CALCULUS AND ANALYTIC GEOMETRY, MATHEMATICS 12

" EXERCISE 6.8

1. Fihd an equation of each of the fo'llo‘wing with respect to new
parallel axes obtained by shifting the ongm to the indicated points.
() 'x2+16y—16-0 O'(o 1 |

Solution.  + 16y - 16 = 0 .. (1), 0’ (0,1 = (b )
Equations of transformation are : |
x = X+h=X+0 = X , y Y +h=Ya4l

Substituting these values of x,y into (1) we have

| X 4160+ 1)-16 = 0 |

or X2+16Y+161-16;'0' = X4 16Y =
| is the required transformed equatio‘n ‘

(ii) 4x2+y2+16a:-10y+37-0 0’ (-2,5)

Solution. 4 + 3% + 16x~ 10y +37 = 0 ..(1), 0’ (-2,6) = (b k)
Equations of transformation are’ |
* = X+h=X-2, 5y =-Y+k= Y+5

Substituting these values of x,y into (1), we have
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4 X- 2)2+(Y+5)2+16(X 2-10F +5 +37 =0 -
Lor 4(X2 4X+4)+(Y2+10Y+25)+16(X 2) - 10(Y+5)+37- o

or 4X?_ 16X+ 16+Y2+10Y+ 25+16X~-32-10Y-50+37 = 0
or 4X%2 + Y2 - 4 = 0 isthe required transformed equatlon |
(iii) &x’+4y2+18x-16y—11 =0, 0’ (-1,2)
Solution. 9% + 4 + 18x - 16y =11 = 0 .. (1), 0’ (- 1,2)= (h, k)
Equation_siof _trans'formatiqn are - | B i '
£ = X+h=X-1, y = Y+k= Y + 2
Pupting these vah_les of x and y into (15, we have - | o
9 (X- 12+ 4 (Y + 27 + 18(X - 1)_;-16(Y+ 2)-11 = 0
or 9(XP-2X+ D+4(Y? + 4Y + 4)4;18(X-—1)-_-16(4Y.'+ 2)-11 =0
Cor  OX- 18X +9+4YP+ 16Y+ 16+ 18X~ 18-16Y-32—11 = 0
or. 9X2 + 4Y> - 36 = 0 is the requjréd'trahsformed equation.
(iv) a® - y*+4x+8y_11-0 0 (-2,4)

'Solutlon. 2 - y2+ 4+ 8 -11 =0 - ..(D, O (-2,4) = (h k)
Equations of transformation are \ . ' ' .
.x=X+h_X2,y'= Y+k=Y+4.‘

Substituting these values of x and y mto (1), we have -

| X -2 - (Y +4°7+4X-2)+8F +4)-11 = 0

or - X2 - 4X +4 (Y2 +8Y + 16)+4X - 8 + 8Y + 32~ 11 = 0

or  X’-4X+4- Y2—8Y—16+4X 8+8Y+32-11=.'0

or X?*-Y%?+1 = 0 is the required transformed equatlon

(v) sz 4y'2+36x+8y 4 =0, 0’(—2 1) -

Solutxon. 91,2 4y + 36x + 8y — 4 =0 (1) 0’ (—2 1)-(h k)

Equatlons of transformation are -~ |

x = X+h=X-2, y = Y+k= Y41

Substltutmg these values of x and .y mto (1), we have |

| 9X - 27 -4 + 1?+36(X - 2+8(Y + -4 = 0 _
or 9% - AX + D42+ 2V + D436 (K - D+8F + 1)=4 = 0
Sor  OX? - 36X+ 36 - 4Y-8Y -4 + 36X - 72 + 8Y + 8 — 4 = 0

-
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~or 9X? - 4Y? - 36 = 0 isthe required transformed equation. .
2. Find coordinates of the new origin (axes remaining parallel) 80 |

that first degree terms are removed from the transformed equation
of each of the following. Also find the transformed equatxon.

i - 20?+24x+12y+24=0 -
,-,'Soluuon.-."m:2 2y2+24x+12y+24 0 B ¢ § I
 Let the coordmates of the new origin be o', k). |
| Equations of transformation are
| ‘x.”= X+h, ¥y = Y+k
Substituting these values of x,y into (:1), we get
BX+AP-2(Y+EP+280 X+ M +12(V+H)+24 = O
or  BOCR+2XK+h)-2 (V242U +E)+2U X+ N+ 12T +R+24 = 0
or  3X%+6hX+3H2—2Y?— 4KY — 2% + 24X +24h +12Y + 12k 424 = 0
or  8X?-2Y2+X (6h+24)+Y(~dk+12)+8h% +24h 22 + 12k +24 = 0
| | | ' . L(2)
To remove first degree terms, we have , 7 . |
eh+U=0 = h=-4 RS T
and -4k+12°=0 = k=3 - |

Newongm is O (-4, 3). Puttmg h = —4 and ' k =- -‘3 into (2), the )
transformed equation is : s ", .

