Exercise 4.1 (Solutions) rage 1ss
Calculus and Analytic Geometry, MATHEMATICS 12

Distance Formula

Let A(x,,y,) and B(x,,y,) be two points in a 4
ﬁiﬁe and d be a distance between A and B - /BUC T
d=(x,— ) + (3, 3)’ A% 0
or d= \/(x1 — xz)2 +(y, - )72)2 “ 0(0,0) >
See proof on book at pagel81

Ratio Formula

Let A(x,,y,) and B(x,,y,) be two points in a plane. The coordinates of the point C
dividing the line segment AB in the ratio
k, :k, are

kx, +k,x kv, +k, yl] &
> k
( k1+k2 k1+k2 '/I/)C/B(x‘z’yZ)

See proof on book at page 182 AX, V)
If C be the midpoint of AB i.e. k :k,=1:1
< g

then coordinate of C becomes 0(0,0)
(xl X 0 +y2j

2

2 2

Question # 1
Describe the location in the plane of the point P(x,y) for which

1 x>0 (1) x>0and y>0 (1) x=0
(iv) y=0 (v) x<0and y=0 (vi) x=y
(vii) |x|=—]y| (vii)) |x| >3 (ix) x>2and y=2
(x) x and y have opposite signs.
Solution
(i) x>0
Right half plane 2nd Quadrant; Ist Quadrant

x <20 x>0

(i) x>0 and ¥>0 y>0 | y>0

The 1% quadrant.

(i) x=0 MR B
y-axis ¥ = y <0

3rd Quadrant | 4th Quadrant

(iv) y=0

. -y
X-ax1s
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(v) x<0and y=0
2" quadrant & negative x-axis

(vi) x=y
It is a line bisecting 1* and 3™ quadrant.

(vii) ‘x‘z—‘ y|

A positive value can’t equal to a negative value, except
number zero, so origin,

(0,0), is the only point which satisfies | x|=—| y|

>
(viii) ’x’_S
= *x23 = x23 ; —-x23
= x23 or x<-3

which is the set of points lying on right side of the
line x=3 and the points lying on left side of the
line x=-3.

(ix) x>2and y=2
The set of all points on the line y =2 for which x> 2.

(x) x and y have opposite signs.
It is the set of points lying in 2™ and 4™ quadrant.

Question # 2

Find each of the following
(Dthe distance between the two given points
(i1)Midpoint of the line segment joining the two points

@ AG1):B(2-4) () A(-83):B(2-1) () A(—\/g,—%j;B(—SxE,S)

Solution
(@) A@G,0) ; B(-2,-4)

@) |AB|=y(2-3)2 +(—4—-1)7 =\(=5)* +(-5)
=25+25 =50 =/25%2 =52

(i1)) Midpoint of AB = (ﬁ,ﬂj =(l_—3j

3 ¥ 3 3" 3

(b) A(=8,3) ; B(2,-D
Do vyourself as above.

Review:
The midpoint of

A(x,,y,)and B(x,,y,)

i (x1+xz,y1+y2).
2 2
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(©) A(—\/E,—%j . B(-35.5)

ol (55 +5+3) (5] (4]
:\/20+256 \/436 4x109 24109

)

9 9 9 3
—J5— -1 — 14
(i) Midpoint of AB= J5 3\/5, el 4*/3, A-(_og5 ]
2 2 2 2 3
Question # 3
Which of the following points are at a distance of 15 units from the origin?
(a) (\/176,7) (b) (10,—10) (c) (1,15) (d) [%%)
Solution
(a) Distance of (\/176,7) from origin = \/(\/176 —0)2 +(7-0)°
=/(176)+(49)

=J(176)+(49) =225 =15

= the point (\/176,7) is at 15 unit away from origin.

(b) Distance of (10,~10) from origin =+/(10-0)’ +(~10-0)’

=J100+100 =+/200
= J100x2 =102 #15

= the point (10,—10) 1s not at distance of 15 unit from origin.

