.tan2 xseczxdx—_[tanzx dx

:J.tanzx%(tanx) dx—j(sec2 x—1) dx

2+1
_tan”"

2+1

—Iseczxdx+J.dx

1
:§tan3 X—tanx+x+c



(i) Let I= I sec’ x dx
= I(secz x) - (sec’ x) dx
= I(1+ tan’ x)- (sec” x) dx
= J.sec2 x cbc+jtan2 xsec’ x dx

=tan x+j(tan x)° %(tan x) dx

3

tan” x
=tanx+ +C

3
(iii) Let I= I e” sin 2x cos xdx
:%J.ex(zsinbc cos x) dx
= %je" (sin(2x+ x) + sin(2x— x) ) dx
:%Je"(sin3x+sinx)dx

:%Jex sin 3x dx+%J.e” sin x dx

Where [, :J.e’“ sin3xdx and [, :J'e" sin x dx

Solve [, and I, as in Q # 1(xv) and put value of
I, and I, in (1).

) I = '[3.1’13 X-secx dx
( )
= J.tal’l2 X-tan x-sec x dx

— J'(sec2 x—l)-secxtanx dx

Put r=secx = dr=secxtanxdx

So I=[(r~1)di

t3

== —t+
3 c
=Sec3x—sec+c
3
(v) Let I:J.x3esxdx u=x
Integrating by parts v=e
eSx eiv
[=x"——|—3x%dx
X 53
_1 3 5x 2 5% u=x2
=3 .[x e dx P ot
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Again integrating by parts
Sx Sx
I =lx3es" —2{ - e—~2xdx}

5 5 5 5
_l 35,\'_1 2 5x i S
—Sxe 25xe +25Ixe dx

Again integrating by parts

+£ 'eS.X_ eSx.
25 5 5
_1 352 _ 2 3 2 5x i 6 '5\
Syt g hppsae g e d
Ll ase 3 a5, 6 5x_i.€5x
=g¥E st € Tipg® o5 5 ¢
_& RS R L IV I P
B 5 25 125
(vi) Let I= I e “sin2xdx .
u=-e
Integrating by parts y=sin2x
i —c0s2x c0s2x .
I=e > —j (—1) dx

1
_—Ee cos2x——J‘e "cos2x dx

Again integrating by parts
1 [e‘x sin2x

1
I__§€ COS2x 5 >

_Ism2x 1) dx}

I | e .
——Ee cost—Ze s1n2x—ZIe sin 2xdx
_x 1 _, . 1
=5 I——Ee CcoS2x Ze sin 2x 4I+c
=5 I+ll——le‘xcos2x—le_x sin2x+c¢
4~ 2 4
5 1 _. 1 .
= ZI__Ee Ccos2x 4e sin2x+c
= I=—%e‘xcos2x—%e_*' sin2x+%c
1 _, ) 4
=——¢ " (2cos2x+sin2x)+—c
5 5
(vit) Do yourself as above
_ 3
(viil) I—J.cosec xdx L = COSEC X

V= COS€C2 X
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= J.cosecx‘cosecz X dx

Integrating by parts
I =cscx(—cot x)ij(—cot x)(—escxcot x)dx

=—COSec xcot x— Jcosec xcot® x dx
= —CO0Sec xcotx— Icosec x(cosec2 x—l) dx
= —cosec xcot x— I (cosec3 X—COSec x) dx

= —cosec xcot)c—J‘c:osec3 xdx+ Icosec xdx
=—cosecxcot x— I +In| cosec x—cot x|+ ¢
= [+]1 =—cosecxcotx+1n| cosecx—cotx|+c

= 2] =—cosecxcot x+In|cosec x—cot x|+ ¢

= I——lcscxcotx+lln|cscx—cotx|+lc
2 2 2

Question # 3
Show that

Je‘” sinbx dx = L e™ sin (bx— tan™" éj +c
a’+b’ a

Solution
LetI:Ie“sinbxdx u=e”

v =sinbx
Integrating by parts

o cosbx cosbx) u
e (-0 ((_S0B)

ax
e“ cosbx a
:_T_I_E e™ cosbx dx

Again integrating by parts

e”“cosbx a| . sinbx ¢sinbx
[=—————" 4| * — -e™adx
b b[e b b ¢ }
=—M+ie‘“sinbx—£je‘“sinbxdx
b b* b?
e“cosbx a 4 . a’
= e e“sinbx——1I+
5 bze sin bx 7 ¢
2 ax
= I+Z—2I:—%+[%e”sinbx+cl

b2

2 2 ax
= [b o j =% _(=bcosbx+asinbx)+c,

= (b2 +a2)l =™ (asinbx—bcosbx)+bc,

Put a=rcosé & b=rsinf
Squaring and adding

a*+b*=r? (cos2 6 +sin” 9)

