(IV)  Circle
Equations of tangent in different forms
(i) Point form:
Equation of tangent to the circle at (x, y;) 1s XX + yy; = a’
(ii) Slope form:
Equation of tangent is terms of slope ‘m’ isy = mx +a\/l + m"
(.. ¢t =a (1+ m:)

Equations of Normal

(i) Parobola y2 = 4ax is at (xq, ¥1)
— I‘l
Y-y = %a (x—x1)
X2 v

(ii)  Ellipse :a_z +1r =1 at (X1, yp) is

4 )

ax by 242

Xi Vi - 4-b

Xy

(iii) Hyperbola 2 bl =1 at (X, v1) is

xa' yb®

28 . _

X1 ¥Yi

EXERCISE 6.7

Q.1: Find equations of tangent and normal to each of the following at the
indicated point.
(i) }-‘2 = 4ax at (atz, 2at)

Solution:
Equation of tangent at (at’, 2at) is
YY1 = 2a(x +x4)
y(2at) = 2a(x+ atz)
2ayt = 2ax + 2a’t’
2ayt = 2a(x + at:')
yt = x+at’
And equation of normal at (at’, 2at) is
y-yi = —E?I'X—xl)

— 2at 5
y—2at = 72 (x —at”)

(4




y—2at = —tx +at’

tx +y —2at—at® = 0
2 2

(ii) :_2 + )b_z = 1 at(acos0,bsin0)
Solution:

. . XX 1
Equation of tangent 2 + ng‘ =1

x(a cos 0) N y(b sin 0)

a” b’ =1
X cos 0 + Xsin() = 1
a b
and equation of normal
alx b:1 ) 9
X1 Yi
a’x b* .,
y = a“_ _ b.'_

acosd  bsind

ax by a? _ b2

ax sech — by cosec = a’ — b’

cosO  sin®

oy
(iii) - F = 1 at (a secO, b tan0)
Solution:

Equation of tangent

a b

X a sech ybtan6

a a b’ B
N . _
a sech b tan0 1

And equation of normal

xa~ b? B 5
— + L — aa + b.;
X] Y1

xa’ N yb*
asecO btan0

Xa b 2 5
2a_ . Yo _ 2 L h?
secH tan© a“+b

bl ’

OR xacos® +ybcot =a +b”

2, 12
= a +b



Q.2:

Write equation of the tangent to the given conic at the indicated point

(i) 3x* = — 16y at the points whose ordinate is — 3
Solution:

3x* = —loey ... (1)

Puty = —3in

3xF = —16(-3)

¥ = 48 => X’ = 16

= X = x4

Hence points are
(4.-3) & (-4,-3)
Now diff. (I)w.r.t ‘X’

6x = - lvﬁgﬁ

6x  dy

~ 16 dx

d -3

& T

Also m = %Eh_.-;._gj - ?3(4) = %

Equation of tangent at (4, — 3) is Equation of tangent at (— 4, — 3) is
Y=Y = mx-xp) Y=Y = mx-xp)

-3 +3

y+3 = 5 (-9 y+3 = 5 (xT4
2y + 6 = -3x +12 2y +6 = 3Ix+12
3x + 2y - 6 3x -2y = -6
IX+2y-6 = 0 Ix-2y+6 = 0
(ii) 3x*—7y* = 20 at points wherey=—1.
Solution:

3 -7y =20 ... (1)

Put y = -1 in (1)

3 -T7(-1)° = 20

3x° = 20+ 7

3x* = 27 = x)=9 = x = +3

Thus the required points on the conic are (3, - 1) & (— 3, 1)



Now diff (1) w.r.t. *X” we have

d

6x— 4y = 0
dy

143 = 6x

dy _ 6x _ 3x

dx 4y Ty

Now m = Slope = %Itg, 1) :%Also mzc_]a:)%h;. ].):%
Therefore equation of tangent at (3, — 1) 1s Equation of tangent at (- 3, 1)
Y=V = m(x-x) Y=V = mx-x)
y+ 1 - _7_9(x_3) y+1 - %(xﬂ)
Ty +7 = -9x +27 Ty +7 = 9x +27
9x + Ty = 20 Ox — Ty = - 20
Ox +7y—-20 = 0 Ans Ox -7y +20 = 0 Ans
(iii) 3x -7y’ +2x—-y—48 = 0, at point where x =4
Solution:

3P -7y +2x—y—48 =0 . (1)

Putx=4 in (1)

34 -7y +2(4)-y-48 = 0

48 -7y +8—-y—-48 =0
= —Ty'-y+ 8 =0 = 7W+y-8=0

7y’ +8y-Ty-8 = 0

y(7y +8)—1(7y+8) = 0

(Ty+8)(y-1) =0
Either

Ty +8=0 y-1=10

-8
y =7 » y=1

-8
Therefore, required points on the conic are (4, K2 Y& (4, 1)
d d
Now diff. (1) w.r.t. °x’ 6x — 14ya¥( +2 —H% =0

