Exercise 6.2 (Solutions) rage # 263
Calculus and Analytic Geometry, MATHEMATICS 12

Equation of tangent and normal to the circle
Consider an equation of circle

X4y +2ex+2f+c =0
Then equation of tangent at (x,,y,) is
xx+yy+g(x+x)+f(y+y)+e=10
The equation of normal at (x,,y,) is

(y=n)(x +8) = (x—xl)(yl +f) (See proof at page 257)

Question # 1
Write down equations of tangent and normal to the circle

(i) x*+y* = 25at (4,3) and at (5c0s8,5sin )

(i) 3x* +3y* +5x—13y+2 = 0 at [1,?)

Solution ¥y =25
Differentiating w.r.t. x
dy
2x+2y— =0
dx
dy dy b
= 2y— = —2x = = = ——
ydx dx y
At (4,3)
_ @y 4
Slope of tangent at (4,3) = m = = =—3

Now equation of tangent at (4,3) having slope —%
y_gz_g(x_a,) = 3y-9 = —4x+16

= 4x-164+3y-9=0 = |4x+3y-25=0

Since normal is L ar to tangent therefore

1 1 3
Slope of normal at (4,3) = “m STTa3 T 1
Now equation of normal at (4,3) having slope %
y=3 = %(x—4)
= 4y-12 =3x-12 = 3x-12-4y+12 =0

= |3x-4y =0
At (5c0s8,5sin6)
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Slope of tangent at (5c0s6,5sin8) = m = iy = — 50,059 _ _coso

i (5c0s8,5sin80) Ssiné siné
: : : cos @
Now equation of tangent at (5cos 8,5sin8) having slope — <nd
: cos @
y—35sin8 = _smﬁ(x 5cos6)
= ysin@—5sin*8 = —xcosf+5cos’ 6
= xcos@+ ysin@ = 5sin® @+ 5cos’ 6
= xcos@+ ysinf = 5(sin29+00329)
= xcos@+ ysin€ = 5(1)
= | xcos@+ ysind = 5
Since normal are | ar to tangent therefore
Slope of normal = _1_ sind
P ~ m  cos@
: sin @
Now equation of normal at (5cos8,5sin ) having slope 030
: sin @
y—5sinf = COSH(X—SCOSH)

= ycosf—5sinfcosf = xsinf —3sinfcos b
= xsin@—5sinfcos@ — ycos@+5sinfcosf = 0

= | xsin@— ycos@ =0

(i1) [Alternative Method]
3x*+3y*+5x—=13y+2 =0
5 13 2

= x’+y° +3x—7y+§—0
Comparing it with general equation of circle
5 13 2
=3 . =3 . =3
L5 _ B
£7% - 6

Now equation of tangent at (xl, yl)
xx+yy+g(x+x)+ f(y+y)+ec=0

Here (x,,y,) = (1,%)

10 5 10} 2
— 1-x+?-y+€(x+l)—g(y+?j+§ =0

SRR O E =
A T S A TR
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N E 7 157 _ 0
6" 6718
= 33x+21y+157 =0
1s the required tangent.

Now equation of normal at (x;,y,)
(y=y)(x+8) = (x=x)(3+f)

Here (x,,y,) = [1 %)

= (55l

= (-0 eonf2) = e

= Jx—"7-— 11y+¥—0 = 7x—11y+83—9=0

= 21x-33y+89 =0
1s required equation of normal.

Question # 2
Write down equations of tangent and normal to the circle

4x* +4y* —16x+24y-117 =0
at the point on the circle whose abscissa is —4.

Solution
4x* +4y* —16x+24y—-117 =0 ........ (i)
Since abscissa = —4, so putting x=-4 in given eq.

