CALCULUS AND ANALYTIC GEOMETRY, MATHEMATICS 12

EXERCISE 6.9

1. By a rotation of axes, ei:mmate the xy-term in each of the

foliowmg equations. Identxfy the conic and find its elements -
' -(i} A — day + y'“’ 6 = o
,Soluﬁgn.wvéxy+32—6 2 Q- w KL}

Heré ¢ = 4, b = 1, 2k = -4 theangls 6 through which axes be rotated
to given by . ' _ : ’

o -d 4 2tan § 4
tan2 I T — [ S D P
e a-b T FTT1 3 ™ T _tan?s =" 3

6tanf = 4tan’0-4 =  Atan’O- Gtanf-4 = 0
2tan?0 - Stang -2 = 0 ' : “
_.m(—3}:t*i(m‘3}3w4(2}{-2}

g =
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2
[Unit =6 = . CONIC SECTION 2
349716 0 3+4B _3x5
- 4 N Y
= 2, - % =3 tan® = 2 (as @ isin the first guadrant)
Now fang = 2 = -1 =» bhase= 1, L= 2, hypotenuse= Y4+ 1 = N
gnd =

wf:;

Eguations of transfa%mation become

g_ and cosf =
V5

2

x = Xcds Y sind = '\1' - "7:: Y

' 5 (2)
¥ memﬂ +Yc€}59~ -~X+-"-"Y

: . VB B

Substituting these expressions for ¥ and v mto (1), we gef,

1 2w L 2 N2 1 |
4fm=x - Y tf=X--=V=X+EY

+ X+2-Y2 g 0
(é V5 ) -

4 8 4v., ¢ 16 12 4y, (16 8 -
7 (5 —~5-~&_5)_XE+(—‘5 + 5 +5}XY+(W+~5+

BV 30 =0 = Y=g = Y=oy
represents a pair of lines. To find their equations in xy - plane, we have ‘

¥rom (2), we have

Xx-—ev.: YEx . g
ey = By . @
Multiplying (3} by. 2, we get _ | .
K-4¥ =2V )

Subtracting equation (5) from (6), we get
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¥ : . g \
s INTERMEDIATE MATHEMATICS DIGEST - Class XI
} T - VB gL -y
sv= VEy-2V8x = Y= G207 » __
£ A2 ek 0y = VB = G-
S5 NB - |
-yt V6 =0 = % .y+V6=0,2-y-V6=0
(i’ Identify:s® - 2xy+f & - aywo_' ' -
Solution, * - 'ey + 5% - 8x - & = - LD

Here o = 1,56 = 1, 8 = -2 theangle & thoughwhmhaxesbsrommd
is given by ‘ ; _
2 s 222 e = W= W = = &
a-6 1-1 o

Equations of transformation become

' 1 1 XY
= Xcosdh® - Yein4s° = X . = -Y. = = —
. ' V2 N Ne
y = Xsind5® « YVeosds® = X "‘}“+'Y 1 X+Y @

Substituting these expressians for xand y into (1), we get
XY X Y X+Y+X+Y - ¥ 8X+Y o
(- r)(ﬂ(«) (%)% )"

%aﬁ—m¢w>-—«a“ Y+ 3 azhzxyuﬂ}

-E(XMY) f“ﬁ(X+Y}r:0

X2+ Vo204 24 X Y + V-8B X
+8V2 Y -8V2 X823 Y =0

A -18V2X=0 => Y e4V2X (3

whzch represents a paraboia In xy-plane, w we have

~ From 2i), we have

XY= V32 - (@
and X +Y¥Y = 2y ‘ | : {5)

o Adding (3) and (4), we get
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(Unit-6] _ CONIC SECTION Y

X = 2 : R T G gl C A 1)
V2 {a_c;_cy) _ 5

Put the value of X in (4), we get

1. ' ' i ; i
A e -Y =42z = ¥V s -VEx+ = red
ot : | V2.
) ' —2x+x+y _ 1 -
= .-—-.W(yn-x)'
2 ¥z 7
Th =L 4y and ?—'1@. :c}h-
Elements of the parabola are
Focusof (B is ¥ = 0, X = 2 |
1 ' 1
ie, *""(:si-y}w\ﬁ and  —= p~x) =0
x+y=2 and-y-xﬂ{}_.
Adding: z+y = 2
=Xty = 0O
o Dy = 2 = y =1
Pt y = 1 in x+y =2, weget
‘ x4+ l=2 = x=1
1.1 istlgefocusof (1
Vertex of 3}is X = 0, Y = 0
y | ‘
i.e. woe o poy) w0 =D X+ = @
and f}"za p—a) = 0 = -ux-;'y'm_‘o
Solving, weget z = 0,y = 0
Vertex: (0,0) isthe vertex of .-
Axis: Y.a 0 e, Q%(y-—x}nﬂ w} - x-y =0

