Exercise 6.4 (Solutions)rage 251
Calculus and Analvtic Geometrv. MATHEMATICS 12

Question # 1
Find the focus, vertex and directix of the parabola sketch its graph.

i) ¥y =8x (i) x* = —16y
(iii) x* = Sy (v) y* =-12x
v) X =4(y-1)
(vi) y* =-8(x-3)
(vii)(x—1)" = 8(y+2) (viii) y = 6x’~1 <«———gg
(ix) x+8-y*4+2y=0 1
x)x*—4x—-8y+4 =0
Solution \
(i) y =8
Here 4a =8 = a=2
Vertex: 0(0,0)

The axis of parabola is along x-axis and opening of parabola is to the right side.
Focus: (a,0) = (2,0)
Directrix: x+a =0

= x+2=0

=0

x+ 2

4(2’0) f >

(i) x* = —16y ty-4=0
Here 4a =16 = a=4 L
0.0}

Vertex: 0(0,0) T x
The axis of parabola 1s along y—axis and @ _4);

opening of the parabola is downward.
So Focus: F(0,—a) = F(0,—4)

A
A\

Directrix: y—a =0
= y-4=0
() x* =35y

5 :(0,5/4)
Here 4a =5 = a:Z

t (0.’0) —t—— X

A

And vertex: 0(0,0)

The axis of the parabola is along y-axis and
opening of the parabola is upward.

Focus: F(0,a) = F(O,%)

ley+s5=0
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: : 5
Directrix: y+a=0 = y+Z:O

= 4y+5=0

(iv) y? = —12x
Here 4a=12 = a=3
And vertex: 0(0,0)
The axis of the parabola is along x-axis and opening of

the parabola is to the left side. _:(0’0)

Focus: F(-a,0) = (-3,0)
Directrix: x—a =0
= x—-3=0

x-3=0

v) x> =4(y-1) ... ()
Put X =x , Y =y-1
= X’ =4Y ... (ii)
Here 4a =4 = a=1
And vertex of parabola (ii) is O(0,0) with axis of oD
parabola is along Y —axis open upward. ol 55
* Vertex: 0(0,0) i
= X=0, Y=0
= x=0 , y-1=0 = y=1
= (0,1) is vertex of parabola (i)
Now focus: F(0,a) = F(0,1)
-~ X=0, Y=1
= x=0 , y—-1=1
y=1+1 = y=2
= (0,2) is focus of parabola (i) R

Directrix of parabola (i1) is
Y+a=0 = Y+1=0 T
= y—-1+1=0 T

= y = 0 1s directrix of parabola (i) ‘ w t / >

(vi) Do yourself T

vii) (x=1)" = 8(y+2) coveennnne. (i) - =0
Put X =x-1 , Y=y+2 in(i)
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Here 4a=8 = a=2
Axis of parabola is along Y-axis open upward with vertex of (0,0)
= X =0 , Y=0
= x—1=0 , y+2=0
= x=2 , y==2
= (1,-2) is vertex of parabola (i)
Focus of (i) is  (0,a) = (0,2)

= X=0 , Y=2
= x-1=0, y+2=2
=% ¥ =1 , y=0

= (1,0) is the focus of given parabola (i)
Directrix of (i1)

Y+a=0 = Y+2=0
= y+24+42=0 = y+4 =0 isdirectrix of given parabola.
(viii) y = 6x° -1

= 6x' = y+l = X :é(y+1)

Now try yourself
(ix) x+8—y*+2y =0 ) A
= y'-2y =x+8 E —
= y*—2y+1 = x+8+1 S 1
+
= (y—l)2 = x+9 P +
Put X =x+9 , Y =y-1 - x >
901 _
Y2 =X (/?’: \\‘F( 35/}4’1) } o
Here 4a=1 = azi
The axis of parabola is along x-axis and [ e
it is opening to the right side. Y Vi

Vertex of parabola (ii) is (0,0)

= X=0 , Y=0

= x+9=0 , y-1=0

= x==9 , y=1

= (-9,1) is vertex of the parabola (i)

Focus: (4,0) = (l,oj

4
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=

—

X =— , Y =0
4
x+9—l —-1=0
4 0 7
5=l g 1=0
4 Y
35
X = =1
J y

(_?,1j is focus of parabola (i)

Directrix of parabola (i1)

X+a=0

= X+l:O
4
1
= x+9+—=0
4

= x+ %T7 = 0 1s directrix of parabola (i)

