Exercise 4.3 (Solutions) rage 215
Calculus and Analytic Geometry, MATHEMATICS

12

Inclination of a Line:
The angle & (0° £ <180°) measure anti- A

clockwise from positive x —axis to the straight line
[ is called inclination of a line /.

Slope or Gradient of Line

A(X;5y))
The slope m of the line [ is defined by: /
m=tan o &

B(X;,Y7)

< _
If A(x,y) and B(x,,y,) be any two
distinct points on the line / then
m=22"N _N"
X=h X

See proof on book at page: 191
Note: [ is horizontal, iff m=0 (. a=0")

[ is vertical, iff m =o0 1.e. m is not defined. (- a&=90")

If slope of AB=slope of BC, then the points A,B and C are collinear

i.e. lie on the same line.

Theorem
The two lines /; and [, with respective slopes m, and m, are

(i)  Parallel iff m =m,
(ii)  Perpendicular iff mm,=-1 or m=—— (52

Question # 1 10l (5,11)
Find the slope and inclination of the line joining the points:

@) =2.4) ; 1) () G-2) 5 27 o 77
(i) (4,6) ; (4.8)

Solution ~10 /-5 5 10
(1) (_29 4) ) (571 1) =5

y,=y _11-4 7
X =% 542 7
Since tana=m=1
= a=tan (1) =45
i) G2 ; @7
Slope m=2"N _ite 222—9 .
x-x 2-3 -l 1 1 @D
Since tana@=m=-9
= —tanar =9 = tan(180-a) =9

= 180—a = tan"'(9) A ARAS & \ 510

Slope m=

104

(3-2)
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= 180—a = 83°40°
= o = 180-83"40"= 96°20

(i) (4,6) ; (4,8) 10d  a
_ N Th 4.8)
Slope m= H 1 @.6)
8—6 2
4-4 0
Since tana@¥=m=oo
— o =tan"' (e0)

=90

= 0

Question # 2

In the triangle A(8,6), B(—4,2) and C(-2,-6), find the slope of

(1)  each side of the triangle (i1)  each median of the triangle
(i1i1)) each altitude of the triangle

Solution
Since A(8,6), B(—4,2) and C(-2,—6) are vertices of triangle therefore

2-6 4 1
—4-8 -12 3

Slope of side BC = o2 B _4
214 2

A

(1) Slope of side AB=

Slope of side CAZEZEZQ B
8+2 10 5

(i1) Let D,E and F are midpoints of sides AB, BC and CA respectively.
Then

Coordinate of D= (%,izz] = (iﬁj — 2,4)

Coordinate of E = _4_2,2_6 = _—6j
2 2 2 2

Coordinate of F = _2+8,_6+6 = Q’Q =(3,0) B E
2 2 22

-2-6 -8 8

-3-8 -11 11

Slope of median BF _2 -2
3+4 7

Slope of median CD:ﬂ—10

242 4

Hence Slope of median AE =

(111)  Since altitudes are perpendicular to the sides of a triangle therefore
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Slope of altitude from vertex A= _1_ = =l = i
slope of side BC -4 4 A
Slope of altitude from vertex B = _1_ S_ 3
slope of side AC % 6
-1 -1
Slope of altitude from vertex C = = =—3 ~
P slope of side AB % B C

Question # 3
By means of slopes, show that the following points lie in the same line:
(@) (=1,-3) ; (1L5); (2,9) (b) (4,-5):(7,5);(10,15)

(c) (—4,6);(3,8);(10,10) (d) (a,2b);(c,a+D);(2c—a,2a)
Solution
(a) Let A(-1,-3), B(1,5) and C(2,9) be given points
Slope of AB:EZ§:4
1+1 2
Slope of BC:E:£:4
2-1 1

Since slope of AB = slope of BC
Therefore A,B and C lie on the same line.

(b) Do yourself as above
(c) Do yourself as above

(d) Let A(a,2b),B(c,a+b) and C(2c—a,2a) be given points.
(a+b)-2b a-b
c—a  c—a
2a—(a+b) 2a—a-b a-b
(2c—a)—c " 2c—a-c¢ c-a
Since slope of AB = slope of BC
Therefore A,B and C lie on the same line.
Question # 4
Find k so that the line joining A(7,3); B(k,—6) and the line joining C(—4,5) ;
D(—6,4) are (i) parallel (ii) perpendicular.

