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EXERCISE 6.6

Q.1:

Find an equation of the hyperbola with given data. Sketch the graph of each.
(i) Center (0, 0} Focus (6, ) .
Selution:

Vertex (4, 0)
Given (ae, )= {6, ()

(e, 0)=

: (2, 0)= (&, 0)
(0, 0)
C =

a=4
5]



For hyperbola
¢ = a+b’

(6 = (4’ +b’

36-16 = b°

20 = b°

L=

| ><I-J U.J ><?
|

A y-axis

(ii) Foci (£5,0), vertex (3,0)
Solution:
A Y-axis

Foci (£5,0)  Vertex (3,0)
(£c,0) = (£5,0) (a, 0)= (3,0)



c =5 a = 3

For hyperbola

2 = al+b?

(5= (3 +b’

25 = 9+p’

16 = 9+b’

16 = b’

Required equation of hyperbola is
L Lo

% - % =1 Ans.

(iii) Foci (2t S\E ,—7), Length of the transverse axis 10.
Solution:

(tae,0) = 2+5/2,-7)

Fociare 2+5\2,-7) & F 2-52,-7)
Also given 2a = 10

a =35
Center = mid point of foci
2+ 52+2-52 —7—7)
a L 2 > 2
Center = (2,-7)
We know that
¢ = distance between center and focus

= Je-2-527+7+7° =4[50

For hyperbola
y = a’+b’

C

(f50)" = (57 +b°
50-25 = b’

25 = b

b’ = 35

with center (2, — 7) equation of hyperbola is
(x=h’ (v—k)

=1

=1 Ans



A y-axis

NN 00) Taxis
e
F

B

Centre

(2,7)

h 4

(iv)  Foci(0,£6), e = 2 (Lahore Board 2011)
Solution:
Foci (0,+c) = (0,+6)
c =6, e =2
ac = ¢
6
N
aY
' F(0,6)
V(0,3)

w
>

For hyperbola

c = a+b’
6 = 3y +b
36-9 = b’

b’ = 27

Equation of hyperbola is



[

|4, Ol
Il

=1

o r<tu mldr‘:t-)

- 27
(v)  Foci (0, +£9) directrix y=+4
Solution:

Foci  (0,+ae)= (0,£9)

ae= 9 | +4 =
. -9 - &
=> c =9, ¢ =7
.
~ 3(4) -9
a’ = 36
For hyperbola
o2 = 22+ p?
(9 = 36+0b’
81-36 = b’
b> = 45
Required equation of hyperbola is
Y. X
a- t_)"r 1
y x
36 45
<x‘

o |

|

w WV



(vi)  Centre (2, 2) horizontal transverse axis of length 6 & eccentricity e = 2.
Solution:

Centre (2,2) & 2a=6=> &e=2

c=aec = 3(2) = 6

For hyperbola

2 = al+ b

(6= (3) +b°

36-9 = b

b* = 27

with centre (2, 2) required equation of hyperbola is
x=h’ -k’

= 1

a b
x-27 (y-2y _ |
9 27
foci are (+ae, 0) = (£6,0)

(x=2,y-2) = (£6,0)
X—2 = 6 y—-2=0

X=+6+2 y=2
x=8,-4 y=2
F(8,2) & (-4, 2)
y-axis
Centre
®

(vii)  Vertices (2, £ 3) and (0, 5) lies on the curve.
Solution:
Center of the hyperbola = mid point of vertices

(242 3-3)
- U2 T2

Center = (2,0)




Since V. = (2,3) & V = (2,-3)
2a = |[VV| J2 -2 +(3+3)° =6
a = 3
With center (2, 0) equation of hyperbola is
-k’ (x-h"
a.-; - b;
(y-0" (x-2)
y-axis
(0.5)
(2,3)
) 0 x—axi:s
/_ (2,-3)
Since (0, 5) lies on (1)
25 4
9 b
25 4
o ~ 17y
16 4
9 b
2 _ 2 : Y (x-2° _
b =2 (1) becomes 9~ -

(viii) Foci (5, - 2) (5, 4) & One vertex (5, 3)

Solution:

Center = mid point of foci

Center

(5—5
2 L]