(%) Do yourself as above

Question # 2

Write an equation of the parabola with given elements.
(i) Focus (-3,1) ; directrix x=3 (ii) Focus (2,5) ; directrix y=1
(iii) Focus (—3,1) ; directrix x—2y—3=0 (iv) Focus (1,2) ; vertex (3,2)
(v) Focus (-1,0) ; vertex (—1,2) (vi)Directrix x=-2 ,Focus (2,2)

(vii)Directrix y=3 ; vertex (2,2)

(viii) Directrix y =1, length of latusrectum is 8. Opens downward.
(ix)Axis y=0 , through (2.1) and (11,-2)

(x)Axis parallel to y-axis, the points (0,3),(3,4)and(4,11) lie on the graph.

Solution

(1)

Focus: F(-3,1)

Directrix: x =3 ie. x—-3 =0

Let P(x,y) be any point on parabola then by definition
| PF | = Lar distance of P(x,y) from directrix

2 | =3 ’

= J(x+3) +(y-1) T

= \/x2+6x+9+y2—2y+1 :‘x—3‘
On squaring
= X" +6x+9+y°—2y+1 = x*—6x+9
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= X +6x+9+y —2y+1-x"+6x-9 =0
= Y +12x-2y+1 =0
is required equation of parabola.

(ii) Do yourself as above.

(iii) Focus: F(-3,1)
Directrix;: x—2y-3 =0
Let P(x,y) be any point on parabola, then by definition of parabola
| PF| = Lar distance of P(x,y) from directrix.
2 | x—2y-3 |

= J(x+3) +(y-1) g

= P +6x49+ )7 —2y+1 = %

= V5P +6x+9+)>—2y+1 = [x—2y-3]
On squaring both sides
S5(x7+6x+9+y" —2y+1) = x* +4y” +9—4xy +12y — 6x
= 5x7+30x+45+5y* =10y +5-x*—4y*—9+4xy—-12y+6x = 0
= 4x*+y*+36x—22y+4xy+41=0
is required equation

(iv) Given: Focus (1,2), Vertex (3,2)
Focus and vertex implies that axis of parabola is parallel to x-axis and opening to
left side. Therefore eq. of parabola with vertex (3,2)

(y-2)" = —4a(x=3) ... (i)
Now a = Distance between focus and vertex
= JB-1)+(2-2) = ax0 =2
Putting in (1)
(y-2)" = -4@2)(x=3) = y>—4y+4=—8x+24
= Y —4y+4+8x-20=0 = y*—4y+8x—20=0 isreq.eq.

(v) Do yourself

(vii) Directrix: y =3 1ie. y—3=0
Vertex (2,2)

Since axis of parabola is parallel to y-axis (because directrix is parallel to x-axis).
And opening is downward.
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So equation of parabola with vertex (h,k) = (2,2)
(x—h) = —4a(y—k)
= (x-2) = —4a(y-2)
Now a = Distance of vertex (2,2) from directrix
2-3]  _[=1

“Jorear 1)
Putting in (1)
(x=2)" = —4()(y-2)
= x—4x44 = —4y4+8 = 2 —4x4+d+dy-8 =10

= x*—4x+4y—4 =0 isrequire equation.

(vii1) Directrix: y =1
Latusractum = 4a =8 = a =2
Parabola is open downward
. Consider vertex = (h,—1)

And equation of parabola
(x—h)2 = —4a(y—k)
= (x—h) = -4Q)(y+1) = xX*—2hx+h> = -8y-8
= x*—2hx+8y+h*+8 =0 isreq.eq.

(ix) Axis of parabola: y =0
Let vertex is (h,k)
" 1t lies on x-axis ... k=0
Now equation of parabola with vertex (4,0)
(y—O)2 = 4a(x—h)
= y> =da(x—h) ..cccc..... (i)
"+ (2,1) lies on parabola (i)
s (D) =4a(2-h)
= 1=4a(2=h) e (ii)
Also (11,-2) lies on parabola (i)
(-2)* = 4a(11-h)
= 4 =4a(l1-h)
= 1= a(ll=h) oo, (iii)
Dividing (1) & (i1)
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1_ 4a(2—h)

1 a(ll-h)

1 = 4(2-h) = 11-h = 8—4h
(11-h)

= 4h-h=8-11 = 3h=-3 = h=-1
Putting in (i1)
1= 4a(2—(—1))
= 1 =4a(3) = 1=12a = a=—
Using in (1)
Y = 4(%)&—(—1)) = 3y" = x+1

= 3y’—x-1=0
is the required equation.