Equation of directrix of (3) is

X = -7 = E2E o = XY 4B .
v B TV S g ke

x4y + 2 = 0 is the divectris in xy-coodinate sysﬁém.
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5 - !NTEHMED IATE MATHENMT!CS DEGQST — Class Xl

(i) Identify:a® + Zyy ¢ 2 5 2 U3 4. 2«{“y+2 0
Solution. 2% + 2y + 32 + 2 V2 2 2VE y 42 = ¢ o (D)
Hete @ = 1, b = 1, 25 = 2 theangle # through which axes be rotated to
given by '

= 2 - 2-. _é o - = AE®
tan?q_ma_bml._.l—g.:?..zg,—g{)*’. _ms..-as

Equations of transformation hecome

*=Xcosd5 - Ysinds® = X, . ¥, & o Sz} .
s . 3 \,ré‘ | ,\f"é ﬁ (2}
1 s X+ ¥

it

il

Y= Xsind5 + Yeosdh = X = 4+ ¥, b 3 At
o . V2 o V2 V2

Suhs;;ituti‘ng these expressions f"or % and y into (1), we get _
X~-¥ X-¥N/X+Y\ X+¥Y2 X =Yy
el kY : s 2 N2

(\fi)z (@ )(ﬁ)'(@% \r(ﬁ)
| . X+Y '
._2 k-
| () e
(Xa 21*11’1—1"‘2}%"(I’f‘i 1’2)*-*("(94-2):}'4»1’2)

- . . +2& ~¥ - 2(X+Y}+2 0
Xt 2XY+Y2+2X2 2Y"+X‘3¢~2XY+Y2¢~4X 4Y - 4%

| o ~ ¥4 4 = 0 '
W-8+d=0 = X_ogry1-g
X =2 (v- g) | . | . (3
Which re#resents & parabola, |
From (i}, we ha\;e
X-Y= y3g | - e @
and X+¥Y< iy | e

 Adding (4) and (3), we get |
W=BxrVly 2X-Bary = x-m-j,écx;y)

Put the valueof X in (4), we get
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{Unit-61] — CONIC SEC??DN '

i

1 e L 3
(x+y}~Y_\f§x::? Y @{x¢y}~¥§x

i
%

il

’ S T 1 :
= Tw 3 d Y - b }
Thus X 7 {x + ¥ an NG (¢ ~ x

Elements of parabola are -

) F vk

i

i e
S~
<&
|
a
H
bt

Focus of 3)is X = 0, ¥ =

i ;
i.e‘,l “\fﬁﬁ x+ 3 = C and

ie,, x+y = 0 and
Adding: x+y .= 0

L4
|
=
ft

Pt  y = in‘:c’byalﬂ'm} 2!

n
H
.
1}
|

Gl

=y
V2
1 is the chus of (1)

Focus; (- @ ,:J%)

Vertex of @is X = 0, Yo3=0 = Y =

4

B2 Eme

L]
<
8
3
e
B
<

i.é., Y

b

L

V2

Soivmg, we got ¥ = —

i

and -2 = % =p y -z

1 ‘ ‘ - -
2 2{"
1 1 '
. zsthevarbex of (3)
' «r)
‘Axis X = 0

Vertéx‘ (—- ‘
e fuk £+ =0
2 ﬁ

== o x+y =0
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. 7 . INTERMEDIATE MATHEMATICS DGEST — Ciass Xli
Equation of darecmx of {3Y is.
1 1 Y o .
v S S = - = = —
Y2 2.{@ {}z}yx!’)__xy.i}

is the directrix in xy—coc’rciinate gvstem,

Gv) P rayeP-o4 a0

Splution. ©¥* + xy + " - 4 = 0 : .. {1

‘Here @ = 1, b= 1, 2% = 1 theangle # through which axes be rotated

is given by ' T
tan29_-—g—;i~m%—~3~“~w~§=w=f.>23 9P => O = 45°

‘a=-b 11 0

Equations of transformation become

. ¥ 1 X-Y
X = Xeos4B® - Ysin4Bd® = X . -
: TIRTTURT | .
' - -1 i X+Y
¥ o= Xsindh® + Yeosdb=X . —— + ¥V, = = °
T2 ¥z . 42