= r=va’+b’

= a’+b’=r’ ()
Also
b _rsind

—= —
a rcos@

So
(b*+a>) 1 =™ (rcos@sinbx—rsin 6 cosbx)
+b’c,
(0> +a*) I =e“r(sinbxcos @ —cosbxsin )
+b’c,
= (a2 +b2)l = e™rsin (bx—8)+b’c,
Putting value of r and 6

(az+bz)I:e‘“\/a2 +b’ sin(bx—tan_1 gjﬂozq
Na’ +b° . . [
=———>¢“sin

(@ +b)

4 b b’
bx —tan HJ+a2+b2q

=% I:; e™ sin| bx—tan™ b +c
Ja* +b? a
2
Where ¢ = s o
Question # 4

Evaluate the following indefinite integrals.
) .f\/az—xz dx (ii) I\/xz —a’ dx
(ifi) [V4—5x dx (iv) [V3-4x dx
v) J VX2 +4 dx (vi) I x’e“dx

Solution

(i) Let I:I\/az —x* dx
=I\/a2—x2 1 dx

Integrating by parts

[=+a’-x° ~x—jx-%(a2—x2)_%~(—2x) dx
=xva' —x —I—xz T dx

(@)
5 5 az_xz_az
=xva —x —j—ldx
(@)




2

=xva’ - x* —J. az_le - a - | dx
(@ (-]
:x\/az—x2—j\/a2—x2 dx+_[\/a§lz?dx

1
dx
Na® - x*
o B
— I+1=xJa’—x*+a’Sin lE+c
X
= 2l =xJa*—x*+a’Sin' = +¢
a
1 1 Lo x 1
= [==xJa’-x*+=a’Sin' =+=c

= I=x a2—x2—l+a2j

2 2 a 2
Review
° I zcix 2:ln x+Vxt-a? |+c¢
VX —a
o J. dx :ln’x+ X +a|+c
x* +a’

(i)Let I= j VX2 —a? dx
:J.\/)cz—a2 1 dx

Integrating by parts

u=\/x2—a2

v=1

1

[=~x"-a’ -x—J‘x%(xz —az)_E -(2x) dx
:x\/xz—cf—.[if = dx
()
=wx' —a’ —I M dx
(-

ZX\/X2—CZ2—I X —d’ + a dx
(=) (¢-a)
:\/2_2_\/2_261_ a’ dx
xx'—a J' ¥ —a® dx Im
1
e
x+Vx*—a’

=ln’x+ X —a

= I=x xz—az—l—azj‘

= [+I=xJx*—a*-a’In
I dx
) o

+c

+c
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= 2 =xJx*—ad* —a*In|x+vx*=a® |+c
2
=% I:%x\/xz—az —%ln x+vxt—a? +%c

(iii) Let

I=[4-52 dx
:j'\/4—5)c2 -1 dx

Integrating by parts

1
1:\/4—5x2~x—jx.l(4—5x2)‘?~(—10x)dx
=+/4-5x* x— J. —5x°

4- 5x)

_ /4_5x2 4— SX -
4- 5x)

=4-5x* - x— J. 4-52 - 4 - | dx
(4-5x° )° (4-5x7)2

1
=4-5¢ x| @-5rp-——2 iy
(4—5x°)2

Ja—5x% x— j\/4 5x° dx+4j'\/7

= [=+4-5x> -x—I+4J.; dx

)
— I+]= 4—5x2-x+4.[;dx
S5, (2
5
= 2] =+/4—5x7 x+—f
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_ﬁ g2 i .1 \/g.x
—2\/4 S5x +\/§Sll’l [—2 ]+c

Where ¢ = %cl

@iv) Same as above.

(v) Same as Q # 4(i1)

dx
Use =In|x++x’+4
'[\/x2+4

(vi) Do yourself as Question # 2(v)

+cC

Important Formula
Since —( f(x)) =e —f(x)+f(x)—e

=e“ f'(xX)+ f(x)-e“(a)
=e“[af0)+f (]

On integrating

jd e f(0) dr=[e[af(x)+f(x)] dx

= e f()=[e“[af+f(x)]dx
- Ie TafO+f ()] de=e™f(x)+c
Question # 5

Evaluate the following integrals.