(x)  Axis parallel to y-axis, then points (0,3), (3,4) and (4,11) lie on the graph.
Equation of parabola axis parallel to y-axis with vertex (/,k)
(x—h)" = da(y—k) cccoo...... i)
*+ (0,3) lies on parabola (i)
. (0-h)* = 4a(3-k)
= I’ =12a—4ak ............. (ii)
Also (3,4) lies on parabola (i)
(3-h)’ = 4a(4-k)
= 9-6h+h’ =16a—4ak
= I —6h+9 =16a—4ak ................ (iii)
Also (4,11) lies on parabola (i)
(4-h)* = da(11-k)
= 16-8h+h’ = 44a—4ak

= KW -8h+16 = dda—4ak ................ (iv)
Subtracting (i1) & (iii)
h? = 12a—4ak
h? —6h+9=+16a—4ak

Now subtracting (iii) & (iv)
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h* —6h+9 = 16a—4ak
h>—8h+16=+44a—4ak
+ = = +

2h—T==-280 cceveveeveveeurunnnnn. (vi)
Multiplying (vi) with 3 and subtracting from (v)
6h—21 =-84a
+6h—9 = —4a
—12=-80a
12 3
= la=— = —
80 20

Putting in (v)

6h—9 = —40[ | = 6h=9->=22 - |n-=
20 575

D

Putting value of a and h in (i1), we get

2
5 20 20 25 5 5
= g zg_ﬁ = ik — _i = k — _i
5 5 25 5 25 15

Now putting the value of @, 4 and k1n (1), we get

B R N

, 14 49 3 4 , 14 49 4
= X——x+—=—y+— = X ——x——y ———=0
5 25 57 25 5 57 25 25
= xz—&x—éy 220
5 55

= 5x*—14x-3y+9 =0
is the required equation.

Question # 3
Find an equation of the parabola having its focus at the origin and dirctrix parallel to the
(1) x— axis (1) y—axis
Solution
(1) When directrix 1s parallel to x-axis

Suppose F(0,0) be focus and equation of directrix be

y = h (parallel to x-axis)
Le. y—h =0
Now let P(x,y) be any point on parabola the by definition of parabola
|PF| = Lar distance of P(x,y) from directrix
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—h‘

= J(x=0)+ y—02:|y—

J(x=0) +(y-0) o
5 2_|y—h|

= Jx'+y° = 1

On squaring
= +y =y -2hy+h* = X+y -y +2hy-h* =0
= x*+2hy—h*> =0 isreq. equation.

11) When directrix is parallel to y-axis.
When directrix is parallel to x-axis
Suppose F(0,0) be focus and equation of directrix be

x = h (parallel to y-axis)
ie. x—h=0
Now let P(x,y) be any point on parabola the by definition of parabola
| PF| = Lar distance of P(x,y) from directrix
2 | x—nh ’

= J(x=0)+(y-0) = —L_
J(x=0)’+(y-0) o
= Jxi+y® = | 5|

1

On squaring
= X+y =X -2x+h? = F+y -x4+2i-h* =0

= y*+2hx—h* = 0 is req. equation

Question # 4
Show that an equation of parabola with focus at (acos@,asin) and directrix
xcosa+ysina+a=0is (xsina— ycosa)’ = 4a(xcosa+ ysina)
Solution  Focus: F(acosa,asinQ)
Directrix: xcosa+ ysinad+a =0
Let P(x,y) be any point on parabola then by definition of parabola
‘ PF ‘ = L ar distance of P(x,y) from directrix

> |xcosa+ ysina+al

= \/(x—acosa)2+(y—asin0()

Jeos? @ +sina

On squaring

2 |xcosa’+ysin05+a‘2
- 1

= x’—2axcosa+a’cos’a+ y* —2aysina+a’sin*a

(x—acosa)’ +(y—sina)

= xcos’ @+ y*sin® @ +a* + 2axcosa + 2aysin & + 2xysin arcos &
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= x*—x’cosd+ ¥ —y° sin0(+az(cos20(+sin2 a)
=a’ +2axcosa + 2aysin & + 2xysin cos & + 2axcos & + 2aysin o
= x (1— cos’ 0{) +y? (1— sin® a') +a’(1)—a® —2xysinacosa
=4axcosa+4aysina
= x’cos’a+ y’sin’ @ —2xysinacosa = 4a(xcosa+ ysina)
: 2 :
= (xsin@—ycosa)” = 4a(xcosa+ ysin@)
is equation of parabola which is given.

