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UNIT « (s

ALGEBRAIC FORMULAS
AND APPLICATIONS |

» Algebraic Expressions
D Algebraic Formulas
» Surds and their Applications .

» Rationalization e
After completion of this unit, the students will be able to:

» know that a rational expression behaves like a rational number.

» define a rational expression as the quonent 20 of two polynomlals p(x) and q(x) where 9
is not the zero polynomial. e

» examine whether a given algebraic expression is a
o Polynomial or not. « Rational expression or not.

px)

» define — e as a rational expressnon in its lowest tenns if p(x) and q(x) are polynommls thh

integral coefﬁc:ents and having no common factor i

» examine whether a given rational algebraic expression is in lowest form or not.

» reduce a given rational expression to its lowest terms.

» find the sum, difference and product of rational expressions.-

» divide a rational expression with another and express the mult in its lowest' terms.
» find value of al%ebralc expression at some pamcular real number.

» know the formu

(a+b) +(a - ) -2(a +b ) (a+b) ~(a- b) -4ab
« Find the value of g~ a +b %and of ab when the values ofa+ band a — b are known.
» know the formula

(a+b+c) =a +b +c +2ab+2bc+2ca

. Flndthcvnlueofa +b +e whcntbevaluesofa+b+cundab+bc+caucg|m
) Fmdthevalueofa+b+cwhenthevaluesofa2 +b +candab+bc+cauregwen

2 oFmdlheval\leofab+bc+cawhenthevalmofa +b +cnnda+b+cmgwen.
> knowthe formulas » : W Isumps sl ans
(@th) —a’taab(atb)tb a £b' =@xb)a’ :Fab-o-b Joo ey A
« Find the value of a’ £5° whcnthevaluesofaibandabaregwen. : i S
« Find the continued product of (¢ + )k = (&’ +xy+y’ )i’ ~xp+ " ).
» recognize the surds and their applications.

» explain the surds of second order. Use basic operations on surds of second orderto ntiomlm = i
the denominators and evaluate it. i ok

l 1
» explain rationalization (with precise meamng) of real numbers of the types— 'ﬂg
a+ b\f- \E +J—
their combmanons where x and y are natural numbers and a, b are mtegg.ts. T &erazmv
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1.1 ALGEBRAIC EXPRESSIONS

Algebra is an extension of arithmetic. In algebra, we use alphabets

such as g, b, ¢ to stand for constants and x, y, z to stand for any
numerical value we choose.

An. algebraic expression involves numbers and letters together with
operational signs such as +—,%,+. The signs + and — separate an

algebraic expression into terms. .
Example: :
ax+by consists of 2 terms
3%x=2 . consists of 2 terms
9%’ —7xy+7y% . consists of 3 terms

Xy consists of / term

The numbers g, b, 3, 2, 9, 7, 5 in these expressions are called
coefficients, while the letters x, y are known as variables.

An algebralc expressmn is of three types

" (i) Polynomial (ii) Ratlonal (iii) Irrational

A polynomial of degree r in variable %’ is defined as:

P®) =ax"ta, X" ta, , X" +..+a; X +a,x +a, x+a,
where ‘n’ is a non-negative integer and q, ,a, ;,a, ,, ..., a;,4,,4;,4,
are real numbers, where as a, #0. | ’ ‘

" As the highest power of the variable “’ |n this polynomial is ’,
therefore this polynomial is of degree

l 1.1 Rational Expression

i We knpw that.a number of the. form 4
- q
_ ratlonal number

q#0, p, qu lscalleda



An expression which can be written in the form Qx Ox)#0,
where P(x) and Q(x) are polynomials in %’ is called a ratlonal
expression.
For example:
2 3
() .3x t] i) X ‘+8 (i) 27 +3x+3 G x+1
X +x+3 x+1 X x+2 x +2x+3

are all rational expressions. The rational expressrons can also be :
added, subtracted, multiplied and divided like rational nu_mbers 6

Rational expressions are of two types. \ | ! 1

(i) Proper Rational Expression

(ii) Improper Rational Expression

Proper Rational Expression:-

Pix)

A rational expression —= ) ,Q(®)#0, in which the degree of P(x) is

less than the degree of O(x) is called a proper rational expression.

For example: 21O4IGE, Sk A
x+1 Ix +4x°+5

X +3x+7 " X4l

Improper Rational Expression
P(x)
O(x)

either equal or. greater than the degree of Q(x) |s called an |mproper ‘
rational expression. For.example:

| A rational expression ——,0(x)#0, in which the degree of P(x) is

2 LM
ek 8 TN oL
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113 Examine a Given Algebrulc Expressron

‘Let us. oonsnder the followmg

l'k'(i)‘.212+3x+9_ ' (i;) x+5° (i) R S I(iv)_ ‘._f
§ 5 =

() and (ii) are Polynomials , but (iii) and (iv) are not polynomials,

| ; because in (iii) and. (iv) the powers of the variables are negative and
‘ ratlonal numbers

Consider the following as well: -

1.. - ";‘ ' . x+1 L e x3+1. : R - +_L+I
(TSR 0 x’+x2 3 @) P (ul} I Ix

. V30 b : Jy+3

B ) 2 y+ +1 V) -

e .(.fu & T I 7

‘tj w. ( )'and (iz) are ra’uonal expressnons but (m) (tv) and (v) are not rational
1 expressrons, because the powers of the variables are not integers.

]

,"nd c are polynomlals where B C#0, then-g—g- = %

(whr'cll is the ﬁmdamemal pnncrple ofﬁucnons)




EXAMPLE Fmd the lowest term of 2X Y &'y’ SRy

 acl2xy’
SOLUTION: SR
&’y x4’
: 129’ 3y 4x)?
3y

Thus to examine a rational expreééion in lowest terms, we first
write the numerator and denominator in factored form and then
use the fundamental principle. of fractions to obtain,

bz-a%_ (b-a)(b+a)
b -dd. (b- a)(b2+ab+a)

' b+a
b’ +ab+a’

1.1.5 Reduce o Rational Expression fo its l,owesf Terms

"EXAMPLE ' Reduce fo lowest ferms:

. 32x°x" ¢4 i) Cin:
R e
0y da |
SOLUTION: () s N (") 3 —5x-2
e P
8x 4x y , = 3x2'—'6x+'x‘“2
8x3 j -'."‘-".-'-. 3x(x 2)+I(x 2)
= - e : . o ; S

(3x+1)(x 2)



& ‘“.v

A
xz 2x—x+2 x*-3x—x+3

;"t&ﬁhrﬂ "' .,._ ) & - ¥ A ¥
-~ x+1 x+2

= mﬂ«z);u.x(x—s) —16:=3)




' 0 Lo L
% P = ||II LS '.u"-'_
= "—J\ [ L 5 4

: oy e l"_ i - ...-; % (1= = el ”"l=_
(ii) x+2 XL R -

AL e e R p e (r_i
R BRI : R R g
‘ ; 1 I |Ll|l_."|.-| <

< o s o i N ) ] V.I ‘TL:..nll {1

x+2 -,.?_-x‘ A e

(x+l)(x —JC-i-I) (x ]) (x+I) .
_G+2) -1 + x@? —x-d-l):_p i
(x+1) (x— -1) o —x+])

x +2xfx'—2+x3—-x2-i‘3£ . SRl D g
& -1 “EH). ST gy BTEE

\ . e e --’_'.-" t’“‘ [

- S : LT
x4+ 2x— 2 A AR
xf-x+x - x3+x J SR

Xt ox—20 = it Yok = e 0
. Y W - Tl <
x—x+x-1 = e

ETS

Al . Qe st ‘r#h‘('ﬁﬁ L
EXAMPLE=2. .\ it e cu "El;@fﬁw 2

Solve:
R o I R R
L : . . ' !
() x2—4' ‘ x+2 V “u I. Lo

fm ail 2l
a _|-m,1‘|[.l_Tls-- .
-




'E;'-'.I‘.T ded ‘?‘ v

x+3-(61-2x-x+2)

"_7_;:+:?,:'—.Jé’+3x—2_ iz _ 25
o TR R e

AN ' i I B . -

=SS SRS SN SRS SEN - SR U




1.1.7 Division of a Rational Expression® =~ - = 2

‘and denominator.

= EXAMPLE‘ :.._'.E-,. :I‘ a oy = fr Pa 1” d{m{jﬂl

"i‘ - 2 Sy

s xe) o)t S
x(x- 1)(x+1)(x’ x+]) . . T

I ’ - _'; 7 - : J -,._ i e
x‘—-x+1 :

A5 .

. T."!‘ |-'
: b k L =) N ‘ - I . e T y o

e o ] Bt Ay
(ii , ) . A

X — ; 1 ¢ o = ]
-1 el Bk A

Lo 2 (x5 Dl i i ‘
C@-)@x+) A S O

— '-zle“ iy . itk £3.% .-‘-‘-‘-' .- 5 y - 1
o6x+1 o R Pt

The rule of dwnsuon of rational expressnon ls flrst factonze the
expression and then canoel the same express:ons |n r}unil’ raf

i

\qr ‘,_ .

\1\

olniiEy 6 'vwk. wmmm 100 a i'.fq

§ 7 . -

el £ ; \‘J»
Simplify: ’ 8 _ Wﬂ' "’1,-_

&.. x-:l-I‘ 4‘__‘ ‘x‘j_ -‘. L 5

3x-1
& —
l+: )

2

(u)



Il

g';_‘.:.:_':";'_}”_ _ x+2 1
| i.ﬁ*ff_ bk _ '(;.i) -1 1-3x
B Ty 2l

B il T e

| T TR i | | i
i U3l D) (HD) ;
o y e 1+x' R 3x o *

- _E-De+D - o
R 3y ' il
B ) R
i __’_ ST e e ' |

)
ﬂO‘hh" i‘*ﬂ'} (J 3 ) T 6L L A

Algebrmc Express:on by

TN s i

' rnumbe_r agalnst a vanable “x”in a polynomial P(x),




EXAMPLE-1 = . " e e i e S

i C e e A b s 5 SN e
If P(x)=4x" + 3x* —'Sx+ I, then find P(~1) AT n
SOLUTION: ~ Given: P()=4x" + 35 ~Sx+1 =
 P(=D=4(-1) +3(=1 5(-1)+1

—4+3+5+1

=3
EXAMPLE-2 ‘

If PG )_—% then find P(1)

i S L
AR LA T

SR 2 _ 5y . ' - Tk "3-ﬁ"
sowmoN: P(x)=£.‘__3_5igL6 Lol

P(l)= 5(1)+6 15556

VRS B

Solvie- e
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&2 2
ux‘ |

9.

. 6a‘b’
12¢?b’,-+ 202

= .:-56;—_5(1 !

=
E <
o+
h
b

L s

ST .

10-

12-

T

iw+y2_

“Iledm ﬂie given ruﬁonul expressions fo Iowesi terms.

" 25a°p?
14a°b*

5] 8m3.x3

- 27m’x

x"y

Jy-3x

x?+2x

36m

3x )

= +
X +x-2 x+1

8’ +1 8y2

_2x+3y

oy

Xty

2x—3y

x -

5x ;

_'xz-xy

—2x+ 1 6x

x 9 x?

—12x+27 x— 3

WD o teaiicsi g o



1.2. FORMULAE:

A formula expresses a rule in algebraic terms, its plural is formulae.

‘1.2.1 Formula |
(@+b)f’ +(@a-b)* = 2(a’ +5°)
Proof: LHS = (a+b) +(a—b)’
| =¥a +2ab+b2+a —2ab+ b’
= 288420
= 2(a’ +b%)
= RHS

Formula 2 %
@+bf —(@@—bP = 4ab
Proof: LHS =(a+bf—(a—by %
= (@ +2ab+bY)= (a —2ab+b2)
= a’ +2ab+b —a’ +2ab-b7
= 4ab ghiletie i
- RHS f
- EXAMPLE-1 e

Find the value of a* + b> when a+b = 8 and ab = 12 |

SOLUTION: Given a+b=8 .
~ (a+b)f =8 [ Squaring both the sides’i i
a’ +2ab+b’ = 64 T i e A S

a’ +b% = 64- 2ab ok
= 64-2(12) ‘rab=12

: =64-24

a +b2—— 40



B s F‘?'  EXAMPLE-2
L 5 F"d;'the value of ab whena+b 9anda - b 3

2 i Wb s

= F sownon- We have

Rty  (@+b -(@a- b)2 4ab
R  @P-(3) = 4ab
S n e - 81-9 = 4ab
R dab =72

,a+b _ .
(a+b+c)z (DR e

';A'E*E
ot

s

II ]

=p +2pc+c i :
. =(@+b+2@a+b)o+c  wherep=ash
= d’ +2ab+b2+2ac+2bc+c .

; 7+‘-'b‘2 -(ij ¢ Z +'2ab +2bc + 2ca




EXAMPLE-4

Find the value of a+b+c when @ +b? +c? = 100 and
ab+bc+ca = 22 A

SOLUTION: We have ' | | i

(a+b+c)2 =+ b+ +2ab+2bc+)pa W

= (@’ +b’ +c? )+2(ab+bc+ca)

= 100+2(22) .
. RESULTS
= 100+44 @ I e
(@a+b+c) =144 o x.-"= ta
@+b+cf =122 . |@ F=a
s = 1) x =iVa

EXAMPLE-5

Find the value of ab +bc+ca when a +b2 +c = 36 and
a+bic =8 s i SRR g

SOLUTION: We have _ |
- (a+b+c)f =a +b2 +c? +2ab+2bc+2ca

W= 36+2(ab+bc+ca)

A 64'?— 36 = 2(ab+bc+ ca),.

“&n 2(ab+be tea) a8 iy =

ab+bc+ca =-22£ i (D:wdmg by 2 on both sides)’__ g

r! O
al! b

LY.
ey

ab+5c+ca = Ji!

’ P



=a +3ab(a+b)+b’ -
l_vf{S (a+b)3 3 o, ;

he .3.._‘.-'? - (a+b)2 (a+b) ‘
| = (a +2ab+b2) @+b) |

s = a '+_a2b’ +2a%b % 26 + Ba+ b’ i

. a %3 e 3l 4

'-% a +3ab(a+b)+b3 i {

L

vl

- RHS



Formula 6 i . -._'__ TRy e
0 e i e S T A e
. 205 2 By Bty :
a + (a‘+b) (@ —ab+b°) Ry
: Qi 2. 2 - .
Proof: RHS= (a+b) (@’ -ab+b ) e
3

=a —a2b+ab2+a2b—abz-:l-b3‘ g o

2+’ or ety S i
= LHS " V. L

Formula 7 e 7

@ b = (@-b) (@ +ab+b?) - A

Proof: RHS= (a—b) (a2.+ab+b2) | o R
= a’ +a’b +ab? —azb-ab._z’.*:b;3 st ek,
gl | ; |
= L.I“I.S

Find the value of x4y’ :Whe'"‘ xy 3 8and x+y =3

~ i 4l p o

SOLUTION: x + y = 5 (Given)

G+3) = ()

X+ +3myery) = 125




EXAMPLE-7

Find the value of o’ —b’ when the values of a—b = 6 and |

ab =7
| SOLUTION:a -b = 6 (Given)
(a—b)’ = (6)° (Taking cube of both the sides)
&b 3ab(a—b) = 216
& -6 -30)(6) = 216
a’-b*-126 = 216

.- a’-b’ =216 +126

LT a’-b’ =342
. EXAWPLE-B
EJ;’ e Resolve into factors x’p? -8y’ p? —4x°¢? + 32)°¢?

-SQWT,IDI.U: x’p? =8y’ p? —4x°¢? +32°¢>  (Rearranging the terms )
= P8y ) a8y

= (P’ 44’ )(¥' -8)°)

=[2r~@a7] [(x) ~2y)]
= (p=24) (p+24) (x=2y)(x* + 25y + 4y




ALGEBRAIC FORMULAS AND APPLICATIONS

The symbol “..” stands for “therefore”

Resolve into factors. (x+ y)* +64
SOLUTION:  (x+y )’ +64
= (x+y) +@)’
= (x+y+4)[(x+y) ~(x+y)4+(4)]

= (x+y+4)[x2+y2+2xy—4:c—4y+16:|

Find the continued product for x° — y°.

SOLUTION:  x°® — »°
=) -0’ )
=@ +y') & -y’)
= @+ ) —xy+y°) G-y +39+y°)
= (@+y) k=) & -xyp+y’) & +xp+y°)

[EXEROISE - 1.2

Solve the Following Questions Using Formulas.
- (x+2y)° +(x-2y)

N

. (5x+3y) +(5x—3y)

3. Bl+2m)’ —(31-2m)’

F-

e (I+m)(l=m) (P +m’)(1* +m?)

19



_ ALGEBRAIC FORMULAS AND 2

e 6. (2x+3y+2)
2 ab _ .
1."(2p+q)’ 8. Bptq+r)
9. (2x+3y)’ : 10. (x+y)° -1
1. (x—y)’ +64 12. 8x° +27)°
| 13, x° —729)° : 14. 64a° - b°
15. Find the value of a’ -5’ whena—b = 4 andab = 5.
£/ ] 2 ] 2 :
16. Show that (z+-—-) —(z——) =
o P I ; zZ 4
the value of @’ + 5% andabwhen a+b = 5 anda—b = 3.
Il anda+b+c = 6.
xz+y —86andxy—-—16 {
Sty -‘}
the values of




ALGEBRAIC FORMULAS AND APPLICATIONS

1.3 SURDS AND THEIR APPLICATIONS

§ a3
B ae

Surels
Rational Numbers:

A number which can be expressed in the form 5) , Wwhere p’and ¢’

are integers and ¢ # 0 is called a rational number.
342588

eqg. —, — _—2 are all rational numbers
T '

lrrational Numbers:

A real number which is not a rational number, is called an irrational
number. For example:

N2, \/3, \/E, J7 etc. are irrational numbers.

Clearly, an irrational number cannot be expressed in the form (3} :
where p and g are integers and g #0. q

Real Numbers:

The set IR of all real numbers is the union of two disjoint subsets,
namely the set Q of all rational numbers and the set Q' of all irrational
numbers.

Surds of Radicals:

A surd is an irrational number that contains a radical signs.

e.g. V2, 243, 4+ 35, 10- 46, —\/52% are all surds.

EXAMPLE

1

(i) V3 = 32 js a surd of order 2, i.e. it is a quadratic surd.
1

(ii) 4 = 43 is a surd of order 3, i.e. it is a cubic surd.

1 . f
(iii) %fa = a" s called a surd of radical of order ‘n’ and ‘a’is
called the radicand.

The symbol “i.e ” stands for “Thatis *
218
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Laws of Radicals:
As the surd can be expressed with rational exponents, the laws of
indices, are therefore, applicable in surds also.

' Thus for any positive iAriteger ‘n’ and positive rational numbers
. ‘aand b’, we have the following laws:

B L = aaa

| ~_ Laws of Radicals | Laws of Indices

‘ e yi n
® () =a (i) (a"rJ =a

!

A (@) Xab = %a o @) (@) = ar b

/

| peaL
() "% o (ii) (E)” a"

N

-

- afp b !

b;

— =
I !
- =

=

= -rl_ n

1\ i .
@ (o =4 @ (] =@ =

3 / surd which has unity only as rational factor, the other factor being
 irrational, is called a pure surd.

D /3, are pure surds.

nal factor other than unity, the other factor being
rd. : -



1
Ja = a? is a surd of order 2, i.e. a quadratic surd.

Remark:
The symbol /[ is called the radical sign of index 2.

Similar Surds:

Surds having the same irrational factor are called similar or like surds.

For example, J3, 543, ;ﬁ are similar surds.

Surds having no common irrational factor are known as unlike surds.

Example: /2, 3.5, 24/3 are unlike surds.

Addition And Subtraction of Surds:
Similar surds can be added and subtracted

Example: (i) 63+5N3 = (6+5)J5 = 1143
(i) I12J5+45-635 = (12+4-6)[5 = 10V5

Multiplication and division of two surds:

Surds of the same order can be multiptied ehd divided according to
following laws: -

For any natural numbers ‘m’and ‘n

(z)J‘JZ_J_n E"’T J_

EXAMPLE-1

Simplify: /8 x2
SOLUTION:  We use the rule \m x J' = J’_

JBx7 = JBXZ = T 4




?Slmplrfy V180 = J—

using —
27 Jm

: . - =\//X-lx/f"3xs
: Rl I Ex2xf

i T“"x."pl:ﬁua '-:—-'»-‘.l i P S = H
X - ¥ 2

-45'{\1u NG [
ng Ihe Denominator:

lis by multiplying the numerator and denommator by
quare root.

- ~
 sownows a0~ J77 = Y180 ]80 [ Jm m]

2N prom B aukuadl o 1

T ————




B oy,
S AR e “"*"f» fﬁl;-illl' i
Multiply: (2+~3) (5-+3) = (e
; .\ (%) 08 \'ﬂlﬁ J'f“.'. =
SOLUTION:  (2++/3) (5-+3) : B i "'i:.:

: Toon el e
: ) TR ‘.'
= 2x5+2x(—3)+ 5x\3 +43(~3) | _“r_! e
.A' '- : : } : _"_:'I"' " -l
=10-243+5V3-3 M

Jxie it rdrhw’m. s II'I

=7+3‘\/§ S{b . » ‘ -lf.JE'l’ﬂﬁ

Multiply: (3\/3 &I ) (4\/3-' +3 2 ) s ‘

s

soumon:, 5=z 5+ ) NSNS

il

e
-|Iﬂ_.

\ 5 zz(f )2+9(J"_"5 A
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EXAMPLE-4
‘ ~ Expressin the simplest form
}‘ . G) V288 (i) V147 @iii) 36d°
A SOLUTION: (i) /288
Jiie ' |
W 288
Al = /2x2x2x2x2x3x3 i
¢ 72

= 2x2x2x2x3x3x2

~
Co

= 2x2x3x~/5

=122

SENNSENES
o
N

(ii) Ji47
= 7x7%x3
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1.4 RATIONALIZATION:

Binomial Surd:

An expression is called a binomial surd if it consists of two terms in
which at least one term is a surd. For example:

a+bx, Vx +.[y are binomial surds.

Conjugate of Binomial Surds:
() a+bJx and a—bVx
(i) Vx+y and Jx-.[y

are surds whose product is a rational number. The pair of such surds
is called conjugate binomial surds. Each of these two surds is a
conjugate of the other. For example:

(i) 2+3/5is conjugate binomial surd of 2—3+/5.
(ii) 3 ++/7 isconjugate binomialsurdof /3 —+/7.

Remember that:

Conjugate binomial surds are rationalizing factors of each other.

Rationalizing Factor:

When the product of two surds is rational, then each one of them is
called the rationalizing factor of the other.

EXAMPLE
() 2v3x+/3 = 6, whichis rational.
So 3is rationalizing factor of 243.
() (N3++2) (3-2) = 3-2 = I whichisrational.
So (/3 ++/2) is rationalizing factor of (+/3 —~/2). |

27




~ Rationalization of Surds:
T > process of converting a surd to a rational number by multiplying it
1@ suitable rationalizing factor, is called the rationalization of the




10

|~

@) ZHS () xos @) (x+'1") "
x xBTSl T

1 2 . ) I 5 , . i
) [x-;) (vi) x2+x—2 i) oL z

SOLUTION: . — 3+J§

|
|

{ (,)_ : LR :
i ) X ; 3+'J_ "_:v',‘ . - u'I:
| 2 5 :

|

3“‘/5 | 3‘;‘*/5'

@) x+— o e

—‘(3+~/_)+ &= .;' ]

f‘.'..‘ L ‘-'-n\i




| ALGEBRAIC FORMULAS AND APPLICATIONS

s v i el e

etip-er (from (i)
p X

_ (from (iii))

=x2+i2+2—2
P

= *-_é_ﬂ.z)-z

- H('*
~ {from (iv)



E XERCISE - 1.3

Remove the radical sign from the denominator:

] 2007 6

(@) NG (1) 5D (iii) ?

Simplify the following expressions:

() N2+48 (i) 4450 +~200 +50

i) (N12-2) (N20-32) (v) 6+2) (5=~5)
W) (V3-26-35) i) (7+3) (5+42)

Rationalize the denominators of the following :

v Lo 7 . 43 oy
() Ve (i) VI (iid) Tl (@iv) N \[;
2 29

) 5\7 i) J3+
2+3ﬁ \/5—

Vii
G P e
(viii) —17
W7 +243
1 it
If x = /5 + 2, then find the values of (i) x+; and (if) x° +;2'
' . 1 s
If x = 2++/3, then find the values of (i) s and (i) x R
| ) It Aol
Ifx = V3 -+/2, then find the values of () Sae and (@) x i
1 : : i % 1
If = = 3—+/2, then evaluate () x+; @) x i
X

& 1 . 1
If el V10 + 3, then evaluate () ( P+;)z @) ( P—.;)z
P :

b+b? —a’ (i) \/a+3-\/a—r3‘
b—+b’-a® Ja+3+a=-3

Rationalize (z)

31




~ (a) rational number
@ swd

:.2. (a+b)’ —(a-b) =
@ 2@’ +b°)
() —4ab

Review Exercise-1

& An algebralc expressnon of the form
are polynomials, is called a:

(b)

(@

(b)
(@)

(b)
(d)

' (a-b)’

oo ¥
{ i\';ﬂ

il i,g( 0)#0, P(x) and Q(x)

rational expression

mixed surd

4ab

a’ +b’

a’+b%
2(a’ +b%)

(a+b)?
a +b’

(a+b)
a3+b3.

=

(a+b)3




9. Ja=a?is asurd of order:”
(a) zero (b) -1
(c 2 _ (d)_ 50

10. Surds can be hultiplied, if they are of the
(a) same order (b) order 2
(c) different order (d) ordern

II- Fill in the blanks.

1. A number of the formZ, g #0,.p, ge Zis called a
R calle

2. An expression of the form%,g(x) #0, P(x),0(x)are polynomials
v X
is called '

(2]

. (a+b)’ ~(a-b)" =

-

. (a+b)’ +(a-b) =

2

a’ +3ab(a+b)+b’ =

o

o’ ~3ab(a—-b)~b’ =

7. (a=b)(a*+ab+b?)=__

8. (a+b)(a’-ab+b’)=____

- 9. An irrational number that contains radical signs is
called a _ |

10. a=a""?is a surd of order.




\llrf‘

SUMMARY
Fqnnutae; |
A (a:t:b) =a iZab+b2
“(a+b)? +(a- b —z(a 2167 ) '
(a+b)’ —(a—b)’ =4ab
(a+b+c)’ =a’ +b’ +c? +2ab+ 2bc+ 2ac
| (atb)=d’+3ab(axb)+V’
A P (b —abi )

t-:ghtsr_.-mns;icg =5’ =(a-b)( _a? +ab+b’)

j -‘ Surd ‘Asurd is an irrational number that contains radical signs.

Pllre Surd: A surd which has unlty only as rational factor, the other .
:; ~ factor being irrational is called a pure surd.

, Mixod surd: A surd which has ratlonal factor other than umty the other
A ‘ factor being lrratlonal is called mixed surd.

f’urd Surds hawng the same lrrataonal factor are called snmllar

n the product of two surds is rational, then
ne of them is called the rattonallzmg factor of

t’f‘tla"f.yu s A5 I

xﬁi’n"; Yo iz 5 i

; ;t_t-,. L:."u!- |2 ik
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UNIT

FACTORIZATION

p Factorization

> Remainder Theorem and Factor Theorem
» Factorization of Cubic Polynomial

After completion of this unit, the students will be able to:

» factorize the expressions of following types.
o Typel: lkx+ky+kz,
o Typell: ax+ay+bx+by,

o« Typelll: a +2ab+b,

e TypelV: a -b,

« TypeV: (@ +2ab+b")-c,

¢ Type VI: a‘ +a2b2 +b‘ or a‘ +4b‘,
« Type VII: x +px+gq,

« Type VIIE: ax’ +bx+c,
a’+3a’b+3ab’+b’,

a’~3a’b+3ab’-b’,

o Type IX:

. o Type X: a’ :tb’.,

» state and apply remainder theorem. '

» find remainder (without dividing) when a polynomial is divided by a linear polynomial.
» define zeros of a polynomial. '

» state factor theorem and explain through examples.

» use factor theorem to factorize a cubic polynomial.




2 I FACTORIZATION OF EXPRESSIONS

|
gy
g ! I.menr Polynomml S

] A polynomial of degree ‘1’ is called a linear polynomial.
For example: x + 3, 2x — 5 efc. The general form of linear polynomlals

! . isax+b where a, b are real numbers and a =0 .

Ouadruhc Polynomlul =

: A polynomlal of degree ‘2’ is called quadratlc polynomial e.g.
R 3 +5x—2, X’ —3x+1 etc. The general form of a quadratic

‘polynomial is ax’ +bx+c, where a, b, c are real numbers and a # 0.
~ Cubic Polynomial :-

A polynomial of degree ‘3*is called a cubnc polynomial. e.g.
% =37+ 5x+2, 4x +5x? —2 etc. The general form of cubic

: . polynomial is ax’ +bx? +cx+d where g, b, ¢, d are real numbers
Ty, i “anda#0.
Let P(x) be any polynomial and let g, b, ¢ be any real numbers such

that P(x) = (x—a) (x-b) (x—c). Then, clearly each one of (x—a), (x-b),
(x—c) is a Ilnear factor. of P(x).

To express a given polynomlal as the prodect of linear factors or
- factors of degree less than that of the given polynomlal is known as
GE factonzatlon

We see that in I5= 3><5 3 and 5 are factors of /5. Slmllarly, in
ax+gy a(x +y), a and (x + y) are factors of ax + ay and in
&-Pay-x-az-a(x +y +z) a and (x +y+z) are factors of ax + ay + az.
. Jeiqmuwmu:m h 0 et :



Following examples will explain the. factorization of the expression.

EXAMPLE-1 -
~ Factorize the followmg Fi vl rnirhe ok

(i) 3x+ 12y (i) X +xy (iii) ad + de + df =
() 2pg+6p°q—4p’q e e 1 on el
SOLUTION:

(i) 3x+12y = 3(x+4y)

(@) X’ +xp = x(x+y)

(iii) ad+dc+df = d@+c+f)

(iv) 2pq+6p°q—4p’q = 2pq(1+3p—2p°)

Factorization of the expression of the form:
ax + ay + bx + by

Following examples will-explain the factorization of t,hevexprq,s__sign.

EXAMPLE-2
Factorize the following express:ons ¢ S halls ,
(i) 2ax +bx+6ay+3by - . (i) 2yx+18y’ 32x +, 27zy bon s
(iii) Sym + 15yn + 2zm + 6zn sy el !
SOLUTION: | ' '

() 2ax + bx + 6ay + 3by
x (2a +b) + 3y(2a + b)
(2a+b) (x+3yp)

Now check (2a+b)(x+3y) = 2ax+ bx+6ay+3by

Il

(iii) Sym + I5yn + 2zm +.6{n _
= 5y (m+3n)+ 2z(m + 3n)
= (5y+ 2z) (m+3n) -

(i) 2x +18y° +3zx+ 272y
= 2y (x+ )+ 3z(x + 9y)

= +39) (+%)
37



J ey ﬁfﬁa rizatlon of the expresslon of the form:
XTI b . a*+2ab+b’ ol
|\ ! I llf‘l . N : ‘-]?.h i LN H T ' : 2 . '
o S Pf"*\We know that ‘() o +2ab 4B =@+b?
" i (ii) a® —2ab+b* =(a-b)’
t‘ . Expressmns which have the pattern of the left hand side of (i) and
i (i7) are called perfect squares. These identities are useful in helping

! ﬂ.‘;r us o factorize certain expressions. FolIowmg examples will explain

the factonzatlon of the expressions.

 EXAMPLE-3

e Factorize the following.

)x2+6x+9 @ =12t336% . sy, -

SOLUTION: (i) % +6x+9 = X’ +2(3)%)+3 .

sl | = (+37

(@) P-12t436 = .7 ~2(6))+6"
> (t<—6-)2

d‘é%ressnon B haTor

b2

e of _t_\'rioysdua'res., a’~b =(a-b)(a+b)

[ 4



EXAMPLE-5  Factorize 364° — ]
SOLUTION:  36d° —1 "= (6d)* (1)
= (6d+1) (6d-1)

EXERCISE — 2.1

Factorize: | »

1- 3a(x+y)-7b(x+y) - axtay-x'—xy

3- a’+a-33°-3 | 4. x3+y—xj.y'-x

5- 3ax+6ay — 8by — 4bx 6 2a2—bc-72;1_)+'ac‘

T-i ‘a(a=bitc)—bheata 8- 8—4a—2a°+a*

9- 16x’ -24xa+9a> . 10- I-I4x+49c7

- 20x% + 5 20x N2 20+ 2a — 4B

13- x? +x+§ _ ‘ 14- x2+xi2—2

15 5’ -30r +45c - 6= a?+b% +2ab+ Zbo+2ac.

Factorization of the expression of the form:
- -0 (a2 +2ab+b%)—c?
. (i) (@ -2ab+b?)—c?

Following examplés will explain the factorization of the expressiohs.

EXAMPLE-1

Resolve into factors:
x? +2xp + y° —47°

SOLUTION: . (x* + 2xy + y* ) — 427

= (x+y)} —(22)°
=(+y=22) (c+y+2)
T




et B R A

(c’ +6bc+9b‘7 ) 16x2
& gl © F e +3p) —(4x)? . |
. =(c+3b+ 4x) (c+3b— 4x)- e

9 = a?-2ab+b? - 9c7 o
3 e
= SN

= (@-b-3)(@a-b+30) T

= -3y 22)(x 3y+22)
:m:fm '“e..&n.J G et o G




SOLUTION: - x* +64

EXAMPLE-6
Resolve into factors:
x +x y +y

SOLUTION: x* +x7y? + y*

=i (x +8+4XJKX'h8'.‘4x)\ el o' B ;
. A HARIEE Sl QIR P st | &

= .'(x‘ +2x° y +y

(x )y +2(8)x --2(8)x’
(x +8)2 16x2 g
(x +§)’ (4x)

a1y

! 155
1.1 »
(RIEY |3 S

L "

. - - g .t -
ORI s ST D
.- ¥ il T

(x2+y 7)2—(39")

b .
lz 1\21 i
y,.‘“gcy)

(x +y +xy)(

el

asiT -

R T T AT
i ,;q‘\.-.;

3

g e S

l]
'm &

’*'as-l
) i 2

" "_"\" _Z.r:

‘ -»-'*-af‘ewm :

"'I-..