Substituting these expressions for x and y into (1), we get

'(X Y) Z(XJZY)(X+Y)+(X$2Y) od ««0

(X"’ 2XY+Y2)+(X‘“ - Y")_}(X",é— 2XY + Yﬁ)u‘%;o

2 2
B2+ V4 X -V 4 P e 0V + Y8 =
=8
P | ‘ :
a3 tE T S N )

Which represgents an ellipse.
From (2), we have ‘
X~ Y
X+Y

H

J2a = . s . - (4)
Adding (4) and-(5) 2= V2 x+V2y = X= \r“ & + 3)

#

Subtract:}ng (iv} and (v}

—éymﬁx-_—ﬁy ::blemL " .
2 ﬁ(y x)
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[Unit—-61 CONIC SECTION = .% -
Elements of ellipse are ' o
Centreof (3),is X = 0, Y = 0

!

r+ ) 6 = x+y = 0

-

i - .
ang | —= w2}
B Y

#

i = ~x+y =0 = x=0,y=10

Hence C (0,0 is tkle centre 0;".(1}
Vert:ces of B ares X = 0, ¥ =42 22

X =0 = %(x-r P =0 = xty=0

g

..an“d Y =t N2 =D é(y—«x} :12{2 = -—-x+y:ﬁ4 '
and
= x4y =0 Xty =0
~x+y = 4 1 —x+ym——é g
Adding: 2y = 4 = y = 2 Adding: 2y = =4 = ¥y = =2
o se-yecz | cieye-tn
-2, - o (2,-2)

~2,2),.(2,-2), asverticesof (I)
Equation of majoraxist X = 0 = zx+¥
Equation of minoraxiss ¥ =0 = 2-y =0

Ecentricity: ¢ = X% . "

B

,...E..
| V6
‘Fociaf(a)are .x Y ..M@( )
" 1 1 2
i.e., w(x&y}.—.ﬂ,—w—(x_.;-i\{‘m
V2 e = ()
=  x+y =0, x4y =0
2v8 - L2 48
—XrY m= . ~x oy o= -
V3 ' A3
: 2 V8 998 | b ._ 28 -2+
Adding: &y = “—" = y = = |Adding Iy =-"u" Dy =
- E 3 - 3 Y3
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“ -’*' P

4 NTERMEDIATE MATHEMATICS DIGEST - Class Xi
T . e _
x-ﬁ-y:i}x?xz\—yx-*:fé’é Xy = O )
' ' 243y 243
o e () -,
r= - o
2v2 -2 -

.He‘nc.e ("""-éj“, “3—2) and (M_é}“’ 3{5) are the foci of (1),
(v) 2 - 6 V3 xy + 1‘33;2 - lﬁ _
Soiutxon. T 6NE ay + 19 - 16 = 0 . (D '

Here a=1,6=13,20 = -6\;3 the ang]e g Lhraugh wh:ch axesbe_
rotated to given by - : :

oh 63 . 63
a-b  7-138 - -6 \;‘3’.

= 20= 60 = 0= 30°

'tan29 =

h

Equations of transformation become’

V3

x = Xcos30°-Ysin30° = X, ‘”é'“'Y‘. % = ﬁ; ~
/ - L (2
y o= Xsin80°+ Ycos 30° = X. ]"2~ +Y g - ‘g,,m"*r‘- _ -

Substituting these expressions for x and y inte (1) we get .

.(\{"x Y)*z H-(«i‘x Y)(X—:—\FY)

13("{-"“’ YT-ie

7(3:{?~2{EX¥'+1'2)MH§(( X +2§me!’" Y*)

+13[X2*2 V3 ¥ + 3}'2)

~16 = 0

(@K% - 14 B XY + 7Y% (1&%.12{5 Xy - 1879
* "4 ) - .