Question # 5

Show that the ordinate at any point P of the parabola is a mean propositional between
the length of the latusrectum and the abscissa of P .

Solution

Consider equation of parabola

y* = dax
= y-y=4a-x
4a
S da_y
y X
latus ractum _ ordinate
ordinate abscissa
= ordinate is mean proportional between latus rectum and abscissa.

Question # 6

A comet has a parabolic orbit with the earth at the focus. When the comet is 150,000km
from the earth, the line joining the comet and the earth makes an angle of 30 with the
asix of the parabola. How close will the comet come to the earth

Solution Suppose earth be at focus which is origin and V (—a,0) be vertex of
parabola.
Then directrix of parabola;
% = —2a A
= x+2a=0 S
Let comet be at a point P(x, y) then by definition of S
parabola 3
|PF] = Lar distance of P(x,y) from =
directrix

|x+2a’

= J(x=0)’+(y-0) - oo

= xz+y2 = |x+2a|

On squaring
xz+y2 = (x+2a)2 ........... (1)
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Also by Pythagoras theorem in A ABC
|oA| +| AP|" = |OP |
= x+y> = (150000)" .............. (ii)
Comparing (1) and (ii)
(x+2a)” = (150000)>

= x+2a =%+150000 ............... (iii)
Now from right triangle OAP
cos30° = M = \/5 = X
~ |oP 2~ 150000
= x= @(150000)
Using in (iii)
§(150000)+2a = +150000
J3
= 2a = J_r150000—7(150000) = 2a = +150000—+/3(75000)
= 2a = 75000(+2-+3) = a=37500(+2-+3)

Since a is shortest distance and can’t be negative

Therefore a = 37500(2—\/§)Km

Question # 7

Find an equation of the parabola formed by the cables of a suspension bridge whose
span is a m and the vertical height of the supporting towards is b m.

Solution  Consider equation of parabola

with vertex O(0,0)

= A4dy . () [; b]
Since P(%,bj lies on parabola 119
a a’
(—j =4d(h) = d = — 0(0,0)
2 1 a B

Putting in (1)

2
2 a
x =4 —
(16b]y
2
, a . . .
=% ¥ = ) required equation.
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Question # 8

A parabolic arch has a 100m base and height 25m. Find the height of the arch at the
point 30m from the centre of the base.

Solution Suppose equation of parabola

with vertex (0,0) P(50 , 25)
X =4ay oo (i) B
From figure, we see that P(50,25) lies on 25
parabola. A
(50)° = 4a(25) C0g

= 2500 = 100q = a=25
Putting in (1)
x* =425y = x* =100y

When x = 30
(30)* = 100y
y=a2 o =0
100
~ Hence the required height = 9m
Question #9

Show that tangent at any point P of a parabola makes equal angles with the line PF
and the line through P parallel to the axis of the parabola, F' being focus. (These
angles are called respectively angle of incidence and angle of reflection).

Solution

Suppose the parabola
yi=dax ............. (1)
Let P(x,,y,) be any point on parabola, then
yvio=dax, ... (i)
Now differentiating (1) w.r.t x
2
iy2=i4ax =% 2y@:4a = b _2a
dx dx dx dx y
dy 2a
Slope of tangent at (x,y,) = m, = — = 22
Ay N
Now slope of PS = m, = -~V
X, —a
D
% —8

Now slope of line parallel to axis of parabola = m, =0

(because axis of parabola is along x-axis)
Let 6 be angle between tangent and line parallel to axis of parabola, then
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2a _ 0 2%
tang, = A" i = 1y1
Ty (@)(0)

Vi
= tanf, = a (111)
i
Let 8, be angle between tangent and PS, then
tan@, = =
1+ m,m,
5 _Z2a ¥ —2a(x —a)
_ x—a __nx-a _ y© —2ax, +2a’
L[ ) 2a Y —a+la Y (% +a)
x—a)l y X —a
_ 2
_ 4ax, —2ax +2a from ()
(% +a)
_ 2ax,+2a* 2a(x +a)
yi(x +a) y(x +a)
2
= tanf, = — .......... (iv)
N

From (iii) and (iv)
tang, = tané, = 6, =20,
as required