'ﬁim':bf’(th‘e'_fexpression of the form: -
b X’ +px+q

; t x‘zz-i-;pfc+q =. (x+r) (x+s)
Then X+ px+q = x2+(r+s)x+rs

panng coefﬁcnents of the Ilke terms on both sudes we get
r+s=p and rs=gq '

qréer to factonze x’ + px+gq, we have to find two numbers
3 H = {0

suchthatr+s =p and rs=gq

(ii') 3_&2+4:é-21 (i) % - 5x— 14

factonze x* +7x+12, we must find two
 7’and s’ such that
r+s=7 and TS ="12
'~+='i3ﬁ--7""‘“ahd 4x3=12
Tx+12 = i +4x+3x+12 :
= x4 #3644 8
= ._a_'+4)-.(;‘+ 3

T B W,y

=4 .‘
"_'!l LF\-



Clearly -7+2=-5 and -7x2=-14
X’ -5x—14 = X*-7x+2x-14

x(x—7) +2(x-7)

(x—=7) (x+2)

Factorization of the expression of the form:
ax’ +bx+c, a # 0

To factorize the expression .of the form ax? + bx + ¢, we find numbers
pand gsuchthatp +g=5b and pg = ac in the given expression,

where a,b,c are constants and ; « ¢.

Following examples will explain therfactorizétion of the expression.

EXAMPLE
Factorize: (i) 6x* +7x=3 (i) J3x% +11x+6~/3

SOLUTION:
(i) The given expression 6x° + 7x — 3,
is of the form ax® +bx +c, ac=6x(-3)=—18

6x’+7x-3 = 6x°+9%—2x—3
= 3x(2x+3) —1(2x+3).
= (2x+3) Bx-1) '

(ii) 3x? +11x+63; ac = [3x6~3 = 18

Clearly 9+2=11 w g :—9,(( 2’)_-13 |
3x? + 11x+ 643 —J§x +9x+2x+633
3x[x+3\/-] +2[x+3~/_]

= (\Bx+2) (x+3J')
.43

6x(-3)=-18

Possible Pairs

- 18x(=1)=-18

(~18)x(1)=-18
- 6x(=3)==I8
-6x3=-18

- —9x2=-18
9x(—2)=—18f
Pair




= ~—i

E XERCISE - 2.3

Fadorize: e
. ¥ +9+20 e 2. x’+5x-14
73. x2+5x7—6 : -4 }xz —7x+12
5 P 6. ¥’ —x-2
7. X1 -9x=90 8. a’—12a-85
9. 98-7x-x* = ' o0, -1y 152,
ﬁ. 27 +3x+1 ) =2, 3% +5x+2
TEL A 14. 6x° +7x-3
S oo Kt o v = i 1608 6 5
7. _3u2—10u+8 e 18. 10X -7x-12
19. 5x'2"_'32x+_12_' A R0, 4357 + 5= 23

~ Factorization of the expression of the form:
- |@® +3a°b+ 3ab” +5°
{a'3 —3a’b+ 3ab’ ~ b’ }
We know that:
() @+ =d +3a°b 3067 + b’
@) (a b =a’ ~3a°b + 3ab” -’

o Followmg examples will explam the factonzatlon of the expressron

- EXAMPLE Factorize: () x* +6x> +12x+8 (i) x' —6x> +12x -8
sownou j . S0 e |
(i) +6x’ +12x+8 = &) +302)0) + 32 x+(2)°
‘ 5 = x+2 ;
@) X -6 +12x-8 = (& ~32)6F +3(2  x—(2)
- ARV Wisig=2)
“



a +b?

We know that _
() @ +b° = (a+b) (a* -ab+b’)
(i) @ -b° = (@a-b) @ +ab+b’)

Following examples will explain the factorization of the expression.

EXAMPLE-1

Factorize ] .
) x’+27 (@) 8’1256 (i) *-)y° () o’ —b —a+b

SOLUTION: e
() x> +27 = P4+3
= (x+3) x> -3x+9)
(i) 8a°-1256° = (2a) —(5b) |
= (2a-5b) [(20)* +(2a) % (5b) + (5b) |
. = (2a-5b) [4a’ + 10ab + 25b2]_
(lll) x6 o y6 2 (x3 )2 _@3)

= &+y) -y )
= (x+y) & —xy+y’) (- y) (&’ +xy+y)
=ty -y & —xy+y_) (o +_JW+J{)

PORERRR S 0

(a- b) ‘(@ +ab+b?) — (a= b)
(a- b) [’ +ab+b2—1]

- ..I.-m‘ oy SNSRI S S

LB e T 3 .v-—‘n.', uni)



) a’+2ab+b’ = (@+b)’

a’ - 2ab+b? = (a-b)>

i) a® +3a%b+3ab? +b = (a+B)

. () @’ -3a’b+3ab’-b’ = (@a-b)

.'--(V)_. Gt -ty )= Py
0D G- rEyt) = -y

Ty 4

E XERCISE — 2.4

SRR T 4]
4 Vs
-6 27 —64y3

A NE e e

3%313 gl _‘5 &b | 8 112!6# =343

ik
)

Wy

10, a +b° +a+b
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SERECL LT U

P(x) =a,x"+a,,;x""+a,_,x"?+.....+ax+a, , a, #0

where ‘n’ is a non-negative integer and the coefficients are constants,
is called a polynomial function of degree ‘n’.
For example: ‘

(i) P(x)=a, x+a, (is a polynomial function of degree one), a, = 0

(i) P (x)=3x’ + 5x + 11 (is a polynomial function of degree two)

(ifi) P(x)=7x" + 2x* +4x° +7x* + 5x +6 (is a polynomial function
; of degree 5)

7 \ : : ‘
(iv) P(x)=5x" + = +6 =5x° +7x| +6 (is not a polynomial function) .
X . .

EXAMPLE }
Divide P(x) = 2x* + 3x° - xi— 5 by-' x+ 2

SOLUTION: 2 —x* +2x-5
x+2 12xf +3° —x—-5
e +2x + 4x°
-x’-x-5 ]
Fx° T2 -
. 2x2_7-xe5
+2x% +4x
N =t
it e ARG g

R )




& . 2 2.1 The Remnmder Theorem

$b

,
1 S lfR is the remamder after dwndmg the polynomial P(x) by x-a, then
l b : TG P(a) = R

g Dl e or

L = -

gt i ‘.term Ieft co,ntalmng Xt
1 g
§e

e EXAMPLE 1

‘F sl By ‘_'lfp(x) ! +10x3+19x+5 is divided by x+3, then
R ﬁnd’the remarnder itk -
i Vsoumon P(x) 4x +10x’+19x+5

=l B i (AT oo ATl = .
QL s '1; ' x a~x+3 = a=-3

[ o memfom P(-3) = 4(=3)" +10(-3)° +19(-3)+5
’* e | 4x81—10x27 - 57 +5
T e 324-270-57+5

v e it g




2.2.2 Finding Remoinder Without Dividing

In the following examples, we learn to find the remainder without
division, when a polynomial is divided by a linear polynomial.

EXAMPLE-1

Use the remainder theorem to find the remainder when the first
polynomial is divided by the second polynomial.

() x> +3x+7, x+1 (i) x° —2x" +3x+3, x-3

SOLUTION: (i) Let P(x) = x* +3x+7

Since the divisor = x + 1
Thereforex—a=x+1 = a=-1.
By the remainder theorem

R=P(-1)
P(-D=(-1P+3(-D+7
Now =1-3+7
R=5.

(i) Let Px) = x> — 2x* + 3x + 3

x—a=x-3 = a=3

"R =P@3)
Now P@3) = (3 —2(3)* +3(3)+3
=27-18+9+3
R = 21

EXAMPLE-2

When x* + 2x° + kx? + 3 is divided by x — 2 the remainder is 1.
Find the value of %’. '

SOLUTION: Let P(x) = x* +2x° + ho? + 3 e
Since the divisor = x - 2, therefore x—a=x-2 = a =2 E'

b

. : . £ _heli
L0 o B GBS s




T AR oy
N ,‘7:\;—”:,

ow  PR)=)f +202F + k(2 +3
B (O Okt 3 = 35+4k
Honik r.':.' *P(Z) = [ (given)

: I=35+4k = 4k=-3¢4 = k=—L

_;—_4, gnd O(x)=x—a, are any first degree polynomials such
0 gnd O(a,) = 0 for polynomials P(x) and O(x).

Let P(.x)—x‘2 +4x—5
L._!‘\‘T" :



EXAMPLE-2
Use the factor theorem to show that x + 1 is a
factor of P(x) = x* +1

SOLUTION: By direct substitution we see that -1 is a zero of P(x)

P() = x¥ +1

P(-1)=(=-D% +1 " " (=142}
=-1+1 :
=0

Since -1 is a zero of P(x) = x*° +1,
The linear polynomial x — (- 1) = x + 1 is,
- by the factor theorem, a factor of x* + 1.

EXAMPLE-3
Use the factor theorem to show that x — 1 is not a
factor of 4x’ —2x% + x> + 2x+57?

SOLUTION:  Let P(x) = 4x —2x° +x* +2x+5
x—a=x—-1 = a=1
P(l) = 4(1) =201 + > +2(1) + 5
=4-Z+1+Z+5
= 10#0 SrOB
Then by factor theorem x - 1 is not a factor of 4x’ —2x° +x* +2x+5

EXAMPLE-4
Use the factor theorem to show that x+1 is not a
factor of 2x° —5x* —x+4

- SOLUTION: et P(x) = 2x’ —5x° —x+4
| x—a=x+] = a=-1 ;

P(-1)=2(-10-5(-1)) ~(-D+4

= —2-541+4 e

- )=-220 a5 T

x+1is nota factor of 2x -—5x‘ —»x-M

v,sﬁl"




- FACTORIZAT

Factonze the following
.u.xj x? —10x+10; x-1

-n*”‘”"""" Pkx) = x* —x’ —10(x)+10; x—1 .
x—a=x—-1=>a=1
"“ ' P(I)=F-F-10+10
; ‘ = 0, therefore x—lis a factor of P(x)
210"
iy Now x—1 |x° —x?—10x-10
P 5
51 T g —10x+10
F10x + 10
0

ﬂP@c) 13‘8 g — -2 Wa= 2

P(2) = 23 8=8-8

R = 0, thereforex —2is a factor of P(x) -
| ”"yi. L.;: frig ot ¥ 2% +4

%ow x =24 ET

s RT - '3 :

:
1
10



FACTORIZATION

I- Evaluate each of the polynomials for the value indicated.
1. P(x)=2x"-5x’ +7x=7; P(2)

2. P(x)=x"-10x" +25x-2; P(-4)
3. P(x)=x"+5x—13x* -30; P(-1)
4. P(x)=x’ —10x’ +7x+6; P(3)

5. P(x)=x"+4x’ —9x* +19x+6; P(-2)

II- Determine whether the second polynomial is a factor of the first polynomial
without dividing (Hint: evaluate directly and use the factor theorem).

6. x°—1; x+1 7. x® -1 x-1
8 x-2%; x+2 9. xX*+2°, x-2
10. 3x’ —2x° +5x—6; x—1 M. 5x° -7 —6x+x; x—1
12. 3¢’ = 7% —8x+2; x+1 13, 5% = 2% + 3 +6x+2; x+1
14. 6x3+2x2—x+9; x—1 15. 4x° — —8x+4; x-2
3 2 ] : o 3o = s =
16: 5% +3x —x ol dxisT 17. 2y° - 8y* +y—4; y—4 —

18. 22 -5z —4z—4; z+2

1I- Solve.

19. If P(x) = ¥’ —I” +3x+ 5 is dIVlded byx 1, ﬁndk &
_«.if remainder is 8. SralEt,..




r pblynon"i’ia’i”i'é of degree =
0 : b) I
@ 3

b I
@ 3

(b) 1
@ 3

b)) (x-1)(x+3)
d x-1)(x-5

] ) G-YE+9
.V-,_..\(x+2)(x +4) (@ (-2 &x+4)

O G-y & ryty)
O xty) @ +p+y?)

- O (@-1) (@’ HI) =
() (@ +1) (a+1)

di fivi lded_ b;y bolynomial Y—a’,




5. Factorization ofx+2)° -1 is | P ‘ }‘ ] ‘

9. If x — ais a factor of P(x), then P(a) =
(@ 0 b) 1
() -a (@ a

10. If Pee)=x’ ~2x° +5x+1, then P(l) =

(@ 5 () -5
(c -7 c. (d) o0

II- Fill in the blanks.

1. Alinear polynomial is of degree

2. A quadratic polynomial is of degree

3. A cubic polynomial is of degree

4. Factorization of x> —9is_

6. Factorization of x’ +8 is ek R

-

7. Factorization of x> =4 is

8. If Py=x"+3x’—2x+lis divided by x— I , then P(f)= .

9. If P()=x"+3x"~3x+1is divided by x + 2 then P(-2)= . }

10. If P(x)=x’—d’ is divided by x — a ,then P(a) =




SUMMARY

Linear Polynomial: A polynomial of degree “/” is called linear
polynomial.

Quadratic Polynomial: A polynomial of degree “2” is called quadratic
' polynomial.

Cubic Polynomial: A polynomial of degree “3” is called cubic
‘ polynomial.

Factorization of following types of polynomials:
| h+@+h, ax+ay+bx+by, a’+2ab+b’
a? —b, (@’ +2ab+b? )=c?, a’ +a’b? +b* or a’ +4b’,
x? +px+gq, ax’ +bx+ec,
@’ +3a’bx+ 3ab’ +b°, @’ —3a°b+ 3ab’ -1’
a’+b’.

Remainder Theorem: If a polynomial P(x) of degreen > Iis divided by a

polynomial ‘x—a’ where ‘a’ is any constant, then
remainder is P(a).

- | Factor Theorem: If a polynomial P(x) is divided by ‘x-a’ such that

- gl P(a) =0, then ‘x—a’is a factor of P(x).




ALGEBRAIC MANIPULATION

P H.CFand L.CM

D Basic Operations on Algebraic Fractions
» Square Roots of Algebraic Fractions

After completion of this unit, the students will be able to:

» find highest common factor (HCF) and least common multiple (LCM) of algebraic expressions.

» use factor or division method to determine HCF and LCM." -
» know the relationship between HCF and LCM. =

» use HCF and LCM to reduce fractional expressions involving +, —, x, +.

» find square root of an algebraic expression by factorization and division.




3.1 HIGHEST COMMON FACTOR (H.C.F) AND LEAST COMMON
‘ MULTIPLE (L.C.M)

3.1.1 Highest Common Fadior {(H.CF)

Tﬁe'highest commbn factor of two or more algébraic expressions is the
~ expression of highest degree which divides each of them without
remainder.

The abbreviatipn of the wofds highest common factor is H.C.F.

a1 We can find the H.C.F of two or more than two algebraic expressions
by the following two methods:

(i) Factorization

(i) Division

H.CF BY FACTORIZATION METHOD:

Method of finding highest common factor by factorization is explained
by the following examples:

 EXAMPLE-1
‘J F lndthe H.C.F of-l_ 12p3 qz’ 3p2qr3-and 4p2q3r
i S e
" ~ SOLUTION:

Eégﬁt‘é‘rjliz‘atian‘of, 12p°¢% =RxPx 3x plx [plx p x4 % q

X FxXrxr

gxqxr




EXAMPLE-2
Find H.C.Fof 2x* +3x+1, 2x* +5x+2 and 2x* —x—1
SOLUTION:

Factorization of 2x° +3x+1 = 2 + 2x+ x+1
=2x(x+1)+1(x+1)
= 2x+1) (x+1)

Factorization of 2x’ +5x+2 = 2x° +4x+x+2
=2x(x+2)+1(x+2)
= (x+1) (x+2)

Factorization of - 2x? —x—1 = 2x* = 2x+x—1
=2x(x-1)+1(x-1)
=2x+1) (x—1)

Common factor = 2x+1

Thus HC.F = 2x+1 .

EXAMPLE-3

Find H.C.Fof  24(6x* -x’ —2x*) and 20(2x® +3x’ +x*)

SOLUTION: Let P(x) = 24(6x* —x’ —2x%)
= 24x%(6x* —x-2)
= 24x°[ 6 —4x+3x -2
= 24x7 [2x(3x - 2) + 1(3x— 2)] |
P(x) = 24x*(2x+ 1) (3x—2) = 2 x2x3xx’(2x+1)(3x=2)
Also let O(x) = 20(2x° +3x° +x*) 3
= 20x*[ 2 +3x+1]
= 20x*(2x7 + 2x+x+1)
= 20 [ 2+ D+ 1+ D) |
=20+ D) (2x+ 1) _
=2 x5xx’ xx}(x+1)(2x+1)
Common factors = 2* xx* x (2x+1)
Thus H.C.F = 4x* (2x+1)
59




R EXAMPLE=4
| Find H.C.Fof x> -4, x> —7x+10 and x* +x—6

SOLUTION: Factorization of x* -4 = (x-2) (x+2)
Factorization of x° —7x+10
: 2 : =x?—5x—2x+10
: : ‘ = x(x—-5)-2(xx-35)
=(x-3) (x-2)
Factorization of x’+x—6
L . =x’+3x—2x—6
i ' = x(c+3)—2(x+3)
- s L =G+3) (-2
Common factor = x—2 '
ThUSSHICF =X = 2

EAERCISE - 3.1

Lk

2 6pgr, 15grs 4
e A }1442-’”: 2lab’

6 4abS, 8a’be, Gab'e




H.C.F BY DIVISION METHOD

In order to find the H.C.F by division method, arrange the given
expressions in descending powers of the common variable.

Divide the Iarger degree polynomial by another one. Get the remainder.
Take the previous divisor as the dividend and this remainder as the
divisor. Divide and get the remainder.

Go on repeating the process till we get zero as the remainder. The last
divisor is the required H.C.F.

EXAMPLE-1

-Find the H.C.F of (x> —x’ +x—1)and (x = x* —=3x+3)
by division method.
1

2 -x?+x-1 |x3—x2‘—3x+3

SOLUTION:

Pl txxl
—4x+4 =—-4(x-1)

Now dividing- —4x+4 by —4, weget x-—1
5 2]
x—1l¢-x?+x-1

Thus HC.F = x -1

Remember that:

H.C.F is not affected by multiplying or dlvndlng the polynomials
with any number during the process of finding H.C.F.

61



EXAMPLE-2

FlndHCFof 23 +6x +5x+2 5%} +10x —3x—6 and
3x +6x +2x+4

w S :
SOI.UI'!ON: a2l « b 5
2 2x +6x2+5x+2 5% +70x* = 3x—6
fes! o
; ' X2
105 +20x° —6x— 12
+ 10x3 +30x% + 25x + 10

—10x2 —31x-22

~ Now dividing — 1 0x* —31x—22 by ~I’, we get 10x° + 31x+ 22

x—1
1087 +31x+ 22 [0 + 6¢° +5x+2
. s
e e S 10+ 30x% 4 25% 510
L AT 210 £ 3057+ 22x
ok ' —x° +3x+10
x10
_ —10x? + 30x+ 100
R  FI0X° F3IxF22
e ’ 61x+122

s

122 by 61, we get x+2

: P)-t.m.;
.“. iﬁm"ﬁh 'g'!i § P




" Now 3x% +2

x+2 137 +6x2 +2x + 4
+ 3x’ +6x°
2x+4
+2x+4
0

Thus HC.F = x+2

EXAMPLE-3

If x—a is the H.C.F. of x> —~x—6 and x’ +3x—18 then find the
value of a.

SOLUTION: Clearly, (x — a) divides both x’ —x—6 and x° +3x-I8,
so x = a makes both polynomials zero.

ie. a>—a-6 =0 and a’+3a-18 = 0
a’-a—6 = a’+3a-18
4a = 12
a=

Divisor

A polynomial D(x) is called a divisor of a polynomial P(x),if
P(x) = D(x). Q(x)for some polynomial O(x). <7

3 "—f,-sW? ‘
For example: ToEER R
Let'P(x) = (x—2) (x+3) ‘and"D_(x) = x—2 ek wr‘“. qrﬂ”
! A &

then clearly D(x) is a d:wsor'.offl(;c) e nm 5 ”w mﬂ .

Since P(x) = (x—2) (x+3)
= D(x). Q(x) where O(x) = Jssr}ér




JEXERGISE 3.2

Find the H.C.F by Division Method.

I x'+x2+1, x*+xX>+x+1

2. 6°+7%° —9x+2, 8x4.+6x3 —15%7 +9x -2

38 4 +2x" —6x , 4’ —8x+4

4 XP+7°+12x , X —2x"—I5x

| 5. X¥—x?—x+1 B O ]

6. x° —xz—x.-z X +3xP—6x—8

7/ ¥2+3x—4 X —2x*—2x+3

8. 3¢’ —14x" +9x+10 , 155 —34x* +2Ix 10

9. '+ 0+ 4x+2 , 67 +5¢° +x, '+ 3 4 xP + 2+ 1

10. P +x* —5x+3 , X’ ~7x+6 , X’ +2x° - 2x+3

3.1.2 Least Common Mulfiple (L.C.M)

The least common multiple of two or more algebraic expressions is the

expression of lowest degree which is divisible by each of them without
remainder.

The abbreviation of the words least common multiple is L.C.M.
We can find the L.C.M by factorization method:

LCM BY FACTORIZATION:

— i, To find L.C.M by factorization, consider the following examples:
el ¢ "




EXAMPLE-1 |
Find L.C.M of 12p’q’, 8p°qr’ and 4p’e’r
SOLUTION: g 5
Factorizaﬁo‘n of 12p°¢* =(2]x{2]x 3 x [p]x

Factorization of ~ 8p°qr’ =|2|x1{2|x 2 x/p|x

Factorization of  4p’q’r=12)x|2/x/p

L.C.M = Product of common factors X product of uncommon factors
= (2 xp’xq’ xr) x 2x3x% pxgxr? )
= 4p q r><6pqr
= 4x6poXPXq2xq5<r$<;'2
LCM = 24p°¢°F

Remember that:

Common factors are not repeated whlle taklng product of
common factors.

EXAMPLE-2
Find L.C.M of 18ab’c’, 6ab’c’ and 24ab’c’.

" SOLUTION: | |
Factorization of  [8ab’c’ =

Factorization of  6a%bc’
Factorization of  24ab’c? =

Thus L.C.M = Product of common factors x product of uncommen.faetors‘ it

= (2_x3xaxb2xcj)x(_2_x2x3xa)

E (6ab IR (20) e o 2ol
LGM;=Teabics | . e n..:l '




EXAMPLE-3 . |
Find L.C.M of x*—49 and x’ —4x-2I
SOLUTION: - 249 =x2-72
: : = (G-7) (x+7)
and x*—4x-21 = x> —7x+3x-21
= x(x=7)+3(x-7)
=@x-7) (x+3)
| c':ommbn factor = = x-7
~Product of. uncommon factors = (x+7) (x+3)
L. CM = Product of common factors x product of uncommon factors
' = x-7)x(x+7) (x+3)
= =77) (x+3)
=’ -49) (x+3)
LCM =x" +3x* —49x— 147 .

Exsnmse =33

§

. 3a'b’c? , 5a°b°c’
4 x'yz , x’z, xy’
6 %64, 16

8y 9g;+32 y+y o ||

s‘v.

,rlo(ax S AN

= i -_flz. x.? 1.. &3‘) H‘J‘!"'fy(\”\ -6-+ y6




3.1.3 Relationship between HCF and LCM

If 4 and B are two algebraic' expressions and H.C.F. and L. C M 6f

these is represented by H and L respectively, then the relatlon among
them can be expressed as:

- [4xB = HxL]
It is called a formula between L.C.M. and H.C.F.

PROOF: Suppose that

A B
—=x and —=y
H H
A = HxS S S (i)
B=Hy ... (ii)

Since there is no common factor between x and y- .

. Therefore L = Hxy

HL = H(Hx.y) (Multiplying both the sides by H)

= (Hx).(Hy)
HL = AB.
_ Important results:
oo
w o
w 4-5k

Note. If 4 and B are two algebralc expressions, | then we find H C. F
first, before finding the L. CM B AT e e ,,;1

IfH.C.F of two algebrau: expressrons is given then we can‘i 3% ;
find L.C.M. B b S i

87 -



EXAMPLE-1

- L.C. M and H.C.F of two algebraic express:ons is 2x+1) (-1
. and (2x+ 1) respectively. If one expression is (x—1) (2x+1), then
" find the other.

~ sowmioN: L = 2x+1) (> 1)
' H=2x+1
A=GE-1) (2x+1])
Bli=7-
We havethat AxB = HxL

HxL
A

e

_ (2x+1]) ﬁcz—.l) (2x+1)
(x-1) 2x+1)

_ x4 DE+1) G=DEx+ 1)
(=D (2x+1)

B=(x+1)(x+1)

EXAMPI.E-z : i
~ The H. .C.F of two polynomials is (x+ 3) and the:r L.CMis

S X —7x+6. If one of the po!ynomtals is (x* + 2x - 3), then find
=1 A the other |

X 42— 3m
i ‘-x :F3x +2x°
A s '-_,2x’--4x-{-26 . oo
. T2 THt6
M0 bin

',
Bl



EXAMPLE-3

Product of two expressions is x* + 3x° — 12x — 20x+ 48 and their
L.C.M s x* +5x* —2x—24. Find their H.C.F. 3

SOlU"TlON.- Giventhat AxB = x* +3x° -'-'Isz —20x+48 '.

L=x'+5"-2x-24

H = - i e LA
LxH = AxB

ol =.AxB'

L
X3 12— 20x+ 48
H= : .
X +5x7 —2x-24
b

X5 = 2x—24 |x‘+3x —12x° —20x+48
sxfesdgolgom
-2x’ - 10x* +4x+48,

T2 T I0x £ 4x 48




E XERCISE _ 3.4
Find the H.C.F and L.C.M of the Following.

L P4+x?+x+1, X =xP+x=1 .

i x3.—'3x2—4x+12 : x3—x2—4x+4

3 2842 4x4l, 2 -2 a1

4 6’ +7x° —9x+2 , 8" +6x° —15x" +9x-2

5. 3x* +‘17x3+27x2+7x—6 S 6xt 47 =272 +17x -3
6. 2x 300 —13x2 —7x+15 , 2" +x° —20x7 —Tx+ 24
1. = x+1 = JE

8t e 7 axttx —x—1

Find the Requ'ired Polynomial. .
9. A—x—5x 14 , H—x 7, L=x-10x* +]1x+70 Bi="12

10. B—3x’+14x+8 H=3x+2,L =65 +25 +2x 8,4=1
" 11. The product of two polynomlals and their L.C.M. are

X — 3 — -56x—48 and x° +2x
‘Find their H.C.F.

12, The product of two polynomlals and their L.C.M. are

x +5x’ X — 17x+12 and x’ +6x? + 5x—12 respecttvely
Findtheer CF.

oz 13. The‘preductoftwo polynomiials and their H.C.F. are . /
AR -—12x3 +53x2 102x+72 and x—-3 respectwely Find L.C.M.

— L1x— 12 respectively.

R X



- 3.2 BASIC OPERATIONS ON THE ALGEBRAIC FRACTIONS
3.2.1 Addition and Subiraction of the Algebraic Fractions'

Addition and subtraction of the algebralc fractions are explained in the
following examples.

EXAMPLE-1

2 L ) pory S,
. . 3x+2 x°=5x+6 x+x—6
Simplify Xt T -
x’-2x-8 2= +12 x’ —6x+8

XX +3x+2 X —5x+6 A e

SOLUTION: + -
X*-2%-8 x —7x+12 x’ —6x+8

X 2+ x+2 . X =3x—2x+6 x*+3x—2x—6

x° —dx+2x— 8 X2 —dx—3x+12 X2 —4x—2x+8

(x+2)(x+]) (x Ix-2) @x+3)(x-
(x— 4)(x+_2) x—-4)(x-3) (x—4)(x-2)

x+1 +x—2_x+3 . :
x—4 x—4 x—4 : IS BRI

x+l+x-2-x-3
x—4

=
|
N

=
|
N

AT ')u-)* )?.,

Remember fhat. :
]2 1\ “\

_ (i) In the algebraic fractnons the numeratp[S"and*dgnomlnate-7;1.
are polynomials. 24! :

~ (i) When we add or subtract thbse fractlgp; Me reduc‘e t
lowest terms." JE /T

n

4, o
.




h (EXAMPLE-2

a by, 3 Ll ab
@ +ab+b° a-b d’-b

Wt T ab

0 a’+ab+d?  a-b o’ -b’

B G b) (i b)+ 1(a’ + ab+b° ) - ab

BE ) S _

a’—b’+a’ +ab+b’—ab
: a3_b3

w2a2 (3°
a’-b’

are algebraic expressions, then_l.i and % are called

s, where Q#0 , S=0.




EXAMPLE-1

2 PR 20 0L 2 R
Simplify bz‘ cz a2+2ac_x b2+c2 a) 2bc
c"+a"-b"+2ac a°-b°+c°-2ac

2\ o : 282 ) W
SOLUTION: b2 cz a‘ +2ac 3 b +c¢“ —a‘ - 2bc
2 +a? -b% +2ac az—b2+c2—2a,c

b —(c? +a® - 2ac) (B + = 2bg)-d?
(c? +a* +2ac)-7b2 (@ +c? - 2ac)- b?

b’ —(a-c)’ y b-cf -d’
(a+c)2—b2 (a—c)f’ -b°

__[-@-9]  p-c-gp-cra
(@a+c-b)(atc+b) (—1)[b2—(a—c)2]

_ —(b—-c—‘la)(b—c-i-a) .
(a+c-b)(a +b+¢)

(a+c-b)(atb-c) a+b-c
(a+c—b)(a+b+c) at+b+c

EXAMPLE-2 :
AL b - d’+ab+b’
Simpli d +
piity ' at=bt a’+b

13 9= 3 2 2
- a’+ab+b
soLumion: & +
a’-b’ a+b*

a’—b3x a’+b’
a’-b'  a’+ab+b?

(a=b)@ +ab+b?) a+b
@ +b’)@a+b)a-b) o +ab+b’

1
a+b.




oy it
a a+l a+2

o 2a x-a ‘+ 2,
e (6-2a) x*-Sax+6a’ x-3a

(s

3. ol A:'z.‘” “at 1

~

P R T R R,

G e L x
x2+.x+[ xzfx-}jl 2]

ab- c) _ bz(c a) AEXe (a b)
m+wm+d @+d@+@ (c+a)(c+b)

.1 ' 1' x+2 x=2
"1’ x+I % +x+1 x —x+1

E XERCISE - 3.5




3.3 SQUARE ROOT OF AN ALGEBRAIC EXPRESSION

We can find the square root of an algebraic expression by -

(i) FACTORIZATION
(i) DIVISION

3.3.1 Square Root by Factorizafion Method

By this method we find the square root of the expressions which can
be expressed as a complete square.

For example:

H

x* 2xy+y% = (xty)
or x2i2xy+y2 = [i(xiy)]z

or \fx‘?:thy+y2 =+(xty -

Therefore, the square root of an algebraic expression consists of two
expressions which are additive.inverses to each other.

EXAMPLE-1
Find the square root of 49x” +112xy + 64y’ by factorization.

SOLUTION: 49x° + 112xy + 64y°
= ﬁx)z +2(7x)(3Y)+(Q§Y)2
L (RSP NS L !
497 + 1125+ 649" = [ (7 + &)

Taking square root of both the sides, we have :

4957 + 1125y + 647 = +(7x+8y)

75




EXAMPLEZ2

" Find Squ’arahmo&of; (? +:-‘a’;:)+10(:é + 4 )+27.
Ny x >

SOLUTION: Let x+2 = z,

) L @r=)P =7 (Squaring both sides)
o 3 t a'n.ﬁ": fahal agnicas {8 T RO L aril
y 1
=T X+=+2=7°
. ; >x

: 4 -.‘[_‘ “;. ¢ ,l i v o ‘ L < X 2

-"j._(:c2+?)+1-0(x,+i-)+27 = 2224102427

B =270+ 05

i 2h

e

e orod o b P oL i | = (?z+5)‘2 o 3 [Pu!ﬂng Z = x+_..:l
o R . C ‘_—.‘_. 1 ". \ R .> [ FRRES T i ~

= et N



_EXAMPLE-3 | | . g
Find square root of x(x—1)(x—2)(x-3)+1

SOLUTION: x(x—1)(x—2)(%—3)+1 |
= [x(- 3] (6= D= 2)]+1 -
= [x’ = 3x:| [xz - 3x’+‘2] +1

Put x‘z —3x =A z

=D -2 —3) 41 = 'z(-z+2)+1
| = 22+22+1 _
;(2{1)2.
Now put z = x* —3x
x(x-TI)(chZ)(x—.i_)fI =’ -3x+17 |
o 5=,[i'(x2-3x;1)]’_ -

Taking square root of both the 's‘ide’s;‘_we get

Jx(x-l).'ﬁrfz)(x-‘s)u ‘=“‘:‘t(x.2 ..3x+1) e

bl




Fmd square noot of ( s Yy ) 4( f).(x:»tb.ym)

=hz7i * (Squaring both the sides)'.

i ok 2 _?; b o ‘
5 4(y J‘:) (2+ +2) 4(——

“_|"I .. - X :‘ \', S » J
l

e WE =22+:2+2_—‘4z

=2 —4z+4

B R )

-,J_'ALJI'“I"'. -
2 X
 |putting z = =-Z |
“ l-‘ 14 y x ‘.