(— 14y - 1) gﬁ = —6x-2



dy o6x +2

dx 14y +1
d 6(4)+2 26 d v 6(4)+2 26
m = aim_.} = W=1—5 Also m = a§|(4~_§}= g T
' 14 El +1
) , ) g
Equation of tangent at (4, 1) is Equation of tangent at (4, 7 )is
y-yi = mXx-x)
26 Y—¥i - m(x — X1)
-1 = 59 8 26
+= = — (x —
15y 15 = 26x-104 L 15 (x=4)
26— 15y -89 = 0 Ans 105y — 120 = —182x + 728
182x + 105y — 608 = 0 Ans

Q.3: Find equations of the tangents to each of the following through the given point
(i) x’+ y2 = 25, through (7,-1)
Solution:
xz+y2 = 25 => r =5
We know that condition of tangency for the circle is
¢> = r (1 +m)
2= 25(1+m)
= ¢ = £51+m’
Let the required equation of tangent be
y = mx+c ...(1) Putting valucof Cin (1)
y = mx+5+/1+m° ... (2)
Since tangent line passes through point (7, — 1), therefore
~1 = Tm=5+1+m"
S5A/1+m° = Tm+1 Squaring

25(1+m’) = (Tm+1)°

o
Il

25+25m> = 49m°+ 1+ 14m
—24m’ — 14m + 24 =0

12m* + 7m — 12 =
12m*+ 16m—9m— 12
4m(3m+4)-3(3m+4)
(3m +4)(4m — 3)

_ -4 _
m = 3 m —

0
0
0
0

[ ]



3
withm = 3 e (2) becomes withm = 4 (2) becomes
4 16 3x )
y = —gxiS 1+3 y = IiS 1+E
4 5 3x 25
= —3xd 5 3 = 2t
3y = —4x+£25 4y = 3x +£25
4x +3yx25 =0 Ix—4y£25 =0
(i) y* = 12x  through (1, 4)
Solution:
y3 = 12x
As standard form 1s
y2 = 4dax
4a = 12 == a = 3

Lety=mx +c ..... (1) be the required equation of tangent. For Parabola we know
that condition of tangency is ¢ = m m putin (1)

Since tangent line passes through point (1, 4)
So(2) becomes

4 = rn+i o dm = m’+3
m
m® — 4m + 3 =0
(m-1)(m-3) =0
m= 1 , m= 3 Putin (1)
3
y = x+3 & y = 3x+m
3
X-y+3=0 y = 3x+§
y = 3x+1
3x-y+1l =20 Ans
(iii) x*-2y* =2  through (1,-2)
Solutioy: i
X"=2y =2
<y
2 -1 1
= a'=2 b* = 1



For hyperbola, we know that condition of tangent is
2 2 2

) 2
c = am —b"

> ¢& = 2m'-1 => c = ++2m" -1
Let y = mx + ¢ be tangent to the given hyperbola then y = mx ++/2m~ -1 (1)
Since (1) passes through (1, — 2) (1) becomes

-2 = m=y2m -1
~2-m = +£42m 1 Squaring
4+m*+4m = 2m -1
2m’—1-m’~4m-4 = 0
m-4m-5 =0
= (m-5)m-+1) =20
= m=5 m=-1

I
v

Putting values of m in (1) we get

y = S5x+£+/2(25)-1 " y = —x=2-1
y = 5x£1/49 ) = —x=1
y Sx+7 , y+x £1 =0
Sx—-yx7 =0 Ans
Q.4: Find equations of normal to the Parabola y* = 8x, which are parallel to the line

2x + 3y =10.
Solution:
y* = 8X ... (1) 2x+3y = 10 ... (2)
Diff, (1) w.r.t. °x’ m; = Slope of line
dy ~ —coeffofx
Y 8 ~ coeffofy
dy _ 8 _ 4 _ 2
dx 2y vy 3
_dy 4
L
m; = Slope of normal = _—4X
Since normal and given line are Parallel
1m; = ma
_ -2 8 .
—42 =3 =y =3 Putin (1)

@T = 8x



64 . 8
9x8§ N X 79
. . 8 8.
Required point ( 9°3 )
Withyzg,ml become
_ 81 -2
me = 73X =3

) . 8 8 .
Required equation of normal at ( 9°3 ) 1s

y-—yi = m(x-x)
8 -2 8
y=3 =73 &)
9% — 8
3y_8 = _2( o] ]
27y-72 = —18x+16

18x +27y—-88 = 0

2

2
Q.5: Find equations of tangents to the ellipse%+ y" = 1, which are parallel to the

line2x—-4y+5 = 0.

Solution:

<Y ) _

4Jrl—l 2x -4y +5 =0

> y _ —coeffofx -2 1
= a=4, b=1 M= coeffofy ~— -4 ~ 2
We know that condition of tangent for ellipse is

2 = admi+b?