Slope of AB =

Slope of BC =

Solution
Since A(7,3), B(k,—6), C(—4,5) and D(—6,4)
—-6-3 -9
Therefore slope of AB=m, = =
P " k=7 k-7
Slope of CD=m, = =5 11
—-6+4 -2 2

(1) If AB and CD are parallel then m, =m,
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—9 1
— _
k 7 2
= k=-184+7 = |k=-11

= —18=k-7

(11) If AB and CD are perpendicular then mm, =—1
= —9=-2k—T)

-9 (1
= | —|=|=-1
=1t

= 9=2k-14 = 2k=9+14=23

= k= é
2
Question # 5
Using slopes, show that the triangle with its vertices A(6,1),B(2,7) and C(-6,-7) is a
right triangle.
Solution
Since A(6,1),B(2,7) and C(—6,—7) are vertices of triangle therefore
Slope of AB = =m, = 7163 REMEMBER
2 6 —4 2 The symbols
Slope of BC = m, = —71-17 _ —12 :Z (i) || stands for ‘parallel”
—-6-2 -8 4 (1) J/f stands for “not parallel”
1+7 T 8 — 2 (i) L stands for “perpendicular”
Slope of CA = =m, =
6+6 12 3

Since  mm, = (—%)(%) =-1

= The triangle ABC is aright triangle with mZ A =90°

Question # 6
The three points A(7,—1), B(=2,2) and C(1,4) are consecutive vertices of a

parallelogram. Find the fourth vertex.

Solution
Let D(a,b) be a fourth vertex of the parallelogram.
— 241 3 1
Slope of AB = = =—— D(a,b) c(1,4)

2-7 -9 3
Slope of BC = 4- 2:2
1+2 3
Slope of @:b_4
a-1 A1) B(-2.2)
-1-b
T—a

Since ABCD 1s a parallelogram therefore
Slope of AB = Slope of CD

Slope of DA =
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o, _1_b-4 = —(a-1)=3(b-4)
3 a-1
= —a+1-3b+12=0 = —a-3b+13=0..(%)

Also slope of BC = slope of DA

2_-1-k = 2(7-a)=3(-1-b) = 14-2a=-3-3b
3 T—-a
= 14-2a+3+3h=0 = —2a+3b+17=0... (ii)
Adding (1) and (i1)
—a -3b+13=0
—2a+3b+17=0

—3a +30=0 = 3a=30 = [a=10
Putting value of @ in (1)
—-10-3b+13=0 = -3b+3=0 = 3b=3 = |b=1
Hence D(10,1) is the fourth vertex of parallelogram.

Question # 7
The points A(—1,2),B(3,—1) and C(6,3) are consecutive vertices of a rhombus. Find

the fourth vertex and show that the diagonals of the rhombus are perpendicular to each
other.

Solution
Let D(a,b) be a fourth vertex of rhombus.
— —-1-2 3
Slope of B—Cz;lzi
6-3 3
Slope of CD= ¢~
- 6b ACLY) BB
Slope of DA =
—1-a

Since ABCD is a rhombus therefore

Slope of AB = Slope of CD
3 b-3

177 6 = —=3(a—-6)=4(b-3)

= —3a+18=4b—-12 = -3a+18—-4b+12=0
= —3a-4b+30=0... (1)
Also slope ofB_Czslope of DA
4 2-b
3 -l-a
= —4-4a=6-3b = —4-4a-6+3b=0
= —4a+3b-10=0... (ii)

xing eq. (1) by 3 and (i1) by 4 and adding.

= d(-1-a)=3(2-b)
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—9q ~12h+90=0
—16a +12b—-40=0
—25a +50=0 = 25a=50 = |la=2
Putting value of a in (i1)
—4(2)+3b-10=0 = 3b-18=0 = 3b=18 = |[b=6
Hence D(2,6) is the fourth vertex of rhombus.