5. 1)

_2+4)



C = distance between center & focus
= AJG-57+(1-4)

-\

= 3

a = distance between vertex & center
= AG-5+3-1y

2
a = 2
For hyper bola
021 = asz'1
BF = @+
9-4 = b’
b> =5

with center {'5,’ 1) requiregi equation of hyperbola is
(y=k) (x=hy

a b2 = 1
-1 =5 _
4 5
The second vertex is
(5,1-2)
S,-1)

A
=

> .
X-axis



Q.2: Find the center, foci, eccentricity, vertices and equations of directrices of
each of the following. (i) xz—yz =9

Solution:
S
9 9
= a5 =9, b'=9

foci = (£¢,0) = (£31/2,0)
Vertices = (+a, 0) = (+3,0)

Directrix x = + =

Directrix x = i\ﬁ

Center 1s (0, 0)

G) 5 -9 =1

ra

eccentricity e = 5

|
I
—_—
%‘
=

foci = (¢, 0)
Vertices = (£a,0)

[
—
H_
o
=
R

Directrix x = + =



Center 1s (0, 0)

y x
(iii) 16~ 9 = 1
Solution:
yoxo
16 9
a> = 16 ., b =09
2 = az+b2
16 +9
¢ = 25
. c
eceentricity ac = ¢ == ¢ =3 ==
_ 3
€ T 4
foci = (0, £c¢)
= (0,+5)
Vertices = (0,+a) = (0,£4)
a
Directrix y = iE
416
Directrix y = ii = £
4
Center s (0, 0)
Vv
(iv) ‘I—xz =1
Solution:
v
4 1 -
Center = (0, 0)

=4, b=



(%]

2 2
¢ = a +b’

¢ = 4+]1
¢¢ =5
C 5
eccentricity ae = ¢ => e = = i =e
a )
foci = (0,4c) = (0,+/5)
Vertices = (0, + a) = (0,+2)

: . a
Directrix y = £+~

Directrix 'y = =+

= +

P Al

x-1)" -1’

(v) 2 9 = 1
Solution:
Let x-1=X | y-1=Y%
X Y
> 2
at =2 b* = = a'+b = 249=11

ac = ¢ . e =

9

¢

a
- 11
Eccentricity g = EY

Coordinates of foci (¢, 0)

(X, Y) = (£+/11,0)
x-1, y-1)
/11 y—-1=10
1 i\/ﬁ y =1

X
foci  (1+~[11,1)
For center Put X =0 , Y =0
x-1 =20 \ y—1=20

- x =1 ’ y = 1 cenere = (1,1)]

Il
o~
z
—
=
el

x—1




Vertices (X, Y)

x-Ly-1) = (/2,0
Xx—1= %42 = y-1=20
X = 1:1:\/5 y =
Verticesare |(1+/2,1) , (1-42,1)
Equation of directrix
X =%
c
Lo L2
. NI
2
| = 12
X 11
|y 2
X =1+ ——
11
L wt2)? (x-2)
N TR
Solution:
Let y+t2=Y , Xx—-2=

Given equation becomes

Y oX

9 16 !

a’ =9, b= 16 ¢t = a’+ b’

== C = x5

ae = ¢

. C B
Eccentricity => e = =3
Foci (X,Y) = (0,+¢)

(x-2,y+2) = (0,£5)

x-2=10 , y+2= %35

x=2 , Yy = 245

y = -73

Foci 2,-7) , (2,3)




For the centerput X = 0 Y =20
x-2 =0 , yt2=10

x =2 .y = -2

Center (2, - 2)

Vertices (X, Y) (0, +a)
(x—2,y+2) (0,+3)
x-2=0 y+2=+3
x=2 y -2+3

[l

Vertices
(2,-3) & (2, 1)
Equations of directrices are

Y ==

y+2 =+

La|n | |8

9
y =—2i§ Ans.