"4
7 o on R 2 ;P
(}.8X2+2ﬁ‘\szY+39Y'} ~16 = 0
21?@~14\@XY¢»7Y"*»~18Y9 12@3:%1@18?%1332
S, _ +26J"XY+39Y9 64 = 0

w#
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{Unit-61 CONIC SECTION o
06X + s«nf-i = B4 ' o
Xt ) - L qE _ ‘ .
= +~-i-w 1 L(3) X+ N3 Y = 2y, . (5)
Which represents an elhp%e Mmtigﬂying (ivy by S , We gét'
© . From (i), we have , ' 3X - V3 ¥ =23 2
V3 X ¥ = 2r ST
Adr_iing (8) and,{6), we get
4X~2y+2\; = %(\f“xm}
Mump]ymg (&) by V3, weget ‘
' NiX+av =23 ¥ 0
Subtracting (7) from (4), we get ' v ‘
| 4Y = 2By - = ‘.Y=%{x"~—'wr3_‘y)
Thus X = % W3 x+ ¥ . and Y = % (x -3y )

Elements of ellipse afe
Centreof (3)is X = 0, Y =0

.X'-:ﬂ . (%(\@x+y}m{}
r=0 (fa-VBy=o0

Solving these equations, weget x = O

‘Hence, C (0,0). centre of (1)
Vertieescf(S)areX w=ta .12

(jwr3x'+y= Y

(-x...ﬁy':o
y=0
and Y= 0

Xmi22 = % (Nr”x+y}~.*i~2 =“»-$ \{3x+y—+4
Y=10 :“:?r%fx»w\fﬁy)z W_‘x—-'\@y*{)
NExey=4 . @ *f§x+:y*“-4 e (6)
x-V3y=0 o (B 2=~y = e AT

_Multiplﬁng (4) by V3 and ad'ding.

these equations, we get

| Multiplying (6} by \’5 ‘and adding

these equations, we get
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‘Equation of major axis; ¥

+
H INTERMEDIATE MATHEMATICS DIGEST - Class Xl
=43 = =13 0 =-43 = x=-13

) => V3y =ox = y3 =dy =1 |[(N=> V3i=x:-18 => y=-l
3, L, - V3 ,- 13, asvertices of (1)

L o Al BT i1 N3
Ecen pl - S o= = sl
ce tr;mty' e " | 5 B

Foeiof (3) are: X u‘:ﬁ\fg,l’x ]

X:vi_-\@ = %(@x+y)m-t'\f§ =x>-\f§;£+y..xt2\f§
Y=0 = 3WBy-m=0 = -x+vViy=0
VBxs+y=2Vi . ® | YBrey=-2V8 . an
ex+YB8y=0 L ® | -xsBy=0 0 LD
Muiﬁzpiymg (8) by V8 and addmg Mulﬁpiying(ll) by NE] and adding
these equations, we get | these equations, we gat
46»=2~7":‘~“=>y-§‘ 4y«-2\f méyrf:““{““
@ = 2\ y = @ MDD F D D=5 2 =\ed)
~—\i’“ -3 ' '
(33 (=3 =By
¢H 50

Hence (2 2) Iné . (:ﬁ,:%@). as foei.of (1},

0=

It

(\@y-x) = 0 = x-v\@y =

(ﬁx+y)w3m\f§x+yz
(vi)  Identify.d#® - day + T+ 126 + 6y - § = 0
So]utwn.ixz 4xy+7y2+12x+6yw9:0 .. (D

Here o = 4 b =7, 28 =4, the angle o Lhmugh wh:ch axes be
rotated to given by

Rirt DO

Equation of minor axis: X =. 0 =
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[Unit-8] CONIC SECTION * __ {2
2tang .4 o Gund = 4-4t? 0 |
- 1 ~tan®g 3 .