3.3.2 Square Root by Division Method

We explain the method of finding the square root.by division method in

the following examples.

EXAMPLE-1

Find the square root of x*+y? +z° + 2xy+ 2yz + 2xz

SOLUTION:

2x+y

2x+2y+z

S X+y+z

X+ 2xp+ 2xz+ 2yz+ y? + 22
+x2 o

2xy+2xz+ 2yz + y° + Z°
+ 2xy +y2
2u+2yz+z
+2xz+2yz+z
0

‘ Required square roots are t(x+y+z) .

zie 2x+2y+z.

We get the quotient X+ y+z and remalnder zero. .‘
Thus £(x+y+2) are the requlred square roots. . -

(i) Write the given expression in desc:en'ding order.
Take square root x of the Ist term x’
On subtraction, remainder is 2xy+2xz+2yz+ y +2z°

(1) Multiply 2 times the”quotient x by y, which is equal to the :
Ist term of .the remainder. Therefore by dividing the
remainder with 2x + y, we get the new remainder

5 2z +2yz+2° and x+y as quotlent whlch are the Ist two
‘terms of the square root. s i

£

(i ltl) Divide this remainder by sum of 2 tlmes the quotlent and




1
|
Al

. EXAMPLE-2
. Find squar root of (=7~ 1267~ %)+ 36

4

x2)+36__

ol S #
oo yoe

SOLUTION: (Jr’éﬁ)’ — 126 -

S 2 056
X- X

x'+

—pef 1 272434+ g JE i‘ (Writing in descending order)
: XX '

: 25T
5 x2

x‘-—_12x2+34+1—§-+i4
] X X

£ x*

—12x2+34+€+'i,
: X X

|gizde36 . ..

yERet Sk A 2o ] 200 ]
7 1 -2+—+-
.,_,‘:xz 5t
R 1201
b g 2+ —+— -
L e ';..- I

T R
. :?f‘_l.’.'l‘ \-\F .
S



EXAMPLE-3

For making x* - 12x’ +217x+ 320 a complete square,
(i) What should be added ? (i) What should be subtracted ?
(i) What should be the value of x ? :

SOLUTION: L e
x| xf 120 +0F +217x + 320 .
+x?
2x% —6x —12x +0x? + 217x+ 320
+12x +36x°

2% = 12x—18 — 36x% +217x+ 320
T 36x° +216x+324

' - x—4 |

(i) By adding —x +4, the expression will be a complete square.
(ii) By subtracting x —4, the expression will be a complete squafe.

(iii) If x—4 = 0 i.e x = 4 then the expression will be a complete
square. '

EXAMPLE-4 _
_For what value of ¢ and m the expression
4x* — 123’ +25¢% —tx+m is a complete square, where x#0

SOLUTION: 22 =3 d
22 | 4x* =12 +25¢ —tx+m
+ 4x*
4x? - 3x —12x° +25%°
| F12d £9¢ »
4x’ —6x+4 16x* —bx+m i
— 16 $24x£16 Y
(6% 24)x +(m~ 16) Remamder - i

81



The given éxpression will be a complete square, iffor each value
of tandm, the given, express:on (=L +24)x+(m—16) is zero.

It will be possible only if:
—t+24=0 and m-16 =0

t =24 and m = 16
Thusfort = 24 and m = 16, the expression will be a
complete square.

[ XERCISE — 3 6

Find the Squure Root of the Following.

1. 16x_ +g4xy+9y

(P —Tx+12) (2 —9x+ 20) ( — 8x +15)
6+ 824 7) (25 —x—3) (257 +11x—21)
x4+ 2)(c+4)(c+6)+ 16

:_‘(qu-z)(zx +3)(2x+5)(2x+7)+ 16

:-'.'w-s*

5

-.'(x?+-x7) ]0(x+—)+27x¢0

1 7. .-'(t--)’ —4( +")+8 0

""_)?4—4(x+-) +12,x#0

25x 21245416

+— Isa complete square,




Review Exercise-3 : " ey

I- Encircle the Correct Answer.
1. Product of two expressions 5
LCM Bl
(@ HCF : b)) LCM
() LCMx HCF (d LCM+HCF
2. The number of methods to find L.C.M are: -
@ 0 (b) 1 (c) 2 () 3
7/
3. The number of methods to find the H.C.F are!
(@) 4 ) 1 € 2 (@ 3 ¥
4. H.C.F of I2pg, 8pq is: |
(a) 4pq () 4p’q’ © 4pg’ (@ 4p°q
5. H.CF of 267 +3x+1, 2 —x—1is: =
(@ 2x-1 ) 2x+1 (0 x+1 @ x—1I
6. H.C.F of 6pgr, 15grs is: _ ?
(a) 3qr (b) 3pgr (©) 3pgrs (d) Ispgrs L
; ‘ R
7. L.C.M of 12p°¢?, 8p?is: . A e
(@ 24pq’ ) 24p’q © 24p°¢* (@), 12’q *
8. Product of two expressions = |
(@ HCF () LCM |
() HCFxLCM : (d HCF+LCM
9. Product of two expressions _
HCF i
(@ LCM (t) HCF |
© 0 (d L.CMx HCF
10, LCM XHCF _ o
- First E resszon ‘ b eigh e G SR N
. st LXp N _ aviela d]

second expression (b) (©) HCF :

@

3 m(d) L%{mm







LINEAR EQUATIONS
AND INEQUALITIES

b Linear Equations

P Equation Involving Absolute Value
b Linear Inequalities

p Solving Linear Inequalities

After completion of this unit, the students will be able to:

» recall linear equation in one variable.
» solve linear equation with rational coefficients.
» reduce equations, involving radicals, to simple linear form and find their solutions.

» define absolute value.
» solve the equation, involving absolute value in one variable.

» define inequalitie$ (>,<) and (2,<).

» recognize properties of inequalities (i.e. trichotomy, transitive, additive and multiplicative).

» solve linear inequalities with rational coefficients.




| UINEAR EQUATIONS AND INEQUAUITIEG #8

4.1 LINEAR EQUATIONS

“ A statément in which sign of equality “ =" is used to link two algebraic
expressions is called an equation. An equation involving only a linear
polynomial is called a linear equation. Equation ax + b= 0,a#0is a
linear equation in one variable in standard form.

=R

g i For example:
@) x+3 =35 - (i) l;-x+4 =

4.1.1 Linear Equation in One Varichle

Any equation that can be written in the form:
- “ax+b =0, a#0...... (1)

where a and b are constants and x is a variable, is called a linear
| ‘ equation (or first degree equation) in one variable.

Equation (1) always has a solution:

= a’x;i-b=0, a#0
- DR e = —b

R 2 =)
il"'" TS ] = —— Is the solution of the equation (1)
RS b a

=XAMPLE

thatx = 2 is a root of the equation Sx—12 = —2

HS =5x-12 = 5x(2)-12
~ =10-12=-2=RHS



RULES FOR SOLVING AN EQUATION:

() Same quantity can be added or subtracted to both sides of an
equation without changing the equality.

(ii) Both sides of an equation may be multiplied by a same
non-zero number without changing the equality. -

(iii) Both sides of an equation may be divided by a same non-zero
number without changing the equality.

(iv) TRANSPOSITION:

. Any term of an equation may be taken to the other side with
its sign changed , without effecting the equality, is called
transposition.

-
(AN R e

Solve: 5x—6 = 4x-2

SOLUTION: We have 5x—6 = 4x—2
Or 5x—4x = —2+6 [ Transposing 4x to L.H.S and —6 to R.H.S ]
Thus x = 4 is a solution of the given equation.

CHECK: Substituting x = 4 in the given equation, we get
LHS = 5%x(4)—6 = 20—-6 = 14
RHS =4%x(4)-2 =16-2 = 14
s LHS = RHS
Hence x = 4 is solution of the given equation.

o d "..‘.u‘f ?‘“.ﬁ_’: - ©
4.1.2 Solufion of o Linear Equation

Any value of the variable which makes the equation a true
statement, is called the solution (or root of the equation).
Solving an equation means to find a value of the variable which
satisfies the equation. -

87




R O Xt =12 .é. (Transposing — to LHS and - to RH.S)
. ) 5 '

s I’ ‘i .'-... 2 : or 4x = _9_
“"\'Lv ST SR : ]

' .1_3.;4]; el . (dividing both sides by 4)

4 4 5
s
X =—
A
- Thus ”u Z_ s solution of the given equation
ubst:tutmg = £ in the given equation, we get
L oRNIs27 1 31
- LHS = 3IX—+— = —+— =
b g . 200520 . 5 20
' 9 31

20

‘ Iutlon of the glven equation.
2 TR

.SLI



Thus, y = —;—z— is solution of the given equation.

Substituting y = ;—g in the given equation, we get T

LHS =2-x(_—9) 11 5ss E_ﬂ
20/ T S0 2T 50
] (-9 3 37
RHS == x e el O
3 (20) 20 20
-~ LHS=RHS

Hence y = ;—3 is solution of the given equation.

EXAMPLE-3
I3

. b=
SOIVG 4 X _ X X 4

SOLUTION: L.C.M of the denominators 4,6,2,4 is 12.
Multlplymg both sides by 12, we get

3x+2x = 6x+9
or Sx = 6x+9 _
or 6x-5x =-9 [ Transposing 5x and 9 |
or S ) e .
Thus x = —9 is solution of the given equation.

CHECK: Subst:tutmg x= —9m the given equat:on we get

e ] =9, 3, SR
LISH S )+6x( syt
s , o
Lo i e el S
RHS 2 x ( Q) > 7 5 _
o LHS=RHS | % ot i“”

Hence x=-9Is solutron of the gtven equat:on

d s My



EXAMPLE-4

5x—4 x-3  x+6

; , Sx—4° x—3  x+6
SOLUTION: We have ST

Muitiplying both sides by 40, the L.C.M of 8,5,4, we get
5(5x—4) — 8(x—3) = 10(x+6)
or  25x—20-8+24 = 10x +60
or 17x+4 = 10x+60
or J]7x—10x= 60—4 [ Transposing I10x to L.H.S and 4 to R.H.S ]

o DRz 256
or x-= % =8 [ Multiplying both sides byé ]

Thus x = 8 is solution of the given equation.

-

CHECK Substituting x = 8 in the given equation, we get
Ol dmd u, 36 gelyhs 28 _7

LHS = 9
|I;":: A » . 8 5 8 8 2
B s =YL
AN g )
LALH.S = RHS"

Hence x =3 is solution of the given equation.




EXAMPLE-5

Solve: x—[l’x = 3x_4] Wl 3

7 3

SOLUTION: We have, x—[2x - 3";4] = '3'2 s
By removing the brackets, we get,
| 3x-4  4x-27
X — . 2x+ = -
T %
oF _x+3x—4 2 4x=27 3 .
| 7 3
Multiplying both sides by 21, the L.C.M of 7,3, we get

~2Ix+3(3x—4) = 7(4x—27)— 63
or —2Ix+9x—12 = 28x— 18963

or —12x—-12 = 28x— 252

or —12x—-28x = —252+12 [by TfanSPOSﬁion I

or  —40x = —240

or x =6 [ dividing both sides by —40 ]

Thus x = 6 is solution of the given equation.
CHECK: Substituting x = 6 in the given equation, we get

LHS =6-[2x6—3"‘; 4} o (12—%)=6—(12—2)

= 6-10 = -4
RH.S =4_"_63:?1_3 =:}_3 = s1-30= =4 :
- LHS=RHS ¥ TSRS 5\

Hence x = 6 is solution of the given equation.

Wl-mt we need fo ‘know ?




NEAR EQUATIONS AND INEQUA

T‘Sohm 0.3x+0.4 = 0.28x+1.16 ~ b -
 SOWTION: We have 0.3x+04 = 0.28x+116 |

or 0.3x—028x = 1.16-0.4  [by Transpositon ]

or 00 =076

~ Thus x.= 38is solution of the given equation.

‘ ~ CHECK: By_.{'s.ubstitulting x = 38in the_ given equation, we get
KT LHS =03x38+04 =114+04 = 11.8

. RHS =028x38+1.16 = 10.64+1.16 = 11.8

i . LHS=RHS

5 Hence x = 38 is solution of the given equatton

oy _3::i 4x+10 x+6-8
.._.1*““4‘ D il
e ;  3x— 2—10

{" u; At
gl (79 1R ST R
x S i

=
=
_,,n—_J FI
. 7 N
u

——

> ”.ru k|

Ry, =y
TR



4.1.3 Equaiions Involving Rudicals

: amongthoseofthe newequatlon L IS B i,

In solving an equation such as
x—1 =95 e (1)

Squaring both sides x—1 = 25
x =26 -

which is solution of (1)

However, if we do the same thing to

= 26

which is not a solution of (2)

Since 5 # -5

Similarly , we note that
{x|x=5}={5}
{x| =2 };{‘—5,5}

Where as we see that the solution set of x= = IS a subs
solution set of the equation. - M
We get by squarlng each member ofx 5 e

g;

equation. On the other hand any solutlon of the onéinal eq :

,' el
et

2 g



PR S R e N
LINEAR EQU! y
b bl as o ettthe

EXAMPLE-1

Solve: Jq.+\/x—4. =

 SOWmON: x4 = 4

o e rrhi - 0) \/ﬁ = 4v—x ‘ (Isolating the radical on one side)
: f‘f it R » x—4 = 16 —8x+x’ (Squaring both sides)

? :“ o o 7 g - x2—9x+20 =0 (Solving quadratic equation)
-7  G-a-4=0

£ 1 ‘ i =5

L=y : .Cpeck to eliminate extraneous roots (if any)

x=3 ] | x=4

! S+\5-4 =4 , 4+J1-4-=14
- s+1+4 g '
~ Therefore, x=35 x=4
is not a solution is a solution
FRgr ~. Solution set={4}
m‘f% H & LM res ,
roots in them.
of each other.
each side.
ol i =
e yiov.: |
7 7 NCI B 15y ,'“ %1




EXAMPLE-2

Solve: 3x-2 — Jx =
SOLUTION: 3x—2 = 2++/x

336—2 =4+ 4\/; +x (Squaring both sides)
Ix—x—2-4 = 4x

2x—6 = 4x
x=3 = 2x (Dividing both sides by 2)
X —6x+9 = 4x (Again squaring both sides)

XX =10x+9 =0
(x=9)(x-1) =0
x =19

-~

Check to eliminate extraneous solutions (if any)

Oa=r/ ; o7 = Y
3x1-2 -\1=2 |,  3x9-2 -9 =
Vi-1=2 ", 25 -3=2 -
02 AR s-322
Therefore, x = 1 X =19
is not a solution is the solution

YU

.. Solution set = {9} ‘ e 1 ;%ht, ‘_ -



(i)
.'(iV) (90-9x)+27 = 90+ 9

"-Lm;_«s);zﬁx ' 3. 3(2x+5) = 25+x

3(2x—1) = 5x-1)

~?If-f3 3(2}: 8) | ‘_ 5

na B T e
PR

6)=3(1+3x) ' 74 IQX—I X

e 2x+5
'—G'I._ s 9. 5x +3 i
B v xX+6
it

Nl = 15— 2%

13' ‘\15H+9 = n..]

xt5+7 =10




4.2 EQUATIONS INVOLVING ABSOLUTE VALUE

In this section, we learn.to solve the Ilnear equatlons involving absolute

value.
4.2.1 Absoluie Value
For each real number x, the absolute value ofx denoted by | x|, is

defined by the formula:
x If x>0

|x] =40 1fx—0
~Xffx <0 - &

For example:
18 =8
el

4.2.2 Equations I wolving Absolute \J’u!ue.

Using the above defi n|t|on we w:ll not ﬁnd |t dlfﬁcult to show
thatforp>0 UL L &

lxl=p o x=tp

e t e

—P 0t D

EXAMPLE | £ -

Sove (i)|x|=5 (@) |x-3|=5 () |x+2]=3
 SOLUTION: S, il
(') | %1 =55 = Slt=r et HE =S ".>‘,5*._1' o 2 .“
<€ 4 } e i i : E‘. : @ (s ; SIS
=543 =2l O T2 3 S R




(i) |x-3|=5=>x-3=4%5

e fuae st
= =i A R AR
(i) |x+2|=3> x+2 =143
: x+2=3 orx+2=-3

xi=3-20r . x

‘x=1 o x=-5
E=w] or -5

Il
|
w
|
N

I O R | ! 1 1
<€ 2 ¢ T T T T

=G = = e

>4
~ -

4.3 I.INEAR INEOUALITIES

- We know about ordenng of numbers on the number line. A number on
the number line is greater than any number on its left and less than
any number on |ts right.

431 lnequallties (> <) und (> <)




& || 1 | I I

v

< T 1 ]

5 —iake e oA
4 ¢ :

—4 lies on the left of —1, hence —4 is less than -1
and we write —4 < —].

We write a < b, read “a is less than b” if and only if there exists a
positive real number p such that

a+p =b;

We write a > b, and read “a is greater than b”. We write a < b.if and only
ifa<bora=>band we writea2bifand onlyifa>bora=5

The symbols "<",">","<"and ">" are called order relations or
inequality symbols. ’

Two algebraic expressions joined by an inequality symbol, such as
7(3x—2) +§ < 2x——§- is called an inecjuality statement or simply

an inequality.

x>3 means x can take. any 'value greater than 3
lt cannot be 3. It-is shown on the number lme

|||||'| 1 1 i
U SRR T T T | DR

-3 -2 -1 0 I 2 3 4 5

x<] means x can take any value less than or equal to 1.
This includes I. It is shown on;the number line.:

&

<
| | 1 | 1
1 1 I 1 1

(R L s
1 1 1 .
~3ag of) |0 DTS ISR S U GRS m,

5 e e hﬂs‘

4.3.2 Properiies of'lnequulitieé

: I’RICHOTOMY Consider any two numbers x and Y, on the number Ilne
One and only one of the following statements must be true.

@) x>y (i) x=y - (i) x<y
ThIS is known as the Law of Trichotomy

S 3 x 1 A ER AT




Lt
»

o e
f ilkj .: £

,' This is not true fora negatlve number b The ordenng relation is.

TIWISITIVE For any three numbers x , y and z, if
: x>y and y>z then x>z

s This is kno_wn_ as the Tra_nsﬂive_Property of Inequality.

‘Forexample: If x=10, y=5 and z=2,
S then 70 >5, 5>2and 10 >2

. ADDITIVE: We can add or subtract a posmve number from both sides of

an inequality without any change in the mequallty sign. For any two

~ numbers x and y and a positive number ‘a’

If x>y (6.g.5 >3 and 2>0),
_th{en x+a>y+a eg.5 +2 > 3+2)
S —a>y—a (.5 — 2>3 2)

Th|s is also tme for a negatwe number b;

lf x>y (eg 5 >3 and —-2<0),
then x+b>y-§-b ©g.5+(-2)>3+(-2)
 x-b>y-b (69.5 -(-2)>3-(-2)

~ MULTIPLICATIVE:. We can multiply and divide both sides of an inequality
- by a positive'number without having to change the inequality sign.

- For any two numbers x and y, and a third number a > 0,

o ;‘;‘,;':i}z? 3o dfex > (6.9.5 >3 and 2> (),

i s then ax>ay ‘(e.g. 2x5>2x3) and =>2
.a a

Emversﬁd.mgn multlplled or dwnded by a negative number




44 SOLVING LINEAR INEQUALTIES: - |

Inequalities are solved in almost the same way‘as-equations.. o &7 ' i
EXAMPLE-1 . ‘ o | At
Solve the following inequalities :

@) x+3<7 (i) 2x-1>5 . (i) 6-x>4 - |
SOLUTION: L 5
(i) x+3<7 :
X+ 337N (Subtracting 3 from both sides)
x<4 '
(i) 2x—1>5 Sy
x—1+1>5+1 (Adding 1 to both sides) 3
2x>6 1o : e
Sl (Diyiding both-:s'i'des‘ by 2 e
(i) 6-x>4 = !
6-x—6>4—6  (Subtracting 6 from both sides)
| _x>—2 i | — | .. ALSEUREIE O F 4| .1.""._"*.-‘,‘
- ox<2 -(Multiplying bqth._sides by -1 ; also change > into <) o
' How to include the points in the 2k




| EXAMPLE-2
R 134D _.SOl\(e-'thb.:ihgquélity: %x.} -‘17(::-;'1)
| sﬁiﬂﬁoﬂ- 1x>1(x—1)'
[ g STt 3Ty
S 1
: 12x§x>12x (x 1)

'-"_4x>3(x i
3 e vlix>3x—3
4x— 3x>—3 ] s

x>—3

G =
| B
T e
The solutlon is shown by the number line in fig (ii).

> X




EXAMPLE-4

Solve and graph 4";3 +3>6+3_2".
sownon: 2231856+
-6x4x_3_+6x8>6x6+6x37x
8x—6+48>36+9x
8x+42> 36+ 9 Lo
8x—9x+42> 36
—=x>36—42
—x>—6
x<6
—0
—F
0, i e
Fig (iv)

The solution is shown by the number line in fig (iv) -




Solve. :

= T .
3. |x+I|
5 |3x+4| = 9

1 36+5)>26+2)+8

Attt X d
S 6
anx+l;.x+3>x+1+l
) S

15 %x > I+éx

4 4x

15 S(2x43)210- 2
15 543 =

[ XERCISE — 4.2

|x=3| = 4

2.
4, |2x—3|v= 5
6. 3(x-2)<2x+1 =
" 8. éa—y>ip-y+i
0. 3x+4 EoX+d 7 x+35
_ 5 3 3
1. x+3 - x+2<1+xf5
A (B 5 6
14 i(2‘x+5’)<(7 4x)
x-2 x-5_1
16, — - ——2—
4 6 3

i g h a=ihs -

Review Exercise~4 =

l. An equatlon that can be written in the form ax + b 0,a # 0
~ where a and b are constants and x is variable i is called:

(a) Immr equation

'-j’ M MWM‘“

~ statement is called the:

(b) inequality
. (d) -constant

[b) inequahty ;
(d) variable

‘2. Any value of the vanable which makes the equatlon a true




I-
Lk
2.

3
b
5
6.

7.

For each number x the absolute valve of x is denoted by:
(a =x (b) -—x

@ W @ 0

The symbol > stands for:

(a) greater than ' (b) greater than and equal to

(c) less than or equal to (d) equal to ‘

The symbol < stands for:

(a) less than : (b) greater than and equal to
(c) less than or equal to (d) equal to

Solution of |x - 3| =5 is:®

(@ {8 -2} ‘ (b) {-8 -2}
(¢ {8 2} (@) (=8 2}
Solution of |x| = 3'is:

(@ 3 ; b -3

(c) =3 @ o
Solution of |x — I| =4 is:

(@ {5 -3} : (B)ER(=S-5pe
(€ {5 3} (@ ¢, 3}

Fill in the blanks wulh 'S ' or *< to make each of the stutementwconed'. _ ‘

If 15>10and 10> p, then 15 -

If -3 >xand x> y, then—3 y.

b.

If a <60and60<b,thena _

If x+1 = y,thenx_ Y-
fm-2 = n; thenm n.
If x>y, then 4x 4y.
v
|fx>y,then— _ .
10 10 .
If x> y, then (=2)x (-2)y.

3 108




e

T

—_— — —

L3 i Ny
<0,then p 0.
-3)u ()
.0.
SUMMARY

Linear Equation: An equation that can be written in the form ax + b =0,
a # 0 where a and b are constants and x is a variable, is called a linear
equation in one variable.

Solution of a Linear equation : Any value of the variable, which makes
- the equation a true statement is called the solution of a linear
equation.

- Absolute Valve: For each real number ‘¢’ the absolute value of )
- denoted by |x| is def ned by: o 7 A

bel= 0,"1'f x=0
—-x, if x<0

' Linear Inequalities: Two algebraic expressions joined by an inequality
Lsymbol such as >, <,<,2 is called an inequality.

!'_TrlchotomyProperty If x,yeRheneitherx>yorx=yorx<jy.
F'l'r:msitivel’roperty lfx y,zeR thenx>yandy>z = x>z

",f.v‘,‘_'reProperty Va, b ceR Ifa>b, thena+c>b+c
gy M anda—c>b-c

*‘Imtlvol’ropeny Va,b,ceR. Leta>b. Thenac>b¢:|fc>0
ndac<bclfc<0




UNIT

QUADRATIC EQUAT_IONS

» Quadratic Equation

b Solution of Quadratic Equation
P Quadratic Formula

After completion of this unit, the students will be able to:

» define quadratic equation.

» solve a quadratic equation in one variable by
« Factorization.
« Completing Square.

» use method of completing square to derive quadratic formula.
» use quadratic formula to solve quadratic equations.
» solve simple real life problems.




e — =it o L TR

5.1 QUADRATIC EQUATIONS

A quadratic equatlon in one varlable is an equatlon that can be wrltten
in the form: : » . :

ax’+bx+c =0, a=#0,
"where x is a variable and a,b and c are real numbers. We refer to this
form as the standard form of the quadratic equation.

A quadratic equation is.also a poI>yn_omiai_ equation in which the highest
power of the unknown variable is two.

5.2 SOLUTION OF A QUADRATIC EQUATION

We can solve a quadratfc equation by the following two methods:

() Factorization (i) Completing the Square (i) The Quadratic Formula

5 2.1 Solution of a Quadratic Equation by Factorization
The general form of a quadratic equatuon is ax’ +bx+c=0, a#0. We
~ can solve this equation algebraically to find x by using Null Factor
Law. : : :
If axb=0 then a=0 or b=0 (or both a and » equal zero).
The Null Factor Law works only for expressions in factor form.

EXAMPLE-1  Solve x2+4x-77 =0

SOLUTION: - x*+4x-77 =0 " Write the equation and check that
; e ' the right hand side equals zero.

(x-7)(x+11)=0 <—— The left hand side is factorized, so
; use the Null Factor Law to find two

xX—7=0 or x+11=0 : liner equations.

Equations that are not m factor form will need to factorized first before
“the Null Factor Law can be applied.

‘Remember that the rig_ht hand side of the equation must be zero.

¢ with integral coefficients
tegral factors whose sum

iof



EXAMPLE-2

_Solve  6x° —19x—7 = 0 using factorization.
SOLUTION: | ki
Compare with standard form
ax’* +bx+c =0 , a =65, tbi= =] 08 c;'-—-'—7
‘ac = 6(-7) ;42
—42=(-21)2 and -21+2=-19 =p
Thus 6x* —19x-7 = 0
6x% = 2Ix+2x—7.= 0%
3x(2x-7) + 1(2x-7).=0
(2x-7) 3x+1) =0 .. ;
“either 2x-7 =0 or 3x+1=0

Il -

wil izl
2 3
Solution set {—I ; Z}
37
EXAMPLE-3
Solve  2x’ = 3x
SOLUTION: o xl=3x
6 Qx50 Vet prISRIBEE IO S
X (2x 23 Ty M R .

.either x =10 or 2x —~3 0

3 - el
Solution sqt.---=a{0.-2-} AL TR T

_v‘.,‘“ '_...} W an sind iy

- Note: x =0, -;— are also callgd roots L%{hegqy D

W ;,9,

r B 10 T equaﬂon of»“?x’ C3x~amm «‘!!“*%’Eﬁé ;




{ : EXAMPLE-4 -

] o If x = 3 is a solution of the equation x* +kc+15 = 0.
' Find the value of k’. Also find the other solution of the
equation.

SOLUTION: Substitute x = 3 in x° +kc+15 =0
3 +3k+15 =0 :
%+24 =0 = k=-8
Now consider x>—8x+15 =0
15 = (~5)x(-3) and (=5)+(-3)=-8 =b
 x?—5x-3x+15 =0
x(x-35)-3(x-5) =0

(x-3) (x-5) =0
x-3=0 or x-5=0
x =23 or x=3
Solution set = {3, 5}1

'5.2.2 Solution of a Quudraﬂc Equation by Complei‘mg
ihe Square Method

The method of completing the square is ‘based on the process
of transforming the standard quadratic equation into the form

 @ibrtc=0 (1)
g (ot af =b &) (2) , where a and b are constants.
:g..«f . Equation (2) can easily be solved by éompleﬁng the square method.

But'how do we transfon"n equation (1) into the form of equation (2)?
b 2
5

Jlﬁ



It is important to note that the rule stated above apblies only to

quadratic forms where the coeff cients of the second degree
term is 1. '

Important formulas used in completing the square are: .
(i) (c+m) = x° +2mx+m’

(ii) (x—m) =x’ ‘—'2‘mx>+rm

EXAMPLE-1
Solve x° +6x—2 = 0 by completing the square method.
SOLUTION: xX+6x-2 =0 '

2 e 2 2] <_—-|Adding2tobothsidas|

X 46x =2

To complete the square of the
leéft side, add the square of one
_half of the coefficient of x to

X H6x+(3)P =2+3 <
3 | each side-of the equation. .

(x+3) =
x+3 = +~/I_f '
T
Solution set { 3+~/— -3- \/_ }
EXAMPLE-2
Solve (x-3) =
sowmioN:  (x-3)° =
X —6x+9 =4
X k=5
X —6x+(3) = -5+9
- gither x = 5
orx =1

Solution set =4, 9
m




| "li’»:xAMpLs'-s‘- PR i s ik L

' Solve 3(:\:—2)7 = x(x 2) by completmg the square method .

'a'!la ‘tr as

s :soumon. 3(7:-,1-4x+4) x’ 2x
N 32412 = X -2
i WP I =12
s o
B e B0

‘, 2 : Lo e AR

b - . '.t‘-:.‘-’-_‘l, .

o T R ek B AT 2
et x_i) =_6+_2£=(-_g)_;£

P} Ty T TS,

\‘j?‘ H\ i

'%w.u BT St TN S

I+
N~ .

i
~

il
NIR- NS N n
Il
W

N~ N
1l
(Y

"n

[
-
w
Nt

o

: .'c‘ R ':'P‘ e’

7 - -JZx 15 _ by complptlpg the square method

=

T AT




Solution set = {

32 +493 -3J2 - 93
52 C .5\[5 =

1 1 1 :
: PLE-5 Solve —+—— = = by usi isation.
EXAMPLE-S v? A by using factorisation.

sownon:  L+—L_ =
X x+8

1
3
x+8+x ... l
3
1

x(x+8)

*+8 3

x? +8x = 6x+24
x> +2x-24=0

(x+6) (x—4) =0
either x+6 =0 Oor x-4=0
x=-6 or ' x=4
Solution set = {4,-6} '

EXAMPLE-6 Solve 2x+4 = -1
X
SOLUTION: Zetd = ==l

x(2x+4) = x(Z ~1) <—{ Mullplying both
X

e . . ‘11’ >




\ : ' x4 +4x =7-x = axe = 2x(-7) = -14

. 2P +5x-7=0 2. 7 7x
I ; 1 (2x+7)(x=1) =0 < : Srx - —2x
. : ] F _7 2x'2f7 I 51: -
‘either 2x+7 =0 = x = = D
s, Solution set. = {—_21,1}
E XERCISE — 5.1

Sﬁlvq.ab’y_%Using"qurizuﬂoq Method: -
.,—?xi-,-IZ =0 2 xX-6x+5=0 8 x’ =8-7x

8. x’-8-3=0 9. 2x ='—%+3
h=i . x

‘lll.":’(Zx +3) (x—'2) 0.
18 #xB3x-1)=2 = (2x-1) (55 +1)

615 x2-6x-.3 =0

l?.x’+6x 3=0

19 i 3= 0 .
*‘:.f__ 2'- x2+m+n =0

m ’ x‘ s ~26 =0
| L A%
a‘:.,,z‘

=46 5.3 10x+8=0 6. 2 +15:-8 = 0

m

i



5.3 THE QUADRATIC FORMULA

Quadratic formula is one of the techniques to solve a quadratsc
equation. Usually this formula is used when the factorization is not
possible or seems to be too difficult.

5.3.]1 Derivation of Quadratic Formula
" The general form of a quadratic equation is
ax’ +bx+c = 0, a:O‘

where g,b,c are real numbers.

Now, we use the method of completing the square to derive a formula
for the solutson of all quadratic equatlons

ax’+bi+c=0  a#0

To make the leading coefficient that is of ¥°as I, divide by a.

b ¢ HEC
Lr=—x+—=0 or xX+—x=-=
a a a . a

‘ 2
Add the square of one-half of the coefficient of x, Whichi is [Zb ) , o
a

each side to complete the square of the left s:de

, b (b)z oo
ot —x = I =
a 2a 4a® .a

b i Jb% —4ac

2a 2a

-—bis/b’ -—4ac

The last equation is qailed the quadratic formula
15

o




) EXAMPLE-1

~_ SOLUTION:

7 ! i : Solve 2x+-j-— = x* by using the quadratic formula.
|
|

: \

2x+= = x*
2

Dissolve the fractions by multiplying 2

4x+3 = 2x>. <«—]on both sides and write the equation

in standard form
‘ 20 —4x-3 =0
Here a =2
. S
. c=-3
We have : x.= —b:i:Vbz—:lac
% - 2a

o (AN - 42)(-3)
.

- _4xl6+24 _ 4200

4 4

4+ 2410
4

x =

2+10
O
{+JE . 2-—J1_0}
T

b SF T e AT
- 16




EXAMPLE-2

Solve 4x’+3x—2 =0 by using the quadratic formula.

SOLUTION: 4P 43x-2=0
Here a=4,b=3,c=-2

(12
We have —-b+b° —4ac

s 2a
. ~3+./3* —4(4)(~2)
- 2(4)
-3+49+32
8
~ 3441
8 .

'{_3+J47 _3.-\/::7}'

8 ' 8

Solution set

EXAMPLE-3

Solve 9x° —42x+49 = 0 . by using the quadratic formula.