(vii) 9x" —12x—-y*—2y+2 = 0
Solution:
9x* — 12x—y2—2y = -2

9(x’ —%x)—](yl+2y) = =3

4 4 ,
I ~3x+g) =1 (P +2y+1) = ~2+4-1

2 bl b
Ox —3V-1(y+1y =1

. 1 1 (1)

L g—X
et X-3= ,

e =
4
Il

Y  Equation (1) becomes

1 - 1 which represents hyperbola



s =g s b> = 1
1 10
, a’+b’ 9 9
¢ =" - T = 7T -Ww
9 9

e =y o= . 0

Coordinates of foci (X,Y) =(=C = 0)

2 . 10
2 10
X-3 = 93[ y+l=(
2 10
2410
X = 3 y = —1
2+J10
Foci ( 3 - 1)
Forcenterput X=0 , Y = 0
2
X-3 = 0 . y +1 =0
2 2
X =3 y = -1 Ccntcr(g,—l)

Vertices (= a, 0)

(X+Y) = (il’ 0) Equation of di;ectrices are
X = %=
2 v 1 &
x-3.,yFD) = (.0 ) 1
2 _ 1 _ AR R L
X-3 = %3 y+1=20 ) 1
2.1 AEERRENIT
X = 3 i3 y = —1
1
Vertices (1. 1) . (g,—l)




(viii) 4y’ +12y—x*+4x+1 = 0
Solution:
4y +3y) -1 (x*—4x) = —1

, 9. )
4(’y”+3y+z)—1 (x"—4x+4 = -1+9-4

4(y+%}z—l {‘X—2)2:4

§ i
(y+ 2_] (x -2)°
1 4

3
Let y+5 =Y \ x—-2=X
Equation (1) becomes
Yy Xx? |
14 - 1 (Represents a hyperbola)
a® = 1 \ b* = 4
& = a+b’ = 1+4= 15 =
5
Eccentricity ag=¢c => e = g = ll[ =
Foci (X,Y) = (0, +¢)
3
(x=2,y+35) = (0, #1[5)
3
x-2 =20 yty=+# 5
X =2 y = 5 % 5
, -3
Foci (2,—ﬂ:\f§)
For center Put X=0,Y =20
3
x-2=0 . yts= 0
-3
x = 2 y = 5

. T
Center (2, 3 )

Verticess (X,Y) = (0,+a)




(x -2 y+%) = (0,+1)
3

x-2 =0 y t5 = £1
-3

x = 2 y=7:|:1

-1 -5

Y323

-1 -5
2.5) . 2.735)

Equation of directrices are

Vertices are

a
Y = ig
3 1
y+§ = :I:E
-3 1
y =5 i\E Ans
(ix) xz—y2+8x—2y—10=l}

Solution:
x2+8x—y2—2y = 10

(x> +8x+16)—(y +2y+1) = 10+16—1

(x+4)>—(y+1)» = 25
x+4Y (y+1° )
25 25 =1 (i)
Let x+4 =X | y+1=Y
) X Y
(1) Becomes 25725 1
a’ =25, b>= 25 ¢’ = a’+b’
ac = C
50 542
Eccentricity ¢ = g - BSC = _\SE = \/?Z
Foci = (tc. 0)
(X.Y) (*54/2,0)
(x+4,y+1) = (£5+2,0)
x+4 ==+52 .  y+1=0
x = —4+542 y = —1

(which represents hyperbola)

=50 == ¢

(—4+52,-1)



For center put X=0, Y =0

xt+t4 = 0 , y+1=10 = X = -4 |
Center (—4,-1)
Vertices (X,Y) = (+a,0)
(x+4, ytl1) = (£5.0)
x+4 = +£5 yt1=20
X = —44+5 y = —1
= =91

Vertices -9,-1) & (I,-1)
Equations of directrices

X = :I:g
x+4 = ﬂ:i
\2
X - —4ii Ans
\/5' -
(x) 9 -y —-36x-6y+18 =0
Solution:
9x* —36x — ' — 6y = 18
O(x” —4x) — I(y° + 6y) = 18
9(x3—4x+4)—1(y +6y+9) = —18+36-9

ox —2)"~ 1(y+3) =9
(x-2)" (y+3)