(1)I (+lnxjdx (11)I (cosx+sinx)dx

_ 1

(iii) [ e™| asec™ x + ———— |dx
'[ { xxlxz—l}

(iv)_[e“[%m‘x_cosxjdx

s1n2 X

Wl S o [

) 1+x)
(vii) I (cos x—sin x)dx
emta“ Lx )
(viii) I Z dx (1x) I sinx
e (1+x) 1—sinx * g
& )I b x )I(l cosxj
Solutwn

(i) Let I= j (+1ndex

[ (et Jan

Put f(x)=lnx = f’(x)=%

So 1:[e*(f(x)+f’(x))dx

=e f(x)+c =e' Inx+c

(1) Let [I= I cosx+ smx dx

—J. s1nx+c0sx dx

Put f(x)=sinx = f'(x)=cosx
So I=[e"(f(0)+f(x)dx
=e f(x)+c

=e¢'sinx+c¢

(i) Let I= I {aseo X+

1
dx
xxlxz—l}

Put f(x)=sec'x = f'(x)= !
xWxt-1
So I= j [a f(x)+ f/(x)]dx
=e“ f(x)+c

=e“sec x+c

0 L ooz,

sin’ x

3sin x cosxj
sinx sin’x

Jo (5

=I 31(3 COS X )dx
sinXx  sinx-sin x

=[e

**(3csc x—csc xcot x) dx

Put f(x)=cscx = f'(x)=-—cscxcotx
= I=[e"(3f(0)+f'(x))dx
=e” f(x)+c

=" cscx+c

(v) Let I =Iezx(—sin x+2cos x)dx
2_[62" (2cos x—sin x)dx
Put f(x)=cosx = f'(x)=-sinx

So I= f ¥ (2£(x) + f(x))dx
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=™ f(X)+c Let I=Itanxdx
=e** cosx+c _[Slnx
CoS X

Put r=cosx = dr=-sinxdx
= —dt=sinxdx

(vi)  Let I= j

(1+x)°
_ —dt
—De* So I=|— =—| —
(+x-be' o I=[—
(1_+x) :—ln|t|+c
:J’ o~ 1+x2_ 1 z}dx =—In|cosx|+c
L(1+x)7 (1+x) i ,
- =ln|cosx| +e  mlnx=Inx
:J. ex 1 — 1 dx
Ld+x) (1+x)? =In| ——|+c =In|secx|+c
Put f(x)— _(1+x)_ = Itanxdx:1n|secx|+c
= f(x)=—(1+x)2=- 1 1 . Similarly, we have
, (+2) Icotxdx=1n|sinx|+c
So Izjef(f(x)+f(x))dx
=e" f(x)+c
(ix) Let I = I sinx
=" —— +
¢ (1+x) ¢ _I 2x 1+smxdx
I-sinx 1+sinx
e _ —x o 2 x(1+ sin x)
(vil) Let [ (cos x—sin x)dx — J' —dx
1—sin® x
_I ((—1)sin x+cos x) dx 2x+2xsmx)dx
Put f(x)=sinx = f'(x)=cosx _.[ cos? x
So [:Ie—X((_l)f(x)_'_f/(x))dx _J.( 2x 2xsinx]dx
— e f(x) +c cos’x cos’x
T 2x 2xsin x
=e 'sinx+c Z_[ 5 dx+I
cOS™ x COSX-COSX
Jtan a, :ZI xseczxdx+2j'xsecxtanxdx
(viii) Let I= I dx Integrating by parts

= Z[x-tanx—ftanx-ldx}

_ mtan* x| 1
—Ie 1+ x> dx +2[x-secx—_[secx(1)dx}
Put f=tan'x = df= 1 ~dx :Z[x-tanx—ln|secx|]
L+ +2[x~secx—ln|secx+tanx|]+c
So I :Iemfdt
- =2xtanx— 21n\secx|
=% L+ +2xsecx— 21n‘secx+tanx|+c
m
:Lemtan‘lx_'_c e (1+)C)
m (x) Let I= f—dx

Important Integral +x)°
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:jwdx
2+ x)

:Iex 2+X2_ 1 : e
2+x)” 2+x)

=J'e)‘((2+x)‘1 _(2+x)_2)dx
Put f(x)=Q2+x)"
So I:J.ex(

FOO)+ £/(x0)dx
=e' f(x0)+c
=e"(2+x) " +e

x

_ €
2+ x

(xi) Let [ = J( Sinxje” e

1—cosx

+c

2 2

. 2 X
2sin’ =

2

J. 1—-2sin = cos >

e’ dx

= f(x)=-2+x7

1 2sin> cos >
=| MR
28iﬂ2§ Zsng

1 X\
_j' [2cosec COtEj e dx

=[e| —cotZ l 2 X
_J.e( C0t2+2(:osec Zjdx

Put f(x)=—cot>

2 x 1
5 f(x) =cosec’ 'S
‘(=L 2 X
= f(x)=7cosec” 5
So I=[ e (f(0)+f'(0)
=e' f(x)+c
—e'| —cot2 |+¢
- 2
=—¢‘cotZ+c.

2