Now slope of diagonal AC ==—= St P
6+1 7
Slope of diagonal B _D:b ) _o+1 :l:_7

a—3 2-3 -1
Since

(Slope of AC )(Slope of BD) = Gj(q) =—

= Diagonals of a rhombus are L to each other.

Question # 8
Two pairs of points are given. Find whether the two lines determined by these points

are:
(1)  Parallel (i1))  perpendicular (i11) none
(@ 1,-2),2,4)and(4,1),(-8,2) (b) (-3,4),(6,2)and (4,5),(-2,-7)

Solution

442
(a) Slope of line joining (1,-2) and (2,4)=m, = ﬁ:?:
Slope of line joining (4,1) and (-8,2) =m, = 2-1 _ 1
-8-4 -12
Since m, #m,
1 1
Also -6 —=——=%—-]
TR T T
= lines are neither parallel nor perpendicular.
(b) Do yourself as above.

Equation of Straight Line:
(1) Slope-intercept form
Equation of straight line with slope m and y—intercept c is given by:

y=mx+c

See proof on book at page 194
(i1) Point-slope form
Let m be a slope of line and A(x;,y,) be a point lies on a line then equation of
line 1s given by:

y=y=m(x-x)
See proof on book at page 195
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(111) Symmetric form
Let & be an inclination of line and A(x,,y,) be a point lies on a line then
equation of line is given by:

Y= _X—X

cosax sina

See proof on book at page 195

(iv) Two-points form
Let A(x,,y,) and B(x,,y,) be points lic on a line then it’s equation is given by:

_ _ x y 1
y—ylzu(x—xl) or y—yzzu(x—xz) or | |x, ¥ 1=0
X2~ H X=X x v, 1

See proof on book at page 196
(v) Two-intercept form
When a line intersect x —axis at x=a and y—axis at y=»b

1.e. x—intercept =a and y—intercept = b, then equation of line is given by:

£+X:1

< A

See proof on book at page 197 \

(vi) Normal form /
Let p denoted length of perpendicular from the

origin to the line and ¢ is the angle of the perpendicular D
from +ive x-axis then equation of line is given by: o

: « -
xcosa+ ysina=p \

See proof on book at page 198

Question # 9
Find an equation of

(a)  the horizontal line through (7,—9)
(b)  the vertical line through (-5,3)

(c) the line bisecting the first and third quadrants.

(d) the line bisecting the second and fourth quadrants.
Solution
(a)  Since slope of horizontal line =m =0

& (x, ) =(7,-9)
therefore equation of line:
y—=(=9)=0(x=7)
= y+9=0 Answer

i : . 1
(b) Since slope of vertical line m =oco =—

& (x,y)=(=5,3)
therefore required equation of line
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y—3=c0(x—(-3))
= y—3=%(x+5) = 0(y=-3)=1(x+5)
= x+5=0 Answer

(c) The line bisecting the first and third quadrant makes an angle of 45" with the
x —axis therefore slope of line =m=tan45" =1
Also it passes through origin (0,0), so its equation
y=0=1x-0) = y=x
= x—y=0  Answer

(d) The line bisecting the second and fourth quadrant makes an angle of 135" with
x —axis therefore slope of line =m =tan135" =-1
Also it passes through origin (0,0), SO its equation
y=0=-1(x-0) = y=—x
= x+y=0  Answer

Question # 10

Find an equation of the line

(a) through A(-6,5) having slope 7 (b) through (8,—3) having slope 0

(c) through (—8,5) having slope undefined (d) through (-5,-3) and (9,-1)

(e) y—intercept —7and slope —35 (f) x —intercept:—3and y—intercept:—4
(g) x—1intercept:—9 and slope:—4

Solution

(a) v (x%,0)=(-6,5)

and slope of line =m="7
so required equation

y=5=7(x—(=6))
= y-5=7(x+6) = y—-5=T7x+42
= Tx+42-y+5=0 = Tx—y+47=0  Answer

(b) Do yourself as above.