4(-4)° +4y? —16(—4)+24y—-117 = 0
= 64+4y>+64+24y-117 =0
= 4y"+24y+11=0
244(24)? —44)(11)

- 2@
_ —24%576-176 _ —24+£+400
- - 8
—24+20
= y=—g—
_ =24+20 or _=24-20
= —— y = .
= = —l r = _E
y="35 0 y=-3
: 1 11
So we have points | 4,—= | & | 4,——=
2 2
(i) = x*+y —4x+6y—£ =0

4
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Comparing it with general equation of circle

2¢=-4 , 2f=6 |, Cz_%
Now equation of tangent at (xl, yl)

xx+yy+g(x+x)+f(y+y)+te=0

1
For (x,y) (—4,—§J

Solve yourself as Q # 1(i1)
11
For (x,y) = ( j

Solve yourself as Q # 1(ii)
Position of the point with a circle

Consider the general equation of the circle

X4+ +2gx4+2fy+c =0
The point P(x;,y,) lies on the circle if

XP+yi+2gx +2fy,+c =0
The point P(x,,y,) lies outside the circle if

X+ yl+2gx +2f)+c >0
And the point P(x,,y,) lies inside the circle if

X+ yl+2gx +2f,+c <0
Question # 3

Check the position of the point (5,6) with respect to the circle
(i) x*+y* =81
Solution

(ii) 2x° +2y* +12x—8y+1= 0
(1) x*+y? =81

= xX’+y°-81=0
To check the position of point (5,6), Putting x=5 & y=6 on L.H.S of (i)
(5)° +(6)°—81 = 25+36-81

-20 < 0
Hence (5,6) lies inside the circle.

(ii) 2% +2y* +12x—-8y+1= 0

= X+ +6x—4y+% =0

To check the position of point put x=5 & y=6 on L.H.S of (1)
(5)% +(6)* +6(5) —4(6) +%
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= 25+36+30—24+%
= g > 0
2

Hence (5,6) lies outside the circle.

Length of tangent to the circle
Consider equation of circle

K H+Y +2ex4+2f+c =0

If d denotes length of tangent from point
. PQxy,yy)
P(x,,y,) to the circle then >

d = \/x12+y12+2gx1+2fyl+c

Question # 4
Find the length of the tangent drawn from the point (—5,4) to the circle

5x*+5y* =10x+15y—-131 = 0

Solution  5x* +5y*—10x+15y—131 = 0
131

= x2+y2—2x+3y—T =0
Now length of tangent from point P(x;,y,) is

d = \/x12+y12+2gx1+2fj/1+c
For (x,,y) = (-5,4)

d = \/(—5)2 +(4)°—2(-5)+3(4)

BE]

= \/25+16+10+12—g

5
f184 f 46 .
= ,[— = 2,/— units
5 5
Question #5
Find the length of the chord cut off from the line 2x+3y = 13 by the circle
x*+y? = 26
Solution 2x+3y =13 ........... (1) B
4y =26 ... (ii) A
From (1)
2x = 13-3y
R ) (iif)

2
Putting in (i1)
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2
_ 2
- 169 7iy+9y +y* = 26
_ 2 2
N 169 78y:9y +4y" _ 26

= 13y*—=78y+169 = 104
= 13y* =78y +169-104 = 0
= 13y*=78y+65 = 0
= y*—6y+5= 0
= ¥y -5y-y+5=0
= y(y-5)-1(y-5)=0
= (y=5)(y-1)=10
= y=5 o y=1
Putting in (iii)
‘= 13-3(5) L 13-3(1)
2 2
=—] =5

= (-1,5) and (5,1) are end points of chord intercepted.

So length of chord = \/(5 +1)° +(1-5)°

= J36+16 =452 =213

Question # 6
Find the coordinates of the points of intersection of the line x+2y = 6 with the circle :

¥ 4+y?=2x-2y-39 =0
Solution  x*+y*-2x-2y-39=0.......... (i)
xX+2y =6 .......... (11)
Just solve (1) & (i1) fo get the points

Equation of tangent to the circle having slope m mn

Consider an equation of circle
X2 s y2 — Cl2

Then equations of tangents parallel to the line having

slope m are
y = mxtavl+m? "
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Question # 7
Find equations of the tangents to the circle x* + y* = 2
(i) paralleltothe x—2y+1= 0
(11)) perpendicular to the line 3x+2y = 6
Solution +yt =2
Centre of circle is at origin with radius a = 2
i) Letl: x=2y+1 =0
Slopeof [ = m = _L = 1
-2 2
Since required tangent is parallel to /

. Slope of tangent = m = 5

Now equations of tangents are

y = mxtayl+m?