4t3£_129+ 6tan -4 = 0 = 2tan’f+ Jtanf-2 = 0
3+ NBFE - A2 - ~3£ 3+ 16

tanm 6 = , . 2{'2} = v“ & 4
_3+%B _ -3%5 _ ., 1 1
—_— y = ..--—2,2 ;-“-}.tml@ 3
Now tanf = %— = basew_Z,uLl:‘l.so hyppte:ﬁse: v+ 1= \r
( 1 9 |
sinf = =z and oo @i
e Vs
Equations of transformations become
i aX-Y
X = chsemYsmG* X --=- Y — =
”\r \[3 .Vrg {2:)
1 v 2 X+ 2Y

= XginG+r ¥Ysinf = X.-=+V. %=

S}:bstitutiné these expressions for x, and ¥ i_z_at,o {i),.We get
Yo, 2K YN X 2PN X + 2V
=TGR )0) ‘(«f%v)-
X + 2¥N ‘
+ 12 9 =0
S AL e

(4;?{2'_ 4XY + Y‘j (2X2 + 8XY 25:’"’) (&I—_@XY + 4}"3)

- E

Q24X - 12Y 6w 1Y o

i NG
16X2 - 16XY + 4% — 8X° — 19XY + 8% + TX + 28XY + 2877
+V5 (24X~ 121) + VB (6X+ 12Y) - 45 = 0
16X% — 16XY +4Y? - 8X? — 12XY + 8¥2 + TX° 4 28XY + 2877 + 24 V5 X
—12VEY+6VEX+12VBY-45 =0
1524402430 VEX 45 =0 = S+ 87+ 6VEX-0=0
3CB+2BEX) 487 = 9 = -30(142\[_5.}{&(\%)2}-?8%#9{15{

X+ B2 |

3 =1 ®

wlrg

SX+VER + 8V = U =5
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13 INTERMEDIATE MATHEMATICS DIGEST — Class XIt

which represents zin ellipse. -

From (2}, we have . _
2X-Y = V5« S S W)
X420 = VB y . )

Multiplying (5) by 2 and subtracting from (4), we get.

5 =2V y-vBx = Y= “f"“ (-x +29)
'\ T

Put Y = % (—-x + 2y} in {5},we get

X'*"E'(*x+2y} \r.? s X = “J“ay——*-)';(-—x-q.zy}
VS NG
2 4
NS T 3
. ¥+ “\;’3 \f—g)’
. i v
s = (2 +9)
V5 |

’I‘hus X = (e + y)  and Y = (—x+2} .
For centre of (3) X+€E“0Y+o = xa_«fé Y =0

X =-vE = “';%{2.1'-1-}‘) \fé = ey e-F (1)

Ym‘o_' m:;»j:—ﬁ- wxs Y= O = —x+ % =0 (8)
Muimplymg eqaat:on 23] by 2 we get o ‘
“medy=0- ©

Adding e,quat:on (7) and {9), wé get
B =-8 = ya-t
Equation. (8) .= x = %y = ‘2(»- D=2
Hence € (~2,-1) isthe centre of (1)
Verticesof (3) ate X + V5 =+ V8, Y = ¢
X+V8 =+8,7v=0 '

X-mfa{ ‘%‘ @c+9+ VB = 8

:—.’miH
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(Unit—6] __ CONIC SECTION 14 *
- 2e + ¥ + b = \ﬁ?} .-
% by ;_-*-.5-+\M—£J {1
Y= G => -2+ %y = . .(11).
Multiplying (11) by 2
-2 44y =0 (12)

Addmg eqaation (1) and equatwn {12}, we get;

By' =-45'-+JZ0 = ¥ zﬁ,l%»“\}%
2 =210 F)2- e[

oo

#

) =" x

Similarly, selving X + VE =8, and ¥ = 0, woget

Y NE
X o o2 - ,y.-»-l-‘ 5*

: AE T N E)
+ 4 2+ 5, 5 -,"‘1"“‘ 5 '

are t’he vertices of (1}

L 2“'2 ‘“' 5 ]'—
Eoeentricity:-e:ﬂ‘{a b=q83=-}-—§=',%}.

a V8 8

Fociof(3) are X + V6 =25, ¥ = 0

‘X‘r\r V5 ‘and“ Y =0
X'?‘Jg '\}— - X:O
ZAY o0 = may=0

{5 3
Y=40 = T+ =
Mgﬂti‘p]ying- equation (14) by 2, we get
2 4y = 0- ' d

 Adding (13) and (15), we gét

& =0 =p - = 0
Equation (14) = =z = & = 2 0 =
Similarly, solving X + ¥6 = 3‘_‘4% and ¥ =
We get 2 =wd, y =-2
Thus (0,0),(~4,-2) are the fociof (1).

o (13
. (14

o (15