(C) B (xl’ yl):(_875)
and slope of line =m =oo
So required equation

y=5=0o(x-(-8))
= y—5=%(x+8) = 0(y—=5=1(x+8)

= x+8=0 Answer

(d) The line through (-5,-3) and (9,-1) is



FSc-1I / Ex. 4.3 -9

—1-(-3) 2
—(3)=——"x—-(5 = y+3=—(x+5
- =g o e ) y+3=(x+5)
= y+3:%(x+5) = 7Ty+2l=x+5
= x+5-7y-21=0 = x—=7y-16=0 Answer

(e) ** y-—intercept =—7
= (0,=7) lies on a required line
Also slope =m=-5
So required equation
y=(=7==5(x-0)
= y+7=-5x = Sx+y+7=0 Answer

() . X —intercept =-9
= (-9,0) lies on a required line
Also slope =m=4
Therefore required line

y=0=4(x+9)
= y=4x+9 = dx-y+9=0 Answer
(2) x —intercept =a=-3

y —intercept =b=4
Using two-intercept form of equation line

a b -3 4
= 4x-3y=-12 Xing by —12

= 4x-3y+12=0  Answer

Question # 11

Find an equation of the perpendicular bisector of the segment joining the points A(3,5)
and B(9,8)
Solution
Given points A(3,5) and B(9,8)
Midpoint of AB= w,ﬂ = E,E = 6,2
2 2 2 2 2
Slope of E:m:S;Szgzl
9-3 6 2 -
Slope of line L to AB == _1L s AGS) BO.S)
!

Now equation of L bisector having slope —2 through (6, g]
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= y—%z—Q(x—@
=1 y—%:—2x+12 = y—%+2x—1220

:>2x+y—377=() = 4x+2y-37=0

Question # 12
Find equations of the sides, altitudes and medians of the triangle whose vertices are

A(-3,2),B(5,4) and C(3,-8).
Solution

Given vertices of triangle are A(-3,2), B(5,4) and C(3,-8).
Equation of sides:

AR ~ A
Slope of AB=m, = 4-2 2 1
5-(-3) 8 4
SlopeofB_C=m2:_8_4:_12:6
3-5 -2
_ _(_ B .
SlopeofCA:mgz2 (8):£:_§
- -3-3 -6 3

Now equation of side AB having slope % passing through A(-3,2)

[You may take B(5,4) instead of A(-3,2)]
y—2:%(x—(—3)) = 4y-8=x+3

= x+3-4y+8=0 = |[x—4y+11=0

Equation of side BC having slope 6 passing through B(5,4).
y=4=6(x-5) = y—-4=6x-30
= 6x-30-y+4=0 = |6x—y—-26=0

Equation of side CA having slope —% passing through C(3,-8)

y—<—8)=—§<x—3> = 3(y+8)=-5(x—3)
= 3y+24=-5x+15 = 5x—-15+3y+24=0
= [5x+3y+9=0

Equation of altitudes:
Since altitudes are perpendicular to the sides of triangle therefore

Slope of altitude on AB= L = —% =—4
m, A A

Equation of altitude from C(3,—8) having slope —4
y+8=—4x-3) = y+8=—4x+12
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= 4x—-12+y+8=0 = |[4x+y—-4=0

Slope of altitude on B BC=——=—_

. : : 1
Equation of altitude from A(-3,2) having slope -

y—2:—%(x+3) = 6y—12=—x-3

= x+3+6y—-12=0 = |x+6y—-9=0

1__/5

Slope of altitude on CA=——-=
Equation of altitude from B(5,4) having slope g

y—4=§(x—5) = 5y-20=3x-15

= 3x-15-5y+20=0 = |3x-5y+5=0
Equation of Medians:

Suppose D,E and F are midpoints of sides AB, BC and CA respectively.

Then coordinate of D = _3+5,2+4 20 =(1,3) A
2 2 22
5+3 4-8 8 -4
Coordinate of E = , 4,-2
( 27 2 j (2 2) &2 4
Coordinate of F:(3_3,_8+2):(9,_—6j=(0,—3)
o 2 2 2 2 B > C
Equation of median AE by two-point form
-2-2
—2= x—(=3
y 4_(_3)( (-3))
= y—2:_74(x+3) = Ty—-14=—4x-12
= Ty—-14+4x+12=0 = |4x+7y-2=0
Equation of median BF by two-point form
-3-4
—4= =3
y o5 (=)
= y—4= Z(x 5) = —5y+20=-7x+35