R, 2Y2+X[6(—4)+24]+Y[—4(3)+12]+3(—4)2+24(-4) 23
v  t20+24 =0
or :3.;'(2 2Y2+X(—24+24)+Y(-—12+12)+3(16) 96 - 2(9)+36+24 =0
or = 3X%- 2Y2+X(O)+Y(0)+48 96 18+36+24 ,
or P _27 -6 =  =
WhiCh is the required tran'sfon_ned equation with new origin ét_(--'4,.‘3)

(i)  26a% + 9y + 50xv - 36y - 164 = 0

Solution. 252 + 9* + 50x — 36y — 164 = 0 SN
Let the coordinates of the new origin be O'(k , k). Equations of transformed
" are " | |
x = X+h L oy'= Y4k

Substltutmg these values of X,y into (1) we get
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25(X+h)2+9(Y+k)2+50(X+h) 36 (Y + k) - 164 = o
or 25X+ 2Xh + 1)+ 9 (V2 + 2¥k + k) + 50X + 50h — 36Y - 36k — 164 = 0
or 25X2+50Xh+25h2+9Y2+18Yk+9k2+5OX+50h 36Y — 364 164 =0
or 25X2+9Y2+(5Oh+50)X+(18k 36)Y + 25h2+9k2+50h -36k —164 0..(2
To reove the first degree terms, we put A |

50k + 50 = 0 '=> 50k = ~50  => Cho=-1
and 18k -3 =0 = 18 =36 = k=2

New origin is 0’ (—-71',2_). |
Putting’ A = ~1, k& = 2 into (2), the transfonfled equ_atioﬁ' is
25X2+9Y2+(-50+50)X+(36-36)Y+‘25('-.1)2+9(2)%50(%1)
S - | - -36(2)-164 = 0
or 25X2+9Y2+(0)X+(0)Y+25(1)+9(4) 50- 72~ 164 = 0
or 25X% + 9Y2 + 25 + 36 - 50~ 72— 164 = o
Cor 25X2 +9Y2-225 = 0 |
 which is the reunred equation Wlth new ongm at (- 1, 2).
| (iif) a? ¥ - 6x+%+7
VSolutlon.x" ¥ - 6x+2y+7 0 . @

Let the coor&mates ‘of the new origin be O’(h R). Equatlons of
transformatlon are : 4

x = X+h , y = Y’+k,

Substitutihg these values of x.,y into (1), we get
L X+RP-(+RP-6 X+ +2(¥+R) 4T = 0
or X2+ 2Xh4 A2 (VY24 2Vh+ K- 6X-6h+2¥ 42 +7 = 0
or X2 Y2+X(2h 6)+Y'(—.‘?.k«i—2)+h2 k2= 6h+2k+7 0 ... 2
"To remoe the ﬁrst gdegree terms, we have ’ :

2% -6= 0 = h=3
and -26+2 =0 ..=> k‘:l

New originis O’ (3, 1). Puttmg h = 3,k = 1 into (2)the transformed
equatlon is

X2 Y2+X(O)+Y(O)+(8)2—(1)2 6(3)+2(1)+7 0
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or i X2_Y2+9-1-18+2+7 = 0

or X2_Y'~1 = 0
whlch is the requlred equation with new ongln at (3 1).
3. in each of the following, find an equatlon referred to, the new
axes obtamed by rotatnon of axes about the origin through the given angle°
) xy=1,0=45
Solutnon. Here ‘g = 5° Equations of ;ransformaticn are
N X-Y
= X s 45 —Ysm45 =X —=-Y.—= =-
) * X BT TR
' o 1 1 X+Y
y = Xsin45 +Ycos4_5 =X.—=+¥.= =

N2 T Nz Y2
Substltutlng these values for x,y into the given equatwn wehave +
X -Y\/X+Y\ " 1 S : »
(\@)(&)'

| w2 _ v2 :

is the requlred transformed equation

(i) TP -8y +y - 9-0,9=tan"12'

| DO

Solution. Here 6 = tan! 2.=  tamd=2-=
=> base=2,1=1 and hypotenuse = V4 + 1= NG

S. - sin@ =—-2-— and cos@ = 1 .

Equations of transformetion are ) -
| x:i'Xcos'B ~ Ysin6 |
| ‘l;_y’=Xsin9+Ycose }
Using the above values _ :
| X -9y