] - | =1 (1)
Letx-2 =X , y+3 =Y  Equation (i) becomes
.S G
1 9
aa =1, b =9
¢ =a+p = ¢ =1+9 =10
ae = ¢
10
Eccentricity e = g = 31[ e = \/ﬁl
Foci (+c. 0) = (/10,0
(X.Y) = =4/10.0

(x-2, y+3) = (/10,0



x-2=+8[10 , y+3=
X = 2i\m) , y = -3
Foci (2i\/ﬁ), ~3)

For center Put X =0 , Y =0
x-2 =10 y+3=10
X = 2 \ y = =3 |center (2,—3)|

Vertices (X, Y) = (+a, 0)

x-2 = *1 y+3=0
=21 vy = -3
x =31 ., y=-3 Vertices (3, — 3), (1, — 3)|

Equations of directrices

X = 2+ —/— Ans
10
Q.3: Let 0<a<c and F(-¢, 0), F'(c, 0) be two fixed points. Show that the set of

points P(x, y) such that [PF| — |PF'| =+ 2a is the hyperbola
x_z ‘.“2 — l
a’ cl-a’

Solution:
Given F(-¢,0) , F(c, 0)and p(x,y)
Also |PF|—|PF'| = 2a
V& +(y-07 — \Jx-0+(y-0)
Squaring on both sides
Gx+e+y' Y = Qatx-cf +y )
X>+c +2ex+y = 4+ X+t -2ex+y +tdar/(x—c) +y
4ex —4a’ = 4a’ \/xE +¢7— 2cx + y2
4(cx —a’) = 4a’ \fxE +¢” - 2¢x + y2
Again Squaring
¢x* +a’—2cxa’ = a’(x> + ¢’ —2ex + yz)

2

2a




2.2 4 2 2.2 2 2 2 2.2
c’X"+a —2cxa” —ax —ac +2acx—ay =0
2,2 2 2.2 2 2 2
X“(¢c"—a")—a’y" = a” (¢c"—a’)

AT ) .
Dividing throughout by ¢” —a”
2,2 2 2 2 2,2 2
X(c-—a’) ay a’(c—a)
2 2 — 2 = - -
c"—a c’—a ¢’ —a
2 2
, A’y )
‘(- - & L — a—
c —a
2 2
o g 3 X y
Dividing throughout by a” LR 1 Hence proved.
R

Q.4: Find an equation of the hyperbola with foci (- 5, -5) & (5, 5) vertices (- 3\/.;. R
~3\/2)and (3\2,3\2).
Solution:
Since 2a = distance between two vertices
2a = \JG\2 +3/2)2+ (32432 )’
20 = \(6\2Y+(6J2) = \T2+72 =144 = 12
2a = 12
Also given F(-5, — 5) & F'(5, 5). Let P(x, y) be any point on the hyperbola such
that |PF|—|PF'| = 2a
NE+5) +(y+5)° \Jx-5+(@y-5" =12
Squaring  \J(x +5)° +(y+5) =12+(x -5 +(y-5)
XC+25+10x+y +25+ 10y = x*+25—10x +y* +25— 10y + 144 + 24
Vx=5) +(y-3)
20x +20y - 144 = 24~[(x -5 +(y-5)
4(5x + 5y - 36) 4[6J(x —5) +(y—5)]
Again squaring on both sides
(5x + 5y —36)° = 36(x*+25-10x+y" +25— 10y)

25x7 + 5y* + 1296 + 50xy — 360y — 360x = 36x” + 900 — 360x + 36y” + 900 — 360y
25x” + 25y + 1296 + 50xy — 360y — 360x —36x” — 900 + 360x — 36y° — 900 + 360y = 0
11x*—50xy—11y*+504 = 0 Ans

X
Q.5: For any point on hyperbola the difference of its distances from the points
(2,2) & (10, 2) is 6. Find an equation of hyperbola.
Solution:
Given 2a=6 F=1(2,2)& F = (10,2)
Let P(x, y) be any point on the hyperbola, such that
|IPF| - |PF'| = 2a



Vx -2 +(y -2 —\J(x- 10 +(y-2)" =6
V=2 +(y=2) = 6+~/(x=10)"+(y-2)’
Squaring
X +4—4x+y +4-4y =36 + x° + 100 — 20x + Y + 4 — 4y + 12