SOLUTION: . 9x* —42Xx+49 =0

Here a'=0 b=
2 L
We have oo —bEVb —dac
2a

_ —(—42)£(—42 - 499
i 29

- 2+I764-1764 _ __42 7
i 18 18 3
Solution set = {—}

3
T
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B EXAMPLE-4 g

e Solve (x+5)° +(2x =17 ~67 = (x+3) (2x~1)

£t by using quadratic formula. -
A SOLUTION:  (x+5)% +(2x— 1) =67 = (x+5) (2x—1)

et

2+ 10x+25+4x% —4x+1-67 = 2x* +10x—x—5
SR ox—dli= 224 %5

3’ -3x-36.=0

e e e
L] Y
i

¥ -x—-12=0  <—| Diideby 3’

A ;,_: E ' - Here a=1,b=-1,c=-12

V .'l ! ' : 3 - . A . We have, s _biVbz‘*4aC

2a

S ) _ (D) —4)(-12)
4] : 2(1)

- 1£1+48
2
1£+/49




~

e . |
Solve EZ_ = xT by using quadratic formula,
x-5 x—4
N: =
SOLUTIO o

3(x—l5) = 2x(x_4)
3x—15 = 2x* - 8x

25 —1lx+15 =0

"
Here a=2,b=-11,c=15 |
We have o = —bVb’ —dac |
2a ‘ §
_ —(-1)x(=11} —4(2)(15)
2(2) P
_ 11++121-120
4 3
WTEN | L
4 4
S ler
4 4
12 10
X = — or X =—
4 4 .. -
5 :
=3 or = — i
X xJ 2 i =
: S e, -
Solution set = {3.~} o e S
2 TS ¢t e
, o B Ao o =
B LR

19






5.3.3 Problems Involving Quadratic Equations

EXAMPLE-1

Find two consecutive positive odd numbers such that
. the sum of their squares is equal to 130. -

SOLU'TION: Let one odd number be x and the other number be
(x+2)

X +(x+2° =130
x?+x? +4x+4 =130

20+ 4e126 210

¥’ +2x—63 =0 <—— Dividing by 2’

x’+9x-7x-63 =0
x(x+9)-7x+9) =0
x+9) (x=7) =0
x+9 =0 or x-7=0
x=-9 or - x=7

x = —9 is not a solution, because it is a negative number.

When x =7
x+2=7+2=29

.. The two consecutive positive odd numbers are 7 and 9.

‘The area of the square is 10m’
The side of the square is x m.

Write down an equation that tells us that the.
_area is 10m? :

~* Solve this equation for x.

121



 EXAMPLE-2

Thé perimeter of a rectangle is 22cm and its area is
24cm. Calculate the length and breadth of the rectangle.

e L]

B xcm

SOLUTION: Let the length of the rectangle = x cm.
~ Perimeter of rectangle = 2(length + breadth)
22 = 2(x + breadth)

22-2x

The breadth of the rectangle =

= (11-x)cm

Area of the rectangle = x(11 - x)

24 = 1lx — x*
P —Ilx+24 =0
(=3 (-8 =0

~ therefore x=3 or x=38
B | - when x =3, breadth = 11-3

= 8cm

when x =8, breadth = 11-8

{ =3cm_ =

n the longer side to length,



EXAMPLE-3

A man is now 5 times as old as his son.

Four years ago, the product of their ages was 52.
Find their present ages.

SOLUTION: Let the boy be x years old now,
Then his father is 5x years old.

4 years ago, their-ages were (x — 4) and (5x 4). .
respectively.

By the given condition (x—4) (5x—4) =.52
Sx? —24x+16 = 52
5x?—24x-36 =0

5x> —30x+6x—36 =0
5x(x—6)+6(x—6) = 0

(5x+6) (x—6) =0

either 5x+6 =0 or x—-6 =0

= X =i P R
5

SinCe_ the boy cannot be —% years old. Thus x = 6

Son’s present age = 6 years

Father’s present age = 30 years 2
EXAMPLE-4

Find two consecutrve positive numbers such that the
sum of their squares is equal to 113.

SOLUTION: Let x, x + 1 be two consecutive positive numbers.
By given condition  x* +(x+1)* = 113
¥ +x? 4241 = 113
' +2x-112 =0
A +x—56 =0
(x+8) x=7) =0

x+8=0 or x-7=0
x=-80or x=7
x+1=7+1=8

.. Required numbers are 7 and 8
123
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e

7'_’The dlﬂ"erence of two numbers is 9 and the product of the numbers is
162m Find the numbers '

; 4. ‘-‘-::"l'-_lz'ie";b'ase and height of a triangle are (x + 3)em and (2x — 5)cm
~ respectively. If the area of the triangle is 20cm’, find x.

i

5, . The penmeter and area of a rectangle are 22cm and 30cm’ respectwely
L Flnd the Iength and breadth of the rectangle.

e product of two consecutwe positive numbers is 156. Find the
’mbers. :

.eir rec:procals is 2.

< kel 63




Review Exercise-5

I- Encircle the Correct Answer.

1. A quadratic equation has a degree:

@ 2 b 1 (6) zero : (@ 3 ‘
2. A linear equation in one variable is of degree: f
(a 2 (b) 1 *(c) zero @ 3 '

3. Factorization of 2% = 3x is:
@ o | (b) x(2x-3)
@ 2x° - 3x (@ 3x - 2%

4. Solution set of (x—2)* =4 is: ¥
(@ 0.4 . b) (-6 2}

© -6-2 . @ e | Loy
; 5. The number of techniques to solve a quadrattc equatlon |s

(8) 1 (b) 2 © 3 @ 4

. 6. Solution of x? —5x+6 =0 s: : Bl
@ {3} b) {2} € {23 (d) G2 3}

- | 7. Solution of x2—9=0is: _ N 2
@ (9 (b) {+9} €@ (£33 @ &

L
————rR
.

Factorization of x* — 16' is: i e T f“;'
@ (-2 6+2 b G- 2)(x+z)(x 9

L@ G-)E+DE ) @ @Y H"BLHEWM
' TR it fEn medh,d;i!!éﬂl

9. Solution of x* =1 is 31 s A"" Chngd g cwamhw .
O mEy o @ D

: ot g reroRs S ﬁcﬁﬁsf“ﬁm':ﬂ"
10, 2 2x+1=0has the solutlon
@ ey B O cﬁ,_a,

1 |_||__




77 Fill in the blanks. _
An equation of degree 2 in one vanable is called a
- equatlon

' +/b% — 4ac

2a

is called a

of 2x? —3x is:
‘(x 1Y =4 is:
f‘hmques to solve a quadratnc equation

%:,ompleting the square method cannot be

~-is used to solve a quadratic equation.




(VY8 MATRICES AND DETERMINANTS

Introduction to Matrices
Types of Matrices

Addition and Subtraction of Matrices
Multiplication of Matrices -

Multiplicative Inverse of a Matrix :
Solution of Simultaneous Linear Equations

VvV VYV

After completion of this unit, the students will be able to:

» define
« A matrix with real entries and relate its rectangular layout (formation) with real life.

« Rows and columns of a matrix. « The order of matrix, « Equality of two matrices.

» define and identify row matrix, column matrix, rectangular matrix, square matrix,
zero/null matrix, identity matrix, scalar matrix, diagonal matrix, transpose of a matrix,
symmetric and skew-symmetric matrices.

» know whether the given matrices are conformable for addition/subtraction.

» add and subtract matrices.
» multiply a matrix by a real number.

» verify commutative and associative laws under addition.
» define additive identity of a matrix.

» find additive inverse of a matrix.
» know whether the given matrices are conformable for multlphcatlon

» multiplication of two (or three) matrices.

» verify associative law under multiplication.

» verify distributive laws.

» show with an example that commutative law under mulnphcanon

does not hold in general(i.e., 4B # BA).
» define multlpllcatlve ldentlty of a matrix.

» verify the result (4B)’ = 5° 4. :
» define the determinant of a square matrix.

» evaluate determinant of a matrix.
» define singular and non-singular matrices.

» define adjoint of a matrix.

» find multiplicative inverse of a non-singular matrix A and verify that 44™" = 1 A4,
. where [ is the identity matrix.

» use adjoint method to calcu]atc inverse of a non-singular matrix.

» verify the result @8 =874

» solve a system of two linear equatlons and related real life problems in two unknown using.

e Matrix inversion method, e« Cramer’s rule.



6.1 INTRODUCTION

In this chapter we will introduce a new mathematical form, called a
matrix, that will enable us to represent a number of different quantmes

asa smgle unit.

The idea of matriceé was introduced by a famous mathematician

. Arther Cayley in 1857. Matrices are widely used in both the physical
and the soeial sciences.

A matrix is a square or a rectangular array of numbers written within
square brackets or parentheses in a definite order, in rows and
columns.

Generally, the matrices (plural of the matrix) are denoted by capital letters

ARG etc. while the elements of a matrix are denoted by

_small letters g, b, c.............. and numbers /, 2, 3............... For example:

1 2 7 ' e
‘A_[-* 5], B_,[Z]’ c=[+ s], D=[c d]
Look at another example:

A cbmpany that manufactures shirts makes a standard model
and a competition model. The labour (in hours) required for
each model is conveniently represented by the 2x 3 matrix.

; Packaging and
Fabricating  Finishing *  pangjing
u 5 1 0.2 . :
s : tandard Shirts
7 25 0.2

The weekly production can be represented by the row matrix

Standard Competition
Shirts i Shirts

[100 101

128



| 1-55 AND DETERMINANTS
Each matrix consists of horizontally and vertically arranged elements.

i A Horizontally
. = = arranged
S| ] comris
$ 3

Vertically arranged elements.

Rows: Horizontally arranged elements are said to form rows.

Columns: Vertically arranged elements are said to form columns.

The number of rows and columns in matrices may be equal or
different. However, the number of elements in different rows are
same and similar is the case in the columns of a matrix that remains

the same.

Generally, rows and columns are denoted by R and C respectively.
For example:

Column 1 Column 2
or or

(@]

CZ
y

R Qe —

b:|<—~—Rowl or R,

d|<—Row2 or R,

" Matrix 4 has two, rows and two columns whereas a, b, ¢, d are its .
elements. The number of rows and the number of columns are

denoted by m and n respectively.

In the above example m = 2 and n = 2

129




Order of a Matrix:-

If a matrix 4 has ‘m’ number of rows and »’ number of columns,
then order of the matrix 4 is mxn (read as “m-by-n matrix”)

EXAMPLE-1 Find the order of P=[ 3]

SOLUTION: Matrix P has only one row and one column.
So order of P is I1x 1 matrix.

| ' EXAMPLE-2 Find the orderof Q=[4 7]

SOLUTION: Matrix O has one row and two columns.
So order of Q is 1x2 matrix.

'EXAMPLE-3  Find the order of R = [Z ;’]

SOLUTION: In matrix R, the number of rows is two i.e m = 2

and the number of column_s istwoien=2.
The order of R is 2x 2 matrix.

R ———. -

3 4 9
EXAMPLE-4 Find the orderof A=|5 7 2
= L it 2 )

SOLUTION: In matrix A, the number of rows is three i.e m = 3
and the number of columns is three, i.e n = 3.
The order of A is 3 x 3matrix.




Equal Matrices:-

Two matrices 4 and B are said to be equal if and only if they have the
same order and their corresponding elements are equal.
Their equality is denoted by 4 = B.

WwW=aqa

For example: [W x] = [a b] b A
y z c d y=c

‘ z'=id

EXAMPLE

Which of the following matrices are equal and which of them
are not equal ?

g 4
1 2 = &

413 4]’B=32 e
= 3 2x2 r 6 T

Jig = 7

. s 2

C—I g D = 120083 E 6

il ot = , —3 1 3 |,

= 4 2 5 10
= .2x2 2 —
1l 3 7 B 2 |

F =
2 1 3 |

SOLUTION: Matrix B, can be written as

i 4
3-2 - [ 2
B = 2 :{3 4]:—:A
3 2x2 ] .

\ (i) Order of 4 and B is same 2 by2, and corresponding elements
are equal, so 4 =B.

(i) Order of 4, B and C is same 2 by2, but corresponding
elements are not equal, so A=B=C.

(iii) Matrix E can be written as: -1 ¢ 7T !
Order of D and E is same, i.e -2 1 3 7
3by3 and corresponding Fol (LI T L S T 5l = 5
elements are equal, 3 4 2.5
10 :
SO D = E szz 2 -'2— .

~ (iv) Order of the matrix Fis 2by3 , soF#DandE# F .
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- [E XERCISE — 6.1
Willl the help of the given matrices answer the questions from 1 to 3.
| 2 | 2 . 3 2 >
" A 3 : — ‘ B — _ o 2 C =|-7 o
[—5 o]. [ 0 4J |
. | : 0
! OO S E=[-3 2 0], F=| 0 5
| L 4-2 2 3.1

‘ __I-v What are the orders of matrices A,C and F?
2- ~What are the orders of matrices B,D and E?
3- What element is in the second row and third column of matrix D?

4- Whichofthe following matrices are equal aﬁd which of them are not?

'.-A'=|:4:|,'B=[1 2]:‘3:[2]’9: L2z

e = 3+3,F=[£ i],G: 85 -
A | 8+1 SRRl 8

0 3 4|1 [1 3].1 I'Ij]
H: ] s = =
a7 6 16/ |’
B __2_63 ' A

‘j(I'. 2 3+2 T1 35
o3 “ 4lL=]034],

1y ]

4+2 3| (263
T 132
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6.2 TYPES OF MATRICES

(1) Row Matrix:-
A matrix with only one row is called a row matrix.

For example: A4

[1 2] is of orderIx2.

Il

B

(1) Column Matrix:-
A matrix with only one column is called a column matrix.

is of order2x 1.

:

|

|

[2 3 4] is of order Ix3. '

!

1

For example: C 1
1

is of order3x1.

-
3_.
.
2
._.7_

(1) Rectangular Matrix:-

If in a matrix, the number of rows and the number of columns are
not equal, then the matrix is called a rectangular matrix.

For example: 4 =[2 5] , B [3] ,

4
1 2T
C =
1:3 4 5} ‘
are rectangular matrices of order/x 2, 2x [ and 2 x 3 respectively.

(1V) Square Matrix:-

If a matrix has equal number of rows and columns, it is called a
square matrix.

For example: 2 0 :
SR
_3 ] )

W N~
N o W

3
4
=)
are square matrices of order 2x 2 and 3x 3 respectively.
133
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(V) Zero or Null Matrix:~

If all the elements in @ matrix are zeros, it is called a zero matrix or
null matrix. A null matrix is denoted by the letter O.

" For example: O = [¢] is of order Ix/.

O=[0 0] isoforderix2.

-

Of= 3 is of order 2x 2.
0 0
[0 0 o0

O=|0 0 0]|isoforder3x3.
0 0 0

(V1) Diagonal Matrix:-
A square matrix in which all the elements except at least the one

element in the diagonal are zeros is called a diagonal matrix.
Some elements of the diagonal in a matrix may be zero but not all.

. 1 0 0

For example: A4 = s = . c=|0 2 0
: ORR4| OS] T

0 0 3

~ are all diagonal matrices.

(Vi) Scalar Matrix:-
A diagonal matrix having equal elements is called a scalar matrix.

are scalar matrices.

AR OS O

Mllwnllmn,hor Identity Matrix:-
'  scalar matrix having each element equal to I is called a unit or
ity matrix. Identity or unit matrix is generally denoted by 7.




For example:

I 0

)

]:1 I= =
[1] [0 1] I=10 1 0
0 0 1I

are identity matrices of different orders.

(1X) Transpose of a Matrix:- |
If A is a matrix of order (mxn) , then a matrix (nxm ) obtained by
interchanging the rows and columns of 4 is called the transpose of 4.

It is denoted by 4'.

5 (a b
For example:  _ [a d:i) hani i [a c]

Lc b d
PE 1 4 7
B=|4 5 6|, then B'=|2 5 8
7 8 9 3 6 9
b Eeab i S gm0
If 4'and B'are transposes of 4 and B respectively, and if k is
scalar. Then: :
(@ (4') = 4 () (kd)' = kA
(c) (A+B) = A'+B' (d) (4B) = B'A'

(X) Symmetric Matrix:- A square matrix 4 is called symmetric if 4° = 4

For example: A=[p q] and A =[p q]

q r gidnl;
Since 4’ = 4 '
4 is symmetric matrix.
: 1 -2 3 IR =283
B =|-2 0 4 Bt =|-2 0 4
3 a2 4L 2

Since B = B .
Matrix B is symmetric.’
135




(X1) Skew-Symmetric Matrix:-

'Asquare matrix 4 is called skew symmetric (or anti-symmetric) if 4' =—4.

: R0 —2.03
Forexample: A=| 2 0 4
-3 -4 0
[0 2 -3 (RR=2 87
Ad=|-2 0 -4| =-|2 0 4|=-4
1 3 4 0 =31 (0

A'=—4 Hence 4 is skew symmetric.

[ XERCISE — 6.2

1- Identify row matrices, column matrices, square matrices, and
| - rectangular matrices in the following matrices.

LB 2 L@ oD 2 4,
e - 2 6 b+y 1 3

w1 T

i e | ] 3 2 1 '2 47
[ 'f 5]F | G [5 > 8],}1 = [0]
5.0




AND DETERMINANTS ; PR - T T S

DT WA . e e I S e

o e

3- Find transpose of the following matrices.

3 4 -3 -2 a -b
A= ,B= . =
[*1-4] LI 4]0 L d]’D

4- |dentify all row matrices, if:

-1 3
=[3 4 5], B= =
S (1 4 6 l
15y = LA ) e ] | l
| 3 mi7iges ;

/1 9 &

5- Identify all column matrices, if: : ' |

3 2583 a 2. =53
A=(6 |, B=|6 5|, C=|b| , D=4 =6 5
|10 4 7 c -2 3 4

5
E=|7|,F=[9 7 1I]
|54
6- ldentify all column matrices, if:
IR 1
s 7 8
A=22,B—1 65,C=2,D=6‘5,
7 3 4 9 X
b
E=13 5 7
s s e
7 Identify all 3x 3 square matrices, if: &1 8 bl
A=|1 5 4|,B=|4|,C=[7 3 4] & PO
3 6 -3| 7 : it S
¢ KL mdﬂﬂ
1 137



MATRICES AND

6.3 ADDITION AND SUBTRACTION OF MATRICES

Two matrices 4 and B are said to be conformable for addition 4+B, if
they are of the same order and their sum is obtained by adding their
corresponding elements.

. Order of matrix 4+B will be the same as the order of matrices 4 and B.

6.3.1 Add and Subiract Mairices

Addition of Matrices:
When two matrices are conformable for addition, we find addition by
adding their corresponding elements.

For example:
0 [w x:l +[a bj'=l:w+a x+b]
: Yy z c d y+c z+d

. [=53 0 N5 = DR ]
(u) + =1 .
| 5 2 —4 SOOI FREON | ]

1 24 g ==y
D=3 =L
13 47 s

: [1+3 2+(-2) 4+(-5) 4 0 -1
=|2+(-5) -3+2 5+1 -3 -1 6
13+(=1) 4+(-3) 7+(-2) DT




[T a 2
EXAMPLE-1 If A= B = =
| LJ’ n { 3 b] then find A‘ B

i
somnon:  A-B=| % _[" 2]

|
f
i
|
|
i
|
I

ly 4 3 b
g l-a x-2
y-3 4-b
EXAMPLE-Z 27 3 13 57
IfA_—' —1 3 4 and B= 2 I 6 thenﬁndA—B
0 4 -2 -1 8 3
[ 207588 I 35
SOLUTION: A-B =|-1 3 41— 2 1 6
i 0 4 =2 -1 8 3
2-1 7—3 3-5
=|-1-2 3-1 4—6
0-(-1) 4-8 -2-3
1 4 -2
A-B =|-3 2 -2
i 1 -4 -5

EXAMPLE-3 Add the matrices A,B and C where

i NG Sy
A= ,2B= , C= :
[3 4] [—2 5] .[-4 1]

SOLUTION: ~ Since 4, B and C matrices have the same order,
‘ so they are conformable for addition

1o maco 20 s B Rl
13 4] -2 5] [-4 1

_[2+1+2 1+3-6
|3 -254 St

5, =2
= 10

139

1T



matrix B from matrix A.
D47 M =5

A=|1 3 -2|, B=|2 4 -6
45 6| [3 6 -1

LUTION: Since A and B have the same order, so

' they are conformable for subtraction.

2 2 il =5

75 = (|7 e R S

Bl 6 3 6 -

: ] Sl




6.3.2 Laws of Addition of Matrices
Commutative Law:
For any two matrices 4 and B of the same order

A+B = B+ 4

This law is called commutative law of matrices with respect to addition.

EXAMPLE-1

If A= £ and B = A
4 5 —6 1
then show that A + B = B + A.

SOLUTION: Matrices A,B have same order, so they are
conformable for addition.

[/ 3 4 2 1+4 . 3+2
A+B = + =
EEs
5 85
A+B =
E 6]
Bad = I 4+1 2+3
HEE T | Ziahai s
= 6]
Thus A+B = B+ A4

and

Associative Law:

For three matrices 4 , B and C of same order,

U+B+C=A+B+C)

This law is called associative law of matrices with respect to addition.



- a2
If 4= , B=
EXAMPLE A [0 5]

T

0 2]

then verify the associative law of matrices with respect

tq addition.
SOLUTION: (A+B)+C =

2
0 5

[+ 3]+

5 z] [
= +
0 7
7 s
(A+B)+C=__5 3] ......
| '_FI 7
A+B+C) = 0 s +([
A [
= +
{085

=)

4 o‘J [2 3]
+
02| ) =
2 3
-4
........ (i)
4 0] [2 3D
+
0 2 —5 —4
6 3] [7 5 §
_2:|—[_5 3} .............. (ii)

| From()and(u) we have (A+B)+C = A+ (B + C)

6.3.3 Additive Identity of Matrices

In real numbers, zero is the additive identity i.e. the sum of a real

number and zero is equal to the real numbere.g, 5+ 0 =

0+5 = 5.

Similady, a zero matrix O of order m - by - n is called the additive

0 'i‘ldentlty matnx such that
| i#]ﬁ : g

=4

DU s S
|  For exaTP'ei 4_’ B j
oniaor 4x0=[ 2] [0 1]
A+"0“=7'g :: =l
N 0
. "0,-""-"4:_3 OJ‘

ik

= 4 so ’0’ is additive identity of matrix A.

-

Ss
2 4



Ly

Remember that: The order of ‘4’ and ‘0’is same.

6.3.4 Additive inverse of a Muatrix

If two matrices 4 and B are such that their sum (4 + B) is a zero
matrix, then 4 and B are called additive inverse of each other.

For example:

4=|% b ma m
d - —-d

bl [-a -b 0 0
ider A+ B = + = =
Conside [ J [_c —d} [0 0] (0)

Lo T ~

o R

Therefore 4 and B are inverse of each other. l
EXAMPLE | : d

-1 2 -3 l -2 3

If A4=| 2 -4 5|, and =|=-2. 4.-5

-2 -1 7 2 1 -7
then E

£

2 -1 7 2

~
1
|

(—1+1 2= 21 TS 0 0
=| 2-2 —4+4 5-5|=|0 0
0 0

1 2-3 Jog o eles

S BT=|) 20— s NG =5
0

0

|—2+2  -1+41  7-7 0

A+B = 0O

A and B are inverse of each other. _ / S vz
143
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[E XERCISE — 6.3

2 3 4 01 5
JERUEEIRA =" 7575 5 B=12 3 6
' 4 9 3 1 4

bo

Find () A+B (i) A-B (iii) B—A
(iv) 24+ 3B (v) 34-4B (vi) A-2B

2- Find the additive inverses of the following matrices.

‘ 1
4 3 2 3
26 4 3 .
N0 2
D=0 3 4L E=[2 5 -3]
2

=JE =]

2 3 1 7
3- If 4= =
[I 5]andlB [4 6]the‘nshqwthat

() 44-34 =4 (i) 3B-34 = 3(B-4)

4- Findxandyif [ x+3 28]
-3 3y-4| |3 2

S s
[ ¢ :5' 'fA: 3 B = ’ - '
< [4 '5] [6 5] C [3 _z]thenprovgthat

() A+B=B+4 (i) A+(B+C) = (A+B)+C

Solve the matrix equation for X.




7- Findabcdeandfsu
a b c 3
d e f 5

8- Find wx,,z such that

o

' 1
10- Giventhat 4 = [2

1 5

whas

A+B-C =[
. 8

ch that

=24 I =@l =28 gl
0-4) |-2 1 ¢

BRI

9- If4 = [z d] then what is the additive inverse of 4?

3]verifyth_at A +44+51=0.

|4

L o 2 — 7 et Tt S
SIfA = R [Feietpes] that
12- If [3 _4] [5 8] ' [ 0 Z]Fthen_sho'w‘tlhag'_‘

2 4] [3 -2 e |
11- |fA=[ ]B=[ | 6],thenverifythat(A+B)’=A’+B_.‘.

10|
2l

6.4.1 MULTIPLICATION OF MATRICES

Two matrices 4 and B are said to be conformable for the'product 4B,
if the number of columns in 4 is equal to the number of rows in B.

__"3‘] [l;] L [2x4 ;'3x'2]-"’: :

For example:  [2

=[8+6] _
o= [1g] o b 8y
148 R
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EXAMPLE-1 |
= _[azl a; } B [bll b, by :I
axy 4x by, : by, by
order of A order of B
2 xr 2 W%
e 3 -
| T
I order of product AB

The product of 4B sha

. AB =
ay; by +ay, by
aj; by, +a;, by,
¢3 = ay; by isdr by;

Cy = ay by t+ay; by

€y = ay by +ay by

B Ca3 s B b3 +ay; by
= o S, - 3
, 11 12
= 4B = } [
:\ e S azz -

"’l v‘i_" 7 ! _a21

- |ay by +anby  ayb, +ayby,

Il contain the elements like

€3
] where

C3

(Multiplication of the elements of Ist row of A with
elements of Ist column of B)

.(Multiplication of the elements of st row of A with
~“elements of 2nd column of B)

(Multiplication of the elements of 1st row of A w:th
‘elements of 3rd-column of B)

, thus
i Ao bzs]
by, bzzl_ by |

a; by, + ap, b, a; b3 + a5, by

ay by; + ay; by;

- 148
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EXAMPLE-2
IfA—52 andB—'Zth fi
S =18 en mq‘AB.

SOLUTION: order of A = 2x2
order of B = 2x1
order of AB = 2x1 _
Because number of columns in A = number bf rows in B =2

AB_sz 2] [5%x2 + 2x3 10+ 6 16
13 4|[3] [3x2+4x3| |6+ 12 18
Result:

If 4 is a square matrix then 4% = 4.4
A’ = AAA = AL = A4
Finally 4" = 4A4A4......... n times.

' Remember that:

For multiplication 4B of two matrlces A and B the following points
should be kept in mind. -

(i) The n'umber of columns in 4 = number of rows in B.
(ii) The product of matrices 4 and B is denoted byAxB or AB.

(iii) If 4 is a mx p matrix and Bis a pxn matnx then
AB is mx n matrix. . :

6.4.3 Assoum,ve Low of Maotrices with resped
to Multiplication '

If three matrices 4 , B and C are conformable for multiblicatioh, then

A(BC) = (AB)C

is called assocnatlve law wnth respect to multlpllcatlon
8 : ‘1“7 3



- EXAMPLE -

| e 20 b aapy L 77 - & 4 2
 § A= B =" "] and C =
e IR e P TR 31

| | Ay ~ then verify associative law under multiplication.

R SOLUTION: _

:. ‘ - b LINE, 1 5 2 1 1 1 4 2
B [ A(BC) = 1

B o Cogs:der. (B) [3 I] ([2 3] L ID

'r2. I] 1x4+1x3 Ix2 + Ix1’
FER| 2><4+3x3 2%x2 + 3x1

8+ 9 4+3

-; 2 fh'[4+3" 2+]]

5;"“5., _px74-1x17 2x3+1x7 14+17 647
il X B E AR VAR PE R Prd B PYRS A I

e s 13 s,
Lo =[33 .16]'

= 2 TN e 2]
o ([3 IJ [2. 3D [3 '1}
' [25;1‘;_,43,2. : 2-x]+1x‘3] [4 2]
| 3x1+ Ix2  3x1+1Ix3|[3 1 ‘
‘ ;Fk,f_“ t"}i"‘{’if} SR Wis idisinnacs



; i
YBC ‘= +2 2+3|(4 2
3+2 3+3||3 I

_[4 5[4 2
15 6](3 1

[4x4+5x3  4x2+ 5x1"J ' [16+15

[5x4+ 6x3  S5x2+6x1|
(31 13 |
(“4B)C =" 16] ........... (ii) .

From equation (i) and (i), A(BC) = (4B)C
Associative law holds in multiplication of matrices.

6.4.4 Distributive Laws

If the matrices 4, B and C are conformable for addition and

multiplication, then

(i) AB+C) = AB+ AC  (left distributi\;e law for mah'ic_:es).

(ii)) (A + B) C = AC + BC  (right distributive law for matrices)

(i) and (ii) are called distributive laws.

EXAMPLE

then verify left and right distributive laws.
% _

SOLUTION: (i) Left distributive law A(B + C) = AB + AC

e il
S s U e |

e

4 3 208k ] -1 -4
= = and C = .

8+5

20+18 10+6

|




1" %‘ "“-_.3_. .‘ S0 ‘ & ERA
B e —4+12]
i T |2+4  -2+8

32 4] T Y
2 flitss 205 2s 2|1 23706 o

)223;_-4+9 _16+18
6=4ili =246 - 8+12



(u) R:ght d:stnbut:ve law (4 + B) C = AC+BC -

AL
+ Ve H
[.,

A+B =

[4 3
252

6 6
10

1l

Consider (A+B)C

B =L t08
L2
YA

Consider AC+BC

'—4+9
—2+6

et

II:

(—6+18

=3

[l g

:

—4+0

]-_;' O
. ey . 2 ' {2;'
.[4‘ _3] [—1. _—.4]4'[ '3] [—1 |
223 oo || =IE [N

.]

—16+18
—8+12

: _‘_.‘-__y-
3]___ ‘[Q"G]Nﬂlﬁﬁhmmwmﬂr 2 ﬁ:.ﬂ.F R

; v '.J n: -:.' Ao it

ol .

I 0f l*t\-q&h,g,['--,l'

i 4 e
i
o, e
. e el o = !
§ Jli-yi:. o] a : Il“'!"‘r-
i (4 .‘r
1 .-‘-qul
S
. Al -
1, il -I..—h S
: |_'_|':l

2



| 6.45 (ommuiﬁtive‘-luw-

(AR Commutative law does not hold in multlpllcatlon of matricesin general
d& i S i. e AB# BA ‘ .

e EXAMPLE-1 4 = |- zB—'-_'I ” | verify 4B B
‘ MPLE- s o |B=|, |verttyaB=sa.

'SOWTION: Glven|matices A and B are conformable for
multiplication AB and BA.

R e iy : £
il RS2 =T -3

o ! i AB =|

; Yl .Qonsrder 13 ‘2][ y 2]
| - :

i T | LT e R
' -3-8 9-4

|
~
N~
(U8

T e i e
. ‘Consider  BA=| ] 5 2]

s 84|

c 2 R 149 ‘—2—-6].




EXAMPLE-2

EESY .r.i-'-"‘ 3 2

ih B

|la b . | ‘
E A= e dl’ then ventjr‘zz,;-_.ﬂ,:“d__

SOLUTION: B o a2 S R
- x; 3 '. L P, i ‘_v‘ ‘ o | 1. A B _"(
Consider 1,4 = . , Olfa b g gR TR e e
s 107 1 [\ ebies o S e i

i Tt -e‘"u’!a ] ;
g , o TR - e
IRa+:0%c " Txb t (g

C[0xa+Ixc  0xb + 13 "3""“"':"‘1 elopd? T

b
. lesiadilE

)

IzA — A k--_-n-----‘-(’i)' -‘_’ ‘:':’_.‘. i -h y i

Ta: ¥ oo

Consider AI, = L o A
(o) LR ) i i

o |
)

' axI + be
cxl + dx0




6.4.7 Theorem
(4B) = B'4' wheredand Bare two matrices.

 EXAMPLE

If A= 2% and B = E 3,then,
1-2 et 20

SOLUTION: | .

!5
w)

| showthat (4B) =B'A'
,I AT :
f- | : psili=r . 3
| ider ~ AB =
7 ‘C?HSId_.er,_r e L _2J.[ P

B -
f [-246  6+3]
T1Hi -1-4 3-2
“aj : - e s
A . -
| (4 9

AB =
LHS = (4B) = 7 =[4 '5] ........... ()
- o i -
Now 4" =,.,1,B'=[12]‘
SR 3 1

Bt ' ; Cohsid'er RHS




1. (4B)C = A(BC)
3. ABB+C)=AB+ AC
5. (B+C)(B-C)+ B’ -C?

1. Bl =B

_EXERCISE — 6.4

In Problems 110 8 Verify Each Statement, Using vtel it -

y 02 8-

255 L Ty nenans ra.:‘i'] n_i 7
s et y C = RS SIREGY R e
.'_2 4 . 4 2 | ) .., e

2 AB#BA" .'
4, (B+C)A=BA+CA 0 OF el

6. (BC) =C'B'

8. BC%CB

Find the Matrix Products. ‘ el ehaus R

10=1] v _'-'f‘-_.ifr.l';f sl
_:‘ 2l 5N 3" ;

9. [2 5][; ";]
i [

13 -5 -2 ‘—2~ 1 K :
i3l =3

3=l A e T
T4 S - il

M

amimeEn b s




6.5 MULTIPLICATIVE INVERSE OF A MATRIX

651 Determinant Function

Inthis sectlon we are going to define a new function, called a determinant
of a square matrix. Its domain is the set of all square matrices with real
elements, and its range is the set of all real numbers.