(¢) Do yourself as above

2 2
(d) Distance of EE from origin = E -0 + E -0
22 2 2

225 225 225 15
= + = = #15

4 4 2 2

Hence the point (%,%j 1s not at distance of 15 unit from origin.

Question # 4
Show that

(1) the point A(0,2) ,B(\/g, —1)and C(0,-2) are vertices of a right triangle.
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(i) the point A(3,1), B(-2,-3) and C(2,2) are vertices of an isosceles triangle.
(iii) the point A(3,1), B(-2,-3) and C(2,2) and D(4,-5)are vertices of a

parallelogram. Is the parallelogram a square?
Solution

(i)  Given: A(0,2) , B(\3,-1) and C(0,=2)

|AB|= \/(\6 —0)2 +(-1-2) :\/(\@)2 +(-3)°

=319=v12 = |AB[ =12
|BC|:\/(O—\/§)2 +(=2+1)° =\/(—\B)2 +(-1)°

=J3T—\/——2 = |BC[ =4
CA|=J(0-0)" +(2+2)" =J0+(4)°

:JT:4 = |cA]" =16

-+ |AB[ +|BC| =12+4=16=|cA
. by Pythagoras theorem A, B & C are vertices of a right triangle.
(ii) Given: A(3,1), B(-2,-3) and C(2,2)
AB|=\[(-2=3))" +(=3=1)" ={(=5) +(=4)" =25+16=+/41
BC|=\(2-(-2)) + (2= (=3))" =\J(4)’ +(5) =16+25 =4I

CAl=(3-2) +(1-2)" = (1)’ +(-1)
=J1+1=42

‘AB|:‘BC| = A,B & C are vertices of an isosceles triangle.

(i)  Given: A(5,2), B(-2.3) & C(-3,—4) and D(4,-5)

|4B|=(=2=5)" +(3-2)" ={(<7)’ +(1)’
=/49+1=50 =52

[BC|= (-3 +2) +(~4=3)" ={/(=1)’ +(-7)"
=V1+49 =50 =52

CD|=J(4+3) +(=5+4)" =(7)’ +(-1)’
=J49+1=4/50 =52

DA|=(5-4) +(2+5)" ={(1) +(7)’
=J1+49 =50 =52

‘AB|:‘CD| and |BC‘:|DA| = A,B,C and D are vertices of parallelogram.
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Now |AC|=[(=3=5)" +(~4—2)" = /(-8)" +(~6)"

= J64+36 =100 =10

[BD|=(4+2)" +(=5-3)" =J(6)* +(-8)’

=36+ 64 =/100 =10

Since all sides are equals and also both diagonals are equal therefore A,B,C,D are

vertices of a square.

Question # 5

The midpoints of the sides of a triangle are (1,—1) ,(—4,-3) and (-11) . Find

coordinates of the vertices of the triangle.
Solution

Let A(x;,y,), B(x,,y,) and C(x,,y;) are vertices of triangle ABC, and let
D(,-1), E(—4,-3) and F(—1,1) are midpoints of sides AB, BC and CA respectively.

Then

(xl_'_xz y1+y2) — (1 _1)

2 2
= xx+x,=2..

(1) and y,+y,=-2..

x2+x3 y2+y3 — (_4 _3)
2 72 ’

= X, +x,=-8... (i) and y,+y,=-6..

(XB +x1 , X5 + ylj — (_1,1)

2 2
= x+x=-2.. (v),and y+y,=2..

Subtracting (1) and (iii)
X+ x =2

_Ntxy=-8... (i)

X —x,=10
Adding (v) and (vii)
X +x ==2
x—x,=10
2x =8 =
Putting value of x; in (1)
4+x,=2

x =4

= x=2-4=

Xy =-2

Putting value of x, in (v)
4+ x,=-2

= 5=-2-4=

x; =6

A

(ii) D F

(iv)

(vi)

Subtracting (ii) and (iv)
Nty =-2
Maty==6
Vi -y, = 4
Adding (vi) and (viii)
nty;=2
Ny =4
2y, =6 = |y=3
Putting value of y, in (ii)
3+y,=-2

(viii)

= y,=—2-3 =

Y, =5
Putting value of y, in (v)
3+y,=2

= y=2-3 =

y;=—1
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Hence vertices of triangle are (4,3),(-2,-5) & (-6,-1).