Jx =107+ (y - 2
16x 132 = 12~/(x - 10" + (y - 2)°

4(4x -33) = 12~/(x - 10)" + (y - 2)°
4x - 33 = 3+J(x— 10y + (y - 2)
Again squaring

16X+ 1089 — 264 = 9(x> + 100 — 20x + y* + 4 — 4y)

16x° + 1089 — 264 — 9x” + 900 + 180x — 9y" — 36 + 36y = 0

7x* - 9y* — 84x + 36y + 153 = 0 Ans
Q.6: Two listening posts hear the sound of an enemy gun. The difference in time is

one second. If the listening posts are 1400 feet apart, write an equation of the

hyperbola passing though the position of the enemy gun.
Solution:

Since the difference in time is one second, so let the listening posts F&F' near the
second of the enemy gm after t, t—1 seconds respectively. It P is position of enemy then
IPF|-|PF| = 22 ... (1)

Since posts are 1400 feet apart, so

2¢ = 1400 == ¢ = 700

since distance = (Velocity) (time)

So PF| = (1080) t & |[PF'| = (1080)(t—1)

Putting these values in (1)

(1080)t—(1080)(t—1) = 2a

1080t — 1080t + 1080 = 2a
1080

a = = 540
For hyperbola, we know that ¢ = a’+b’

(700" = (540)" +b°

b~ = 490000 —291600

b> = 198400

2 2
Required equation of hyperbola is Ef—b; = 1
2 X 1 Ans

291600 ~ 198400



Tangents to Conics
(1) Parabola
Equations of Tangent in different forms

(i) Point form:
The equation of the tangent to the parabola
y~ = 4ax at the point (x, y) isvy; = 2a(x +x;)

(ii) Slope form:
The equation of the tangent to the parabola

-

y~ = 4ax in the term of slope ‘m’ is
y = mx+i (. ¢ = 1)
m m
Note:
The equation of tangent at (x;, y;) can also be obtained by replacing x’ by xx,. y2

1 1 Xy1 + yx
by }’)’lsXb)’E(X+X1).-ybyi(eryl)and Xy by ]2 ]

(II)  Ellipse
Equations of tangents in different forms.
(i) Point form:

a2

X s . .
Equations of the tangent to the ellipse T %* =1 at point (xy, y;) 18

L IR A S
a b
(ii) Slope form:

.l 2

. . X . .
The equation of the tangent to the ellipse = + # =1 in terms of slope m is

y = mx£ijam +b° (v ¢ = tijam +b’)
(I11) Hyperbola

Equations of tangent in different forms
(i) Point form:

2

><
°'J‘<. "

The equation of tangent to the hyperbola a -
=
a b
(ii) Slope form:
The equation of tangent to hyperbola in terms of ‘m’ is

y = mxi\/m (’c=i\jm)

=1 at point (X, y;) is



(IV)  Circle
Equations of tangent in different forms
(i) Point form:
Equation of tangent to the circle at (x, y;) 1s XX + yy; = a’
(ii) Slope form:
Equation of tangent is terms of slope ‘m’ isy = mx +a\/l + m"
(.. ¢t =a (1+ m:)

Equations of Normal

(i) Parobola y2 = 4ax is at (xq, ¥1)
— I‘l
Y-y = %a (x—x1)
X2 v

(ii)  Ellipse :a_z +1r =1 at (X1, yp) is

4 )

ax by 242

Xi Vi - 4-b

Xy

(iii) Hyperbola 2 bl =1 at (X, v1) is

xa' yb®

28 . _

X1 ¥Yi

EXERCISE 6.7

Q.1: Find equations of tangent and normal to each of the following at the
indicated point.
(i) }-‘2 = 4ax at (atz, 2at)

Solution:
Equation of tangent at (at’, 2at) is
YY1 = 2a(x +x4)
y(2at) = 2a(x+ atz)
2ayt = 2ax + 2a’t’
2ayt = 2a(x + at:')
yt = x+at’
And equation of normal at (at’, 2at) is
y-yi = —E?I'X—xl)

— 2at 5
y—2at = 72 (x —at”)

(4