If 4 is a square matrix, then der 4 or |4| read “The determinant of 4
_ is used to denote the unique real number.

- The determinant of a matrix of order 2 is defined as follows.
‘ X . det a b _|a b
i - - c d c d

= ad —bc

6.5.2 Evaluate Determinant of a Matrix

EXAMPLE-1
=1 -
If A = [ 5 j] , then evaluate det A.

spiunom 4] = [ l (~D)x(~4) — (=3)x2

= 4+6 = 10

ot

EXAMPLE-2 > -
If 4= [: 2], then evaluate det A.

i e 6 2 .
 SoLTON: det 4 = ,4 2’ = =
 EXAMPLE-3

1
Lo -~

iFt
§A
I
]

e 4 , then evaluate det A.
10 4 ok it

Shet e
i e
oy
.

. 'J.}_' :‘ 3 : 5 2 o ! | .

5. i -
¥ N
g2 156
- o o { ;
: r +



6.5.3 | Singular and Non-Singular Matrices

Singular Matrix:

A square matrix A is called a singular matrix. If det 4 = .0

EXAMPLE

(12 6 5
roa-|; )
6 3

12 6
6 3

det A = 36-36

det A = 0. Hence matrix A is singular.

Non-Singular Matrix:

A square matrix 4 is called non-singular matrix, if det 4#0.

EXAMPLE
a4 = 28
6 8
; 20085
det A=\ .= 16-30
. 6 &8
det A = —14+0. Hence matrix A.i.'s‘non-singular. , o

6.5.4 Adioim of a f;'%c'a'&z‘ix

let 4 = [ z] be a square matnx of order2x2 Then the matnx
C

-'obtalned by interchanging the elements of the dtagonal (e aand’ d)

and by changing the signs of the other elements 5 and c is called the. .

adjoint of the matrix 4.

18

-

-

R




[ d

B b ‘
If A=a ] ,then adj A =
d . —C

(oE

= ¢
e Look at another example:
\; > o —

| - =) =

' ‘ : P = then dj P =

! If Ll ] adj "

I 6.5.5 Multiplicative Inverse
| " In the set of real n‘umbers, we know that for each real

4l . The adjoint of the matrix 4 is denoted by adj 4. For example:

o
¥

number a

- . (except zero) there exists a real number a™' such that aa™ = 1.
& - The number o’ is called the multiplicative inverse of a.

that 44 = 47’4 = I, provided det 4 0.

adj A

At =
4]

, | 4] # 0

Similarly, each square matrix 4 has a multiplicative inverse 4~/ such

Multiplicative inverse A~ of any non-singular matrix 4 is given by

inverse of 4 does not exist.

If 4 is @ singular matrix then the multiplicative

< Ning 10 Xdes
"square matnx Ais afways umque

fm] 2

o



EXAMPLE

. Aopyd ' e ;
IfA = [5 4}, then verify AA™ = 4774 =']

where I is the identity matrix.

SOLUTION: 4 2] it Sl
= ; adf“[ ]
5 4 N [

4 2
9
16-10
|A| = 6+#0

| 4] =

We have A" =— adj 4

1
6 —
(4 2] 4 -2
Consider AA™ = i : ‘
“ 6|5 4[5 4

5D
AA" = ;
0 1
Nl : [ 4 .—2 4.2
Consider A7 4 = -
A =50l

L

6 .

[ 1| 16-105 255 48=8 -1 AloMd
6 |-20+20  -10+16| 6

159

_1[16-10.  -8+8 | _1[6 0
“620-20  -10+16] 6|0 6

]_

0 6|

o)

]



t 856 Inverse of a Non-Singular Matrix

LS
g e , provided, ad —bc # 0.

B (U e e . |la b / ]
é, o -‘lfhe mat_nx [c ,d:, has the IR e 4
i jﬂ;ﬁ}‘-’f ’ EXAMPLE-1

L T4 = [:4 9‘], then find inv_erse of matrix A.

fae ‘ :
il : - ’ T -
o S e A S
| I silie 9 14 7
| el i 3
4] =]
149

|4] = 63-42 = 2120

e

We know that 4™ = ﬁ adj 4

IS . T
f e i D 21 |-14 7

'} 2 = RS
] , el T R
: ' 3

J | SU il 2]
X % 21 121 g

. EXAMPLE-2

- IfB = , then find B™.
_[_3 _2] {hn rfd_B .

B g g 2 4
f-é ~ -3 -2-] “dj3=[3 3]

£.

b _3.'--4,""_' T



]Bl =—-6-12 = —18¢‘0

‘We know that B = é adiB 61 R g

1 |2 4 --'.";H'.'T*J'f":rl 4, B
Tl s o e

VI ,'
BRI
Fi i _ | . s 11 3
— —18 —18 : ‘ ‘ -n-:: -

EAEN et
18 18] oW il

1
B—l:_ 9 9

EXAMPLE-3 | o
3 g .
ISP = [6 4} , then find P~ if possible.

SOLUTION: E % sy ,\4 o
T st £

- i

f“l‘_ e

']

13 2




rr"-v—‘r-' e
’ AND DETERMINANT

~ MA ‘ln.z.“

6.5.7 Verify (a)~'=87"'a"

We verify this with the help of following example.

| EXAMPLE
e | 36 4 7]
o IfA = B = . then verify (AB)" = B'4”"
1 [2 ]] |:5 4] fy (48)
: ™
fits SOLUTION: il 3 614 2
| T : 2 1|5 4
| 12+30 | 6+24] [42 30
i +
. 4B = et
' 8 +5 4+4 13 8
42 30
. |4B| = = 42x8—-13x30
13 8|
T, |
o o = 336390
.
: = —54%0

/
der LHS = (4Bl = — dAB
| (: IABlaj( )




Now B =

B—I

Consider B4

Il

~ From (i) and (i)
@B =B




* MATRICES AND TE

[ XERCISE — 6.5

I- | Find the determinants of the following matrices.

) [Z ;] (i) [‘f ﬂ (iw_[j :fJ ()
2. Identify the singular and non-singular matrices.

(i) [*Il _33] (i) B i] (i) {": l’j

, 3. Findthe inverse of each matrix 4 and show that A4 =1.
{ If the inverse does not exist, give reason.

Co |~ ~I~
A~ Co|w

; il 9 (2 1] o 2 0
| I " 144
(o 3] A w [ 3}
I )
| - =0 3
R ) w [0
_3 _2 _2 8_ —0 —1
Tty
(vii) 38
Eig T

3 4
(@) Find M~

" A 10
| 4 LetM =[ ]

i

:I‘, B = j[3 3 1] , verify that (4B)™ = B4,
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6.6 SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS

To determine the valye of two variables, we need a pair of equations.
Such a pair of equations is called a system of simultaneous linear
equations.

1- The technique of solving a pair of simultaneous equations by
{a) Matrix Inversion Method :
(b) Cramer’s Rule :

2- To apply the technique to solve some practical problems.

6.6.1 Mairix inversion Method
Let ax+a,y=>b, ......... (i)
and a;x+a,y=b, ... (ii)

be the two simultaneous linear equations. These equations can
be written in matrix form as: ; |

ax + a,y b, ; - e |
l:a3x i ‘143’] B [bz] LA ‘
_ a, a,|[x b, ’
e |:“3 “4] L’} i L’z]
or AX =B ... (i)

a] 612 X bl
where 4 = , X =| |,B=
a a 27 b,

To find values of the variable x and y, the eqUation (iii) is solved by
the following method. ;

AX =B

If 4 has an inverse 47, -
- then 44X = A7'B (~A'A=1)
IX = A'B (cIX=X)
X = ‘TZTB provided| 4|#0

In case 4 is singular (|4] = 0), then it is not possible to find the
solution of the given equations. > T2 RIS
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EXAMPLE
Solve the following set of equations using the matrix inversion
method. 3x—4y=7 Sx—7y=12

SOLUTION:

‘The given simultaneous equations may be written in matrix
form as: :

- R

2B (9. = x 7
SRR A RS AREA

3 -4
|4 = ‘=—2z+2o=—1

S -7
|A4| = -1#0
" As 4 is non-singular matrix, so the equations can
be solved.
-7
P = A R
| A| -1|-5 3
o 7 —4]
5 -3

-4\ [7
-3| |12

] y=- I




Cramer’s Rule:_

Simultaneous linear equations can be solved by Cramer's rule. The
method to solve linear equations by Cramer’s rule is explained below.
Consider the linear equations.

a;x + a,y = b,

asx + a,y = b,
In matrix form

4 a| [x]_ b,
a; 4a, y _bg
AX = B
Ve q, 01], X=[x:l, B = b.'
a; ay y b,
a, a :
|4| = , provided| 4|#0
a; a, ]
b
D, | = @
b, a,
T2 = a b
¢ a; b,
D, 1D,

Now x=—- and y=
| 4] | 4]

EXAMPLE-1

- Use Cramer’s rule to solve the following linear equations.
x+3y=6 , 2x+y=4

SOLUTION: x + 3y =6 , 2x +y = 4 .in matrix form:
1 8535 ey _—6
2 1] |y] |4 o
AX = B

_'1_'3
. B L

L

167

16 1



-rh L] : . A'-:

5

w - ..|,;~ sownou We denote apple by ‘x
i  then 7x+4y=11
& Sx+2p=7
In matrix form

1 3
4| = =1-6=-5%0
4=, , .
6 3
| D, | = =6-12=-6
4 1
1 6
D,| = =4-12=-8
il P
=6 |D,| _ -8
— and y = —2+ = —
= and y Al —
" 8
, y=3 Solution set = {(— = )}

7 apples and 4 pears cost Rs. 11 while the 5 apples and 2 pears -
oostRs 7 How much each apple and pear cost ?

"and pear by ‘y’

HEd

T =14-20 = —620
'IIHUBIQQ s vgln

, 21=22-23 2 -6




DETERMINANTS

iBKl\"MPLE -3 e R --
Find two numbers whose sum is 67 and dlﬂ'efance

SOLUTION: ; e
Let x and y be two numbers and alsox >y

x+y=67___ () L
ey =3 () -
In ‘matrix form: [ I 1] [x“ 67] F
' 1 =0

EXAMPLE-4
A belt and a wallet cost Rs. 42, w

- SOLUTION: i
7 Let the cost of a belt and \




 MATRICES AND DETERMINAN

-.'.. ll --.Ih & .!i:l.l'\',-_'l'\lc-»I ' Wl .I
. |d|=_  =4-7=-3%0
7 4

III_r‘\ 'D:I_: - : X'_—'A_IB

G- L X»=(ade) 5

i - 14

L : '..-ill'h- . - = 1 4 _] 42
N 37 11203

5};‘; x| _ _1— 168 — 213
-yl 3[-294 + 213

S |
i -



E XERCISE - 6.6

e —a |
1- Write the equation 2x +ky=7and 4x — 9y 4 in matrix form. Also
find the value of k if the matrix of the coeffi cients is singular. -
2. Solve the simultaneous equations by the matrix inversion method
where possible. Where there is no solution, explain why thisiis so.
(i) 2x-5y=1 (i) 3x+2p=10 (iii)  4x+5y=0
3x-7y=2 2y-3x=-4 2x+5y=1
(iv) 5x+6y=25 v) x+y=2" i) 3+§._1
3x+dy=17 e e  —dxty=14
3. Solve, using matrix inversion method '
3x—y=10
2x+3y=3
4. Use Cramer’s rule to solve the simultaneous equatlons Gwe the o
reason where solution is not possible. e g
(i) x+2y=3 (i) 2x+y=1 (m) x@3y=u
x+3y=35 Sx+3y=2 : 2x-hv8)}
(iv) —2x+6y=5 ) x=3y=05 dHnaE e (1 - SxH
x—3y=-7 26— Sp=9 us :

.« l

5. Write the following matrices in the form of Imeanequﬁ g\ 3

LR RS L |
o 5 SlblaE




Review Exercise-6

Kircle the Correct Answer. '

e number of rows and columns in a matrix determine its:
|‘ order (b) rows

columns (d) determinant

matrix consisting of one row is called a:

row matrix (b) column matrix

identity matrix (d) scalar matrix

o matrices are conformable for addition, if they are of
the same order . (b) the different order
the order 2x 2 (d) order3x3

are matrix the number of rows and columns is:

(b) 3x2
M 2x1

the same order and equal corresponding

(b) diagonal matrices

(0)  unequal matrices

S are:




9. In matrices (4B)' =?

i (a 4 () B e ey & .’_\u‘;jﬂ
:t © B A @ .A' B L
= iy gt O e Wi
—— 10. In matrices(4 B)" =? st 2l
X (8 4 () B!
< (c) B-l A'l (d) A-I B_]‘
3 II- Fill in the blanks. P RIS A
_ 1. The number of rows and columns in a matrix-dete,rmine RIThET
3 (o B : LY ISR
; 2. A matrix consisting of one row only is called a o e el k
" 3. Two matrices are conformable for addltlon if they are. Ly e init ‘
. of the :
; 4. In a square matrix the number of rows and columnsis___ |
5 5. Two matrices of the same order are ___ - gj! mq; g !
i corresponding elements are same. |

" In a unit matrix the diagonal elgments are_
(AB)C = A(BC), where A,B and C are fmatﬁéé's’iff*_ls

- -1-5_-4,1 :-.c}r,sr. Ak

under multiplication.

If f.i' =-4, then the matrix 4 is said to be

‘Ibl& LFed "-'.

it S Jﬁ%ﬁmuﬂrﬁl&'

In matrices (4B)' =




Symmetric matrix: A matrix 4 is said to be symmetric, if 4' = 4.

SUMMARY

Matrix: A rectangular array of numbers, enclosed by a pair of brackets
and subject to certain rules is called a matrix.

Order of a matrix: The humber of rows and columns in a matrix determine
its order.

Row matrix: A matrix consisting of one row only is called a row matrix.

Column matrix: A matrix consisting of one column only is called a column
matrix.

Square matrix: In a square matrix, the number of rows and columns are
equal.

Rectangular matrix: In a rectangular matrix, number of rows and columns
are not same. -

Zero or null matrix: If all elements in a matrix are zero, the matrix is
called a zero or null matrix.

Unit or Identity matrix: In an identity matrix, the diagonal elements are
unity and off diagonal elements are all zero.

Transpose of a matrix: A matrix obtained by interchanging rows into
columns is called transpose of a matrix.

Skew-Symmetric matrix : Amatrix 4 is said to be skew-symmetric, if A' =—A.

Determinant: A real number associated with a square matrix is called
determinant of a square matrix.

Singular matrix: If the determinant of a square matrix is zero, it is
called a singular matrix, otherwise non-singular matrix.

Adjoint of a square matrix of order 2x 2

In the adjoint of a square matrix of order 2x 2 the diagonal
elements are interchanged, whereas the sign of other diagonal
elements are changed.

Multiplicative inverse of a square matrix,

A matrix B is said to be multiplicative inverse of ‘4’, if AB = 1.




FUNDAMENTALS OF GEOMETRY

Properties of Angles
Congruent and Similar Figures
Quadrilaterals

Parallel Lines

Congruent Triangles

Circle

VY VvVVvVYyw

After completion of this unit, the students will be able to:

» define adjacent, complementary and supplementary angles.

» define vertically-opposite angles.

» calculate unknown angles involving adjacent angles, complementary angles, supplementary
angles and vertically opposite angles.

» calculate unknown angle of a triangle.

» define parallel lines.

» demonstrate through figures the following properties of parallel lines.

» Two lines which are parallel to the same given line are parallel to‘each other. 5
« If three parallel lines are intersected by two transverals in such a way that the two intercepts on one transversal are

equal to each other, the two intercepts on the second transversal are also equal.
« A line through the midpoint of a side of a triangle parallel to another side bisects the third side (an application of above property).
» draw a transversal to intersect two parallel lines and demonstrate corresponding angles,
alternate-interior angles, vertically-opposite angles and interior angles on the same side of transversal.
» describe the following relations between the pairs of angles when a transversal intersects two parallel lines:

« Pairs of corresponding angles arc equal.  « Pairs of alternate interior angles are equal.
» Pair of interior angles on the same side of transversal is supplementary, and demonstrate them through figures.

» identify congruent and similar figures.

» recognize the symbol of congruency.

» apply the properties for two figures to be congruent or similar.

» apply following properties for congruency between two triangles.

« S§5=SSS, o SAS = S4S, o ASA= ASA, "« RHS=RHS,
» demonstrate the following properties of a square.
« The four sides of a square are equal. « The four angles of a square are right angles.

« Diagonals of a square bisect each other and are equal.
» demonstrate the following properties of a rectangle.
« Opposite sides of a rectangle are equal.  « The four angles of a rectangle are right angles.
» Diagonals of a rectangle bisect each other.
» demonstrate the foﬁowing properties of a parallelogram.
« Opposite side of a parallelogram are equal. « Opposite angles of a parallelogram are equal.
. Diagpnals ofa parallelogram bisect each other. : 5 d :
» describe a circle and its centre, radius, diameter, chord, arc, major and minor arcs,

semicircle and segment of the circle. : . e
» describe the terms; sector and secant of circle, concyclic points, tangent to a circle and concentric circles.
» demonstrate the following properties: ;

« The angle in a semicircle is a right angle. « The angles in the same segment of a circle are equal.

« The central angle of a minor arc of a circle, is double that of the angle subtended by the corresponding major arc.
» apply the above properties in different geometrical figures.




OPERTIES OF ANGLES

' Qrgs,tudy- the properties .of angles, let us revise what we
| in our previous classes about angles.

gle is the union of two rays with the common end point. The rays are
e arms and theircommon end point, is called vertex of the angle - .

arm

A arm B

gle may be named as:

ertex and another point on each arm. In this case,




Right Angle:-

The given figure is of a
right angle.

Aright angle contains 90°.
mZ AOB = 90°

0

90

Acvte Angle:-

An acute angle contains' more
than 0°and less than 90°.
Angle ‘O’ is an acute angle.

-
ey .

f

Obtuse Angle:-

" An obtuse angle contains
more than 90° and less than

~ 180°. Angle Q is an obtuse
angle. :

e e Ry i C s S

Reflex Angle:-

A reflex angle contains more

than 180°and less than 360°. :

Angle M is a reflex angle.

177 .

P,

e [




€ R A~

Y Al St e

SRR VLIALY, S

Equal Angles :-

Equal angles are angles with E N
- equal measures. Angle ‘O’ i
and angle ‘L’ are equal 9, L

angles. 4 M

7.1.1 Adjacent, Complementary And Supplementary Angles

Adjacent Angles :-

Adjacent angles are two angles
with the common vertex and a
common arm between them. In C
the given figure, £ I and £ 2 are
called adjacent angles with \ .
common vertex B and common
arm BD.

- EXAMPLE
Whether angles-a and B in the following figures are adjacent?
If not, explain why?

 fig(i) B - fig(ii) B

SOLUTION:

In fig (i), £ a and £ B are adjacent angles.

In fig (i), £ a and £ B are not adjacent angles because no
: arm between them is common.

In ﬁg (iii) , £ a and £ B are not adjacent angles because

: they do not have a common vertex.
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Complementary Angles :-

Complementary angles are two angles whose sum is 90°. If the sum

of two angles is a right angle i.e. 90° (they need not to be adjacent),
each angle is called the complement of the other.

Zaand £ are
complementary and
adjacent angles.

ZAand ZDare | _Ap
complementary 4
- angles. :
- fig(i) 9 S 5A

[ Ay v =

Nofe:

If two angles are adjacent ond'complemenfcry, then their
exterior sides are perpendicular to each other and vice-versa.
In figure (i), £ o.and £ B are adjacent and complementary
hence OC L OA.

Suppleinentary Angles :-

Supplementary angles are two angles whose sum is 180°. If the sum

of two angles is 180°, then each angle is called the supplement of
the other. '

Zaand £ B are
— supplementary and
adjacent angles.

Zxand £y are
supplementary
angles.

Vith
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o dﬁg’l;es are adjacent and supplementary, then their

;f_‘l r:lar 6fms is a straight line and vice-versa. In figure (i) on
‘ .-f_; evious page Z a.and £ B are adjacent and supplementary
| ongles, 1hus POS is a straight line.

EXAMPLE-1 _

ABC is a straight line. Amjad said, “Angles 1,2 and 3 are .
supplementary”. Whether his statement is correct? If not, what is
wrong? -

:

SOLUTION:

'No; because, supplementary angles are two angles, not three.

EXAMPLE-2

If two angles are complementary and the larger angle is four time
bigger than smaller angle, how many degrees are there in each
angle?
- SOLUTION:

“Let x represents the number of degrees in the smaller angle
‘Then 4x represents the number of degrees in the larger angle.

~ Sincexand 4x are complementary,

therefore A
‘ - x+4x = 90°
Sx = 90°
x=.18°
= 729

ety




7.1.2 Vertical Angﬂes

Vertlcal angles are two non-adjacent angles, each less than a stralght
angle, formed by two intersecting lines.

Draw two lines intersecting at a
point. How many angles less
than a straight angle are formed?
The non-adjacent angles, each
less than a straight angle, are
called vertical angles. In the
figure Za , £b; and Zc , £d are
pairs of vertical angles and
La=4b , Le=4d

EXAMPLE

In the figure, two straight lines AB and CD,
are intersecting at a point O forming

— 40° =g
‘méBOD = 40". . @ 7 B -

What is the measure ofZ AOD and Z AOC ?
What can you say about £ BOD and £ COA?

SOLUTION :

Since ZAOB is a straight line and
equal to 180°, therefore,

mZ AOD + m/ BOD = 180°
mZ BOD = 40° (Given)

mZAOC = 40°
(£ BOD and £ COA are vertical angles. )
mZ AOD = 140° :

" (140° +40° = 180°):
mZ.BOD = inZ COA
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~ 7.1.3 Calelate Unknown Angles

" Let us consider the following example to calculate the unknown
‘angles involving adjacent, complementary, supplementary and

_ ~ vertically-opposite angles.

. EXAMPLE-1

| Find the values of a, b, ¢ and d in the given figure.

o : SOLUTION- From the fi fgure.

c+40°+80° = 180°
, c+120° = 180°
ey ,n . ¢ = 180° - 120°
' ‘ cl=r60°" %
Therefore ¢ = a = 60° (vertically-opposite angles)
Now a+d +b = 180°
60° +40° +b = 180°
100°+b = 180°

b = 80°
s EXAMPLE-2 |
TR : Find the values of x, y and z in the given figure.
g i SOLUTION: From the figure.
e 2
S :  x+50° +60° = 180°

x+110° = 180° .
x=180°—110° - ¢ g
x = 70° X100k
But x=y (verttcally~opposrte angles)
- y=70° :
Now y+z = 180°
 70°+z = 180°

z =110° :
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THEOREM

If two straight lines intersect each other, then the vertical angles are equal. .

A

The straight lines a and b are intersecting at the 0: Pt
the pairs of vertical angles / and 2, 3 ang 4. Rointihand;ionning

Ll=s2and £L3=/4 |

[t

I;A II and Z 2 are supplements of the same ang'le'. then they will be '7
qual. ' | '




.Fi'i;dl the, valiie of x in the given triangle.

A sownon From the figure. |

x—20° +x+25° +x+40° = 180°
3x+65° -20° = 180°

e | . | 3x-i-.45°’= 180°

=135 = x=45°

ee angles are: x-20° = 45° - 20° = 25°
| X+25° = 45°425° = 70°
x+40° = 45° +40° = 85°




EXERCISE 7.1
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7.2 PARALLEL LINES

Parallel lines are two straight lines in the same plane which never
meet.

The lines a and b are parallel, we write a || b.

A

>a
L 3 > b
Remember that: _
Through a given point P in a B
plane, one and only one line can -
be drawn parallel to a given line L. -0
(Parallel postulate)

7.2.1 Properties Of Parallel Lines

a) Two lines parallel to a third line are parallel to each other.

N
2

A
3

A
v
(o)

Line a is parallel to line ¢, line b is parallel to line c. Then a is
parallel to b. Lo ‘ |

If a||c, b||c, then a]|b.
: 187
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i.e.if 4D| BE||CF
' 4Cand DF are transversals,
iﬁ@” ‘4B=3C
. DE=EF

A3

L

s
P (6 Ji
€—

L e

fﬁlsects one sude of a tnangle and is parallel to a second




7.9.2 Transversal

A transversal is a line that intersects two lines in different points.

«—
/ig ! N / >b
Figll

Note:

1- In the Fig Iand I a transversal “¢" intersects (or cuts) two
lines @ and &.

2- The transversal can intersect three or more lines at one
point of each line.

If a transversal “t" intersects two parallel lines a and b, the angles
formed are identified as follows:

1- Four interior angles: £1,£2,/43,/Z4.

2- Four exterior angles: £5,246,47,£8. =
3
4
5

Two pairs of interior angles on the same side of the
transversal: ~# 2 and £ 3; Z1and £ 4. :
Four pairs of corresponding angles: £ 3 and £ 7; £ 4 and Z 8

Z2and £ 6; £Z1and £5.
189
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Two pairs of alternate interior angles: £ 1 and £ 3; £ 2-and £ 4.
Two pairs of alternate exterior angles: Z S and £ 7; £ 6 and £ 8.

:""\
"
. B
i
¢
b




(a) the alternate interior angles.

(®) the corresponding angles.
(c) the complementary angles.
(d) the vertical angles.

~ (e) the supplementary angles.

v

| “:'.(e)\£3 127275

R 3344 44 2 5)

-I-l'_- -1—' -




7.2.3 Relation Between The Pairs of Angles

If two parallel lines are cut by a
transversal, the corresponding
angles are equal.
[(Ll=42,£L2=L]3,

L 1=2/3]

d) If two parallel lines are cut by a transversal, the alternate interior'
angles are equal.

N

N

a||b, lines a and b are cut by the transversal ¢ at points M
and N to form the pairs of alternate interior angles

(Z1 , £2) and (43, Z4)

= 232, £ 3= 244

e) |f two parallel lines are intercepted by a transversal, then pairs of
interior angles on the same side of transversal are supplementary.

AB||CD, lines are cut by the transversal ¢, angles a, b, ¢
and d are formed.
mZb+mZzd = 180°

mZa+mZc = 180°
y 191




[E XERCISE — 7.2

1- Lookatthe given figure and answer the following questions.

5

(a)‘]'ﬁe pair of alternative interior angles /
(&) The pair of corresponding angles 5/6

; : : 2

(c) The pair of complementary angles N 3
‘ 1

rd

(d) The pair of supplementary angles 5

' 7/8
(e) The pair of vertical angles /

2- Look at the given figure and answer the following questions.

(@) The pair of alternative interior angles

- j '(b) The pair of corresponding angles o p/n n£~
(c) The pair of complementary angles e vt
(d) The pair of supp|eméntary angles

(e) The pair of vertical angles

Frog -

# 3- Takea point X’ outside a line DE. Draw a line through X which
' cuts DE at some point. Making corresponding angles congruent
_ drawalline parallel to DE.
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7.3 CONGRUENT AND SIMILAR FIGURES

7.3.1 Congruent Figures

The word congruent comes from Latin meaning “together agree”. !

Two geometrical figures which have the same size and shape are
congruent.

One figure is congruent to the other. The symbol for congruent is = .
Thus two segments are congruent when they have the same size.

£
A _ :
Sem ] B F 11
Fig (1) :
1 !
Sem 2 7 >
I
AB=CD

All segments, being straight, have the same shape. :
. They have the same size if they have the same length.

In the above Fig (1) mAB =mCD=5cm. Therefore 4B and CD are of
same size. '

et A P L S S

» Two segments which have the same length are congruent segments.
In the Fig (1) AB=CD |

» Two angles which have the same measure are congruent angles.
 /ABC=z= /DEF

A

>F ' 5

: 193 g
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» Triangles, all of whose con*espondmg parts congruent are congruent

triangles.

e

g

AB;DE o BC~EF . AC=DF
and ZA=/D , /B=/E , ZC=ZLF
A ABC = A DEF

Two polygons whose vertices can be paired so that corresponding
angles and sides are congruent, are congruent polygons.

AVA

e /

ft —H-

i
it

Ll
I
L

The drawing is by the artist

- M.C. Escher. Notice that if you

cut out two salamanders and
place one on top of the other,
one would fit over the other
exactly. The salamanders are
congruent. )

Congruent figures have the
same size and shape.
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-Similar Figures

In the polygons below, the
members of each pair are :

similar to each other.

/\

Similar polygo_ns are polygons which have their corresponding angles
equal and their corresponding sides in a proportion. Remember that
both conditions must exist.

Since a definition is reversible, it follows that,
if two polygons are similar, their corresponding angles are equal
and their corresponding sides are in proportion.

Similarity like congruence represents a special kind of
correspondence. L

If polygon P, is similar to polygon P, (written P, ~ P,)

CI

1- £LA4=s 4" £B=/B!
gae=-<Cc!, ,D=4D!

¥Wel. BC . CD . DA
AB" " Bic’ c'p’ DA’
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FUNDAMENTALS OF GEOMETRY

Look at the Escher drawing. Notice
that the figures are the same shape
but not necessarily the same size.
Similar figures have the same shape
but not necessarily the same size.

7.3.2 Symbol (= )

Two geometrical figures which have the same size and shape are

- called congruent ﬁgdres. The symbol for congruency is = .
7.3.3  Properties of Congruency

1. Congruent figures are identical in all respects i.e. they
have the same shape and the same size.
2. Triangles are congruent, if any one of the following
applies: :
(a) Corresponding sides are the same (SSS).
(6) Two corresponding sides and the included angle
are the same (S45).

(c) Two angles and a corresponding side included
angles are the same (AS4).

(d) The hypotenuse and one pair of the other
- corresponding sides are the same in a right angle

triangle (RHS).
3. Circles which have congruent radii are congruent.

4. Two angles which have the same measure are congruent.

- o

F': "'7. ¥ .
i,

-
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_EXERCISE - 7.3

Tell Whether or not the Figures in Question 1-3 are Similar:

-1- All squares; all rectangles; all regular hexagons.

2- TWo rectangles with sides 8, 12, 10 and 15.

3. Two rhombuses with angles of 55° and 125°.

4- The sides of a polygon are 5cm, 6¢cm, 7cm, 8cm,\a\nc! 9cm. In a similar
polygon the sides corresponding to 6¢cm is 12cm. Find the other sides
of the second polygon.

5- The sides of a quadrilateral are 2cm, 4cm, 6¢cm, and 7cm. The longest
side of a similar quadrilateral is 2Zcm. Find the other sides.

6- The sides of a polygon are Scm, 2¢cm, 7cm, 3cm, 4cm. Find the sides

of a similar polygon whose side corresponding to 2cm is 6¢cm.
What is the ratio of the perimeters of these two polygons?

7- What are the congruent pairs of corresponding sides and
corresponding angles ? '

E B

D t— F 4 H-W_c”

8- ‘Are all similar figures congruent ? Explain why ? e

i. . v« = 9 . ? -; o By 2 ‘ o 3 =
9 Are all congruent figures similar ? Explain why: Abod el st Hbt

it ¢ Ao
X

*
o
foheit o gy
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FUNDAMENTALS OF ET

7.4 CONGRUENT TRIANGLES
Congruent triangles are two triangles whose vertices can be paired

. so that corresponding parts (angles and sides) are equal in
correspondence.

In the figure given below, symbolically, A POR = A KLM means
triangles POR is congruent to triangle KLM.

~ Properties of C_ongruenq Between Two Triangles:-

. P Two triangles are congruent if the corresponding sides of the
first are equal respectively, to the sides of the second triangle

 (SSS = S55)




p Two triangles are congruent if two sides and the iﬁcluded
angle of one triangle are equal to corresponding two sides and
the included angle of the second triangle respectively
(SAS = SAS).

g e e o e e =

p Two triangles are congruent if the two angles and included
side of one triangle are congruent to corresponding two angles
and included side of the other triangle (454 = 454).

A : D

13 '.The two right angled triangles are congrdent if the hypotenuse
and a side of one triangle are congruent to the hypotenuse
and a corresponding side of the other friangle angle.




FUNDAMENTALS OF Gm;lrz

1= Fill in the blanks:
(@ - If AABC =AFDE, then.

(@) AB= " (i) BC=
(iij) AC= ' (iv) mZA=
V) miB= (i) mZC=

(6) In APQR, the angle fncluded between side PR and OR
is

(c)  InADEF, lthe side included between ZF and ZF is

@  fAB=0P m/B=m/P. BC=PR, thenby
condition. A ABC = AQPR.

@  If mfd=m/R, m/B=m/P, AB=RP thenby
congruence condition. AABC = ARPQ.

2- In Figure, the pairs-of correspondmg equal parts in a pair of triangles
are shown with similar markings. Specify the two triangles which
become congruent. Also, write the congruence of two triangles in
symbohc form.

" f':" ‘ . D

A X




ML L)
e ey

3- InFigure, ABC and DBC are
two triangles on a common base
BC such that 4B = DC and
DB = AC, where 4 and D lie on
the same side of BC. In A ADB
and A DAC, state the
corresponding parts so that : :

A ADB = A DAC. | :
Which condition do you use to | '
establish the congruence?

if mzZDCA =40%and m£BAD = 100° . ‘
_ Find ZADB.

4- |dentify the following figure as congruent, similar or'neither.
|

s
i |

5- ldentify the corresponding partsin A MNO and A POR.

——

() MN N 0
(i) NO

>
<>
" (iij) PR ©
>

O o -

.(iv).d].




7.5 QUADRILATERALS

OuudriIMeruIs-

A quadnlateral is a polygon with
four sides.

| 'Purullelbgrnm:- _

A parallelogram is a quadrilateral -

‘with two pairs of parallel sides.

Rectangle:-

A rectangle is a paralleiogram
containing a right angle.