. . { 5
x = X.—m~-Y.— = ~
=X.£+Y 1 _2X+Y

R

Substituting these values for x,y" into the give'n equation, ‘we have
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X - 2Y X-.2Y Y L EE

7 —8 ) T : e —9:0
) IR )R 0
Bymultiplyin_gby5,v'veget | | .
X?AXY +4Y2\ 22X -3XY 27 ,i4X"+4XY+Y2 -
(S (.o

5 5 5
Cor X 28XY+28Y2-16X2+24XY+16Y2+4X2+4XY+Y2 45 = 0
Cor <EXP445YP-45=0 |
or  X?- 9y? +9 =0

which is the required transformed equation, |

5

‘(iii-)‘ 9x2+A12xy+4y?¢-x'-y‘g0,g
luti - 3 42 2
Solution. Here 6 = tan™. 3 = tamb =73

= 'basé=3,.l_==2 and hypobénusei'.-\f9+4= \13

. 2 ) .. 3
ginf = — and cos@ = —
Equations of transformation are |
x= XcosB® - Ysin® }
- y=Xsin® + Ycos®
Putting values, we have. | o
g o 3 . 2 3X - 2¥
v = X —-Y. = ' )

-y=}(—2—' =2X+3Y ~

Substituting these values for X,y in to the ngen equatlons we have

9 X\/T32_¥) 12(3XV_2Y) \/+_ 3Y) + 3Y X - 2Y
| (3X + ZY) o
Vs )

or .

X2 — 12XY + 4Y2\ . 76X? + 5XY - 6Y2
(S I
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44X2+12XY+9Y2 BX - 2Y + ¥\ _ o
+ - - =
(1T e 00 GX_gry (o oty

or  BIX? 108XY + 367 + T2X% + GOXY — 72¥%+ 16X? + 48XY + 367
-3\]—3X+2\]—1§Y 2V18 X - 3«]‘3Y~ 0.
or . 169X2-5\F§X \J_3Y
or - 13WIB X% - 5X— = 0
“is the requlred transformed equation . - P
(iv) - ,xy+y2 2\sz 2\1§y+2 - o 9-45°
Solution. Here 8 = 45° | ' ‘
Equations of transformation éu'e
| x= Xcos® — Ysind
y= Xsin® + Yéose }

Puttmg values, ewe have

1 1 X—Y
X = Xcos45°—Ysm45° =X.— -Y.
‘ - N2 v2
: - . 1 1 X+Y
= Xsin45°+-Ycos45°=X.-—+Y-——-= o
7 N AR

‘Substituting these expressions for z,y into the given equation, we have

(T D T D)

X2 _2XY + Y2\ (XEP-Y?\ (X%+2XY +Y?
or -2 +
e
i 22X~ Y) 2(X+Y)+2
by x2): X2 2XY+Y2-zx2+2Y‘2+X2+2XY+Y2 AX+4Y-4X-4Y 44 =0
or 4Y° -8 +4 =0 or Y%- 2X + 1 = 0

which is the required transformed equatlon

4, Find measure of the angle through which the axes be rotated so
that the product term XY isremoved from the transformed equatlon. Also
find the transformed equation. ' :
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() 22+6y+10°-11 =0
Solution. Let thé. axes be rota:t_éd through an angle 9 |
Equations of transformation are - | |
P = 'Xcosé)-— Ysing , v ’='-.Xsin9'+ Y cos 6
Substituting into the gwen equation,,we get
2 (X cos 0-Y sin 9)2 4.6 X cos #-Y sin 9) (Xsm 0+ Y cos B)
| +10(Xsin 0+ Yeos 9 - 11 = 0
or 2 (X2 cos? 6— 2XY sin @cos 0+ Y? sin? 6) A
| . +6 (X2 sin Gcos - Y2 sin 6 cos 8+ XY cos® 9 YYsm 6)
+ 10 (X2 sin® 6 + 2XY sin Bcos 9+Y2cos 9) -1 =0
or X2 (2 cos® 8+ 6 sin O cos 6+ 10 sin? B)
+ XY (-4 sin @ cos 8+ 6 cos? B 6 sin? 9+2051n Hcose) :
+Y2(2s1n 60— 63m9cosB+lOcos 9)-—11 =0 L) |
Slnce this equatlon is to be free from the product term ie.;

—4sin @cos 6+ 6 cos® 6—-6sin 6+ 20sinfeos & = 0 -,

, oT —65in29'+16sin9c059+6‘cos29.= )
or 3tan26—8tan6 8 =0 ({by+cos?8) .
| (—8)+\/(—8)2—4(3)(-3) _ 8+V64+36
tan @8 = -
2(3) 6 :
_ 8:+y100. 8+10 8+10 8-10 18 -2
= =6 76 ' 6 6