Question # 6
Find /2 such that the point A(«/3,-1) ,B(0.2) and C(h,~2) are B

vertices of a right angle with right angle at the vertex A .
Solution
Since ABC is aright triangle therefore by Pythagoras theorem

|AB[" +|cA =|BC[
= [(0-vB) @41y [+ (=) + (127 [ =(h-0)"+(-2-2)
- [3+9]+[3—2J§h+h2+1]:h2+16

= 12+4-23h+ K =h>+16
= 2B3h=h+16-12—-4-1> = -2¥3h=0 = [h=0].

Question # 7
Find & such that A(-1,4),B(3,2) and C(7,3) are collinear.
Solution
Points (x,y,), (x,,y,) and (xs,y;) are collinear if
x oy 1
x, ¥y, 1|=0
Xy 1
Since given points are collinear therefore
-1 h 1
3 2 1(=0
7 31

= —-12-3)-hGB-7)+19-14)=0 = -1(-1)-h(-4)+1(-5)=0
= 1+4h-5=0 = 4h-4=0 = 4h=4 = |h=1

Question # 8
The points A(—5,-2) and B(5,—4) are end of a diameter of a circle. Find the centre
and radius of the circle.

Solution
The centre of the circle is mid point of AB

i.e. centre ‘C’ :(_5+5,_2_4j 2(2%6) =(0,-3)

= O\,
N,

Now radius = \AC\ C
= J(0+5)" +(=3+2)°

=J25+1 =426
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Question #9
Find % such that the points A(%,1) , B(2,7) and C(—6,—7) are vertices of a right
triangle with right angle at the vertex A
Solution
Do yourself as Question # 6
Hint: you will get a equation h°+4h—60=0
Solve this quadratic equation to get two values of #.

Question # 10 C

A quadrilateral has the points A(9,3),B(-7,7),C(-3,-7) and  p G
D(-5,5)as its vertices. Find the midpoints of its sides. Show that -
the figure formed by joining the midpoints consecutively is a
parallelogram.

Solution 4 B 4

Given: A(9,3), B(-7,7) , C(-3,-7) and D(5,-5)
Let E, FF', G and H be the mid-points of sides of quadrilateral
Coordinate of E = (Eﬂ) = (%%) = (L5)

2 2
Coordinate of F = (%_3%) = (_710%) = (-5,0)
Coordinate of G = (_3;5,_72_5) = (%_712) = (1,-6)
Coordinate of H = (9—;5¥) = (%_72) = (7,-1)

Now |EF| = (=5-12+(0-5° = 36+25 = 6l
IFG| = J(1+45) +(=6-0)* = 36+36 = 72 =612
GH| = J(1-1)’ +(-1+6)* = 36+25 = 61
HE| = JA-72+G+1) = 36436 = V72 =642
Since |[EF| = |GH| and |FG| = |HE]
Therefore EFGH 1is a parallelogram.

Question # 11
Find A such that the quadrilateral with vertices A(-3,0),B(1,—2,)C(5.0) and

D(1,4) is parallelogram. Is it a square?