Square:-
- A square is an _equilaterai
rectangle.
7.5.1 Properties of Congruency
: '-Féiii’Sides'ofu Squuie, are Equal

o ABCD isa square Measure 4B,
— ". 3¢, 0D and Di. We find that

FUNDAMENTALS OF GEOMETRY
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Four Angles of a Square are Right Angles

ABCD is a square.

Measure angle 4, B, C, D with R ¢

protractor. We find that

mlA=mLB=mZLC=m/D=90° : ] 1
A [p

Diagonals of a Square Bisect Each Other

Consider a square ABCD, the

. R 2 0)
diagonals AC and BD intersect at _ G
‘0’. We find that

mOA =mOC =19cm and
mOB = mOD =1.9cm

7.5.2 Opposite Sides of a Rectangle are Equal
Consider Rectangle

Let us consider a rectangle 4BCD.

4B, CD and 4D, BC are opposite pairs of rectangle ABCD.
We find that mAB = m,EE =4.5¢cm and mAD=mBC =2.8cm

DJ :. \c

=

e e

e ————
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il :
o iili“llédangle are Right Angles
D Tls*a rectangle ‘Measure angle 4, B, C and D with protractor.

mAA=méB=méC:mlD=90°

= 2
o ] -
T
= m1 L A
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e =
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7.5.3 Properties of a Parallelogram

p The opposite sides of a parallelogram are equal.

TRl
o ;ﬁ“? : -

Il

ABCD is a paralle[ogrém.

AB, CD and 4D, BC are pairs of

opposite sides.

We find that _
mAB =mCD =3.9cm and / 2
mAD = mBC = 2.0cm

P The opposite angles of a parallelogram are equal.

ABCD is a parallelogram.

LA, ZC and £B, ZD are
pairs of opposite angles.

We find that
m/ A=mZC=70° and
AR~ m Dl 102

) The diagonals of a parallelogram bisect each other.

A parallelogram 4BCD , the

diagonals AC and BD intersect
- ato.

We find that

mOA = mOC =2.5cm
and mOD = mOB =2.5cm




each other.

| 7.5 CIRCLE
7.6.1° Circle

yoe - Acircle ié the set of points in a
- plane which are at a constant

distance from a fixed pomt in
the plane.

Center
. The fixed point C is called the
center of the circle.

Rudml Segment

Pis any pomt on the
circumference of the circle with
centre 0. OP is called the radial
segment of the circle.

Ilu'dius

-

e A ra.dlus of a circle is the length
= of a segm,ent joining the center
to anyﬂpolnt-on the circle. In the
.given figure mCP is the radius. .
Usually rep;,sented by il

"o




Chord

A chord of a circle is a segment
connecting any two points on _
the circle. In the given figure 4B
is a chord.

Segment of a Circle

A chord 4B of a circle divides the circle in two parts. These are
called segment of the circle.

Minor Segment: The included area between minor arc and the chord
is minor segment. :

Major Segment: The included area between major arc and chord is
called major segment.

Minor Segment
B

Major Segment

e g s e S

Diameter

A diameter of a circle is a chord
that passes through the center.
The length of a diameter of a
circle is twice the length of the
radius of the same circle.

Diameter = 2xradius




portion of a circle consisting of two end points and the set
'ithe clrcle between them An arc is named by its end

2 = .,
& "-._...
.C L
5
q._..:.
A

Scmmn'le

.....
«®

°/” Semicircle %

P : ] ; Minar Arc
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7.6.2 Sector

“1 A circular region bounded by an
arc of a circle and its two :
corresponding radial segments
is called a sector of the circle. In
. the figure, region

™ 4OB is the sector of the c:|rcle with center at 0.

Secunt Line

A secant is a line which
intersects a circle in two points.

Tangent

A tangent to a circle is the line
perpendicular to radius of the ' Point of Tangency
circle at its outer extremity.

The point on the circle at which the radius and tangent meet is
known as the Point of Contact or Point of Tangency. '

Concyclic Points

Points lying on the
circumference of the same circle
are called concyclic points. In
the given figure 4, B, C, D, E, F ~
and G are all concyclic points.

Concentric Circles

Concentric circles are circles in
the same plane with the same
‘center and different radii. A set
of three concentric circles-is
shown in the given figure.




7.63 Properties of Angles

i - In order to discuss the properties of angles relating to curcles first we
R consider an angle in a segment.

Angle in a Segment

Consider a chord of a circle with center at ‘O’ as shown in the figure.
We take the segment PSQ of the circle with center at ‘O’, the point ‘R’
on PSQ is distend from ‘P’ and ‘Q’. Join R with P and R with Q to

- obtain £PRQ. We say that ZPRQ is an angle in the segment PSQ.
We can draw more angles in the segment to meet by PSQ.

Aﬁgle in a Semi-Circle is a Right Angle

" 1- Draw a line-segment 4B of
~~  any length. Mark the mid
. point of 4B as O.

2- Draw a seml-clrcle on AB
with radlus OA.

3- Talée any point € on the
semi-circle.

210



4- Now take a protractor and place it alon AC so th
the protractor falls on C. g at the center of

We note that the measure of the Z ACB by |ook|ng at the marking on

the protractor corresponding to arm CB of ZACB is of 90° i.e
mZACB = 90°or a right angle.

Thus, angle in a semi-circle is a right angle.

Angles in the Same Segment are Equal

Draw a circle with center ‘O’. Take two points B and C on the circle
and join them. BC divides the circle into two parts. :
Draw angles, £ZBAC and ZBDC in the same segment as shown in the
figure. Take a sheet of tracing paper and make a trace copy of

/BAC. Place the trace copy of ZBAC on £ZBDC.
A falls on D and 4B falls on DC. . e

So that we observe that BD falls on AC. Thus £BAC = ZBDC, thls
shows that angles in the same segment are equal.

211
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. (Cenral Angle | !
' ?' | The central angle of a minor arc of a circle is double that the angle
: _ ,;Subtended by cofresponding major arc. -

o C

Fig (i) §dtip

e In Fig (i) £ AOBis the central angle of minor arc 4B while £ ACB
B is the major angle subtended by the corresponding major arc ACB
of the circle

mZ AOB = m2 / ACB
Join C with O and extended it to meét circle in D.

mZl =mZ2(angles made by = sidesof A AOC atbase 4AC)
mll+ml2=m/t 3 oppo‘sité exterior angle of a Ais equal to

- itsbase angles)
_ 2mll=ml3 ... (i)
Similarly 2m/4=mz6 ... (ii)

- Adding (i) and (i)
. 2mZll +2msd=mL3+ml6

2(mL]l + mZ4)=mL3+mL6
. 2mZABC = m/ AOB

. OormZAOB=2m/ACB




7.6.4 Applicatibns

All angles inscribed in the same arc are equal in measure.
mZK=m/L=40°

A /)

Fig (ii)

£ ACBis central angle of the circle in Fig (ii) and angle £ AKB and
Z ALB are the two corresponding subtended angles at the major arc..

“mZ ACB = 2m / AKB w.oooon(i)
and m £ ACB = 2m £ ALB .......... (ii)

.. From '(z) and (i)
2m £ AKB = 2m £ ALB

mZ/ AKB = m £ ALB

Hence all angles inscribed in the same arc are equal.
= S
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Remember that:
I congruent circle or in the same circle, if two minor arcs are
s ‘congruent, then the angles inscribed by their corresponding

_'"“" “major arcs are also congruent.

'J,‘p.

[ XERCISE - 7.6

Flll ln llle blanks:
: (1) _ Ima plane the set of points whose distance from a fixed point is
same is called .

(u) The dlstance of a point of a circle from its centre is

NG - called Dzl :
SEA line: segment whose end points I|e on the circle is

 called — 5 :




9. An arc greater than a semi-circle is called:
(a) Minor arc : (b) Chord
(c) Major arc (d) Diameter
- | 10. Circles with equal radii‘and equal diameters are called:
: (a) Concentric circles (b) Semi-circles
' () Equal circles (@ Concyclic points

II- Fill in the blanks. '
1. Two angles with a common vertex and a common side are called
angles.

2. If sum of the two angles is a straight angle, then the angles are '
called - angles.

3. An angle more than 90°and less than 180° is called
angle.

4. Two non-adjacent angles, each less than a straight angle, formed
by two intersecting lifies are called angles.

5. The sum of the angles of a tri'angle is _

6. Two lines parallel to a third line are parallel to

7. Two geometrical figures, which have the same size and shape
are : , '

| 8. . A triangle with no equé! sides is called a triangle.

n 9. A chord that passes through the center of a circle is

Ac

call
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Vertically Opposite Angles Aﬂ]anent lng_les on a Straight Line

b
}
1
|
|

Given Za = £Zb and Zc = Zd Given Za+Zb = 180°
then AOB and DOC are straight lines, then AOB. is a straight A
~ line, ‘
b B

Angles in Relation to Parallel Lines
Alternate Angles

Given AB||CD then Za=/b . Given AB||CD then Za=/b

T T o e e
Interior Anéles L, 2 el torfespdnding;lnglgs :
Given Za+ /b = 180° _ " Given Aa=£bthen 4B|| CD

-

then AB||CD




g

? Angle' An angle is the union of two rays with common end point.
¢

T

-
{
bt
i
§

InghtAngIe Aright angle contains 90°
Straight Angle A straight angle contams 180°

" Acute Angle: An acute angle contains more than ¢°and less than 9¢°.

Obtuse Angle: An obtuse angle contains more than 90°and less
- than 180°. : )

ReﬂexAngIe A reﬂex angle contalns more than /80° and less than
360°.

| Equal AngleS' Equal angles are angles with equal measures.

! Adjacent Angles: Two angles with the common vertex and a common

side between them

i "Complemenlary Angles: Two angles whose sum is a 90°.
iSUppIementaryAngles Two angles whose sum is a /80°.
- Vem_cal Angles: Two non adjacent angles, each less than a straight

angle, formed by two intersecting lines.

L ResulH The sum of the angles of a triangle is 180°.

-

20 two a_ngle_s are complements of equal angles, they are

rallel lines intercept bongruent segments of one
ers ,_"‘l‘-' they intercept congruent segment of every




L w

Transversal A transversal is a line that intersects two or more lines i in
different points.

-

Congruent Figures: Two geometrical figures which have the same size |
and shape are congruent

‘Polygon A polygon is a plane figure with three or more stralghttsl.ldes
Isosceles Triangle: A triangle with two equal sides. A |
Scalene Triangle: A triangle with no equal side.

Right Triangle: A triangle containing one right angle.

Obtuse Triangle: A triangle containing one obtuse angles. -

Acute Triangle: A triangle containing three acute angles.-

-~

L)

Equiangular Triangle: A triangle containing three equal angles

Properties for congruency between two Tnangles

(i) SSS=SSS (i) SAS=SAS (iii) ASA=ASA (i) RHS=RHS

Quadrilateral: | A polygon with four sides.

Parallelogram: A quadrilateral with two pairs of parallel lsideé."
Rectangle: A paralleiogr_am containing a right angle.

Square: A equilateral rectangle. | :

Circle: A set of points in a plane which are at a constant distance
from a fixed point. . :

Radius: Length of a line segment joining the center to any pomt on
! the circle. :

Segmenl ot a Circle: A chord AB of a circle leldes the circle in twol ;
| parts. These are called segment of the olrcle

t Dlameter Length of a chord that passes through the oenter. g




Arc: A omon of a circle consisting of two end points and the set of
pomts on the circle between them.

Semu Circle: An arc which is half of a circle.

MlnorArc An arc less than a semi-circle.

I
.f
g

| § :
| MajorArc: ‘An arc greater than a semi-circle.

Equal Circles: Circles having equal radii or equal diameters.

Secant Line: A line which intersects a circle in two points.

Tangent A line perpendicular to the radius of a circle at its outer
extremlty

Sector: A circular region bounded by an arc of a circle and its two
corresponding radial segments.

Concyclic Points: Points lying on the circumference of the same circle.

1
-;s
~ Concentric Circles: Clrcles in the same plane with same center and
different radii.

i
Central Angle: Angle subtended by an arc at the centre of a circle is
called central angle.

Result (1) Anglein asemi-circle is a right angle.
 (2) Angles in the segment of a circle are equal.

. (3 Allangles inscribed in the same arc are equal in
. ‘measure,




UNIT

PRACTICAL GEOMETRY

» Construction of a Triangle

» Construction of a Quadrilateral
b Tangent to a Circle

After completion of this unit, the students will be able to:

» construct a triangle having:
« Two sides and the included angle.
o One side and two of the angles, y ,
» Two of its sides and the angle opposite to one of them (with all the three possibilities).
» draw:
« Angle bisectors.
» Medians, of a given triangle and verify their concurrency.

» construct a rectangle when.
+ Two sides are given.
« Diagonal and one side are given.

» construct a square when its diagonal is given.

» construct a parallelogram when two adjacent sides and the angle included between them is given.
» locate the centre of given circle.
» draw a circle passing through three given non-collinear points.
» draw a tangent to a given circle from a point P when P.lies.

» On the circumference,

« Outside the circle.
» draw:

o Direct common tangent or external tangent.

« Transverse common tangent or internal tangent to two equal circles.
» draw a tangent to.

» Two unequal touching circles.

o Two unequal intersecting circles. |



.-_'éjon'sjtruct a triangle, When two sides and the included angle, are
given. |

Let the given two sides are of measure 7cm and Scm and the included
- angle between them is of measure 45°.

- Steps of Construction:-
~ « Draw a line segment mBC = 7cm
o At point B, dréw }nADBC='45° using compasses.

Wlth B as centre draw an arc of radius Scm to cut BD at A.
Jom A to C

., b  A4BCis the required triangle.




| 2 Construct a triangle, when two angles and their included side i

are given.

Let the given two angles are mZA=60° and mZ£B=30° and the : ; 3
included snde mAB=6cm | B

Steps of Construction:-
o Draw a line segment 4B = 6cm.

o At point-4 drawmZBAD=60°
with the help of compasses.

At point B draw mZEBA=30°
with the help of compasses.

e AD and BE intersect at C. S "

AABC is the required triangle.

Construct a triangle when two sides and the éngle oppdsite to
one of them are given.

Let mZ4=60°, mAC=7cm, mBC=6.5cm

—

Steps of Construction:-

e On any line AG construct
ZGAF = 60 with the help
of compasses. :

e Draw AC = 7em”

» With C as center draw an
arc of radius 6.5cm cutting
line AG in B and B'.

e Draw CB and CB'.

A CAB and A CAB'are the
two required triangles.

e R



8.1.2 Angle Bisectors of a Triangle

‘5"‘.. A « : i

!, .~ An angle-bisector of a triangle is a line segment that bisects an angle
| L . of the triangle and has its other end on the side opposite to that angle.
{ : Clearly, every triangle has three angle bisectors, one for each angle.

To Draw Angle-Bisectors of o Triangle

Steps of Construction:-
'« Draw any triangle 4BC.

e With 4 as center and any
convenient radius draw an
arc, cutting 48 and AC at X
and Y respectively.

* With X as center and a

- convenient radius draw an’
arc. Now, with Y as center

- and with the same radius
draw another arc, cutting the
previously drawn arc at Z.

e Join AZ and produce it to meet BC at P. Then AP is the required
angle bisector of £ 4.
S|mllarly the other angle blsectors may be drawn.

— T TR

if we draw all the angle bisectors of a triangle, we find that they meet at
@ point. For example:

' Draw any A4BC.
e Draw the angle bisector B0 and
CR of ZR and ZC respectively,
interzociing each otherata .
point/. '
= - Join 4 with I and produce it to
: meet BC at P.
Measure ZBAP and £CAP.
We find that ZBAP = ZCAP.
7o This shows that 4P is the third
- angle bisector of ABC.
‘.'--.’_We observe that the point of intersection of two angle bisectors lies on
the third angle bisector as well. ;




The angle bisec_jors of a triangle are concurrent,
that is they meet at a point.

What we need to know ?

The point at which the three angle-bisectors of a triangle meet
is called the incenter of the triangle. :

Altitudes of a Triangle:-

An altitude of a triangle is the
line segment from a vertex of
the triangle, perpendicular to the
opposite side. Clearly, every
triangle has three altitudes, one
from each vertex.

Draw the altitudes of a triangle:-
Steps of Construction:-

e Draw any triangle 4BC.

e With 4 as center and suitable
radius, draw an arc cutting
BC(or BC produced) at two
points P and Q. '

* With P as center and radius PB | C70
greater than half of PQ draw \ _/
an arc. Now, with QO as center R
and the same radius, draw st

another arc, cutting the v
previously drawn arc at R.

o Join 4 with R, cutting BC at L.
Then, AL is the required altitude.

« Similarly, the other altitudes may be drawn. -

All the three altitudes of a triangle, (produced, if necessary) intersect

ata point.
Forexample:

225
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» Draw any triangle ABC.
From B and C, draw the altitudes BM and CN respectively.

Let BM and CN meet in H (produced, if necessary).
Join A with H and produce it, if necessary, to meet BCin L.

Measure ZALC.

We find that m£4LC = 90° and, therefore, AL is also an altitude of A 4BC.

The altitudes of a triangle are concurrent i.e. they meet in one point.

What we need to know ?

The point at which the altitudes of a triangle meet, is called the |
orthocenter of the triangle.

- ,
- Note :- i\

» The altitudes‘drown on equal sides of an isosceles triangle
areequal. |

» The alﬂ'rude{\ bisects the base of an isosceles triangle.
1) The almudes of an equilateral triangle are equal.

a friangle are concurrent, that is they meet




’e;pendiculur Bisectors of the Sides of a Tridngle:.

AND gty WhiCh-biSe.C 2 any side of a triangle and makes a right
angle with the g0l 'ts. midpoint is called the perpendicular bisector or
Biaulitbisector of the side of the triangle. There are three perpendicular
bisectors of a triangle, one of each side.

. Construct the perpendicular bisectors of the sides of a triangle

teps of Construction:-

o Draw any triangle ABC.

» With B as center and any radius more than half of BC draw arcs
one on each side of BC. Now, with C as center and the same radius
draw arcs to cut the previously drawn arcs at points P and 0
respectively. Join £ with O then, PQ is the right bisector of the

side BC.
* Also draw the perpendicular bisectors RS and UV of ACand 4B
respectively. ; :

» Produce these right bisectors, if necessary, to meet at a point 0.
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e We find that they meet at a pomt
| i For example:

e Draw any triangle 4BC.
' 1 o Draw the right bisectors PL and

RM of BC and AC respectively.

Let PL and RM intersect at O.
From O, draw ON.L 4B,
meeting 4B at N.

Measure AN and NB.

We find that AN = NB.

Thus, ON is the perpendicular
bisector of 4B. Thus, the point O

is common to the three perpendlcular bisectors of the sides of A4BC.

2N
<<

The perpendicular bisectors of the sides of a triangle are
concurrent, that is, they meet at a point.

What we need fo know ?

The point of intersection of the perpendicular bisectors of the sides
of a triangle is called the circum-center of the triangle.

Medians Of A Triangle:-

A median of a triangle is a line-segment joining a vertex to the midpoint
of the side opposite to the vertex. Clearly, every triangle has three
medians, one from each vertex.

P Construct medians of a triangle -
'Sfeps of Construction:-
- Draw any triangle 4BC.

~ With B as center and 1any radius more than half of BC draw arcs
on :__on_each side of BC. With C as center and the same radius
vV two arcs cutting the previous drawn arcs at points P and O




e Join P with O, meeting BC at D. Then, D is the midpoint of BC.
o Join A4 with D, then, 4D is the required median.

Similarly, draw the other medians from B and C.

We find that they meet at a point 7"

What we need to know 2

The point at which the medians of a triangle meet, is called the
centroid of the triangle. . '

Note :-

» The centroid of a triangle divides each one of 1he medluns 5
in the ratio 2:1 e

> The medlans of an equilateral 1rlc|ng|e are. equcl

are equal

" » The medians of a triangle are concurren’t

R =re




8.2 CONSTRUCTION OF QUADRILATERALS

In this section, we will learn to construct the following types of

quadrilaterals.

i
H
| RSy
“its 2
H
|

(i) Rectangle (i) Square (i) Parallelogram

8.2.1 Rectangle

p Construct a rectangle when its two sides are given.

Steps of Conilrudioni-

Draw a line-segment 4B =¢.
Construct m£ 4 = 90° and

m<B =90°.Taking “A” as center

cut AD =m from AE.

Taking “B” as center cut BC=m

from BF .
Join C with D.

Thus ABCD is the required
rectangle.

A A
Et TF
D C
m>x Km

A B

{

) Construct a rectangle when diagonal and one side are given.

Steps of Construction:-

Draw a line-segment 4B =¢ .

Construct m£ A = 90°. Taking “B”
as center and radius ‘e’ draw an

arc cutting 4E at D.
With B as center and radius

- AD, draw an arc. With D as
center and radius4B =¢. Draw

another arc BF cutting at C. Join 9

C with D.
ABCD is the required rectangle.

N A
Et 1F
D~ G

K < a

¥ \\\\
\\\\
A /) B
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5.2.2 Square

» Construct a square when its diagonal is given.

teps of Construction:-

Draw a line-segment AC =,
Draw the perpendicular bisector
PQ of “AC” intersecting AC at 0.

From “O" cut OD = % and OB =%

along OP and OO0 respectively.

Join 4 with B; B with C; C with D
and D with A.

ABCD is a square.

8.2.3 Parallelogram

P Construct a parallelogram when two adjacent sides and the
angle between them is given.

Draw a line-segment 4B = (.
Construct £ BAD = ZA.

Cut 4D = m along AE. S
With B as center and radius “m” ‘
draw an arc cutting BF at C.

With D as center and radius “¢” L
draw another arc cutting the 0

previous arc at “C”. Join C with:
B and C with D. ABCD is the
required parallelogram.
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8.3 TANGENT TO THE CIRCLE

A line coplanar with a circle
intersecting the circle at one
point only, is called the tangent
line to the circle. The point is
called the point of contact or
point of tangency.

8.3.1 Locate the Cenire of the Circle
o The given figure is of circle.
e The centre of the circle is at point “O”.
e Thereis only-one center of the circle.
» Center of the circle is not a point on the curve.
o Center of the circle is fhe mid point of the diameter.

e All the points on the curved path are at a constant distance from
the center and their distances are called radii.




8.3.2

Draw a Circle Passing Through Three Non-Collinear Points

A,B and C are three non-collinear
points. We are going to draw a
- circle through points 4,8 and C

c
 Steps of Construction:- ( \
Take any three non-collinear
A

points 4,8 and C.

1-

&) ™
8.3.3

P Draw a tangent to a circle from
a point on the circumference.

Join 4 with B; B with C and
C with 4, to make a triangle
ABC as shown in the figure.

Draw the right bisectors of .
the sides ACand BC at o
points F and E respectively *
of A ABC.

These bisectors meet at point “O”.

Taking “O” as the center and radius equal to the length
mOA=mOB=mOC , draw a circle passing through 4, B and C.

N

KC

NS

Steps of Construction:- \\

1-

2-

Draw a circle of radius 2cm
with center at “O”. A

Take a point “4” on the
circumference of a circle with

mOA=2cm.

With the help of the compasses construct an angle O4C of
measure 90° at point 4.

AC is the required tangent Iine to the circle.
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D Draw a tangent to a circle from a point outside the circle.

Steps of Construction:-

1- Draw a circle of radius 2cm with center at “0”.
*2- Take a point P outside the circle.
3- Join 0 and P and bisect OP at 4.

(-]

4- Draw a circle of radius m O4=m AP with center at “4”, intersecting
the given circle at points B and C.

5- Join P with B and produce it.
6- PB and PC are the tangents from point P to the given circle.
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8;3.4 Drawing Tangent o Two Equal Circles

Direct Common Tangent or External Tangent

If the points of contact of a common tangent to the two circles are on
the same side of the line joining their centers, then this common ‘ E
tangent is called direct common tangent or external tangent. i

P Draw direct common tangent to the two circles having same
radii 2cm having their centers 5cm apart.

Steps of Construction:-

1- Draw a line-segment 4B of length 5cm. 1
2- With 4 and B as two centers draw circles of radius 2¢m.

3- Draw mZ BAE =90° and m£ ABD =90°.

‘
1r' - " s sia




4- Draw line segments AE and BD through P and Q respectively.

5- Draw a line intersecting the two circles through P and Q
respectively.

6- FG is the required common tangent to the given two equal circles.

Transverse Common Tangent or Internal Tangent

If the centers of the two circles lie on either side of the common
tangent then it is called transverse common tangent.

P Toconstructtransverse common tangent to two circles.

Two circles of radii 3cm and 2¢m have their centers /0cm apart.
Draw transverse common tangents.

Steps of Construction:-

Distance between the centers = d = 10cm, radius = R = 3cm and
radius =r = 2cm.




P e

1- Draw 4B = I10cm

il

2- Draw circle C, of radius 3cm with “4” as center.
3- Draw circle C, of radius 2cm with “B” as center.
4- Draw circle C, of radius S5cm with “4” as center.
5- Taking M as a mid point of - 4B draw a semicircle.
6- Draw tangent BX to the circle C, from point B.

7- Join 4 to X (4X intersects circle C, at point P).

8- From point B, draw BS||AP (by using set square).
9- BS intersects circle C, at S.

- 10- .. PS is a transverse common tangent to the circles C, and C,.
8.3 ' ngents to Two Un-Equal Circles
Direct Common Tangent or External Tangent

b Draw direct common tangent or external tangent to two un-equal
circles.

Steps of Construction:-

1- Draw a line-segment C,C, =6cm.
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2- With centers at C;and C, draw circle of radius 2cm and Iem

respectively.
3- Extend the segment C,C, to the right side.

4- From points C, and C,draw two parallel lines C,4 and C,B such
that £C,C, 4 is an acute angle.

5- Join the points 4 and B extend it to D.

6- Draw a bisector of C,D through C,.

7- Taking C,as center and CC, =CD radius, draw a circle intersecting

the circle with center C,at 7.
8- Draw a line joining the points D and 7, and touching the circle
with center C, at 7,.

9- The line 7,7, is the direct common tangent to the given circles.

Transverse Common Tangent or Internal Tangent

Draw common tangent or internal tangent to two unequal circles.

Steps of Construction:-

1- Draw a line-segment 6¢m long with C, and C, as its end points
(mC,C,=6cm).




2- Taking C, as center draw a circle of radius 2cm.

3- Taking C, as center draw a circle of radius I.4cm.

4- Divide C,C, in the ratio 1.4:2 (ratio of radius of the given circles)at point B.

5- Bisect the line-segment BC, at point D.

6- Taking D as center and mBD = m DC, = radius, draw a circle
intersecting the circle with center at C, at point C.

7- Draw a line through C and B and touching the second circle at 4.

8- AC is the transverse tangent to the given circles.
8.3.6 Drawing Tongents

Tangent to Two Unequal Touching Circles
p Draw a tangent to two unequal touching circles.

Steps of Construction:-

1- Draw two circles of radius 3cm and 2 cm touching each other at
point C. :




2- Drawm £ ACD=90° at point C.
3- Draw DE through C, which is perpendicular to 4B.
4- DE is the required commdn tangent to the given two unequal
touching circles.
Tangent to Two Unequal Intersecting Circles
) Draw a tangent to two unequal intersecting circles.

Construction:-
1- Draw a line-sgment C,C, of length:4cm.

2- Taking C, and C, as centers, draw two circles of radius 3cm and
2cm intersecting at points 4 and B respectively.

3- Taking C, as center draw a circle of radius 3cm —2cm = Icm.




Bisect the line-segment C,C, at 0.

Taking O as center and mC O=m C O= radius , draw a cwcle
intersecting the inner circle at point E.

Join the point C; to £ and extend it to intersect the concentnc
circle at F.

Draw a line from C,, parallel to C,F mtersectmg the circle wuth
center C, at point G.

- Draw a line joining the points F and G. 0. A

. The line FG is the direct common tangent to two unequal
intersecting circles.

Exsnmsr. - 8._1

' mAC = 3.9cm. Find the in center

Construct a ABC i in whlch mBC 4. 6cm, A B

= ’_-Construct a A ABC in which mBC = 5. 4cm.' |
= 55" Find the centroid of the trlangle '




e

9. Construct a rectangle whose adjacent sides are 4cm and 3cm.

10- Construct a rectangle whose one side is 6cm and an adjacent
_ diagonal of 9cm.

11- Construct a square whose one side is Scm.
" 12- Construct a square whose one side is 3.5cm.

13- Constructa rectanglé whose two adjacent sides measure 5cm and
4em and their included angle is 90°.

14- Draw a rectangle whose one side is §cm and the Iength of each
dlagonal is 10cm.

15- Draw a rectangle ABCD in which m AB = 6.5cm and m AD = 4.8cm
and m ZBAD = 90°. Measure its diagonals.

16- Name the following quadrilaterals when:
(i) The diagonals are equal and the adjacent sides are unequal.
(ii) The diagonals are equal and the adjacent sides are equal.
:’(iii) All the sides are equal and one angle is 90°.

(iv) All the angles are equal and the adjacent sides are unequal.

- Construct a rectangle with sides 0cm and 6cm.
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20- Draw a circle with center O and radius 5cm. Explain the steps
necessary to draw a segment of the circle.

2]- Draw a circle with center O’and any radlus Draw the dlameterAB
and shade one semicircular region.

22- Show four angles in a semi-circular régi‘on of question 21.

23- Draw a circle of radius 2cm with center O. Draw a chord and'shade
the portion showing major arc. : ;

-

24- Draw a circle of radius 2. 5cm with center at O. Draw a chord and
shade the portion showing the minor arc of the circle.

25- Draw a semi-circle with diameter 4cm and center at O.

26 Draw a circle passing through the vertices of a square of side 3em. .

2]- In a right triangle ABC , mAB = 3cm and mBC 4cm WIth nghtﬂ :

ey

angle at B. Draw a circle through 4, B and C

28- Draw a circle passing through the three vertu:es of an equ1latera|
triangle with length of each side 4em. == iy e

e -
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Review Exercise-8

I-  Encircle the Com.ad Answer.

1. The number of medians in a triangle is:
@ 1 (b) 2
) 3 ‘ @ 4

2. The number of altitudes in a triangle is:
(@ 1 . ) 2
"0 3 : (@) 4

3. The number of angle bisectors in a triangle is:
@ e - . b 2
© 3 (@ 4

(@ 1 (b) 2
© 3 : o 4

- 5. The angle bisectors of a triangle are:
(a) concurrent (b) collinear
(c) perpendicular _(d)  non-concurrent

6. The medians of a triangle are:

(a) concurrent .. . (b) collinear
) nbﬂ-coizamnt (:ﬂ 4

_.7 ;{'The Ealtltudes of a tnangle are:

b) collinear

@ 5

(b) altitude
(d) sia

4. The number of perpendicular bisectors of the side of a triangle is:




<55, Tv.'}:';-‘—wﬁ?f;gf L

9. Aline joining one vertex of a triangle and perpendicular to its
opposite side is called:

(@) angle bisector ‘ (b) median
(c) altitude (d) side bisector

10. A line coplanar with a circle and mtersectlng the cnrcle at one
point only is called:

(@) tangent line (b) median
(c) altitude (d) normal line

17 Fill in the blanks.

. The altitudes of a triangle-are

2. The medians of a triangle are

3. The angle bisector of a triangle are

4. The perpendicular bisector of the three sides ofa triangle
are :

5. The line j jomlng one vertex of a triangle and perpendlcular to |ts
opposite side is called s of a tnangle

6. Aline joining one vertex of a triangle to the midpdint of its
opposite side is called of a _triangle.

7. Aline bisécting the angle of a triangle is called the

S [

Every triangle has : altitudes.

Every triangle has — median.

10. Every triangle has.



SUMMARY

1- An angle bisector of a triangle is a line segment that bisects an
angle of the triangle and has its other end on the side opposite to
that angle.

2- Every triangle has three angle bisectors, one for each angle.

3- An altitude of a triangle is the line segment from one vertex,
_ perpendicular to the opposite side.

4- Every triangle has three altitudes, one from each vertex.

5- A line-segment which bisects any side of a triangle and makes a
right angle with the sides at its mid point is called the perpendicular
bisector of the side of a triangle.

6— Every triangle has three perpendicular sides bisectors, one for each
side..

7- The point at which the three angle bisectors of a triangle meet is
called the incenter of the triangle.

8- The point at which the three altitudes of a triangle meet is called the
orthocenter of the triangle.

9- The point of intersection of the three perpendicular bisectors of the ‘

sides of a triangle is called the circum-center of the triangle
2

| 10-The point at which the three medians of a triangle meet is.called
~ the centroid of the triangle.

"‘1.1-' A'n'n'e coplanar with a circle intersecting the circle at one point only
is called the tangent line to the circle.




Areas and Volumes

» Pythagoras Theorem

D Area
P Volume

After completion of this unit, the students will be able to:

» state Pythagoras theorem.
» solve right angled triangle using Pythagoras theorem.

» find the area of
« A triangle when three sides are given (apply Hero’s formula),
o A triangle whose base and altitude are given.
« An cquilateral triangle when its side is given.
» Arectangle when its two sides are given.
o A parallelogram when base and altitude are given.
« A square when its side is given.
« Four walls of a room when its length, width and height are given. !

.» find the cost of turfing a square/rectangular field.

» find the number of tiles, of given dimensions, required to pave the footpath of given

width carried around the outside of a rectangular plot.
» find the area of circle and a semi circle when radius is given.

» find the area enclosed by two concentric circles whose radii are given.
» solve real life problems related with areas of triangle, rectangle, square, parallelogram and circle. -

» find the volume of:

« A cube when its edge is given.

« A cuboid when its breadth and height are given.

« Aright circular cylinder whose base radius and height are gwen
« Aright circular cone whose radius and height are known.

o A sphere and & hemisphere when radius is given.

» solve real life problems related to volume of cube, cuboid, cylinder, cone and sphere.




SUMMARY

1- An angle bisector of a triangle is a line segment that bisects an
angle of the triangle and has its other end on the side opposite to
that angle.