76

1 . : o .
3, - = tan@ = 3 (as 6 isin the first quadrant)
- => base=1, 1 =3 and hypotenuse = \)1‘{9 = \H(_)

% sin 6 =—3—— and cos 8 = A

T emb= s

Substituting sin 8 e and oS 9 = = m (i)‘,'th.en

feE) @@ )
(- () () ()

L
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+Y2 6
)
+

a 2 18 90
s 2
or- X ( O)

10 10 1

| + Y 10
or X2+ Y2-11=0 | _
) ay+dr-3y-10=0 R ¢}
'.Solutxon. Let the axes be rotated through an angle 6.
Equation of transformatlon are | _
x = Xcosf-Ysinf;y = Xsinf+ Ycos8 _
Substltutmg into the given equatlon (1), we have
(Xcos 0-Y sin H)(Xsm 9+Ycos 9)+4(Xcos 8-Y sin )
+XYcos 6 XY sin® - 3(XsmB+YcosG) -10 = 0
X'2 sin 8 cos 0+ XY cos? O XYsm 0-Y?sin 0.cos B+ 4Xcos 6
-4Y sin - 3Xsm 9 3Ycos -10 = 0
or - X2 sin @cos 0+ XY (cos? f- smy-&)—Y2 sin 6'cos 6+ X (4 cos 0-3 sin 6)
_Y@4sin6+3cs9 -10 = 0 .. @7
Since this equation is to be frée from the:prod'lict term XY
"i.e.., cos? f-sin?@ = 0 .
or cos?@ = sin?6 = tan?6 = 1 = tand = 1'=>‘0-*‘45°
‘Thus axes be rotated through an angle of 45° So that XY term is removed
from the transformed equatlon =
Settmg 0 = 45° in (i), the transformed equatlon is- ,
© X* sin 45° cos 45° + XY (cos® 45° - sin2 45°) - Y sin 45° cos 45°

+ X (4 c0s.45° ~ 3 sin 45°) — Y (4 sin 45° + 3 cos 45°) - 10 = 0

P | 1. 1 1. 1 1y
Xz.—.—.+XY(O)~Y2-—~—‘-——-'+X4.-—-.-3.—-—'
Y( ~\11—_2-+3 %) 10_0
| 1._ 1.5 L v. L _10=
or 4X272‘ -Yz 5 @ | \,_ 10 =0
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or  XP_Y?4v2 X-7TV2Y-20 =0
is the requied equatlon L E | | Lt 3
(iii) Ba® - Gay+5yz 8 = ; T ,'(1)'
Solution. Let the axes be_rotated through an anglé] 6. |
.Equétion of transformation are 4 R
x = Xcos 9; Ysin 6 .y .= Xsinf + Ycos d
Substxtutmg 1nto the gwen equatlon we get _ o
5 (X cos 8- Y sin.g)? - 6 (X cos 8- Y sin 6) (X sin 6+ cos 6
| o +5(Xsm6+Ycos€)2 8 = 0 |
. or 5(chos 8- 2XYsmﬂcosE?+Y28m H) 6(X251n Qcos 6
| | +XY cc»s2 6 - XY sin® 68— Y2 sin 0 cos 6 )
| +5(X251n26+2XY51n 8 cos 9+ Yo 6) — 8 = 0.
or X2 (5 cos® 8- 6 sin 0cos 6 +.5 sin? H)+XY(— 10 sin 6 cos 8- 6 cos® 6 |
+ 6 sin? 6+ 10 sin G cos 6) -fYQ (5 sin? 6+ 6 sin Bcos O+ 5cos2)-8 =0
Since this‘ eqﬁation is to be free from théproduct term XY |
i.e., —6cos®0— 6sin°6 = 0 LW ‘
or  sin®@ = cos? 0 ;?tan29=“.1' = tanf =1
= 6 = 45° - (as O is in fﬁe ﬁrst,Quéd;épf) |

Setting 0 = 4§° in (1), the transformed equation is
o6 G-om w @)
. +XY(— 0. L j‘: j:) (;[1-_2-) +1<‘)' - ;
~+,Yz (5.'(—\%—5)%. 7 —\}: ‘5 (\(-1_2-)2)

| 5 6 5 5 6 5
| B2 2 T
or X( | | )+XY(O)+Y (2 5 + 2).

ﬁle _

i
<

\.__/
°°:
o
(e

or 2X2‘+8Y2-v#8=04‘=> X2 4 4Y%2 -4 =0

which is the required equation.