@ = 4m’+1

C = ++/4m’ + 1
Since tangent is parallel to line 2x —4y +5 = 0

1
Slope isalsom = 5

[ 1
s = + 4z+1 =:i:\f§

Let the equation of required tangent by
y = mx tc



x—2)fﬂ;2\/'§

Q.6:

y = ax £l

2y = x + 22

0 Ans

Find equations of the tangents to the conics 9x* — 4y2 = 36 Parallel to
S5x-2y+7=0.

Solution:

9x* — 4y’ = 36

XI _ % - (Dividing by 36)
a’ = 4 i b’ =9
5x=2y+7 =0

I~ | h

m = slope ofline =
For hyperbola, we know that
¢ = a’m - b’
¢ = 4m’ -9

5
Since tangent and given line are parallel so their slopes are same. Thus m = 5
) 25
¢ =415 1]-9 ¢t =16 == ¢ = =4
4 )

. : . 5
Let y = mx + ¢ be the required equation of the tangent then y =5 x + 4

2y= 5x+8
Sx-2yx8 =0 Ans.

Q.7: Find equations of common tangents to the given conics.
i) x*=80y & x'+y = 81
Solution:
x> = 80y ..(I1) X+y = 81 .. (2)
Let y = mx+c (3) be the required common tangent. Let a be radius of circle

then (2) becomes a’= 81 Putin (1)

x> = 80 (mx +c)

x> — 80mx—80c = 0

For equal roots, we know that Disc = 0
b’ —4dac = 0

(—80m) —4(1)(~80¢c) = 0

80(80 m” +4c) = 0



80m’ +4c =0 ¢ = —20m°

Condition of tangency for circle is ¢* = a’ (1 +m?) (4)
(-20m*)* = 81(1+m’)
400m* = 81+8Im’

400 m* — 8lm*-81 = 0
By Quadratic Formula

> — (-81) £/(— 81)" — 4(400)(-81)
meo- 2(400)
~ 81=4[136161 9
800 16
3
m = :I:f_—1
¢ = —20(19—6) - _4£
Putting valuesof m& ciny=mx + ¢
3 45
y T E3X" 7%

4y = £3x-45
+3x—4y—-45=0 Ans.

(i) y'=16x & x* =2
Solution:
y = 16x ...(1) XX =2y .2
y2 = 4ax
da= 16
a = 4
a
We know that condition of tangency for Parabola is ¢ = "
4
> = —
m
Let v = mx+c ... (3) be required tangent
4 o
then y = mx + Putting value of y in (2)
2 4 2 2
Xx* = 2(mx+a) == mx = 2mx+38
mx’ — 2m’x—8 = 0

For equal roots, we know that Disc = 0



ie; b —dac =0
(-2m’) —4(m)(-8) = 0
4m*+32m = 0
4m (m*+8) = 0
m= 0 _ m = -8 m =
Equation of tangent is
y = mx t+c¢
4
y = -2x+75
y = —-2x-2
|2x+y+2 = 0| Ans.
Q.8: Find the points of intersection of the given conics.
22 : 2
(i) B*tg=1 & FT-%-=1
Solution: i j i i
X~ - X" -
Be =1 & FT-%=1
8x* + 18y" = 144 XX—-y =3
4x*+9y* = 72.(1) (Dividing by 2)
Multiplying Eq. (2) by 9 & add in (1)
9)-;2—93;3 = 27
4+ 9y = 72
13x° = 99
5 99 99
X" = 1_2 == X = i’\/%
Put in (2)
99
Y =3
99 .
-3y
099 — 39 5
13 Y
) 60 60
Y =13 => Yy = *\/T3



. . . 99 60
Points of intersection are =+ ﬁ , = ﬁ Ans.

I
"

i) x*+y’ =8 & x-y
Solution:
X+y =8 ..(1) X—y =1 ..(2)
Adding (1) & (2)

Xty =8
2oV o= ]

3 2 9 3
2x =9 = X' =5 == x—iﬁ

7
-

(i) 3 -4y’ =12 & 3y -2x" =

Solution:
3P -4yt = 12 (1)
3},12 2 =T (2)

Multiplying equation (1) by (2) & (2) by 3 and adding
6x>— 8y = 24
~6x*+ 9y* = 21
Y= 45 =y = 2445
Put in (2)
~2x*+3(45) = 7
~2x*+135 =7
135-7 =2
128 = 2x
X’ = 64 => x = £8
Hence points of intersection are

(+8 . i\/ﬁ) Ans.




(iv) 3x*+5y° 60 and  9x*+y'= 124

Solution:
3T +5y = 60 ... (1) ox’+y = 124 .. 2)
Multiplying (1) by (3) & Subtracting from (2)
ox*+ vy = 124
—ox*+15y" = — 180
— 14y = —56
Yy =4 = y = +2
Put in (1)
9x° +4 = 124
9x* =

1
» 120 40 40
X T 9 T3 x =\ /3