= y = lxi 2 é
2 4
1 10 10
= y=—xt,/— = y=—xt——0
YT d 2

= x—2yi\/1—0 = (0 are the req. tangents.

(11) Do yourself as above

Question # 8
Find equations of the tangent drawn from

(i) (0,5) to x*+y*> = 16
(i) (-1,2) to x* +y* +4x+2y = 0
(iii)(—1,2) to (x+1)° +(y-2)" = 26 Wt
Also find the point of contact. 0.5)
Solution
@) ¥ +y* =16
= radius of circle is 4 with centre 0(0,0)
Let slope of required tangent be m, then eq. of tangent
passing through (0,5)
y—=5= m(x-0)
= y—-5= mx
= mx—y+5=0............ (1)
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Now since (1) 1s tangent to circle, therefore
Radius of circle = _Lar distance of (i) from centre O(0,0)

|m(0)-0+5]
= 4 =
m’ +(-1)
:4:L = dm’+1 = |5|
m* +1
On squaring

2 2
(#1+m?) = 5|
= 16(m2+1) =25 = 16m>+16 = 25
= 16m*> = 25-16 = l6m*> =9

:>m2:2 :>m:ié
16 4

3 S
When m= 7 putting in (i) When m = —%, putting in (i)

3
Zx_y+5: 0 —%x—y+5: 0
= 3x=4y+20 =0 = 3x+4y-2=0

(ii) ¥ +y*+4x+2y =0

Comparing it with general equation of circle

Wehave 2¢g =4 , 2f=2 , ¢c=0
= g= 2 , f=1

Centre C(-g,—f) = C(-2,-1)

Radius = \/g*+ > —c =20 +1)*=0
=V4+1 =5
Let m be a slope of required tangent, so equation of tangent passing thorough (—1,2)
y=2 = m(x+1)
= y—2=mx+m
= mx—y+(m+2)=0............. (1)
“* (1) 1s tangent ot circle,
. Lar distance of tangent from centre (—2,—1) = Radius of circle

m(=2)—(=1)+ (m+2)| _ 5
Jmy* +(=1)’

—2m+1+m+2| _

=

m* +1
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= ]—m+3| = \/g-\/m2+1
On squaring
m?—6m+9 = 5(m2+1)
= S5m*+5-m*+6m—-9 = 0
= 4dm* +6m—-4 = 0
= 2m*+3m-2= 0
= 2m* +4m-m-2 = 0
= 2m(m+2)—1(m+2) =0
= (m+2)(2m-1)= 0
= m+2=0 or 2m-1=0

= m=-2 or m:l
2
Putting value of m in (1) | |
—2x—y+(-2+2)=0 Ex_y+(§+2] =0
= -2x-y+0=0 1
= —x—-y+—-=0
= 2x+y=0 2 2
= x—2y+5=0
(iii) (x+1)"+(y-2)" = 26

= (x— (D) +(y-2)" = (\/%)2

Centre of circle is (—1,2) and radius /26

Now do yourself as above.
Note: To find point of contact, solve equation of tangent and circle.

Question #9
Find an equation of the chord of contact of the
tangents drawn from (4,5) to the circle B
2x% +2y° —8x+12y+21 = 0
Solution

Given: 2x’+2y*—8x+12y+21 = 0 “.5)

= x2+y2—4x+6y+%: 0 0
Comparing it with general equation of circle
20 =-4, 2f =6, c:%

s g=~2, f=3
Let the point of contact of two tangent be P(x,y,) and Q(x,,y,)
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Eq. of tangent at P(x,,y,)

xx+yy+g(x+x)+ f(y+y)+c=0
= x1x+yly—2(x+x1)+3(y+yl)+% =0

= x1x+y1y—2x—2x1+3y+3yl+% =0

Since tangent is drawn from (4,5), therefore

= x4)+ yl(S)—2(4)—2x1+3(5)+3y1+% =0
21
= 4x1+5y1—8—2x1+15+3y1+7 =0

= 2x1+8y1+% =0

= 4x,+16y,+35=0 ......... (1)
Similarly equation of tangent passing through Q(x,,y,) and (4,5) gives
4x,+16y,+35 =0 ......... (11)

Egs. (1) and (i1) show that both points P & Q lies on the line
4x+16y+35 =0

So it is the required equation of chord of contact.