= =5y+20+7x-35=0 = |7x-5y—-15=0

Equation of median CD by two- point form
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= y+8=1—;(x—3) = —2y-16=11x-33

= 11x-33+2y+16=0 = |1lx+2y-17=0

Question # 13
Find an equation of the line through (—4,—6) and perpendicular to the line having slope
-3
="
Solution
Here (x,y,)=(-4,-6)
Slope of given line =m = _73

required line is L to given line

1 2
slope of required line = ——=— ==
m 3

|-

Now equation of line having slope passing through (—4,—6)

[0 W | o

y—=(=6)= 3 (x=(-4)

= 3(y+6)=2(x+4) = 3y+18=2x+8
= 2x+8-3y—-18=0 = 2x-3y-10=0

Question # 14
Find an equation of the line through (11,—5) and parallel to a line with slope —24.
Solution
Here (x,y,)=(11,-5)
Slope of given line = m=-24
required line is || to given line
slope of required line = m =-24
Now equation of line having slope —24 passing through (11,-5)
y—(=5)=-24(x-11)
= y+5=-24x+264 = 24x-264+y+5=0
= 24x+y-259=0

Question # 15
The points A(-1,2),B(6,3) and C(2,—4) are vertices of a A

triangle. Show that the line joining the midpoint D of AB
and the midpoint E of AC is parallel to BC and D L

DE:lBC.
2

Solution Given vertices A(-1,2), B(6,3) and C(2,—4)
Since D and E are midpoints of sides AB and AC respectively.

B C




Therefore coordinate of D = 16 ,& = é,é
2 2 22

Coordinate of E = _1+2,2_4 = l_—z = l,—l
2 2 2 2 2

_ -1-5 —7
NowslopeofDE:1 é = /2 :%
Y=
slopeofB_C:ﬁ:i:z
2-6 -4 4

Since slope of DE = slope of BC
Therefore DE is parallel to BC .

@\ZJ(A-ET (—1—312 SRS
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|BC|= J 3) =y () +(-7)
_ m = \/5 ............ (ii)
From (i) and (ii)
-4
| 2
Question # 16

A milkman can sell 560 litres of milk at Rs12.50 per litre and 700 litres of milk at
Rs12.00 per litre. Assuming the graph of the sale price and the milk sold to be a
straight line, find the number of litres of milk that the milkman can sell at Rs12.25 per

litre.
Solution

Let [ denotes the number of litres of milk and p denotes the price of milk,

Then (i, p,)=(560,12.50) & (L, p,)=(700,12.00)

Since graph of sale price and milk sold is a straight line
Therefore, from two point form, it’s equation

PP
— [—1
p=h= L, -1, .t ALTERNATIVE
12.00 -12.50 You may use determinant
= p-12.50= (I—560) form of two-point form to
700 —-560 . : i
~0.50 find an equation of line.
= p-— 1250—T(l 560) p 1
1l=
= 140p—-1750=-0.50{+ 280 Py . 0
= 140p—1750+0.50/ —280 =0 P>

— 0.50/+140p—2030=0
If p=12.25
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= 0.50/+140(12.25)-2030=0
= 0.50/+1715-2030=0 = 0.50/-315=0

= 0.50/=315 = l=£=630
0.50

Hence milkman can sell 630 litres milk at Rs. 12.25 per litre.

Question # 17
The population of Pakistan to the nearest million was 60 million in 1961 and 95
million in 1981. Using ¢ as the number of years after 1961, Find an equation of the line

that gives the population in terms of 7. Use this equation to find the population in
(a) 1947 (b) 1997
Solution
Let p denotes population of Pakistan in million and 7 denotes year after 1961,

Then (p,.t,)=(60,1961) and (p,,t,)=(95,1981)
Equation of line by two point form:

I, —t
-t =—=-"--2(p-p)
P> — D1

- t—1961=w(p—60)
95-60

- t—1961:%(p—60) - t—1961:%(p—60)

= 7t—-13727=4p-240 = T7t-13727+240=4p

134 .
= 4p=Tt-13487 = p=%t—% ............. (1)

This is the required equation which gives population in term of 7.
(a) Put r=1947 ineq. (1)

p-—(l947)—$ =3407.25-3371.75 =35.5

Hence population in 1947 is 35.5 millions.
(b) Put r=1997 ineq. (1)

p——(1997)—@—349475 3371.75=123

Hence population in 1997 is 123 millions.