2- Every triangle has three angle bisectors, one for each angle.

3- An altitude of a triangle is the line segment from one vertex,
~ perpendicular to the opposite side.

‘ ;.J 4- Every triangle has three altitudes, one from each vertex.

5- A line-segment which bisects any side of a triangle and makes a
right angle with the sides at its mid point is called the perpendicular
bisector of the side of a triangle.

6- Every triangle has three perpendicular sides bisectors, one for each
side.

7- The point at which the three angle bisectors of a triangle meet is
called the incenter of the triangle.

| 8- The point at which the three altitudes of a triangle meet is called the
orthocenter of the triangle.

9- The point of intersection of the three perpendicular bisectors of tl;e |

sides of a triangle is called the circum-center of the triangle
28]

-} 10- The point at which the three medlans of a triangle meet is. called
the centroid of the triangle.

11 Alme coplanar with a circle intersecting the circle at one point only
ls called the tangent line to the circle.
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UNIT

Areas and Volumes

» Pythagoras Theorem

D Area
» Volume

After completion of this unit, the students will be able to:

» state Pythagoras theorem.
» solve right angled triangle using Pythagoras theorem.

» find the area of
« A triangle when three sides are given (apply Hero’s formula),
« A triangle whose base and altitude are given.
+ An equilateral triangle when its side is given.
« Arectangle when its two sides are given.
+ A parallelogram when base and altitude are given.
« A square when its side is given.
» Four walls of a room when its length, width and height are given. 4

. » find the cost of turfing a square/rectangular field.-

» find the number of tiles, of given dimensions, required to pave the footpath of given
width carried around the outside of a rectangular plot.

» find the area of circle and a semi circle when radius is given.
» find the area enclosed by two concentric circles whose radii are given.
» solve real life problems related with areas of triangle, rectangle, square, parallelogram and circle. -

» find the volume of:
o A cube when its edge is given. :
» A cuboid when its breadth and height are given.
« A rnight circular cylinder whose base radius and height are given.
 Aright circular cone whose radius and height are known.
» A sphere and & hemisphere when radius is given.

» solve real life problems related to volume of cube, cuboid, cylinder, cone and sphere.




it = b T

 The square of the hypotenuse of a nght triangle is equal to the sum
of the squares of the two sides.

l c ——.'_gzjl-bz I




EXAMPLE-2

A 25m ladder leans against a house with its foot 15m from the
house. How far is the top of the ladder from the ground?

C
SOLUTION: Given: a = 15m, ¢ =25m

Let b represents the desired distance.

~ Then a2 +b2 =c2

b2 =c2 —az

=257 -5

—625-225 4 o B

= 400
b =20m

EXAMPLE-3

If 30,72,78 represent the lengths of the sides of a triangle.
Is triangle a right triangle?

SOLUTION: Given: a=30, b=72, c= 78
We have pythagoras theorem, it states: c? =a? +b°

RHS= a? +b% =(30)% +(72)°
| = 900+ 5184
= 6084
787
, — 6084 |
Vet p s T :
~ Thus '_triangle‘ is a right triangle. 5

LHS = c2

i
pt e




- EXAMPLE-4 -
. The sides of a triangle are of lengths 6cm, 4.5cm and 7.5cm. o
Is this triangle a right triangle? If so, which side is the hypotenuse? _

< -

LS5 SRl “Rer e R
-
T "y
5

- sowmoN:
The three sides of the triangle are given to be 6¢cm, 4.5¢m

"l.‘"‘.‘
.

*‘% W _and 7.5cm. The triangle will be a right triangle if it satisfies
P the condition of Pythagoras theorem

g B s

A Now (6)% +(4.57 =36+20.25

h"' e L Sl _ 5625 = (7.5

, "._r Since the _rélation 62458 =7.5% is satisfied, therefore, the

triangle whose sides are 6cm, 4.5cm, 7.5cm is a right
triangle.




7=

9-

AABC is right angled at C. If mAC = 9cm and mBC = 12cm, find the

. reaches a window at a height of 75m from the ground. How faris

10- The sides of a triangle are 15cm, 36cm and 39cm. Show that it isa

Find the hypotenuse of a right isosceles triangle whose legs are 8cm.

If the numbers represent the lengths of the sides of a triangle, which
triangles are right triangles?

@345

(1) 5 9 17525

(iii) 11, 61, 60

length 4B, using Pythagoras theorem.

The hypotenuse of a right triangle is 25¢cm. If one of the sides is of
length 24cm, find the length of the other side.

A ladder 17m long when set against the wall of a house just

the lower end of the ladder from the base of the wall?

The two legs of a right triangle are equal and the square of the
hypotenuse is 50. Find the Iength of each leg. :

right angled triangle.

9.2 AREAS

The surface inside the boundary of a shapé is called area.

ARG T SN, < T I a,,@_
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Gt E ~ 9..1 The Area of a Triangle
| o | Am qf-_d Triangle whép all the three sides are given

~ A triangle 4BC with sides a,b,c and

7 .25 = at+btc = s_ﬁgi,

wﬁere ‘S’ is half the perimeter of a:triangle.

SRt Mt e
| 1

ke Rt 1 A

B
; T@Mkmﬂd}{{ﬁﬁ 5311;1.’-5;». £ Tl

Then area of any tnangle is A= JS(S-a) (S—-b) (S—¢)

d‘!-;
) 4. ._ 2

Thls‘js called I:lero 'S Formula for finding the area of a tnangle




Note:- In this case, the triangle is a right triangl‘e with base 5, |
altitude /2 and hypotenuse 13. ' |

Hence area (4) = —;— x (base) x (altitude) . ) \

% (5) (12) = 6_20 A =30 square unit.

Nofe: Area of a friangle is denoted by 4.

Area of a Triangle when base and Altitude are given

in the figure. Let BC be its base
and let AL L BC. Then AL is the
corresponding altitude. Through
A and C draw line parallel to BC
and BA respectively, intersecting
each other at a point D. Then,

E
Draw any triangle 4ABC as shown : %

clearly ABCD is a parallelogram B
with base BC and corresponding S base-------->

altitude AL.

Area of AABC =—;- (Area of Parallelogram ABCD) %(T?"éxﬁ )

= %(bxh) '-(where b is the base and & is the altitude.) °

TV B ey

Thus, we have "Area of A = % x Base x Altitude -«




EXAMPLE-1 Find the altitude of a triangle whose base is 16 cm

and area is 34 cm?

SOLUTION: Altitude of the triangle =

Here area = 34cm® and base = 16 cm

Altitude = =
Base

2x Area (

o

2x Area R
Toee IMPORTANT
The side opposite to
a right angle in a
2x34 right angled triangle
16 J = 4.25cm [88isifs hypotenuse.

EXAMPLE-2 Find the area of triangles whose
(i) base= 18 cm, altitude = 3.5 cm
(ii) base =8 cm, altitude = 15 cm

SOLUTION:

(i) We know that area of a triangle = % x base x altitude

-(ii) Area of a triangle =

=—;-x18x3.5 =31.5cm?

% x base x altitude

§x8x15=60(:m2

Area of on Equilateral Triangle when its side is given :-

In an equilateral AABC,a = b = c.

Therefare, Si= S G 57

2 2

i
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Area of a Rectangle when its twosides are given

Consider a rectangle as shown in the ﬁgure'.

b A=Uxb

Length of the rectangle = {
Width of the rectangle = b.

The Area of a rectangle is equal to the product of its length and width. .

Thus | b=

A
L

and | ¢ =£
b

Area of a Parallelogram when base and Altitude are given:-

The area of a parallelogram is-equal to the product of base and the
altitude drawn to the base.

ook
~ . sy el il
e 2

Area of a parallelogram ABCD = A = base x alfitude =

[d=bxh]

: 7 A
Base = b=—
h

h o

[Atitude = pat i EREa .
i




Area of a Square when its side is given:-

* The area of a square 4BCD is

f equal to the square of one of its D &
: sides. :

' A = Side x Side d=5? s

l ' S S2 :

f I 4 =5 A S B

| Side = S = N4

r'f'""l"Jni’t--?oFKf'ea is square unit of length Ii'ke':r cm?, m?, km®.

Area of four Wulls of a Room:

We can ﬁnd the area of four walls of a room when its length, breadth

‘and height are given. e
\ ,, g
- Let length of the room = ¢ 5
Width of the room =5 i
~ Height of the room =4 ¢
~ Area,of four walls = hxt+bxh+hxl+bxh
SR A = 2(hxt)+2(bxh) = 2(hxl+bxh)
= 2h(&+b) Z

-

EXAMPI.E The length, width, and height of a room are 5m, 4m, 3m
Sas) respectively. Find the cost of whlte-washmg on all the
walls of the room at the rate Rs 7.50 per m’

"".fp,urwalls = 2(1 + B) x B 2(5 +4) x 3



£

.,

il : I e
L AREAS AND Y oL

Things to Remember:

1- Area of rectangle = (Length x Width)

2
3

Diagonal of a rectangle = J(Length_)z + (Width)?
Perimeter of a rectangle = 2(Length + Width)

4

Area of a square = a’ 1
1! ond
where a = side of the square D2

5

Diagonal of a square = 2a
Area of a square = E(Diagonal)z o a

(o)}
i

~J
1

Perimeter of a square = 4 x Side

A

9.2.2  Areus of Rectangular and Square Fields

Rectangular paths are generally around (outside or inside) a rectangular
field or in the form of central paths. We shall explain the method to
calculate their areas through some examples. '

EXAMPLE-1
‘A rectangular field is of length 40m and width 25m.

Find the total cost of turfi ng the field, if the cost of turfing the field is

Rs.16per m’ D

SOLUTION: Let us represent the field by
rectangle ABCD as shown in 25m
the figure. '

Length of the rectangular field =40m 4 i
Width of the rectangular field = 25m
Area of the rectangular field = A=0x b=40x25=1000 m?

Rate of turfing = Rs. 1 6per m’

Total cost = 16x 1000 = Rs. 16000

VRS




 The boundary of a square field with side of 60m.
Find the area of the field.

" Also find the cost of tun‘ing the square fi eld at

the rate of Rs 5. 00per m?




EXAMPLE-3

Two cross roads, each 2m wide, run at right angles through the
center of a rectangular park of length 72m and width 48m such .
that each is parallel to one of the sides of the rectangular field.
Find the area of the roads. Also find the number of nles required
to beautify this road where each tile having area,of4 m’.

D P S C
A‘
H KHN B e
I T A O O
E TR . F 0

SOLUTION:




AREAS AND VOLUMES

024 Area of o Circle

The circumference of circle = 2nr
where the radius of the

circle is r’.

Area of a circle =x r?

Note: In examples and exercises, where = is not specified,
use the value stored in the calculator.

EXAMPLE

. Find the area of a circle whose circumference is 52ncm.
Give your answer in terms of n.

SCLUTION:
Circumference = 2nr = 52n
= g = 5
= r = 26cm
Area = nrz
= n (26)°
= 676mcm’
Area of a Semicircle:- 3
A semicircle is half of a circle,
bounded by a diameter and half %
of the circumference. 180° .
Also a sector with an angle : 7 _:Q

of 780°at the center of the circle
is a semicircle. '

. .
.......

In the figure, _ ;
e Lengthofarc PO = 5 of the circumference of the circle.

Area of sector PRO = -;- of the area of the circle.

TR e 1
| Area of semicircle = 5 (nr?).




9.2.5  MArea of Conceniric Circles

Circles with same center but
different radii are called
concentric circles. In the figure,
¢;, c;are two concentric circles
with same center ‘O’ but different
radii, and,.

oo

w
3

15 2 TR e

.

EXAMPLE .
Find the area of the washer shown below, whose outer
diameter is 6.4cm and the diameter of hole is 3.6¢cm.

[Take T to be g)

SOLUTION:

External diameter of washer is
2r,=6.4cm

External radius of washer, r, =




e

[E XERCISE 9.2

1- A verandah 40m long, 15m wide is to be paved with stones each
measuring 6m by 5m. Find the number of stones.

2- How many tiles of 40cm’ will be required to pave the footpath /m

wide carried round the outside of a grassy plot 28m by 18m ?

3- Find the area of a room 5.49m long and 3.87m wide. What is the cost
of carpeting the room if the rate of carpet is Rs 70.50 per m’?

_4- The area of a rectangular rice field is 2.5 hectares and its sides are in

the ratio 3:2. Find the perimeter of the field.

3- The area of a square playground is 4500 m” . How long will a man
take to cross it diagonally at the speed of 3km per hour ?

- 6= The diagonal of a square is 14cm. Find its area.

~ 7- Find the area of a triangle whose sides are.

(i) 120cm, 150cm and 200cm
(ii) 50dm, 78dm and Il_'2dm !

8- The perimeter of a triangularfield is 540m and its sides are in the
ratio 25:17:12. Find the area of the triangle. :
" Hint: Let the sides be 25x, 17x, 12x meters.
Then 25x+17x+12x = 540 = 54x =540 = x = ]0
111e srdes are 250m, 1 70m 120m

ram if its two adjacent sides are 72¢m




10- Find the area of the following washers whose external and Internal
diameters are::

(i) 15cmand I3cm (i) 1.2m and 0.9m
(iii) 40mm and 33mm.

11- Find the area of the shaded region.

28m

A

v

12- Find the area of an equilateral triangle whose side is 8m.
13- The side of an equilateral triangle is 6cm. Find its area:
14- Find the area of the right triangle with legs 12¢m.and 35¢m.

15- The base of a rectangle is three times its altitude. The areais
147cm? Find the dimensions of the rectangle.

16- Find the base of the parallelogram whose attitude is 18cm and . "
whose areais 3m% ‘ P g

A
- e |

17- The area of a parallelogram is 144cm’. Fmd the altltude lf h e eis
2m long. : J

18- Find the area -of the réct'angle 2m long and 18cm wide. 4




9.3 VOLUMES

In this topic we study some figures which are not plane. The simplest of
: these figures are cubes and cuboids. These figures do not lie completely
_ ' . in a plane, such figures are called solids, (three dimensional figures).

Cube and Cuhoid
Cube :- y

A six faces figure, with same : :
length, breadth and height is ' h
called a cube. ‘ :

The given figure is a cube,

Length of the cube = ¢
Breadth of the cube = b _ Fig (i)
Height of the cube = 4
where {="b = h,

therefore,

i : | Volume of a cube =V =/¢x/¢x?¢
or V = £3 cubic unit

.  EXAMPLE

_I_' 5

5 Find the volume of the cube whose edge is 8m.




F,  AREASAND VOLUMES

Cuboid :-

A six faces figure which has
length, breadth and height is
called cuboid,

(or :ectangular parallelopzped).
Figure (ii) represents a cuboid.

The length, breadth and height H|
of a cuboid are usually denoted
by the letter symbols ¢ ,5.and & E 4
respectively. Length, breadth Fig (ii)

and height of a cuboid are also -

called the three dimensions of
the cuboid.

Volume of a cuboid of length ¢, breadth » and height 4 is
V=¢xbxh

EXAMPLE

Find the volume of a block of wood whose
length, breadth and height are respectively
10cm, Scm and 3cm. . A
SOLUTION: , : &
Given: e : 5
Length of the block of wood = 10cm R
Breadth of the block of wood = 5ecm w1 = .~
Height of the block of wood = 3cm A
V=I(xbxh
=]0x5x%3
=150 cm’

Volume of a Cuboid and a Cube :-

1- Length, breadth and height must be éxpressed
- in the same units. j ‘
2- From above formula, we also observe that:

v ' = ¥ Wheighth = -2l
Lengtht = = Breadthb = zkh-He‘gh b |




Volume of Right Circular Cylinder :- ' _ >
. (=

The volume of a cylinder of base
radius " and height %’ is given h
by.
| T
r

Volume of a cylinder = Area of base x height = mr x h
Volume =mr’h -

EXAMPLE-1

Find the radius of the cylinder with volume 12320 cm
and height 20 cm.
-SOLUTION: Given v=12320cm®, h=20cm, r=7?
v=mxrixh= r = —
nh
2 2122320 _ 12320x7 . 616x7 Y
22 49 22x20 22
r=14cm
Right Circular Cone :-
3 B

A cone is a solid defined by a
closed plane curve (forming the
base) and a point outside the

. plane (the vertex). A right circular
cone can be generated by
rotating the right-angled triangle
BOA as shown in fig(i) about OB,
which represents the height of

fig(i)

e Slant Height

the cone. The base of the cone
is a circle with radius 04,
B is the vertex of the cone and B4 is the slant helght

Volume of a coue.: '-é_x.areq.of basex height

el e e i Rl Valumeofacgne =v= _—,nxrzx-h
LR RN O LRI . e e

=" N - e "
0 e -
X W | gl
it ol Y




A cone has a circular base of radius 14cm, a height of 48cm,
calculate the volume of the cone.

22
Take T to be —
SOLUTION: [ s 7)

Given radius of the base =r = 14 cm
Height of the cone = h = 48cm

Jo
=TT
3

Volume of the cone

h

)

22

=9856cm’

Sphere :-

A sphere is a body or space bounded by surface where every point
on the surface is equidistant from a fixed point with in it. The fixed
point is called the center of the sphere. The distance of every point on
the surface to the fixed point i is called the radius of the sphere. This

radius is usually denoted by ‘7

—x—x(14)° x48
o (14)* x

—x—x 196 x48
A7

Volume of the sphere = —x2mr®

w

N 3,&3, where r is the radius of the sphere.

3

=

b=

g l ;4_‘._‘;:.




.‘ He“‘mispheres -

L f'l’féi-_az:s'ph‘ere is cut into half, the two portions are called hemispheres.

EXAMPLE-1 |
~ Calculate the radius of a sphere of volume 850 m’take r to be 27—2
] - SOLUTION:
: Volume of the a sphere = 850m’
£ Radius =?
. Now y= S’
e

*{,1 B e 3x850x7

5 ek ) PR I E V&l = — yal =
SR e ~ 4n 4x22
(a0 RN 3 )
B = 202:3409
2 : ; - - " A l

= 7 = (202.8409)° = 5.88m

? *)-.JW J-er'..':J ne
of : .bdphere -".' 35cm




ife Problems Related to Volume

A solid region has a magnitude or size or measure. The measure or
magnitude of a solid region is called its volume.

In other words, the measure of the space occupied by a solid is called

its volume.

For example, consider the real life problems.

1. Arectangular overhead tank is built for storage of water. The
greater the volume the more water can be stored.

2. Arectangular tin box is to be made to store oil. The greater the

volume of the cuboidal region, the more is the quantity of oil it
can store.

Remember that:

1- As Icm= ]Omm,
Therefore, Icm® —10x10x10mm

Icm =1000mm’
2- Im® =100 %100 100 cm’
= 1000000 cm’ N
=100’ u gt e
Also I’ —1000x1000x1000mm Y
Im’ =109mm Ak O 10 SRR 1&'

IS

3- For measurement of volumes of Ilqu , s- =

Icm --Im!.’
S _IQOOIGm =




EXAMPLE-1

S ;L . ;fnd in liters, the volume (capacity) of a storage tank whose length,
: .w b,.. ) ,dt’h and depth are respectively 6.3m, 4.5m and 3.6m.

W =6.3m
i “ -‘7_ - Bm’a,dth ofthetank  =45m
=l -‘!%Hé’i‘gﬁt-affthe‘tank ROE—siom

iy - =102.06m®
Vo Iume of the tank (m’) =102.06 x 100 x 100 x 100
;':_ e = = 102060000 cm’

= "L A =102060litres (1000 cm® = | litre)




1-
2-

Find the -Vqlume of the Solids

EXERCISE - 9.3

A cube of a side 4cm.
A cube whose total area is 96¢m?

A rectangular box with length 4m breadth 3m and height 2m.
Right cylinder, with radius of base 4cm, altitude 10cm, use n‘=‘£;1_, -

Circular cone, with radius of base 3cm, altitude 10cm.

Sphere, with radius 3cm. _

Right circular cylinder, with circumferences of base 4cm, alti"fu,de Im.

Cone with altitude 9cm, radius of base 6em.

-

- Review Exercise-9

I-

 If the square of the hypotenuse-of a right triangle is equal to

~ Area of a triangle when all the three sides are given is:

Encircle the Correct Answer.

the sum of the squares of the other sides, it is. ca!led: /
(a) Pythagoras theorem (b) Scalene triangle

(c) Equilateral triangle (d) Isosceles triangle yis

e

) Lok S e

I
5
B 4
2
A

atb+c

(c) Js.(s—a)(s-rb)‘(s—c), e B ST 3 :

Area of an equilateral triangle with side ‘@’

@ dm om0 5




Review Exercise-9

= | 4. Areaofa recfangle is:

(& Ixb U
B 0 s @
e | 5. Areaofa square with side ‘S’ is:

(a S (b) 45 fc) 28 @ 52

6. Area of a circle with radius ‘7 is:
@ 2 (b) 2nr © =’ @ nr

7. Area of a semi-circle is:
. 2
@ f—;— ) mr © n’r (@ 2nr

8. Volume of a cube with edge ‘l' is:
@ () 31 © F . @

9 Volume of a right clrcular cylinder is:

'_

: R (a) Jl‘t’z]l - (b) nrlh
1 2

;mr?h ) _‘3{,,,2

the hypotenuse of a right triangle is equal to

'of the sides, then it is called___theorem.

RS pre




3 i ¥ R e A S o e
. Vi B0y SRNETeRanNI

7. Area of a circle =

8. Volume of a cube with edge 1'is

9. Volume of a cuboid =

10. Volume of a right circular cone = _ e b CIOHRAWEE 0 BUtA

IR T

Y . s Tl fing LT Lt
SUMMARY . :
I 3 % sy IR 1“.‘ - ,,. .e

O okl X l-.\l‘

Pythagoras Theorem' The square of the hypotenuse of a right triangle
is equal to the sum of the squares of the |egs

iuh ety %7 ir 1 8% m,.'

Area' The space |ns1de the boundary of a shape

Area of a Triangle: 4 = éx base x altitude

Areaofa Triangle: 4

J;(s_- a)"(.s"-._l)) =¢) - j:» 1Rianis 3‘5!{%{1‘5 ‘~5 :m;’ni—a‘i il
a—”—"’—.c- 'a,b,care the sidesof a tnangle. s

LG T, .y 433 -'-\.»", e |

J_a

Area of an equilateral triangle: A=

Area of a rectangle: 4 = length xbreadth
"_"'_',.:.- - .”}

Area of a square: A =‘.§z‘de1'x side. _

"Aﬂlaofaparallelogram, A‘— SEC



 Circumference of a circle: C=2 nr

§ Area of a semiicirCIé: e ( nr?)

Areaofa washer. A=rn[rl-r; ]

r, is the radius of outer circle.

Tk Ml el L = Y

is the radlus of inner circle.
~ Volume: The ;sp_acel inside the boundary of a three dimensional shape.
* Volume of acube: ¥ = I,/ is thelength of edge.

| #».V’o'luméﬁ;of.;a cuboid: ¥ = Ixbxh
mmw g & Yo l lengTh b breadth h = height -

g !.“_’,a 1‘,. ‘lv"“_"l ‘.,I'.‘ 7% &)
- Nolume of a right clrcular cylinger' V_ =nr ‘h e
s ol = height of the cylinder

" r.= radius of thebase

um ;’ifr’i‘g“!i_t}‘ rcular cone: V‘;:éic.r’. h

e o b
R mﬂf!“ﬁ? lzezghtofthecone

W ¥ ti"fe r= mdms of thebase
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v INTRODUCTION TO COORDINATE GEOMETRY -

10.1 DISTANCE-FORMUI.A_

, In 17th Century, Descartes, a French Mathematician introduced a

' plane. A set of infinite number of points, called Cartesian Plane.
Every point in a plane can be located in terms of a pair of numbers
related to two number axes in the plane, which are perpendicular to

each other and intersect at the origin.

‘The plane is called a cartesian . :
plane, and the axes are ' ¥
designated the horizontal (0X)
and vertical (OY) axes, or , .
the y-axis and the y-axis. :

X

raxes divide the 24 0
into four quadrants ms ot
hown in the figure. =Is]:

in the plane and Y
n through P
[:s, the lines will
two points,
| coordinate of M(m)
Ol wX L-dkis is called the
-x-coordinate or abscissa of P, . v ,
and the coordinate of N(r) on the : :
y-axis is called the. y-coordinate
or ordinate of P.

~

- The two numbers (,n) are R
called the coordinates of 2 with N Bl&mn)

- respect to the coordinate axes. : | |
‘The letters m and n stand for A— A l

" numbers, and since the
x-coordinate is always written
first, such a pair is called an

~ ordered pair of numbers. That is,
the pair (3,2) is not the same as the pair (2,3).




Remember that: : :
(i) A pointin a number plane defermines a unique ordered
pair of numbers.

(ii) With every ordered pair of numbers a unique point is
associated in the plane.

Since numbers to the right of the origin on the horizontal axis and

numuers above the origin on the vertical axis are taken as posutwe
therefore: : aigy o1 :

(i) A point in the Ist quadrant is characterized by the fact that both
its coordinates are positive.

(i) A pointin the IInd quadrant ‘has its abscissa negative and its
ordlnate posmve

(iii) A point in the 111rd qu‘adra'nt has both coordinates negative.

(|v) A point in the IVth quadrant has |ts abscnssa posmve and |ts
- ordinate negative. - - "

(v) Points on the axes do not lie in any quadrant.

(vi) Pounts on the posutwe x-aXIS have a positive abscissa,
and the|r ordlnate is “

(vii) Points on the negatwe x-axis have a negatlve abscrssa, and
their ordinate |s “0

(viii) Points on the posntwe y-ax1s have a positive ordmate and
abscissa is “0".

(ix) Points on the negatwe y-axis | have a negative o ordnnate and
their abscissa is W e e e

(x) The origin hés the ebordinatés (00) ':‘_;‘.;:a}"(a" e

SR

| 2n.

SR




~ EXAMPLE-1

- Locate (2,—4) in.the co-ordinate plane. y-axis
, e e
g - SOLUTION:
R _ Inthis problem abscissa is positive,
. therefore it would be towards |
~_ theright of the origin, and the
R , ,
. ordinate is negative, so it would be
~ belowthe origin, therefore the given ) IR s
ol l?;u; =y pothls as shown in the fi gure g
i :Huu Mgt s e i Ing G ailir
X | ol e ©
Ry : i --=4 P2~4)
R ' '
| T _1150.‘15,“2:,"Di$ﬂms€ Between Two Poins.

i Consnder the pomtsP(x,,y,) and Q(x,,y,) in the cartesian plane as
shown in the,,ﬁgure, To find the length of the segment PQ, we form a

\n-




o
METRY

[PQ| I(xz = x))l ! l(y) = y;)l T .:“_".‘i"i*‘iﬁﬁ ik ~‘~l"{‘—'!;-_ 5'

: 4 Soeh USRI RGT AT Bm Lo RS .
=] (x2 ot | xl')z- + 0’2 oy yl)l by SRV Wiy A 't {1'-,.!'-:33 ) ."

| : HHTBIE
Hence |P l=-'.-"5'\/(J‘z'"‘-""z')z""‘-f@'z"—: ViR W RCRE TR e

ik ~ oAy -'-:“;-.'L‘-;"‘-}:;;‘:

J + g SO O ST SR USR]

F——

As we are only interested in the Ieﬁgth of the segment 'ar_:_ifc'inot in the
direction, therefore we only conS|der the posmve S|gn

e

Hence dlstance between two pomts P(x), y, ) and Q (x,, y, ) lsaglven by'

| = \/("2_"1) “'6’2—.}’1)2. 1 el 0 e

10.1.3 Use of Dislnnceil‘ormuld'

T | ey g

o) . ol
S T L | .
i 5 H v £

EXAMPLE-1 e T - QLo s SR
What kind of a triangle has vertices -_ " ::‘ 44 .ﬂL}_ s
A(6,-2), B(I -2) and C(—2 2)? ' ‘

@\ DaET 510 28Ul NV
SOLUTION: .

G:ven A(6 —2) B(] 2) and C(—2 2) Usmg drstance
oy \«‘"111 L\;;,,-,r\? -nr, (“{ h

BC =J(-z =i +(2+2_. :




_ INTRODUCTION TO COORDINATE GEOMETRY

EXAMPLE-2

Express by an équation the fact that the distance from P(x,y) '
to A(2,3) is twice the distance from P(x,y) to B(3,4)

SOLUTION: ‘
Given A(2,3), B(3,4) and P(x,y), where P(x,y) be any point,
According to the condition of the question.

' '|AP|'; 2 |BP|, using distance formula.

Je-27+6-37 =2Ja-37 +(—4
' Taking square on both sides
6=’ +G=3) =4[ -3 +6-9’]

X —gx+4+y’ —6y+9=4[x’ —6x+9+y’ -8 +16]

x2 +y2_4x_6y+13 =4x2+4y2 —24x_32y+100
3x%+3y% — 20x=26y+87 =0 |

EXAMPLE-3
The vertices of a triangle are A(1,1), B(5,5) and C(9,1).
Prove that the triangle is a right triangle.

SOLUHON :
leen A(I 1), B(5 5) and C(9 1) usmg dtstance formula,

lAB[=J(5--_I)’+(5-—I)2'='\/42+42 37
 [ACI=0~1 +U=1) =& =57
|BCI=\(9-5 +(1-5)" = J42+42 =32

" By Pythagoras theorem,
' IABI +[BC =32+ 32
' f‘;i.‘ . Sl
"bi':-"» ! 4,—',7‘.; B =k
ke s IAC|
ues a right ,ﬂianglg
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10.2 COLLINEAR POINTS

10.2.1 ,Cellineqr'l’oints

Collinear points are points which
are the elements of the set of:
points formmg a straight line. , - e
In the given figure (i) the points = TSI (1)
A,B,C,D,..... are collinear. If three — :
points are collinear, then one of :

- the points must be lying in ' 4= jek{ BT C
between the other two points. '

A

v

Fig (ii) i
In the figure (ii) ‘B' is the point in between the point 4 and C.
In this case, |4B| + |BC| = | AC]|. S -
10.2.2 Collinear and Non-Collinear Points' '+ -+
A line-segment is a subset of a :
_line, consisting of two end points . ., . 5 %
and the set of infinite number of Ly ARG D e B

points between them on the line.

In the given ﬁgure CDis the. Ime-segment Wh|Ch is a sub-set,of

a line 4B (or 4B). The pomt Cand D are on the line AB and are
collinear. P e

The three or more than three ponnts whlch are not prespnt pn ‘;he
same stralght Ilne are called non-collunear pomts.

I ._ : \_.-;'- e -.‘A -aea ¢ ‘é,\ s : :“-i'f'.i § TRt . B
In the given ﬂgure PQ and R are . e o ﬁ-: -{, g
non-collirear points. -~ =~ - = A ST R "“!, : ¢




EXAMPI.E 1

" -=-Rornts A,B and C are on the number line at a distance of
S and 8 units respectively from the origin.

" asaa "F:nHAB BC and AC, and show that AB+BC AC

. sowmow: e et asonilic v g
e e e N -
e 012345678




EXAMPLE-3

Show that the points A(4, 3, B(-2.3) and. B( ~6,3) are colligear.

SOLUTION:

Given A(4,3) , B(-2,3) and B(6,3).

Using distance formula, we have. = ' = =

|4B|=+(-2-4)? +(3—‘3)2’"=

|BC|=\/(—6‘—2)2 +(3-3)2

[4C|=\(~6 -4 +(3-3)

\/100 = IO

Now ‘|AB| 1Bc| _6+4_' ,

po:nts form -

>

»

»

a right angle trzangle
an isosceles‘»triqnglq A

an equzlateral tnangle

= 10
- [ad

: Thus,' the points 4,8, and Care coIIinear.

ERCTN A

w3y .r“.n ¥y .;"c"-

V3610 =6
=J16+ =

') on@

.
o B v A b PSR F
. AL BT -

=8 "‘ﬁj

S \L‘.':‘.‘r 99“‘ .}’uaq I\Bw.__ _
- -\‘:I g
AT qmci m}ﬁ &l:




" EXAMPLE-1 |
- Show that the points A(-1,2) , B(7,5) A

“and C(2,-6) 'are vertices of a right triangle. I 7
SDIUTION' leen A(—I 2), B(7,5), C(2, —6) - 9 4

Let a,b,c denote the lengths of the srdes BC CA, and AB
respectively of A ABC, using distance formula

,PQ] \[(xz—x,) +(, — y,)
we have

a=[BCl=\2-7)" +(-6-3) '.-W;W
b=[cd|=+2- (—1))’+(—6 z) =348 =73
- VO~ +(+3-2 =& +6F = V61+9 = V73

clearly [AB] +]CA| = 2 +p?
=73+73 =146 =
i 4 - —|Bc|
Thus : ACAB is a nght tnangle w:th right angle at A.
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~ INTRODUCTION TO COORDINATE G

EXAMPLE-3

Show that the points A(-3,0) , 3(3 0) and C(0 3J' ) are th’e
vertices of an equ:lateral triangle.

= e st q.-;c.—,».'

SOLUTION: Given A(—j‘ 0), B(3,0) and C(o 3 J_ ) e t.,., .
Using dfstance formula, we have Priae et B e |
42| =J(-3-3)’+(0—0)’ -F 6)’ J— o Re |

fe s Al -7'- { s o) _'-: " et
Eé]=\/(3 0) +(0~ 3\/_) J9+2 _J_ 6

FE] J(—3 —0p +(o 3J') Jy+z7—J_ &

Here |AB| | | = |AC| =

That is, three sides of A ABC are equal in Iengt'h. '

Thus A ABC'is an equnlateral trlangle R B

2 r\ \r ,vv Y*z;!,{

EXAMPLE-4., ' . . .