Solution
Given: A(-3,0), B(1,-2), C(5,0), D(L,h)
Quadrilateral ABCD is a parallelogram if
|AB| = |cD| & |BC| =|AD|
when |AB|=|CD|

= J1+3)’ +(=2-0)° =/1=5)> + (h—0)’

>
@
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= J16+4=+16+1 = J20=+16+HK>

On squaring
20=16+h" = K =20-16 = h’=4 = h=%2
When h=2,then D(1,h)= D(,2)

Then |AB| = y/(1+3)* +(=2-0)> = \16+4 = 20
BC| = 51> +(0+2)* = V16+4 =20
Al = J1=5 +(2-0)* = J16+4 = 20
IDA| = (-3=1)* +(=0-2)* =16 +4 = 20

Now for diagonals
IAC| = /(5+3)* +(0-0)* = /6440 =8

BD| = JA-1*+(2+27 = J0+16 = 4
Since all sides are equal but diagonals ’AC ‘ - |BD|

Therefore ABCD is not a square.

Now when h=-2,then D(l,h)= D(1,-2) but we also have B(1,-2)

i.e. B and D represents the same point, which can not happened in quadrilateral
so we can not take h=-2.

Question # 12
If two vertices of an equilateral triangle are A(—3,0) and B(3,0), find the third

vertex. How many of these triangles are possible?
Solution
Given: A(-3,0), B(3,0)
Let C(x,y) be a third vertex of an equilateral triangle ABC.

Then |AB| = |BC| = |CA|
= JB+3)’+(0-0) = J(x=3)’+(y—0)° = /(x+3)’ +(y—0)’
= V3640 = (X —6x+9+ )% = X2 +6x+9+)’ c
On squaring
36 = 24+ —6x+9 = X’ + YV +6x4+9 ... (i)
From equation (7)
X4y —6x+9 = X+ y* +6x+9 A

= X +y —6x+9-x"—y"—6x-9 =0
= —-12x=0 = x=0
Again from equation (i)
36 = x* +y*—6x+9
= 36 = (0)*+y* —6(0)+9 wox=0
= 36=1y"+9 = y? =36-9 =27 = y=13/3

so coordinate of C is (O, 3\/§ ) or (O,—S\/g )
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And hence two triangle can be formed with vertices A(—3,0),B(3,0),C(0,3\/§ ) and

A(-3.0). B(3,0).C(0.-33).

Question # 13
Find the points trisecting the join of A(-1,4) and B(6,2).
Solution
Given: A(-1,4), B(6,2)
Let C and D be points trisecting A and B x
Then AC:CB =1:2 A C D B

So coordinate of C = (1(6) +2(=1) ’1(2) T 2(4))

1+2 1+2
_(6-22+8)_(410
373 373

Also AD:DB = 2:1

So coordinate of D = 2(6) +1(=1) ’ 2(2)+1(4)
2+1 2+1

_(12-14+4)_ (118
L33 ) 373

Hence (%%) and (%%) are points trisecting A and B.

Question # 14
Find the point three-fifth of the way along the line segment from A(-5,8) to B(5,3).

Solution

Given: A(-5,8), B(5,3)

3 2
Let C(x,y) be a required point 1 = 1‘9
' AC:CB =13:2 ‘ ,,,,,,,,,,,,,,,,,,,,,,,,,, ‘
_ 5
. Co-ordinate of C = 30) +2(=5) A 3 +2(8)
3+2 342

_(15-10 9+16 _ (5 25) _
‘( 5 °°5 j ‘(5’5) = (1.5)
Question # 15

Find the point P on the joint of A(1,4) and B(5,6) that is twice as far from A as B

1s from A and lies
(1) on the same side of A as B does. (i1) on the opposite side of A as B does.
Solution

Given: A(1,4) , B(5,6)

(i) Let P(x,y) be required point, then
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AB: AP =1:2

= AB:BP =1:1 1ie. B is midpoint of AP

Then B(5,6) = (”—“‘—*X)

)

N sz“Tx and 6:4%)’

= 10 =1+x and 12 =4+y

= x=10-1 , y=12-4
—9

; =38
Hence P(9,8) is required point.