Question # 18
A house was purchased for Rsl million in 1980. It is worth Rs4 million in 1996 .
Assuming that the value increased by the same amount each year, find an equation that
gives the value of the house after ¢ years of the date of purchase. What was the value
in 19907
Solution

Let p denotes purchase price of house in millions and ¢ denotes year then

(p,1,)=(1,1980) and (p,,t,)=(4,1996)



FSc-1I / Ex. 4.3 - 15

Equation of line by two point form:

ALTERNATIVE
t—t = L% (p—p) You may use determinant
Pr— Py form of two-point form to
. £_1980= 1996 -1980 (p=1) find an equation of line.
4-1 p t 1
16 p t 1=0
= t—1980=—(p -1
3 (-1 p, t 1
= 3t-5940=16p —16
= 3r-5940+16=16p = 16p=3r—-5924
3 5924 3 1481
= p=—t—"" = p=—t——— iirein.. (i)

This 1s the required equation which gives value of house in term of ¢.
Put =1990 in eq. (i)

1481
p=%(1990)—78 =373.125-370.25 =2.875

Hence value of house in 1990 is 2.875 millions.

Question # 19 .
Plot the Celsius (C) and Fahrenheit (F) 200} | g
temperature scales on the horizontal axis and the - (100,212) <0
; . : coT 200 4 o 8
vertical axis respectively. Draw the line joining the . X0
freezing point and the boiling point of water. Find 1897 g 5
an equation giving F temperature in term of C. 1807 B f
Solution 1401 <N
Since freezing point of water =0°C = 32°F 1207 g g
and boiling point of water =100°C = 212°F 1001 8=
therefore we have points (C,,F,)=(0,32) and 801 = @
(C,, F,)=(100,212) ig g
Equation of line by two point form 5 - g
F -F . X
F-F=—=-"C-C a9
e, - 1( ) 20 40 60 80 100 C %
= F _32:w(c_0)
100-0
= F—-32= 150 )
100
9
= F=—C+32
| 5
Question # 20

The average entry test score of engineering candidates was in the year 1998 while the
score was 564 in 2002. Assuming that the relationship between time and score is
linear, find the average score for 2006.
Solution

Let s denotes entry test score and y denotes year.
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Then we have (s,,y,)=(592,1998) and (s,,y,)=(564,2002)
By two point form of equation of line
Y—W :u(s_sﬂ
S, 5
2002 -1998

4
= y—-1998=———(5§—-592) = y—-1998=—-(5—-592
d 564 —592 ( ) s —28( )

=> y—1998=—%(s—592) = 7y—13986 =—s+592

= T7y—13986+5—-592=0 = s+7y—-14578=0
Put y=2006 in (i)
s+7(2006)—14578=0 = s+14042-14578=0
= s§-536=0 = s=536
Hence in 2006 the average score will be 536.

Question # 21

Convert each of the following equation into

(1)  Slope intercept form (11) Two-intercept form (i11) Normal form
(@ 2x—4y+11=0 (b) 4x+7y—-2=0 (c) 15y—-8x+3=0
Also find the length of the perpendicular from (0,0) to each line.

Solution

(a)
(1) - Slope-intercept form
* 2x—-4y+11=0
2x+11
4

= 4y=2x+11 = y=

= y=txrl
# 2 -

. : . : : 1 11
is the intercept form of equation of line with m= S and ¢ = )

(i1) - Two-intercept form
2x=4y+11=0 = 2x—-4y=-11
2 -+ X y
= —x—y=1 = ——+—=—=1
_ _ _11/ 11
- -1 A A

; ; ; ; : 11 11
is the two-point form of equation of line with a = Y and b= 1

(111) - Normal form
s 2x—=4y+11=0 = 2x-4y=-11
Dividing above equation by v/(2)? + (—4)> =420 = 2/5
2x 4y -11 x 2y -11

25 285 25 5 5 245