Show that the pomts A(5 3) B(—2 2) and C(4 2) ara
ofa scalene triangle., . . .. .~ 3

SOLUTION: Gtven A(5 3) B(—Z 2) and C(4 2) E:




INTRODUCTION TO COORDINATE GEOMETRY

l-’XERCISE ~10.1

25 l- Descrlbe the location of these points on the number plane.
3t y ® @) @) 09 @) (24 @ (396

’ W) ) (88 (i) (1) (i) (-810)
(-7 (x) (8--3)' e

i 2- Fmd the distance between the followmg pairs of pomts

) 21,43 @) (-13),(-2-1)

ﬁu) (Z52)5i(=23) ) (a-b).(b-a)
g [Express by an equation, the fact, that the point P(x,y) is equidistant
~ fromA4(2,4) and B(6,8). -

" 4 Showthatthe pomts A(5 4) B(4 —3) C(-2,5) are equ:dlstant
from D(L1).

5- Fmd the point on the x-axis which is eqUIdlstant from (2,4) and

(638).
(Hmt call the ponnt (x 0) Fmd i, )

5 —
'ﬂ‘f

7) are ofa scalene A




I

20

10. A point in the first quadrant is characterized by the faw?hat bot'-h "

Encircle the Correct Answer. D N 7 o SR
d = \&x,~x, ) +(,~y,)" is called
(@) distance formula (b) collinear points- | :
(c) non-collinear points () equal points '  e
A point in a cartesian plane determines a unique ordered pair of: (e
(a) set (b) abscissa . () ‘numbers ' '(d) « ordinate i
In the plane with every ordered pair is associated: . Ariem
(a) a unique point (b) zero  (c ).. two points - (d) four pomls
Points lying on the same line are called: - 209 .8,
(a) - non-collinear (b) cbllir;ear () equal - {d} overlappmg fain L

: y it : = Do } i S S, oy 1 AN00 _r '.lg : }.’{
Points which do not lie on the same straight Iine ar'e ‘balled ;.-?-‘if'
(a) _non-éoflinear " (b) collinear (o) equal (d) by _ “ ’_:;.-
Point on the axis do not lie in any: ‘ ,
(a8 aplane (b) line (¢) quadrant (d) circle :

Review Exercise-10

The co-ordinates of the origin are:
@ 0 B oo @ ey @ O)

Points on the negative x-axis have negative:  ,
() abscissa (b) . ordinate (c) ’galug, - (ﬂwmggbm

A point in 4th quadrant has its:ordinatediis & Giisea R -

fmﬂmm ik
(b) negatwe ;M (?) .,,qt;- W3 \,pe ?@m *‘g

AuJﬁ orll i D

(a) Positi“e-iA Syl

it lg Tus A ;u)ttrl"" L.Tﬂl‘gq mm .1:'

its co-ordinates are: (b) ‘ii“‘}“ ml-m




II- Fill in the blanks.

L d=\(,-x) +@,-») is called

2. A point in a cartesian plane determines a _ ordered
pair of numbers.
3. With every ordered pair is associated a point in
the plane .
points.

4. Points lying on the same line are called
5. Points which do not lie.on the same straight line are called
_ . points.

6. Points on the axes do not lie in any
The origin has the co-ordinates
Points on the negative x-axis have negative absc:ssa and their

; ordinate is
i . 9. A point in the 4th quadrant has its abscussa positive and

its ordinate
10. A point in the fi rst quadrant is characterlzed by the fact, that both

its co-ordinates are : ;

_ SUMMARY

Distance Formula: d = |PO| = iz, ~x, ) +(,~ i
1- A po:nt in a number plane determines a unique ordered

pair of numbers.
2- With every ordered pair of numbers a unique point is

S Ras assopiated in the plane ,
Gy '_:4. . Colllnur pg]nts. Points lying on the same straight line are called
4 collinear points.

a) 'qunh Points which do not lie on a same stralght line
- are called non-colllnear points. :




Exercise 1.1
9 41171 5 10 6 1886 7- 80457 8 251

4¢13b3
5a* +3b

:
|
B

2):3—31:2y+.1cy2

2 —x2y+xy2 =

x-2
19- Y

X —2x% +2x—1

32- x-1

Exercise 1.2

- . 1 3
25" +8)" 2. 507 +18)° 3 24tm & S —pd 5o ~ e

6- 4x2+9y2+4+12xy+12y+8x : 1- 8p3+12p2q+6pq2+q3
8- -9p2+q2+r2+6pq+24r+6pr 9- 8x3+36x2y+54xyz+27y3

10- (x+y=1)(" +p* + 2+ x+y+1) U= (x=y+4) (42 ~ 2 —dx+4y+16).

s

12- (2x+3y) (4x* —6xp+9y%) 13- (x+3y) (* =319+ 9y") (x = 39) (= +3xp+9y7) L

; RS s b okt L
14- (2a+b)(2a-b)(da” ~2ab +b°) (4a” +2ab+b%) * 15 4 V14 18 14

9- 133 20 118 . 220 246




Exercise 1.3
1- (z)-[—, (u)i, (ii 1)£ 2- (i) 3V2, (i) 352, (iii) 415-66-2V10+6

() 30-6V5+5V2-10  (v) 53-15-10+2V5 (i) 35+7¥2+5/3+ 6

3- () 2-V3 () 4+l‘/_ (i) 2V3(J7 —=5) (.rv) i N "/_
.\‘—y

® 105-107 sV i) 29(11-3+5) i) 3V71-243
59 76 3
4 () 25 ()18 5- () 23 (i) 14 - () -2v2 @10 |
7-‘(02—4"-76—5 c>( 15552 J 8 ()40 (i) 36
) RS e
9- (i) 2b°-a :’.’Zb b*—a (i) a——;—_g_

Review Exercise 1
Encircle the Correct Answer. o
2-p 3-d 4 ¢ 5. d 6- a T g%y 9 ¢ 1047

et i ¥y

b

II- Fill in the blanks.

1- rational number 2- rational expression 3- 4ab 4- 2(a* +b* )

5 (@+b) 6 (@-b)° 7 P-b5 & P+ % swd 10- 2

Exercise 2.1
1o (x+y) Ga-Tb) 22 (a-x) (x+y) 3

(@a=3) (a* +1)

i 4 (x-1 ** +x-y) 5= (x+2y) (3a—4b) 6- (a—b) (2a+c)

]7“_',“,6) (a+c) = R (4-a°) (2-a) 9- (4x-3a)’

- 52x-1) | 12

2ab(a—b)*

15 5x(x-3° I (a+b) (a+b+2¢) 1



Exercise 2.2

(x+y+a) (x+y-a) (2a +b+3c) (2a +b-3c)
(x+3a+4b) (x+3a-4b)

(y+x-c) (y-x+c)
(x+y+2xp) (x +y-2xy) (a —2b-3ac) (a~2b+3ac)
(x—y-a+b) (x-y+a-b) O +2y+2) (5 -2y+2)
(=" +8y" —4yz) (° +8)" +4yz) 10- (° —6x+18) (’ +6x+18)

(z* =3z+4) (2 +3z+4) 122 2x-y)(x—y)2x+y)(x+y)

Exercise 2.3
(x+4) (x+5) ' 2= (x-2) (x+7) 3 (x=1) (x+6)

(x-3) (x-4) 5. (x-13) (x+12) 6 (x—2) (x+1)
(x-15) (x+6) - 8- (a—17) (a+5) 9. (7-x) (x+14)
(y-19) (y+8) - (x+1) 2x+1) 12- (x+1) 3x+2)
(x=1) 2x+1) 18- (2x+3) 3x-1) 15- (x+2) (1—-2x)
(2—-x) (4+5x) 17- (u-2) Gu-4) 18- (23:-3) (5x+4)

(x-6) (5x-2) 20- (4x—3) (\/ix;+ 2)

Exercise 2.4 |
(2x-y) (4x" +2xy+y") 2 (3x+1) (9x* ~3x+1)
(1=7x) (1+7x+49x") 4 (ab+8) (a’B —8ab+64) ‘_

(3-10p) 9+30y+100y*) . 6 (3x—4y) 9% +12xy+16y°) ]

(xy+2) (XY —xyz+2°") : 8 (6p—7) (36p +42p+49)

(2= Yl 2l 10- (a+b) [a"—al:_+b"-+1] e
3 3 9 ] : : ) i Ny :

1 @) [1~@* +ab 5" | W x-2)) Q424D

B (2-3) (e y) (F 9 4 ) )E =y ey




~ ANSWERS

14- ([_fﬁ) (l+4—p+l§f—) 15- (1+4u) (1-4u+16u>)
q 9 q
16- (2x+3y) (4x" +9y° —6xy-3) 17- (z+5) (=" -52+25) H

18- (x+y) (F -+ °-2Y +y°)

2 2 o
19- (m+n)(m—n) (m* +mn+n )(m® —mn+n*) g

20- x(2x—a)(2x+a) (4x’ + 2ax+ a’) (4x* —2ax + a’) ,

21- (x—3a) (x* +3ax+9a°) 22- (x+3a) (x° -3ax+9a’)

Exercise 2.5

1- 3 2- -6 3-47 4.0 5 -84 b-yes T-yes 8-no 9- no

10- yes 1l-n0 12-yes 13-yes 14-no 15-no  16- yes 17- yes

18 no 19-k=1 20-k=1

_» Review Exercise 2
I- Encircle the Correct Answer.
I-b 2-¢ 3 d 4 a 5 c¢c 6-b T7-a 8 a 9-a 10- «

II- Fill in the blanks.
1- one 2- two 3- three 4- x-3) (x+3) 5= (x+1)(x+3)

6-(x+_-2)(x2—,2x+4) 7- (x-2)(x* +2x+4) 83 911 10-0

Exercise 3.1

' 1- ab 2- 3qr - 3- 4xy2z2 4- Tab 5 3yt y2
6 2abc  T-x+4 8 x*—)? 9- ¢+3 10- x-2

L A SR i - x(x+3) 15 Sabe
I T y M

i g

-

|

A

o

e i ] .-.L_ R T —— E — . iualigl



Exercise 3.2
I x®—x+1 2 23 +3x-2 3 2(x—1) & 9x(x+3) 5 (x=1)2(x+1) 6 (x-2)

7- (x-1) 8- (3x-5) 9- 2x+1 10- (x+3)

Exercise 3.3
1- 420¢:z4154y4 2- 154°°¢° 3-- 12abc 4- x;"yzz2
5- 2’0" (p—q) (p+q) (B + pg+q°) b« (x+4)(x—4) (* —4x+16)
7- (x=2)(x+3) (x+1)(x~1) 8 (y+3)(»-2) (y+3)(»-3)
9- (1+y)(1-y) (1-2y) (3 —y+1) 10- (x—p)(x+y) (& +y) & +x2y +3%)

- (x+1) (&% —x+1) (2% +x+1)°

12 (x+y) (F+5%) (x-p) &P —xp+37) (* = x2y? + %) 13- @x+3) (x+1)? (x+3)

- 2 (x+3) (x=2) (x=3) 15 (x+ )% (x +2p)

_ Exercise 3.4 :
- P4l x =1 2 (P —4),(x=3)(’ —x" -4x+4) 3= 2x°+1;2x -1
4 2x% +3x-2 ; Bx-1)(8x" +6x° —15x% +9x-2)

5. (3x” +8x—3);(2x" —3x+1) (3x" +17x° +27x" +7x—6)

6 (% +2x-3);(2x" —x=5) (2x" +x° —20x> —Tx +24)

7- =1 (x=1) &+’ —x-1)

9- x*-12x+35 10- (6x°+x—-2) 1= x+4 12 (x+1) @ +1) (< +x* —x-1)
14 x> —7x% +16x=12 ]

15- g 11’ —32x 60 16-  —xt -4x+4

Exemse 3. 5

2(2a+1) _ 2ax+x 3a- 6a et 4
a(a+1)(a+2) (x—2a)(x-3a)




(a+b)(b+c)

a 12- a+l
a-b a+2

11~

- Exercise 3.6

$(@x+3y) 2 t(x-3)(x-4)(x=5) 3G+ (x+7)(2x-3) 4 +(x* +6x +4)

1 ' 1
5- i(4x2+l6x+11) 6- t(x+—-5) 7- +(t+--2) 8- i(x2+i2—2)
X t X

9- +(2x% +3x+4) 10- i[%—%—i—i] - x=8 12-t=4, m=10
_ Review Exercise 3
I-  Encircle the Correct Answer. :

e 4z 55 6a T-c 8c 9a 10-4

II- Fill in the blanks.
1- wo 2= two 3- HC.F 4- LCM 5- HC.F 6- . second expression

Fe2x+1 8 x+2 9 24 10- 6x°y°z .

Exercise 4.1

@) 8 @) 80, Gi) 1L, (W2 2 ; 3 2 o

63 7-4 84 93  10-{4 1-{90 12 (18 13 {8

() Is-{} 16435 -8} 18-{3}  19-{io}  20-{15)

| Exercise 4.2
 .x9 217 3 6,4 4 1,4 =, Dol b wed!
: it it 5 o

= o 2 .
Sl "
T L N I



7- x>-3 . 8 x<-1 9- x<-10 10- x->—% e x<-21

5
12« x>-12— 13-x26 - I4-xSl-7— 15- chll 16- x20
7 . 18 2

Review Exercise 4
I-  Encircle the Correct Answer.
1- a 2- ¢ 3- ¢ 4- ¢ 5- ¢ 6- a 1- ¢
II- Fill in the Blanks.
19> 2. > 3 < 4. < 5. > 6 > 7- >

9. < 10- < - < 12- >

Exercise 5.1
- =26 2- 1.5 3- -8, 4. 2,3. 5- 2,;— 6--—8,-1-2 7-3,-4

; ;e §io ) . o
9- 2,—l 10- 2,»-~‘1 11- 2,—3 12- ——l,i 13- 1,—
2 S 2 25 5 2

—-1+.5 2+\2
4- 5+27 15- 3423 . 16- > 17- —3+243 la-_-z--

19- 2- 2% —2+41F

2 6 2
10£4415

3+43 —5+73 i e 2 3+4J15
' 1

2- 25- {13,-2}

Exercise 5.2 |

R
2

| 8 26 9. 48 z ' 11-"°;f5",li,._




 ANSWERS
Exercise 5.3 |

1- 5,7 2- 8,10 3- 9,18 4. 5 5- 5,6 6- 12,13 7- 7,9
4,8 or 8,4

Review Exercise 5

I- Encircle the Correct Answer.
2- b 3- b 4- a 5- ¢ 6- ¢ 1- ¢ 8- ¢ 9- b 10- b

II- Fill in the blanks.
1- gquadratic 2- gquadratic formula 3- x(2x - 3) 4- {-1,3} 5- three

6- quadratic formula  7- {2,3} 8- {£3} 9 (x—2)(x+2) (x2 +4)

10- {1}

Exercise 6.1
1- 2-by—2,3-by—1,3-by—2 2- 2-by-2,3-by-3,1-by—3
3-5 4 B=F,G=J,H=K,C=E, A=D

Exercise 6.2

1=Row matrix = 4, Column matrix = C, Square matrices = B,0,E,F Rectangular matrices = 4, C, G
:‘2- Diagonal matrix are 4,B,C,D,E,F,G Scalar matrix are B, D, E, G, Identity is D

: By ! |
4 3-1][3-1][ a ¢ s : ,
gl 4ty q )| 2 -4,C 5-4CE 6C 14
: n Ve C
f ' Exercise 6.3
, 2 4 9 RN 2 -2 1 4 9 2
1-()[3 8 1| (@)|-1 2 -1| ()| 1 -2 1| (iv)| 8 19 28

SSN1300N1 BRESEES =3 —95 —5§ 11 30 0

-8 2 1 -6
ol of-a -t <1 2 an 3]3[453] |
e e < |




0 -3 -4|,-E=[2-53] 4 -1,2 ¢ X=
=5) L )

I- a=2,b=-4,c=4,d=3,e=4,f=2 8 w= -1,x=1,y=7,z= -8

-2

Exercise 6.4

S

10
15- a=—,b =0
7

Exercise 6.5
- (i) up—wx (ii) =13 (iii) 0 (iv)%

2- (i) singular (it) non-singular  (iii) non-singular‘

3 - 3 -1
; i (iii)
(”[-1 (u)[_5 2]
=1 0
(vi) [0 —1]

Exercise 6.6 iy
5 2 @Y @) (L) @ (FE) )18 ) 0.2) ) (26)

3-(3,-1) 4 (i)(-1,2) (u)(l -1) (m)(4 —1) (iv) No Solution (v)(2 —1)

3139 4+ 1oy T E ekl B S SR
()(2121) ' e P

5 (i) my=25x429=4 (i) “5x42y= 2,25 3” -*lu | "M.V “&

< (ili) —4x+y=15x+4y=-1 (w)OSx 06y 1061+08y_l 2

\'7‘ »

e 11

.
Bt e i —— R ——————————




© ANSWERS
Review Exemse 6

I-  Encircle the Correct Answer.
I- a 2-a 3¢ 4c 5a 6-c¢ I-b 8-¢c 9 ¢ 10- ¢

- JI- Fill in the blanks.

1- order 2- row matrix 3- same order 4~ same 5- equal 6- 1 5%

7- associative 8- skew symmatric 9- B'4' 10- B A4
Exercise 7.1
I- (130° @@)115° @i42°  (1)30° (108" (vi)20°  2-105°,75° 3. 70°
4- —0°,100°  5- 70°,30° 6~ x+90°+30° =180 = x=60° 7. (i)a=40°
@(i)e=35%d =145°  (ii)e=29°. f=151°  (iv)b=135"
)g=77°,P=103%,=103° (vi)j=30°k=150°,7 =30°

(vii)g =140°,h = 40°, i =140° (viii)k =145°

(ix)P = 58 M-—122 N—122 (x)a—158 b-112
Exercise 7.2
(b) (Z1,£6),(£3,48),(£2,27),(45,24)

1= (@) (21,2323, 2%)

(¢c) rone

(d) (£1,28),(Z1,24),(£4,27),(LT,L8).(£5,£6).(£5,42).(£2,23),(£3, 26),
(€) (£1,47),(£4,48),(L5,43),(£2, £6)

9 (a) (L1,2n),(Lm, Lr) (b) (£p,4n).(Lm,Ls),(Lq, 2r). (L1, 2L1) (c) none

(d) (£p,4Lm).(Ln, £s),(£q, D) .(Zr, 20).(Lq, Lp).(ZLl, Zm),(2r , £n) . (Lt , Zs)

(e) (£p,Zl),(Zm,Lg),(Ln,;LY),(Ls, £r)

A _ : Exercise 7.3
l‘ 1- yes, no, yes 2- yes 3- yes 4-10cm, 12cm, 14cm, 16cm, 18cm
;..-; 5-6cm, 12¢m, 18cm, 21cm 6- 15¢m, 21em, 9cm, 12¢m, 1:3

7-AB DEAC DFBC EF /A= LD.{B LE,LC = LF

8- No: size may. b& different 9- yes: size and shape are same

~ Exercise 7.4

1- (a) (:)AB “'FD (if)BC DE (iti) AC = FE () LAz LF (V) £B = /D (vi) £C = ZE
(b)ZR (c)EF (d)S ASsMS (e) ASA= ASA
(hrdBC= ADEE by 5552555 f- (it)AXYZ ADFE by S.S.A=S.5.4

mowcéiﬂatby%ﬁzlﬂ | (W)APOT = ASRT by 545 = 5.4




3- AD=DA, DB=AC, AB=DC, /BAD = /CDA, ZADB = ZDAC, ZABD=£DCA,
Condition used S.5.5 =5.5.S, mZADB = 40°
4- (i) Similar Triangles  (ii) Similar Parrallogram  (iii) Similar Triangles

5- MNP0, NO<OR, PR MO, Z1 & 24

Exercise 7.5

(i) rectangle (ii) square (iii) quadrilateral (iv) bisect (v) congruent

Exercise 7.6
(i) circle (ii) radius (iii) chord (iv) diameter : (v) samicircle
(vi) major arc (vii) radius (viii) sector (ix) secant line (x) right angle

Review Exercise 7
I-  Encircle the Correct Answer. e Al
I b 25 ctio 8- b & b (55 a . b ch |1 a A Lo 0-c

[I- Fill in the blanks.
1- adjacent 2~ supplementary 3- obtuse #&- vertical 5- 180°  6- each‘other '

7- congruent 8- scalene  9- diameter 10- right

Review Exercise 8
I- Encircle the Correct Answer. | "
2%¢ 3¢ 4 ¢ 5a 6a I-a 8c "‘;‘_ 10- a

-

1- ¢

IL- Fill in the blanks.

1- concurrent 2- concurrent 3= concurrent 4. cancurnenti 5- altitude

6- mediam 7- angle bisector 8- three 9- three 10- three

: LS NI S B 2 (SR

Exercise 9.1

OS5 @12 (@) NBL s 2
(@) right & 6= 15em

R

5- (i) right triangle (ii) not right A

.-




Exercise 9.2
1- 20 stones 2- 24000 stones 3- Rs. 223 4- 645.50m 5- Imm 54sec

aldii o

6- 98cm’ 7- (1) 8967cm’ (ii) 16.8m° 8- 9000m’ 9. 16V110m’

10- () 44cm’ (i) 0.5 (i) 401 14mm’ V- 154m®  12-163m° 13- 93cm’

14- 210cm’ 15- 7cm,2Icm  16- 1666.67cm 1= 72cm - 18-3600cm”  19- dem

Exercise 9.3
- 64cm®  2- 6dem®  3- 24m’ 8- 502.86cm’  5- 94.3cm’ 6~ 113.1cm’
7- 127.3cm’ 8- 339.4cm’

Review Exercise 9
Encircle the Correct Answer.

1- a 2- ¢ 3- ¢ 4- a
II- Fill in the blanks.

I- Pythagoras 2- Area 3- —zl—x base x altitude 4- [Ss—a)(s-b)(s—c)

T

5- d 6- ¢ 7- a 8- ¢ 9- ¢

2
g3 J.ia 6- Lxb y A 8- I° 9- Ixbxh 10- énrzh

b ‘ Exercise 10.1

1- (i) lieson OX (i) lies on OY (iii) liesin QI . (iv) nQI
() onOX (i) in QI (vii) in QIV (viii) In QII
(ix) on OY () in OIV

2-ﬁ_)2~/ﬁ @ 17 ) Jio6 %) @-8N2  Fx+y-10=0
L sa00 -

rr— T DTSSR

: Review Exercise 10
I Encircle the Correct Answer.
" 1-a 2c %a 4 b 5a 6c I-c 8a 9%b 100

1- Wﬁm‘ 2- unique  3- uniqgue 4= collinear 5~ non-collinear

T 0O ==2%izero 9. negatve W0 positive

e




Unit-1  ALGEBRAIC FORMULAS AND APPLICATIONS
Formula: Where we havea rule to calculate some quality, we write the rule asa formula..
(@+b)? =a® + 2ab + b? fe

(@+b)’ +(a-b)’ =2(a’ +b*)

(a+b) —(a-b)’ =4ab

(a+b+c)2 =(a2 +b% +c? +2ab+ 2be+ 2ac
(a+b)’ =a’ +3aba+b)+b’

2 E
(=)0 0+ )&~ +y") | .
Surd: A surd is an irrational number that contains an irrational square root.

Pure Surd: Asurd which has unity only as rational factor, the other factor being irrational i I
is called a pure surd. %

Mixed surd: A surd which has rational factor other than unity, the other factor being
irrational is called mixed surd.

Similar surd: Surds having the same irrational factor are called similar or like surd.
Unlike surd: Surd having no common irrational factor are know as unlike surd.

Rationalizing Factor: When the product of two surd is ratlonal then each one of them
is called the rationalizing factor of the other.

Unit-2 FACTORIZATION

Linear Polynomial: A polynomial of degree “I” is called a linear polynomial.
Quadratic Polynomial: A polynomial of degree “2” is called a quadratic polynomml
Cubic Polynomial: A polynomial of degree “3” is called a cubic polynomial. =

!

5

B
BHEE

Types of Factorization: kx + ky + kz, ax+ ay + bx + by, a’ +2ab+ bz

SN AR ] 2 20 4. 27200y 4 4
2 2 i sk AL T .-
x +px+gq, X" +bx+c, {Feep ey

@ +3a’bx+3ab b7, @ —3aTbr3ab? -0,
a+h’. ' ji
Remamder Theorem: If a polynomial P(x) of degree n.
¢ x-a’ where ‘a’ is any constant, them remainder

Remamder Theorem: If a polynomial P(x) is divided by * x- 2’ su
£ x-a’ is a factor of P(x). b

oflowest degrc@whlgh is:

e il o



Unit-4 LINEAR EQUATIONS AND INEQUALITIES

Linear Equation: An equation thatcan be writteninthe formax +56=0, a # 0 wherea
and bare constants and x is a variable is called a linear equation in one variable.

Solution of a Linear equation :  Any value of the variable, which makes the equation
a true statement is called the solution of a linear equation.

Absolute Valve: Foreach real number x’ the absolute value of x, denoted by |x|, is
defined by:
x, if x>0

|x]|=9 0 if x=0
-x, if x<0

Linear Inequalities: Two algebraic expressions joined by an inequality symbol such as
>, <, <, 2 is called an inequality.

Tricheotomy Property: If x, y € R then eitherx>yorx=yorx<y.

_ Transitive Property: If x, y,ze R thenx>yandy>z = x>z

Additive Property: If Va,b,c,d € R, thena>bandc>d =>a+b>b+dandc<d
andc<d = a+c<b+d.

PR o MOt =

Multiplicative Property: Va,b,c,d e R, a>bandc>d = ac>bd anda<dandc>d
=>ac>bd -

Unit-5 QUADRATIC EQUATIONS

Qludratlc Equation: A quadratic equation in one variable is an equatlon that can be
written in the form ax’ +bx +c = 0,where g = (0.Here x' is a variable, where
as a,b and c are real numbers.

| Solution of quadratic Equation: We can solve a quadratic equation by
(i) factorization (i) completing the square method.

AT

*Quad'r.afic..li?ormula: x=

s and columns i ;n a matnx determine its order
1:1-..‘ i ) ]




- Right Angle: A right angle contains 90°.

Acute Angle: An acute angle contains more than 0°and less than 90°.

Ad jacent Angle: Two angles with the common vertex and acommon sigle_bet\weénthem‘.a

- Result 1: The sum of the angles of a tnangle is a stra

Zero or nuli matrix: If all elements in a matrix are zero, the matrix is called a zero or
null matrix.

Unit or Identity matrix: In an identity matrix, the dlagonal clements are unity and off
diagonal elements are all zero.

Transpose of a matrix: A matrix obtained by interchanging rows into columns is called

transpose of a matrix.
Symmetric matrix: A matrix 4 is said to be symmetric, if 4’ = 4. ; ¥
Skew-Symmetric matrix : Amatrix A issaid to be skew-symmetric, if 4’ = 4. ﬁ

Determinant: A real number associated with a square matrix is called determinant of a
. square matrix.

Singular matrix: If the determinant of a square matrix is zero, it is called a smgular
matrix, other wise non-singular matrix.Adjoint of a square matrix of order2x2
In the adjoint of a square matrix of order2x2, the diagonal elements are
interchanged, where as the sign of foo diagonal elements are changed.
Multiplicative inverse ofa square matrix, 4 matrix B is said to be multiplications
inverseof ‘A’ ,isAB=1.

Unit-7  FUNDAMENTALS OF GEOMETRY

Angle: An angle is the union of two rays with common end point.

Straight Angle: A straight angle contains / 80°

Obtuse Angle: An obtuse angle contains more than 90°and less than180° Aklsiidit s

SRS F":"'-’-,
Reflex Angle: An reflex angle contains more than /80°and less than 360% vt el
Equal Angle: Equal angle are angle with equal measures. BRGNP T

Complementary Angle: Two angles whose sum is arightangle. = urg. . ,,l
Supplementary Angle: Two angles whose sum is a straight an’gle.o, Fonil A 'J‘T'* j'n..i

Vertical Angle: Two non adjacent angles, each less thana su'qlght angLe f rme:
intersecting lines. -

2: If two angles are complements of equal a‘n'gl%
3: If two  angles are supplements of the sam gleqth




Transversal: A transversal is a line that intersects two lines in different points.

Congruent Figures: Two geometrical figures which have the same size and shape are

congruent.
Polygon: A polygon is a c]osed broken line in a plane.

Equilateral Triangle: A triangle with three equal sides.
Isosceles Triangle: A triangle with two equal sides.

Scalene Triangle: A triangle with no equal side.

Right Triangle: A triangle containing one right angle.

Obtuse Triangle: A triangle containing one obtuse angle.

Acute Triangle: A triangle containing thrée acute angle.
Equiangular Triangle: A triangle containing three equal angle.

" Properties for congruency between two Triangle: (i) SS5=SSS (i) SAS =S4S
(i) \ASA= ASA (iv) AAS=AAS (v) RHS = RHS

Quadrilateral: A polygon with four sides.

- Parallelogram: A quadrilateral with two pairs of parallel sides.

Rectangle: A parallelogram containing a right angle.

Square: A equilateral rectangle.
Circle: A set of points in a plane which are at a constant distance from a fired point.

Radius: A segment joining the center to any point on the circle.
Diameter: A chord that passer through the center.

AT ID A portion of a circle consisting of two end points and the set of points on the circle

between them.
Semi Circle: An arc which is half of a circle.

" Minor Arc: An arc less than a semi-circle.

‘Major Arc: An arc greater than a semi-circle.
:Eqna‘i‘Chti'es" Circles having equal radii and equal diameters.

Seunt Line' A line which intersects a circle in two points.

Ipe cular to‘the radius of a circle at its outer extrem:ty

P S N —_
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Unit-8 PRACTICAL GEOMETRY

/- Ananglebisects ofa triangleisa hne-segment thatbisects and angleof lhetrlauglé
and has its other and on the sides opposite to thatangle.

2-  Every triangle has tree angle bisectors, one foreach angle.

3-  Analtitude of a triangle is the line-segment from one vertex, perpendlcularto line
containing the opposite side.

4-  Everytriangle has three altitudes, one from each vertex.,’

5-  Aline-segment which bisect any side of a triangle and make a right angle with the
sides as its mid point is called the perpendicular bisectors of the side of a triangle.

6- Every triangle has three perpendicular sides bisectors, one for each side.

7-  The point at which the three angle bisectors of a triangle meet is called the incenter

Uy

of the triangle. .
‘8- The point at which the three alutudes of a triangle meetis called the other center of
the triangle.
9-  The pointofintersection of the three perpendicular blsects of’ the sides of a triangle
is called the circum-center of the triangle. seovideashord
10- The point at which the three medians of a triangle meet is called the cemrmd cxrcle
in of a triangle. v =

11-  Aline coplanar with a circle intersecting the circle at one point only is called the
tangent line to the circle. :

Unit9 AREASAND VOLUMES =

Pythagoras Theorem: The squares of the hypotenuse ofa nght tnanglels equal to the sum ;
ofthe squares of the legs. ! i el 3 - 40
Area: The space inside the boundary of ashape. 0

: 1 :
Area of a Triangle: 4 = Ex basex altitude.

: s a+b+ |
IS(s—a)(s—b)(s—c) S,é“fz.ﬁ >

Area of a Triangle: 4

Area of an Equilateral Tnangle‘ A = —4 . where ‘a

Area of a Rectangle: A = length x breadth.
Area of a Square: A = side x side. _
Area of a Parallelogram: 4 = base x alutude.~ —

Areaof a Circle:d= =7’ 3 A
Clrcumference of a Circle'C 2 nr. = o

Area of a Seml-Circle. 1'

Area of a Chnéén
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R e [ /lcss/ihan because///as

~ VolumeofaCuboid: V =/ xbxh [l = Iengtlr

Volume:The/space/inside/the/boundary/of/a/three/dimensional/shape.
VolumeofaCube: ¥ = [,/ is the length of edge.
b readth h = height
VolumeofaRightCircular Cylinder: V=nrh

h = height of the cylinder

r = radius of the base

. : ]
VolumeofaRightCircular Cone: V¥ = —nr’ h
h = height of the cone 3
r = radius of the base

4
VolumeofSphere: V' = ;:trj

; ‘ 2
YolumeofaHemisphere: V¥ = ;nrj

Unit-10 INTRODUCTIONOFCOORDINATEGEOMETRY

DistanceFormula: d — IPQI \/(xz xﬁ 0, = y,)

1- A pomt/m/a/number/plane/detenmnes/a!umque/ordered/palr/of/numbers
2- W'th/every/ordered!patr/oﬂnumbers/:s/assocnated/a/umque/pomt/m/the/placc

Collinear Points: Pomts/lymg/on/the/same/stralght/lme/are/called/collmearlpomts
Non-Collinear ‘Points: Points/which/do/not/lie/on/a/same/straight/line/are/called/non-
colhnearlpomts

it SYMBOLS
Symbol Standsfor Symbol Standsfor

- [ > | is/greater/than B | therefore///so
f_ = [ isflessithan/orfequalfto : ratio
15 u is/proportional/to
varies
| tally/mark
summation
line/segment4B
rayAB
line
) _ triangle
- | is/similar/to
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Area Of Concentric Circles
Absolute Value
Acute Angle
Add And Subtract Matrices i
Addition And Subtraction Of Matrices
Addition And Subtraction Of Surds
Addition Of Matrices
Additive Identity Of Matrices
Additive Inverse Of A Matrix
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Adjacent, complementary and
supplementary angles
Adjoint Of A Matrix -
Algebraic Expressions
Algebraic Manipulation
Altitudes Of A Triangle
Angle
Angle Bisectors Of A Triangle
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Applications
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Area Of A Circle
Area Of A Parallelogram When Base And
Altitude Are Given
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Areas L
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- Calculate Unknown Angles
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Central Angle 212 ; of

Chord : F 207 ; P,

Circle 206
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Collinear Points 281
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Column Matrix 133
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Congruent And Similar Figures 193

Congruent Figures - 193
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Construction 222
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Construction Of Triangle 222
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Diagonal Matrix & - 134
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