(i1) Since PA:AB = 2:1

209)+1(x) 2(6)+1(y)
A(lL4) =
= A(l4) ( 241 7 2+1 . 2 ‘ .
_(10+x 124y P 4 o
3 73
:>1=10;_x and 4:12;))
= 3=10+x and 12 =12+y
= x=3-10 and y=12-12
= —7 R = O
Hence P(-7,0) is required point.
Question # 16

What is the radius of the circumcircle of the AABC ?
Solution

Given: A(5,3), B(-2,2) and C(4,2)
Let D(x,y) be a point equidistance from A, B and C then
|DA| = |DB| = | DC|
—r] S —2
= |DA[ =|DB| =|DC|

= (x=5"+(y-3)" = x+2°+(y-2)° = x-4)*+(y-2)?
From eq. (1)

(x=57+(y=3) = (x+2)*+(y-2)
= X —10x+25+y —6y+9 = X’ +dx+4+y —4y+4
= X —10x+25+y" —6y+9-x"—4x—4-y"+4y-4 =0

= —14x-2y+260=0 = Tx+y-13=0......... (i1)
Again from equation (i)

(x+2)"+(y=2)" = x—4)" +(y-2)

Find the point which is equidistant from the points A(5,3),B(2,-2) and C(4,2).
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= X +4x+4+y —4y+4 = X" —8x+16+y —4y+4
= 12x-12=0 = 12x =12 = x =1
Put x=1 in eq. (i1)
T)+y-13=0 = y—-6=0 = y=26

Hence (1,6) is required point.

Now radius of circumcircle = ’ DA’

= JG6-1+(3-6) = 16+9 =+/25 = Sunits

Intersection of Median
Let A(x,y,), B(x,,y,) and C(x;,y;) are vertices of triangle.

Intersection of median is called centroid of triangle and can be determined as
X tX+X Y+, + W
3 ’ 3
Centre of In-Circle (In-Centre)
Let A(x,y,), B(x,,y,) and C(x,,y,) are vertices of triangle.

See proof at page 184

And |AB| =¢,|BC| =a ,|CA| =b
: : ax, +bx, + cx, ay, +by, +cy
Th -centre of t le = ! L g B E See pr 184
én 1n-centre or triangle ( e Py . j ee proof at page

Question # 17

The points (4,-2),(—2,4) and (5,5) are the vertices of a triangle. Find in-centre of
the triangle.
Solution

Let A(4,-2), B(-2,4), C(5,5) are vertices of triangle then
a=|BC|=(5+27+(5-47 =49+1 =50 =52
b=|CAl = J4=57 +(2-57 =+1+49 =50 =52

A
¢ =|AB| = J(-2-47 +(4+2)* = 36436 =72 =62
Now c b
ax, + bx, + cx, ay, +by2+cy3j

In-centrez( Ttbtc  atbtc B a C
[(5V2(4)+5vV2(-2)+ 6v2(5) 5V2(-2)+5v2(4) +6v2(5)
- 5J§+5J§+6J§ ’ 5J§+5J§+6J§
(2072 1042 +30:2 —10\/5+20\/§+30\/§]
B 1632 ’ 1632
(402 40@} _(g gj
le216v2 ) (272
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Question # 18
Find the points that divide the line segment joining A(x,y,) and B(x,,y,) into four

equal parts.
Solution
Given: A(x,y,) ., B(x,,y,)

Let C, D and E are points dividing AB into four equal parts.

- AC:CB =1:3
! _ (10n)+3(x) 1y)+3(v) | _ (3x+x 3y +y,
= Co-ordinates of C = [ 53 133 j = [ T 4 j
Now AD:DB = 2:2
=1:1 i.e. D is midpoint of AB. . - 11 1,
A C D E B
— Co-ordinates of D = (xl ‘;xz’yﬁ;yzj

Now AE:EB = 3:1
= Co-ordinates of E = (S(XZ)JFI(XI) 3(y2)+1()’1)j _ (x1+3x2 )’1+3)’zj

3+1 7 3+1 4 7 4
3x,+x, 3y, +y, x+x, v+¥, X +3x, y, +3y, .
h
Hence( R 5 ) and AR are the points

dividing AB into four equal parts.




